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Abstract. We describe in detail the application of importance sampling to numerical simulations of
large noise-induced perturbations in soliton-based optical transmission systems governed
by the nonlinear Schrédinger equation. The method allows one to concentrate the samples
in Monte Carlo simulations around those noise realizations that are most likely to produce
the large pulse deformations connected with errors, and it yields computational speedups
of several orders of magnitude over standard Monte Carlo simulations. We demonstrate
the method by using it to calculate the probability density functions associated with pulse
amplitude, frequency, timing, and phase fluctuations in a prototypical soliton-based com-
munication system.
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I. Introduction. The development of high-bit-rate data transmission over opti-
cal fibers is one of the major technological achievements of the late 20th century. The
information-carrying capacity of such systems has increased by several orders of mag-
nitude over the past quarter-century. Because of this tremendous growth, however,
transmission capacities are increasingly being limited by the physical effects that act
on the optical pulses during propagation. These effects produce signal distortions and
degradations which result in various transmission impairments [4, 24]. One common
source of impairments in lightwave communication systems is the amplified sponta-
neous emission (ASE) noise generated by the erbium-doped fiber amplifiers (EDFAs)
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that are used to compensate loss in the fiber [4, 24]. This additive noise perturbs the
propagating pulses, producing amplitude, frequency, timing, and phase jitter, which
can then lead to bit errors [17, 18, 34].

Since ASE noise is a stochastic phenomenon, Monte Carlo simulations can be
used to determine its effects on a system. The direct calculation of bit error ratios
(BERs) with standard Monte Carlo simulations is impossible, however. Because data
transmission rates are so high (currently, 10 Gb/s or more per channel, with tens
of channels usually present per fiber) and errors must be handled by much slower
electronic equipment, error rates are required to be very small, typically one error
per trillion bits or lower. As a result, an exceedingly large number of Monte Carlo
realizations would be needed to observe even a single transmission error, and many
more would obviously be required to obtain reliable error estimates.

To overcome this limitation, one approximation is to calculate numerically the
variance of a pulse parameter and then to extrapolate into the tails of the probability
density function (pdf) by assuming it to be Gaussian. It is clear, however, that this
procedure is inadequate, since nonlinearity and pulse interactions can both contribute
to make the resulting distributions non-Gaussian [16, 21, 36]. Nonlinearity arises from
several sources, such as self-phase modulation due to the fiber’s nonlinear refractive
index [19, 24] as well as the nonlinear conversion of optical energy into electrical
energy by the photodetector [21].

Various techniques have recently been proposed to address the difficulty of calcu-
lating accurate statistics for rare events in lightwave systems [5, 6, 7, 11, 13, 20, 21, 22,
37, 38,42, 49, 52, 54]. One approach is a technique known as importance sampling (IS)
[8, 12, 25, 31, 44, 48], which belongs to a family of methods collectively known as vari-
ance reduction techniques. In general, IS works by concentrating Monte Carlo samples
on those configurations that are most likely to lead to transmission errors, thus signif-
icantly increasing the efficiency of the simulations. We have successfully applied this
technique to the direct simulation of transmission impairments caused by polarization-
mode dispersion [5, 6, 7, 13]. More recently, we have presented numerical results
demonstrating that IS can also be applied to simulations of ASE-induced transmis-
sion impairments [37, 38] and of width fluctuations of dispersion-managed solitons in
fibers with randomly varying dispersion [39]. The purpose of this paper is to describe
in detail the methods used to produce these numerical simulations. Our approach is
to use the approximate analytical knowledge about the behavior of the system that
comes from soliton perturbation theory in order to identify the most important regions
of state space that lead to large pulse distortions, thereby guiding the implementation
of IS. The advantages of the method are substantial, allowing an increase in efficiency
of several orders of magnitude over standard Monte Carlo simulations.

An alternative to IS that has also been used in the context of optical fiber com-
munication systems [42, 52, 54] is the multicanonical Monte Carlo (MMC) method.
MMC produces random samples using a Markov chain Monte Carlo random walk,
and uses an iterative procedure to locate the important regions of state space. Its
attractiveness comes from the fact that it does not require analytical knowledge of the
system for its implementation. The method assumes, however, that regions of state
space that produce large variations are contiguous with regions that produce smaller
ones, so that the iterative procedure can progressively reach regions with smaller prob-
abilities. This assumption is difficult to verify a priori, and the iteration may have
difficulties when diffusion in state space is not sufficient to distribute random samples
to all regions that contribute significantly to the final result. An advantage associated
with IS, where the biasing is determined by an analytical approximation, is that one
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can be confident that nothing will be missed when Monte Carlo sampling is performed.
In addition, IS has been shown to yield lower errors for comparable run times [33].

For simplicity, in this work we describe the implementation of the method for the
nonlinear Schrédinger (NLS) equation which governs the propagation of optical pulses
when one neglects various physical effects such as gain and loss, third-order disper-
sion, Raman effects, and dispersion management. The NLS equation is a completely
integrable infinite-dimensional Hamiltonian system [2, 55]. We emphasize, however,
that the method itself is in no way dependent on the NLS equation being integrable.
Indeed, we have recently extended the method to more realistic systems by imple-
menting it for the dispersion-managed NLS equation [32, 45], which is a nonlocal
Hamiltonian partial differential equation of NLS type that describes the leading order
dynamics of pulses in various optical systems with dispersion management [1, 43]. For
simplicity, here we consider the case of a soliton-based transmission system (where,
in the absence of noise, the pulse shape remains fixed), but we anticipate that the
technique can be extended to more general formats.

The outline of this work is the following. In section 2 we briefly review soliton
perturbation theory, and in section 3 we briefly discuss the basics of IS in a generic
setting. In section 4 we describe how perturbation theory can be used to guide the
implementation of IS for the NLS equation, and in section 5 we describe in detail the
numerical simulations and the results. Finally, section 6 contains a discussion about
the relation of this method to other approaches, followed by concluding remarks in
section 7. Various technical issues are confined to the appendices.

2. Optical Solitons and Amplifier Noise. The propagation of optical pulses in
a transmission system composed of equally long sections of fiber with an amplifier at
the start of each section is governed by a perturbed NLS equation [19, 24], which in
dimensionless units is

Ou  10%u 9 ,
(2.1) im=t 5 |l u—z;é(z—zn)fn(t)-

The independent variables z and ¢ are, respectively, dimensionless distance and re-
tarded time, u(t, z) is the complex electromagnetic field envelope of the pulse, N, is
the total number of amplifiers in the transmission line, and z, = (n— 1)z, is the loca-
tion of the nth amplifier where z, is the amplifier spacing, i.e., the distance between
successive amplifier locations. (The nondimensionalization and our choice of units are
described in detail in Appendix A.) Equation (2.1) is obtained to leading order after
the periodic power variations due to fiber loss and amplification have been averaged
out [19]. For simplicity, we have omitted including models of the pulse source at the
beginning and the optical detector at the end of the transmission line.

The terms f,(t) describe the noise that is added at each amplifier. When the
pulse reaches an amplifier at z = 2, for n = 1,..., N,, a small amount of noise is
added to it according to u(z;,t) = wu(z,,t) + fn(t), as can be seen by integrating
(2.1) across z = z,. (Recall that we have averaged out loss and gain; this means that
the noise is the only effect remaining at the amplifiers.) The amplifier noise can be
modeled as classical zero-mean Gaussian white noise:

(2.2a) E[f, (0] =0,
(2.2b) Bl (£) ()] = 0,
(2.20) Elfn () £1(¢)] = 0%6,0n6(t — 1),
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where E[-] denotes ensemble average, the superscript T denotes complex conjugation,
Smn and 6(t —t') are the Kronecker and Dirac deltas, respectively, and o2 is a param-
eter describing the noise power. Note that, technically speaking, (2.2¢) is not correct
as written, since it implies an infinite noise bandwidth and thus produces an infinite
noise power. Any physical system (or any numerical computation) necessarily has a
finite noise bandwidth [35]. When calculating amplitude, frequency, and timing fluc-
tuations, however, the specific value of the noise bandwidth is unimportant as long as
it is larger than the soliton bandwidth (which is the case in practice), because only
those components of the noise within the same spectral range as the soliton will affect
these soliton parameters. On the other hand, the noise bandwidth does apparently
affect the phase fluctuations, as can be seen in the results contained in section 5.
Without the noise term, (2.1) admits the well-known soliton solution

(2.3a) ug(2,t) = ug(z, 1) G,

where

(2.3b) up(z,t) = Asech[A(t —T(2))],  ©(z,t) = Qt + B(2),
and

(2.3¢) T(z) =Ty +Qz,  ®(z) = Dy + %(AQ —0?)z.

The four soliton parameters A, Q, Ty, and ®( are arbitrary constants that represent,
respectively, the dimensionless pulse amplitude (and inverse width), its frequency (and
group velocity), its initial mean time, and its phase offset defined with respect tot = 0.
When noise is added at each amplifier, part of the noise is incorporated into the soliton,
where it produces small changes of the soliton parameters [19, 24]. The rest of the
noise propagates along with the perturbed soliton. This process is repeated at each
amplifier, resulting in a random walk of the four quantities A, Q, T, and ® [17, 18].
For typical system configurations, the noise amplitude at each amplifier is small, and
thus the noise-induced changes of the soliton parameters at each individual amplifier
are also usually small. In rare cases, however, these individual contributions combine
to produce large deviations, resulting in potential transmission errors. Because these
large pulse deformations are rare, estimating their probability is difficult.

2.1. Soliton Perturbation Theory. Soliton perturbation theory (SPT) is a stan-
dard method that has been used to approximate the effect of noise upon propagating
pulses (e.g., see [19, 26, 28, 29, 30]). Rather than using it directly to obtain an an-
alytical approximation to the perturbed pulse, however, here we will use it as a tool
to guide numerical simulations. The key information that is needed to do this comes
from the dependence of the soliton solution, given in (2.3), upon the parameters A,
Q, To, and @q. Since any value of these parameters is permitted (thanks to the invari-
ances of the NLS equation), no resistance is encountered if the noise at an amplifier
changes one of them. This lack of resistance allows large variations to build up after
many amplifiers. Furthermore, frequency fluctuations change the group velocity of
the pulse, and subsequent propagation integrates this velocity shift to produce a large
timing shift (as reflected in the dependence of T' on Q). Similarly, changes in the
amplitude and frequency affect the pulse phase.

The small noise-induced changes of the soliton parameters at a single amplifier
can be estimated by decomposing u(z,t) into its soliton and radiative (nonsoliton)
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A Q T ]

Fig. | The real (blue) and imaginary (green) parts of the four neutral modes of the linearized NLS
equation associated with the soliton solution (2.3).

components,

(2.4) u(z,t) = [uo(z,t) + v(z,t)] €,

and by linearizing the NLS equation (2.1) around the soliton solution (2.3):
. 2 .

(2.5) % =Luv, Lv:= %% — %A2v+2i|uo|2v+iugvf.

Importantly, the linearized NLS operator L is non—self-adjoint and nonnormal, and
its generalized nullspace admits four modes (eigenfunctions) vi(z,t) (k= A,Q, T, ®)
satisfying [19, 24, 53]

(26) LUA:AU<1>, L’UQ:UT, LUT:O, LU@ZO.
Explicitly, these four modes are
10

(2.72) va(2,) = o[t~ Thua,
(2.7b) va(z,t) =i(t = T) uo,

BUO
2. )= -2
( 70) 'UT(Z, ) at Y
(2.7d) va(2,t) = iug.

Each of these linear modes is associated with a continuous symmetry of the NLS
equation [26, 32], namely, invariance with respect to scaling, Galilean boosts, trans-
lations, and phase rotations, respectively. Note also from (2.6) that the timing and
phase modes are true eigenfunctions, whereas the amplitude and frequency modes
are generalized eigenfunctions. This is related to the fact that two of the above sym-
metries give rise to modified conservation laws, which in turn is directly related to
the fact that a change in the pulse frequency is equivalent to a change in its velocity
and therefore integrates to produce a timing change after propagation, while a change
of the pulse amplitude integrates to produce a change in its phase [26]. These four
modes, shown in Figure 1, are also associated with changes of the soliton parameters:!

(2.8a) 881: = v,y e©,
(2.8b) ?;;; =vge'® + Tvg e,
(2.8¢) ?;; = vr e,
(2.8d) ?;:; = vg €.

IThe derivatives on the left-hand side of (2.8) are taken with respect to the variables A, Q, T,
and ®, with the other three variables kept constant. A different choice of parametrization for the
soliton solution in (2.3) would lead to different results.
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In fact, removing secular terms from the forced linearized NLS equation obtained by
adding the right-hand side of (2.1) to (2.5), one finds the local changes of the soliton
parameters at the nth amplifier produced by the noise f,(t) [19, 24, 32]:

(2.9a) AA, = Re/yg(z,t)e_iefn(t) dt,
(2.9b) AQ, = Re / vh (2, 1)e"© £, () dt
(2.9¢) AT, = Re/g}(z,t)e—iefn(t) dt,
(294) A, = Re [ (uplest) = Trg(et)le L, 0 ds

In (2.9) and hereafter, all integrals are from —oo to oo unless integration limits are
explicitly given. The functions vy (z,t) in (2.9) are the modes of the adjoint linearized
NLS operator:
- 02
L2y = ; 875;] + A v — QZ\UO\ v —Huov

which corresponds to the inner product (f,g) = Re [ fTgdt = [(fiegre + fimGim)dt
[24]. The adjoint modes are easily obtained from those in (2.7) by noting that
L*i(v) = iL(iv). Explicitly, they are

(2.10) vy = —iV, v = itvr /A, vp = —ivg/A, Ve = ivA.

Together, the modes of L and LY form a biorthonormal basis of the generalized
nullspace of L, which is the tangent space corresponding to infinitesimal changes in the
soliton parameters at a given amplifier.? Indeed, the source terms in (2.9) are the pro-
jection of the noise onto this basis, taken according to the inner product defined above.

2.2. Noise-Induced Amplitude, Frequency, Timing, and Phase Jitter. Equa-
tions (2.9) constitute a system of stochastic difference equations that establish a
projection from the infinite-dimensional noise which is added at each amplifier to
a discrete random walk for the four soliton parameters. The system can be easily in-
tegrated, including the unperturbed evolution in between amplifiers given by (2.3c),
to obtain the output values of amplitude A, frequency €2, timing 7', and phase ®:

Na
(2.11a) Ague = A + Y AA,,

n=1
N(l

(2.11b) Qo = Q0 + Y _ AQ,,
n=1
N, N,

(2.11¢) [—2pt] Tout = To + Naza0 + Z AT, + Z (Ng +1—=n)2,A0Q,,

n=1 n=1

N, N,
1 a a
Pour = Po + 5 Naza(AF — Q) + D AR, + > (No+1—n)za(AgAA, — QAQ,)

n=1 n=1
1 N, Ng
(2.11d) +5 z:: z:: — max(n, m)]ze(AA,AA, — AQ,AQ,,).

2As usual, a true linear mode of the linearized NLS operator corresponds to a generalized mode
of the adjoint operator, and vice versa.
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The last term on the right-hand side of (2.11c) and the last two terms on the right-
hand side of (2.11d) arise from the Galilean invariance and self-phase modulation of
solutions of the NLS equation. Whereas amplitude and timing jitter are the most
important failure mechanisms for communication lines using standard on-off keying
receivers, phase fluctuations are of critical importance when information is encoded in
the pulse phase, as is the case for phase-shift or differential phase-shift keying [47, 46].

Owing to (2.2) and (2.9), AA,,, AT,, AQ,, and A®,, are all Gaussian-distributed
random variables at each amplifier, with zero means and variances

2.12a = Ao

( ) E[AA721+1] A 2;

(2.12b) E[AQ2, ] =0%A,/3,

(2.12¢) E[AT?Z, ] = m%0?/(1243),
(2.12d) E[A®? ] = (1+7%/12 4 T2)0?/3A,.

All of these variances depend on the value of the soliton amplitude immediately prior
to arrival at the amplifier, and the phase variance depends on the soliton position; this
is because the time-dependent term in the phase in (2.3b) is not defined to be zero at
t = T(z). For small deviations of amplitude and position, one can approximate these
variances with their initial values (assuming without loss of generality that the initial
position is zero):

(2.13)

0% 1= Ago?, 0di=0%A0/3, oF :=720%)(1243), 02 :=(1+7?/12)0%/3A,.

The variances of the final soliton amplitude, frequency, timing, and phase are then
easily computed to be

(2.14a) E[A2,] ~ N,o?,
(2.14b) E[Q2,.] =~ N.od,
(2.14c) E[T2,] =~ Noo2 + No(No + 1)(2N, + 1) 04 22/6,
(2.14d) E[®2 ] ~ Nuo2 4+ N, (N, +1)(2N, + 1) 0% 22/6,

respectively. The cubic dependence on N, of the growth of E[TZ2,] and E[®2 ] is
a discrete analogue to the cubic dependence on distance in a distributed noise ap-
proximation, used by Gordon and Haus [17] and by Gordon and Mollenauer [18],
respectively, to derive upper limits for the error-free propagation distance of a soliton
transmission system.

These calculations, however, are not sufficient to give an accurate estimate of
noise-induced transmission penalties, for several reasons. First, the variances in (2.14)
are correct only for small deviations of the pulse amplitude. Second, even though the
noise is Gaussian-distributed, the full noise-induced changes of the soliton parameters
are not necessarily Gaussian. In particular, the variance of each amplitude shift
depends on the previous value of the amplitude, which causes the distribution of
A to deviate significantly from Gaussian. A Gaussian approximation will therefore
be valid only in the limit of small amplitude shifts, and quite possibly only in the
core region of the pdf and not in the tails. The timing T and frequency €2 also
deviate very slightly from Gaussian due to the local dependence of their variances
on A (cf. (2.12); see also [20]). Since T, Q, and ® have no influence on the random
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walk of A (or on T, in the case of the phase), however, their statistical behavior
is expected to be dominated by the mean value of A. Finally, even if the noise-
induced changes of the soliton parameters were approximately Gaussian-distributed,
calculating the probability densities in the tails from the (analytically or numerically
obtained) variances would require an exponential extrapolation, and any errors or
uncertainties would be magnified correspondingly.

3. Importance Sampling. The main idea behind importance sampling is to bias
the probability distribution functions used to generate the random Monte Carlo sam-
ples so that errors occur more frequently than would be the case otherwise [48, 44].
Before we delve into the implementation of importance sampling for amplifier noise,
let us briefly present the basic ideas in a general setting.

Let X denote a collection of random variables (RVs) identifying a particular
system realization. (In our case, X will be a vector or matrix which contains the
discretized noise values at all the amplifiers.) Consider a measurable quantity y(X)
associated with each system configuration and, therefore, with each value of X. (In
our case, y(X) will be a particular final pulse parameter.) Suppose that we are
interested in calculating the probability P that y(X) falls within some prescribed
range. This probability can be represented as the expectation value of an indicator
function I(y(X)) such that I(y) = 1 if the random variable y falls in the prescribed
range and I(y) = 0 otherwise. That is, the probability P is represented by the
multidimensional integral

(3.1) P= / I(y(@))px () do = E[I(y(X)),

where px () is the joint pdf of the RVs X, E[-] denotes the expectation value with
respect to the distribution px(z), and the integral is over the entire configuration
space. In many cases of interest, a direct evaluation of the integral in (3.1) is impos-
sible. One can then resort to Monte Carlo simulations and write an estimator P for
P, replacing the integral in (3.1) by

R 1 U
(32) PII]C = M;I(y(xm))a

where M is the total number of Monte Carlo samples, and where each X, is a random
sample drawn from px(z). Equation (3.2) simply expresses the relative number of
samples falling in the range of interest. If one is interested in low probability events,
however (that is, if P <« 1), an impractically large number of samples is usually
necessary in order to see even a single event, and an even larger number is required
in order to obtain an accurate estimate.

To see this more clearly, consider that the indicator function I defines a Bernoulli
random variable when applied to the sample results y(X,,), so that the distribution
of Py is binomial with parameters (M, P). When P is small, its variance is given by

. 1 P
. Poel = —(P — P?) =~ —,
yielding a coefficient of variation of
- 1/2
Var[ Py, 1
(3.4) (Var[Fine)) R

P VMP’
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In order to obtain an acceptably small value for the relative standard error, one
therefore needs to take M > 1/P, which in the case currently under consideration
would require trillions of simulations of (2.1).

When the main contribution to P comes from regions of sample space where
px (x) is small, IS can be used to speed up the simulations. The idea is first to rewrite
the probability P in (3.1) as

(3.5) P= / pi(x) dz = E[I(y(X))r(X)],

where E*[-] denotes the expectation value with respect to the biasing distribution
p*(z), and where r(z) = px(z)/p*(x) is called the likelihood ratio [44]. As before,
we then estimate the corresponding integral via Monte Carlo simulations; that is, we
write an importance-sampled Monte Carlo estimate for P as

(3.6) Py = 7 Z r(XZ),

where now the samples X, are drawn according to the distribution p*(x). By design,
the estimator Py is unbiased; i.e., E*[Pg] = P. If p*(z) = px(z) (unbiased simu-
lations), then r(x) = 1 and (36) agrees with (3.2) (i.e., one recovers the standard
Monte Carlo method). The use of a biasing pdf, however, allows the desired regions
of sample space to be visited much more frequently. At the same time, the likelihood
ratio automatically adjusts each contribution so that all of the different realizations
add properly to give a correct final estimate.

It is instructive to consider the variance of this estimate to assess the impact of
biasing the noise. A straightforward calculation yields

E[I(X)r(X)]

1 * 2 2\
2 (EUE)P0] - P =S

(3.7) Var*[Py] = i

where Var*[-] denotes the variance with respect to the biasing distribution. Clearly,
choosing p*(z) = px (z) (i.e., r(z) = 1) returns the same variance as for Py.. Noting
that r(z) simply redistributes the mass of a probability distribution function over the
same support, one can see immediately that a choice of 7(z) that reduces the variance
of the importance-sampled estimator Py is one which satisfies r(z) < 1if I(y(z)) = 1.
This amounts to choosing the biasing distribution p*(x) in such a way that it leads to
the events of interest with higher probability than the unbiased distribution px (x).

The crucial step when trying to apply IS is to determine a proper choice of
the biasing distribution p*(x) in order to reduce the variance of the estimator Py.
Naturally, not all biasing distributions are appropriate for accomplishing this. One
might think that the simplest choice is to increase the overall noise variance in an
attempt to increase the probability of generating large changes. It is well known,
however, that this biasing method (which is usually referred to as variance scaling)
is effective only in low-dimensional systems [44]. When the number of dimensions is
large, as is the case here, the number of unimportant events (e.g., those where large
deviations in some pulse parameter do not occur) increases more rapidly than the
important ones as the variance is increased, because significant events typically arise
from relatively localized regions in state space.

In general, then, in order for IS to be effective, one needs to locate the most
important regions of state space, and choose p*(x) to concentrate the Monte Carlo
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samples only near these regions that are most likely to generate rare events of interest.
In the present case, this means determining the most likely noise instantiations at each
amplifier which produce large pulse parameter variations at the fiber output. The next
section describes our approach to choosing appropriate biasing distributions to probe
large fluctuations in each of the four soliton parameters.

If one seeks to reconstruct a broad region of the pdf for the quantity of interest,
no single choice of biasing distribution can be expected to capture efficiently all the
regions of sample space that give rise to the events of interest. In this case, several
different biasing distributions pj(z) can be used and their results combined using a
method known as multiple importance sampling [7, 41, 50]. With this technique, a
weight w,(x) is associated with each biasing distribution. An importance-sampled
estimator for P is then written as

Q M,
(3.82) Pae =Y A; S Wy (X LXK )7a (X,

m=1

where () is the total number of biasing distributions, M, is the number of samples
drawn from pj(x), Xy, is the mth such sample, and r,(z) = px(x)/p;(z). Several
strategies are possible for selecting the weights; the estimator P will be unbiased as
long as 222:1 wq(x) = 1 for all z. A particularly simple and effective choice is the

balance heuristic [50]:

_ qu; (z)
S2 ) Mypl ()

Note that M,pj () is proportional to the expected number of hits from the gth dis-
tribution. Thus, the weight of a sample with the balance heuristic is given by the
likelihood of realizing that sample with the gth distribution relative to the total like-
lihood of realizing the same sample with all distributions. An unbiased estimator for
the variance of Py is given by [7]

(3.8Db) W ()

M,
RN 1 1 < * * *
Var [Pmis] = Z M. —1 M Z wg(qu)I(y(qu))rg(qu)
q q

q=1

m=1
2

IS

(3.9) a3 @) TG (X,)
9 m=1

4. IS for Amplitude, Frequency, Timing, and Phase Jitter. We now turn our
attention to the application of IS to Monte Carlo simulations of noise-induced am-
plitude, frequency, timing, and phase jitter. As explained earlier, in order for IS to
be effective we need to bias the simulations toward the events that are most likely
to produce the rare events that are of interest. Our strategy is to use approximate
versions of the evolution equations for the soliton parameters to determine the most
important regions of state space, i.e., the regions where events of interest are likely to
be generated [5, 6, 7, 13, 37].

The strategy to bias the simulations toward predetermined target values of each
soliton parameter consists of two logically distinct steps: First, we must determine
how to bias the noise at each amplifier in order to obtain a specified change of ampli-
tude, frequency, timing, and/or phase. Second, we must determine how to select the
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individual changes at each amplifier to obtain the desired total change at the end of
the transmission line. To accomplish these goals, we need to (i) find the most likely
noise configurations that result in a specified soliton parameter change at each am-
plifier, and (ii) find the most likely combination of individual amplitude, frequency,
timing, and phase changes at all of the amplifiers that result in the desired value at
the end of the transmission line. The fact that so much is known about NLS solitons
greatly simplifies these tasks. The key information comes from the dependence of the
soliton solution upon the parameters A, 2, Ty, and ®3. The noise-induced changes
in these soliton parameters can be calculated using SPT, as explained in section 2.1.
In turn this knowledge can be used to bias the noise at each amplifier to induce
larger-than-normal changes of the soliton parameters at the fiber output.

To make these ideas more definite, suppose that we are interested in large devi-
ations of a quantity Y. Later on, this quantity will be identified with the amplitude
A, frequency (2, timing T', or phase ® of the soliton. For now, let Yj, denote the value
of Y at the fiber input, and suppose that we want to direct the simulations toward
a target value Yout. As explained above, we need to (i) find the most likely noise
realization at each amplifier to produce a given shift C,, in Y, and (ii) find the most
likely combination of individual contributions {C;,}#, such that the final value of ¥
is Yous. We address these two issues separately.

To solve problem (i), at each amplifier we need to find the noise instantiation
that maximizes the probability of realizing a prescribed shift in one of the soliton
parameters. In any numerical implementation of (2.1), noise is added to the propa-
gating signal by adding one independent Gaussian random variable to the real part
of the optical field, and one to the imaginary part, at each discretized time point
(when split-step spectral methods are used to solve (2.1), one can alternatively add
an independent Gaussian random variable to the real part and to the imaginary part
of every Fourier mode; this is equivalent to the above procedure in the time domain).
Maximizing the probability of this Gaussian perturbation amounts to minimizing the
sum of the squares of all of the random variables (one for the real part and one for the
imaginary part at each time point), and in a continuous-time limit this corresponds
to seeking a noise-produced perturbation f(t) that minimizes the L2-norm

(4.) 191 = [ 1P ae.

There is no weighting of the noise because every perturbation of comparable size is
equally probable. Of course, we are interested in the noise perturbation that is most
probable conditioned on a prescribed change in one of the soliton parameters. This
means that the minimization should be performed subject to the constraint

(4.2) AY, = Re/g;(zn,t)f(t) dt = C,,,
where vy (2zp,t) is the appropriate adjoint linear mode evaluated immediately prior
to the nth amplifier, consistent with (2.9), and C,, is for now an arbitrary constant.

This constrained minimization problem can be expressed in Lagrange multiplier form
by defining the functional

(4.3) M, :/\f(t)|2dt+/\ [/vL(zn,t)f(t) dt+/yy(zn,t)fT(t) dt —2C, | .

The solution to this problem, which is easily obtained using the calculus of variations,
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is

Uy (va t)

4 0=y G P

Here it should be noted that the biorthonormal basis associates two modes with each
parameter Y, a “right” eigenfunction vy and an adjoint or “left” eigenfunction vy .
Even though the addition of a perturbation given by C, vy produces a “clean” change
in the soliton parameters (that is, a change without additional radiative components),
(4.4) implies that the most likely way to realize the same parameter change occurs
when the noise is proportional to the corresponding adjoint mode, a result which is
not evident a priori.

Once the maximum-likelihood noise configurations at each amplifier are known,
it remains to solve problem (ii), namely, to find the coefficients {Cy,...,Cn,} that
lead with maximum probability to a prescribed change in the soliton parameter Y
over N, amplifiers. From (2.3), it is immediately apparent that if one neglects the
dependence of the variances in (2.12) on the amplitude, the soliton amplitude A and
frequency €2 are not affected by changes to the other parameters. The soliton timing
T and phase @, on the other hand, are affected both by direct perturbations to T" and
® and by integrated changes to the frequency 2 and amplitude A, respectively. We
therefore consider these problems separately.

4.1. Amplitude and Frequency Shifts. In the case of amplitude shifts, the prob-
lem is to find the most likely noise realization that produces a prescribed total change
in the soliton amplitude, AAtot = Aout — Ain. This amounts to another constrained
minimization problem, where we now need to choose the set of individual amplitude

shifts at each amplifier, {AA,}),, in order to minimize the cumulative L?-norm

o AA2
(15 anﬁ Z Tt = 2 o
n=1

(where (4.4) was used) under the constraint
Na
(4.6) D> AA, = Adg.
n=1
Evaluating the norm of v 4 using (2.9a), we can also rewrite this optimization problem
in Lagrange multiplier form as

(4.7) M = Z A

where, obviously, at each amplifier A,, = A;, + ZZ/:1 AA,,. To find the minimum
of M we then look for zeros of the gradient of M with respect to all the individual
amplitude changes AA,,. If the total amplitude change over the N, amplifiers is not
too large, we can write AAy,, = € A and employ a perturbation expansion of AA,

A AA — Z AA,

n=1

and A in powers of €, namely, AA,, = ea%l) + eza@) cand of A=€e\g + EXg+ -
Minimizing and then matching orders of e gives
A
4. - =
( 88’) an Na ’
1 A2
2) _
(4.8b) al? = “iNe (Ng —2n +1),
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and so on. These constants determine the appropriate biasing for amplitude jitter at
leading order and up to second order. Note that, at leading order, the desired average
change in amplitude over the entire span of amplifiers is simply divided evenly among
the individual amplifiers. This leading order approximation is found to be adequate
for all cases considered here, even when the actual amplitude shifts computed are
reasonably large.

The optimal biasing problem for the frequency € is similar but simpler, in that
the L2-norm of the associated linear mode is independent of 2. In particular, we seek
to minimize

(49) Z 7l = Z R

under the constraint

| 2

Ng
(4.10) Z AQ,, = AQyor.
n=1
This leads to
N, N,
< AQ2 -
(4.11) M=% 3 ; AQuor — Y AQ,
=1 """ n=1

where, due to the orthogonality of v, and v 4, the amplitude remains unaffected by the
biasing applied to €. For this reason, we assume A,, = Ag =1 foralln=1,..., N,
which simply gives
AQtot

N,

(4.12) AQ, =

4.2. Timing and Phase Shifts. We next look at the most likely noise realization
resulting in a prescribed timing shift of the soliton at the fiber output. Because of the
Galilean invariance of the NLS equation, in this case we need to consider frequency
shifts as well as timing shifts. In other words, we seek to find the most likely set of
frequency and timing shifts at each amplifier, {AQ,, AT,,}Ne . that produce a final
value Touy = Tin + ATior, of timing. Because of the orthogonality of v, and v, this
amounts to choosing AT}, and Af,, in order to minimize the cumulative L2-norm

AT? Jo AQ2
(4.13)
lor(zn, )11 Z g (zn, )12

n=1

under the constraint

Ng Ng
(4.14) ATt = NozaQin + D AT, + > (Na + 1= n)AQ 2
n=1 n=1

for a prescribed value of AT;,. Again, we can evaluate the norms in (4.13) and
rewrite the above problem in Lagrange multiplier form:
(4.15)

6 Na Ng N,
M——QZ 5 A2 3 ZAH 1 Z Z N+1-n) AQyz, — ATy
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If the noise has components only along v, and v, the soliton amplitude again remains
unaffected, so that minimizing the action M gives

2
™
41 ATn = 7ATO 9
( Ga) 120%,t0t ot
No+1-1n)z
(4.16b) Aq, = Watlznz g
307 tot
where
2 2
(4.16¢) 0% = Na | = 5+ % (Ny +1) (2N, + 1)

Note that the rule for biasing the frequency given by (4.16b) is rather different from the
rule given by (4.12). Whereas the former is designed to produce a given total change
in frequency with highest likelihood, the latter is designed to produce a given total
change in timing with highest likelihood, so that frequency shifts occurring earlier in
the propagation are weighted much more heavily. In fact, comparing (2.12), (4.14),
and (4.16), it can easily be seen that the relative weight of each term is proportional to
its contribution to the variance of the final result. In other words, the most probable
way of obtaining a given timing shift at the end of the fiber is to perform relatively
large frequency shifts at the beginning of the fiber, since these are the ones that can
accumulate over the longest distances and therefore produce larger deviations for the
same “effort” (i.e., for the same contribution to the cumulative L2-norm of (4.1)).

Just as the optimal noise instantiation to obtain a given total timing shift depends
on both frequency and timing shifts at each amplifier, the most probable way of
obtaining a prescribed total phase shift requires shifting three parameters at each
amplifier: phase, amplitude, and frequency. Under the conditions that Q5 = 0 and
that the individual amplitude shifts are kept small, however, the terms in (2.11d)
involving Qg and those involving products of shifts can be neglected, leaving as the
action

AP2 Mo Ap2
M = n—1 n
Z 2/18+2/3+HZ::1 24, ,

(4.17) +A Z AD, + Z (N +1—n)AgAA,z, — <c1>out - ;NazaAg>

n=1 n=1

This action is similar in form to (4.15) and demonstrates again that the effect of
amplitude shifts on phase through self-phase modulation is analogous to the effect
of frequency shifts on position through Galilean invariance. Here, however, the fact
that amplitude appears in the summations is problematic, as amplitude is one of the
parameters being shifted in our biasing scheme. To resolve this, we take an approach
similar to that for direct amplitude shifting; i.e., we use a perturbation expansion in
AAiot. At leading order, the optimal phase and amplitude shifts take the same form
as the above optimal timing and frequency shifts:

2/36+1/3 1
(4.18) AD, = ”/27+/ (A@tot - Naza) :
03 tot 2
No+1—n)z 1
(4.18b) A4, = Yot lonz (A@mt - Naza) ,
0% tot 2

where
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T2 1 22
(4.18c¢) 03 tot = Na w3 Fa (N, +1) (2N, +1)] .

4.3. Implementation Issues. Having found the most probable configurations
that produce given values of amplitude, frequency, timing, and phase shifts, we now
discuss how to use them to guide the biasing of the importance-sampled Monte Carlo
simulations.

For concreteness, suppose that we are numerically solving a discretized version of
the NLS equation (2.1). As explained earlier, at each amplifier we add random noise
fn. If J is the total number of discrete time points in the computational domain (or,
equivalently, the total number of complex Fourier modes), the noise is represented
by a vector x,, = (z1,...,727)" giving the real and imaginary noise components
at each discretized time location. In the unbiased case, the x; are independent and
identically distributed (i.i.d.) normal RVs with mean zero and variance o2 = 02 /(2At);
explicitly, the probability distribution is py(x) = exp[—xTx/202]/(2702)”. Let X =
(x1,...,%xn) be the 2J x N matrix that denotes all of the noise components at all
of the amplifiers, and suppose that we are interested in reconstructing the pdf of a
variable y(X). (Here, y will be the amplitude A, the frequency (2, the timing T, or
the phase ®.)

At each amplifier, we will perform the biasing by selecting a deterministic biasing
vector b,, that will be added to the noise vector x,, drawn from the unbiased distribu-
tion. That is, we will form a biased noise realization as x}, = x,,+b,,. This corresponds
to choosing, at each amplifier, the biasing pdf p%(x}) = px (X} — by) = px(xy), which
therefore gives a likelihood ratio of r«(x)) = px(xn + bn)/pPx(xy). One can then
obtain the overall likelihood ratio of the noise over N, amplifiers? as

o T (X))
T(X)_H ( bl

DPx Xn)

where X* = (xi,...,x}, ) and X}, = X, + by, as before. Of course, in order for this
strategy to be effective, the choice of the biasing vectors b,, is crucial. The means
by which we choose these biasing vectors in the case of amplitude, frequency, timing,
and phase jitter is discussed next.

In order to perform the biasing, at each amplifier we first need to find the soliton
parameters associated with the solution immediately before amplification (i.e., the ad-
dition of noise). We do this either by solving the Zakharov—Shabat eigenvalue problem
[19, 51] or by using the moment integrals for the soliton parameters [24]. (A more
detailed discussion of this soliton reconstruction process is contained in Appendices
B and C.) The soliton parameters uniquely determine the soliton solution, which in
turn determines the linear modes. Since the deterministic biasing term is expressed in
the form of a linear combination of modes (as determined in the previous subsection),
knowing the soliton parameters allows us to select the proper biasing of the Monte
Carlo simulations as given by (4.4) and the determination of C,, in subsections 4.1
and 4.2.

3Note that the biased noise realizations at each amplifier are not statistically independent, since
at each amplifier the choice of the biasing vector b,, depends on the current state of the soliton and
therefore on the accumulated effect of the noise from the previous amplifiers. Nevertheless, it is easy
to show that the overall likelihood ratio for such a Markov process can still be written as a product
of the individual likelihood ratios (e.g., see [7]).
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In particular, if one wants to bias the amplitude, one chooses a shift in the mean
of the noise f(t) equal to

QA(ZTH t)
2An—1 ’

QA<Zn7t>
"l (zn, )II?

where AA,, is given by (4.8). Similarly, if one wants to bias the pulse frequency, one
chooses a shift in the mean of the noise equal to

(4.19) AA = AA,

Y, (Z’ﬂ’t) 3QQ(2n7t)
4.20 AQ, —2T U AQ, S
(4.20) ENEIE oA

where AS, is given by (4.12). To bias the soliton position, however, one must also
bias the frequency, and in this case one chooses a shift in the mean of the noise equal to
(4.21)

v (2, t) v (Zn, t)
AT, St e AQ,, _=Q\emy v AT,
vz (20, ) II? v (zn, )12

where AT,, and AQ,, are now given by (4.16). Finally, to bias the phase one must
also bias the amplitude, giving a mean noise shift of
(4.22)

AD

6A2 1 vp(zn,t) 3va(2zn,t)
n—1 = mny AQn Z0 s
71'2 + 2An,1 ’

QA(ZW t)
2An—1 '

Q@(zmt)
" Jlug (20, )12

In the discretized version of the problem, this biasing term, i.e., the shift of the
mean of the noise f(¢), can also be represented as a vector, b,. Once the biasing
direction and strength have been chosen, the actual biasing is straightforward: An
unbiased noise realization x, is generated, and the biased noise realization xJ, is
obtained by simply adding b,, to x,; that is, x}, = x,, + b,, as explained above.

QA(Zn,t) A@ A’ﬂ*l Q@(’z’rut)

AA, ————— = n—————
T T G T 72/18 + 2/3

+ AA,

5. Numerical Simulations and Results. To demonstrate the effectiveness of ap-
plying IS to Monte Carlo simulations of amplitude, frequency, timing, and phase jitter,
we have performed simulations using the methods described in section 4. In dimen-
sionless units, we took an amplifier spacing of z, = 0.1, a total propagation distance
of N,z, = 20, and a dimensionless noise strength of o2 = 6.3 x 10~°. The physical
parameters generating these values are given in Appendix A. Numerical integration
of the NLS equation was performed using a pseudospectral method with 128 Fourier
modes over a periodic domain of width 40 in dimensionless units. The time-stepping in
z used a fourth-order integrating factor Runge-Kutta method [14, 23] with step size of
dz = 0.01. In the simulations, we extracted the soliton parameters at the intermediate
amplifiers using moments (see Appendix C), but computed the values at the final dis-
tance using the more accurate Zakharov—Shabat eigenvalue problem (see Appendix B).

Figure 2 shows the results of 500,000 importance-sampled Monte Carlo simula-
tions, selectively targeting amplitude fluctuations. Five biasing targets with 100,000
samples per target were used. Different choices of biasing generate the different re-
gions of the pdfs shown in Figure 3, and the results from all Monte Carlo realizations
are combined using the balance heuristic described in section 3. Even with a relatively
small number of Monte Carlo samples, the method produces values of amplitude jitter
far down into the tails of the probability distribution. As shown in Figure 2, these
results agree with unbiased Monte Carlo simulations in the main portion of the pdf
(the only region that can be reconstructed with unbiased simulations). For smaller
probability values, the deviations from Gaussian are evident.
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Fig. 2 The pdf of amplitude jitter (top) in a soliton-based transmission system, obtained from
500,000 smportance-sampled Monte Carlo simulations (black line), compared with 1,000,000
unbiased Monte Carlo simulations (red circles), results from the simple prepoint model from
perturbation theory (green line), and an approzimate Gaussian curve (blue line). The re-
sults from the prepoint model and from the IS runs are almost indistinguishable. Also shown
(bottom) is the coefficient of variation (namely, the standard deviation divided by the mean)
of the pdf value in each bin as obtained from the IS runs. Similar levels of accuracy are
obtained for the pdfs of frequency, timing, and phase jitter, shown in Figures 5 and 6.

relative frequency (a.u.)
probability density

0 0.5 1 1.5 2 25 0 0.5 1 1.5 2 25
amplitude amplitude

Fig.3 (Left) relative frequency plots on a linear scale showing the different ranges of amplitude
generated by biasing distributions with five different targets. From left to right, the tar-
gets are AAgor = {—0.8,—0.4,0,0.4,0.8}. (Right) the relative contribution of each biasing
distribution to the final result of Figure 2 when weighted by the balance heuristic.
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Fig. 4 The pdf of amplitude jitter when the amplifier separation zq is varied (black is zq = 0.2,
magenta is zq = 0.05, red is zo = 0.02), while the number of amplifiers No and the noise
strength o at each amplifier are held fized. Agreement with SPT (green) appears to be good
only for sufficiently large zq (Figure 2 uses zq = 0.1). Also shown is the Gaussian pdf (blue)
from the linearized SPT equations. Each of the numerical runs was obtained using 5 x 10°
simulations.

A simple model of amplitude fluctuations can be obtained via soliton perturbation
theory [24]: A1 = A, + vV Ay $ny1, where the s, are i.i.d. normal RVs with mean
zero and variance o2. (Of course, this model cannot be correct when the noise is not
a small perturbation of the soliton; an obvious erroneous result of this is that there is
a very slight probability for negative A,’s to occur. Fortunately, it will be seen that
such unphysical cases occur with extremely small probability, and therefore can be
ignored.) Note that this model reflects a prepoint approximation of the jump condi-
tions in (2.1). While this approach is closer in spirit to the Markov process created by
the biased Monte Carlo simulations, it is unclear whether the physical process is more
accurately represented by this approximation or by a midpoint approximation, given
by Ant1 = An + (VA1 + VA,) sny1/2. (For example, in one interpretation of a
quantum-mechanical analysis of noise induced by loss and gain in a periodically am-
plified system, half of the noise is contributed in a distributed manner by the loss [27].)
In Figure 2 we show the pdf obtained from the midpoint model using a simple analysis
given in Appendix D. A continuous version of the amplitude equation can be solved
analytically and also gives similar results [35], and we have verified through numerical
simulation that the pdf obtained from the prepoint model is essentially identical. Al-
though agreement with the importance-sampled simulations of the full NLS equation
(2.1) is very good throughout the range of amplitude values considered, with a slight
deviation at small amplitudes, this agreement deteriorates significantly at both small
and large amplitudes when the amplifier spacing z, is decreased, as shown in Figure 4.
As z, is increased, the agreement appears to improve. It is not clear why the numerical
results disagree with SPT here; nevertheless, the biasing obtained using SPT is suffi-
ciently close to the correct biasing that the IS simulations accurately capture the pdf.
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Fig. 5 The pdfs of frequency (left) and timing jitter (right) in a soliton-based transmission system,
each obtained from 500,000 IS simulations (black line). Also shown are the Gaussian ob-
tained from the linearized SPT equations (blue line) and results from 1,000,000 unbiased MC
simulations (red circles).

Figure 5 shows results similar to those of Figure 2, but for importance-sampled
Monte Carlo simulations targeting frequency and timing fluctuations. The distribu-
tions of frequency and timing jitter agree well over a larger range of probability val-
ues with Gaussian curves whose variances are calculated from the theoretical results,
(2.14b) and (2.14c). Note, however, that both for frequency and for timing jitter small
deviations from Gaussian behavior are observed in the tails, where the numerically
reconstructed pdfs are slightly but systematically larger than the predicted Gaussians.
This discrepancy is due to the amplitude dependence of the variances of frequency
and timing fluctuations [20]. Such dependence was neglected when the deterministic
biasing choices were determined. Nevertheless, because random sampling is used, the
numerical simulations access not only the deterministic biasing directions, but also
nearby points in sample space around them. If errors in the deterministic biasing
directions are not too large, a reasonable number of random samples will find the
correct regions in sample space that contribute most significantly to the pdf.

Finally, the pdf of phase jitter obtained using 5 x 10° IS samples is shown in
Figure 6, along with 10 Monte Carlo runs to demonstrate the accuracy of the bi-
asing. To better illustrate deviations in the pdf tails we have unwrapped the phase.
As expected, the pdf disagrees with the Gaussian obtained by linearizing the soliton
perturbation equations. Somewhat surprising, however, is the fact that it also dis-
agrees with 108 Monte Carlo simulations of the full nonlinear SPT equations. Since
the amount of disagreement grows as the noise bandwidth increases, this suggests
that dispersive radiation plays an important role in the case of phase jitter, rendering
the (first-order) SPT equations ineffective in reproducing the correct jitter statistics.
These equations are nevertheless still sufficiently accurate to provide effective biasing
for the IS runs.

6. Discussion. We now briefly discuss extensions of the method, equivalent im-
plementations of it, and its relation to large deviations theory.

6.1. Other Performance Measures. In all the cases discussed, the goal was to
determine large deviations in each of the soliton parameters individually. In more
realistic situations, however, one is typically interested in some other measure of the
optical signal. In real systems, for example, the optical signal must be processed and
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Fig. 6 Comparison of the pdf of phase jitter (black line) with the Gaussian obtained from the lin-
earized equations from SPT (blue line) and with Monte Carlo simulations of the full PDE
(red circles) and of the nonlinear SPT equations (green line). In this case, the last two
results disagree significantly.

converted into a voltage before it can be measured, a process known as detection [4].
In this situation the output signal is not just one of the soliton parameters, but one
can expect it to still be strongly correlated with some complicated function of all of
the soliton parameters. The precise details, of course, follow from the specific manner
in which the optical signal is encoded and detected. The involvement of a combination
of the pulse parameters makes the determination of the most probable perturbations
significantly more difficult. The way to proceed in this case is in principle to also
linearize the detection process with respect to the unperturbed, noiseless solution,
and then to find the directions in sample space that result in the largest changes. Of
course, it might be necessary for some or all of these steps to be done numerically.
Also, an alternative approach to the minimization problem discussed in the pre-
vious sections is to approximate the difference equations (2.11) for the soliton param-
eters with continuous differential equations, and the sums of the total accumulated
L2-norm of the noise, such as (4.5), with an integral. As a result of these approxi-
mations one obtains a problem for the optimal biasing that can be solved with the
calculus of variations. This approach has been used to guide the implementation of IS
to analyze the performance of a differential-phase-shift-keyed communication system,
where the detection problem must also be taken into account [47, 46]. A brief discus-
sion of this approach is given below. Further details, along with a discussion of the
problem and the corresponding results, can be found in the above-mentioned works.

6.2. Continuum Limit of Soliton Perturbation Theory. As explained earlier,
the key step for determining the noise-induced probability distributions associated
with variations of the soliton parameters is to locate the regions in state space that
contribute most significantly, and then to use this information to bias the importance-
sampled Monte Carlo simulations. Here we have determined the biasing by using
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SPT to approximate the changes in the pulse parameters. As mentioned above, an
equivalent implementation of this method can be obtained by considering a continuous
approximation of the discrete equations for the evolution of the soliton parameters.
For example, if we replace the discrete minimization problem (4.5) for the amplitude
with a continuous version, the goal then becomes minimization of the functional
[45, 46]

o [

subject to the boundary conditions A(0) = Ay and A(L) = Ap. The calculus of
variations easily shows the solution of this problem to be the quadratic function of z
given by

2\ 2
(6.2) A=) = (A + 147~ 7).

A subsequent expansion for small [AlL/ 2—A(1)/ ?] is in agreement with (4.8), namely, for
small total variation the amplitude increases linearly, so that the change from one
amplifier to the next is constant.

6.3. Relation to Large Deviations Theory. If we back up a bit further and
consider the continuous version of the approximate amplitude equation arising from
the SPT discussed in sections 4.1, the first of (2.9) is then replaced by a stochastic
differential equation in Langevin form [40]:

(6.3) dA=VAo,dW,

where o4 is a constant and W (z) is a Wiener process with mean zero and autocor-
relation function E[W (2)W (2')] = min(z,2’). Large deviations theory [15] provides
a method for determining the most probable paths that the solutions of (6.3) will
follow. For this equation, however, the Wentzell-Freidlin least action functional one
must minimize to find these paths turns out to be precisely (6.1). Similar results are
obtained for the other soliton parameters.

We can back up yet another step and consider a continuous version of the NLS
equation (2.1) forced by random noise, namely,

8'LL 1 6271/ 2 .
(6.4) ig” + 352 + |ul*u = iS(z, 1),
where E[S(z,t)] = 0 and E[S*(2/,t')S(2,t)] = 0%0(2'—2)d(t'—t) with o5 a constant;
ie., S(z,t) is delta-correlated in both space and time. In this case, the Wentzell-
Freidlin least action functional to minimize is [10]

2

L 2
Ou  10°u 2

If we then make the approximation that wu(z,t) = A(2)sech[A(2)t]e’®(®?)  where
dO/dz = A%(2)/2 (i.e., the solution is an approximate soliton where only the am-
plitude changes with distance), and substitute into the functional (6.5), performing
the integrals with respect to time yields (6.1). Of course, using an ansatz that includes
all of the soliton parameters results in an approximate functional which leads to a full
set of equations, one for each parameter.
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This brief discussion shows that the approach we used to obtain the biasing for the
importance-sampled Monte Carlo simulations is essentially a discrete or approximate
version of large deviations theory. The main concern of both methods is to find
the most probable paths through state space associated with a particular dynamical
system. The added step here, however, is to perform importance-sampled Monte
Carlo simulations around these paths. The importance-sampled Monte Carlo samples
will spread over a neighborhood of these approximate most-probable paths in state
space, allowing the correct paths to be visited even if any errors have arisen as a result
of the approximations.

7. Conclusion. In summary, we have shown how to apply importance sampling
to numerical simulations of noise-perturbed nonlinear Schréodinger solitons to deter-
mine the statistics of the changes in the soliton parameters. A key step in implement-
ing the importance sampling is knowing how to bias the probability distributions
associated with the noise so that events of interest occur much more frequently than
they would otherwise. In this case, where we are interested in large changes in am-
plitude, frequency, timing, and phase in a soliton-based transmission system, we have
employed analytic approximations of the evolution of these parameters to provide the
biasing for the importance-sampled Monte Carlo simulations. The combined method
allows the probability distribution functions associated with amplitude, frequency,
timing, and phase jitter to be computed well down into the tails. The results show
that importance sampling can be an effective tool for assessing the impact of noise in
such systems.

Appendix A. NLS Nondimensionalization and Units. Here we describe the
nondimensionalization procedure and the choice of units. The NLS equation is written
in dimensional units as

|BN|82 B
(A.1) a7+TW+ Y| EPPE = 225 — (n—1)Z,)Fo(T),

where |E|? is optical power in watts, Z and T are dimensional distance in km and
retarded time in ps, Z, is the amplifier spacing, and 3" is the group velocity dispersion
parameter in ps?/km. The nonlinear coefficient is v = wons/cAeg, where wy is the
carrier frequency, no is the Kerr nonlinear-index coefficient, ¢ is the vacuum speed of
light, and A.g is the effective area of the fiber core. The periodic cycle of loss and
gain introduced by the chain of amplifiers has already been averaged out of (A.1); for
details, see [27]. The delta-correlated white noise added at each amplifier then has
noise strength

MOUSP(G )2 o
GlnG Omnd(T = T7),

(A.2) E[Fn(T)F}(T")] =
where G is the power gain at each amplifier and 7, is the spontaneous emission factor.

We then let z = Z/L, t = T/Ty, and v = E/Ey, where L = T¢/|8"] is the
dispersion length, Ty = Trwawm/1.76 is the soliton (sech) width, and Eq = 1/y/L7 is
the characteristic optical power for critical balance between nonlinearity and group
velocity dispersion. This reduces (A.1) and (A.2) to (2.1) and (2.2), with

MOUSP’YTO (G B 1)2

A. 2 _ .
(A.3) 7 87 GG
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In the simulations we used a pulse full width at half maximum (FWHM) of 17.6 ps
(i.e., a sech width of Ty = 10 ps), an amplifier spacing of Z, = 50 km and a fiber
loss of 0.2 dB/km (yielding a power gain of G = 10), a spontaneous emission factor
of ngp of 1.4, a fiber dispersion 3’ = —0.2 ps?/km, and a total transmission distance
of 10,000 km. The nonlinear coefficient of the fiber was taken to be 2.0 km~ W1,
The dimensionless parameters corresponding to these values are given in section 5.

Appendix B. Soliton Extraction via the Zakharov-Shabat Scattering Prob-
lem. As discussed in the main text, the first step in implementing IS is to find the
soliton part of the solution at each amplifier. One way to do this is to solve the
Zakharov—Shabat (Z-S) eigenvalue problem [3, 55]. Given a solution u of the NLS
equation at a particular value of z, one can discretize the Z-S eigenvalue problem and
solve it numerically [9, 51]. In the case of noisy solutions, which may not be smooth,
it may be more robust to use a completely integrable discrete version, such as the
Ablowitz—Ladik eigenvalue problem [51].

Unfortunately, an eigenvalue of the Z-S problem gives only two of the soliton
parameters, the amplitude and the frequency, and there is apparently no way to
determine the ezxact values of the soliton’s position and phase. One can, however,
obtain values that are relatively unaffected by noise, even when this perturbation is
large.

To do this, one makes use of the trace formula for the NLS equation [2],

—9iS Py 9N bk iz 1[0 LU
vy et -2y Bl - L [{Lewte s + oweofa

Essentially, this shows that one can break the solution up into two contributions,
one from the eigenfunctions of the Z-S scattering problem and the other from the
continuous spectrum. Here, ¥ (x, () and ¥(t, () are the components of one set of
Jost functions, i.e., solutions of the Z-S scattering problem satisfying special boundary
conditions, namely,

<zl>~<(1)>ew ast — +oo or <2;)N<é>e_igt as t — —oo.

The coefficients by, a},, b(§), and a(§) are determined by the connection between these
two sets of functions,

¢1(t7<) _ w;(t’CT) wl(tvg)
(508 ) =0 ( ey )+ (568 ):
At an eigenvalue (j, of the Z-S scattering problem (with Im {; > 0), one has a(¢;) = 0.
At such an eigenvalue, a) = a'(¢x) and by, = b(¢).

In order to extract the position and phase from a noisy soliton in a robust way,
the idea is to discard the contribution from the continuous spectrum and use only the
discrete part of the trace formula. Because of the exponential decay of the eigenfunc-
tions, this “reconstructed” or “nonlinearly filtered” solution will be smooth, and thus
definitions of position and phase using moments will not have any difficulties caused
by long noisy tails present in the solution. Of course, one must recognize that the trace
formula does not precisely partition the solution into “soliton” and “dispersive radia-
tion” components, as the discrete part of the trace formula does not produce solutions
which are exactly hyperbolic-secant shaped. Nevertheless, the solutions appear very
much like solitons, as shown in Figure 7.
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Fig. 7 A noisy soliton (left) and the “clean” soliton (right) recovered from the Jost functions of the
Z-S eigenproblem. Apart from a small ripple in the imaginary component, the Jost functions
are seen to produce a reconstructed soliton that is largely free of radiation. Blue and green
lines represent real and imaginary parts, respectively.

As written, the trace formula is a little difficult to use, as one still needs the
coefficients b, and aj. Fortunately, the ratio of these coefficients can be computed
more conveniently. From the orthogonality relation [3, equation A6.6e], one has

/ (Yord1k + Y1xdor) dt =ia), = Qbk/%k%k dt = iay,

since ¢1p = b1k and ¢or = bripor. Thus, the discrete part of the trace formula
becomes

S w b
— 1k 2k
‘T Z (fwlszk a " [l vl dt) '

k=1

Because the numerator and denominator in this expression are both quadratic in
Yk, this means that one does not need to normalize the Jost eigenfunctions when
computing their contribution to the solution.

Appendix C. Soliton Extraction via Moments. The method of obtaining the
soliton parameters described above is very effective but computationally intensive,
requiring the numerical determination of selected eigenvalues and eigenfunctions of a
large matrix. The resolution afforded by this method is critical for the final calculation
of the soliton parameters in order to determine correct statistics; the formulation of the
biasing vectors, however, does not require the same degree of precision. In particular,
if the applied biasing vector differs from the optimal biasing vector by a small random
amount (caused, for example, by sensitivity of the parameter measurement technique
to the presence of radiation), this can be expected to produce only a small reduction
in the efficiency of generating an accurate and unbiased estimate through IS. As
long as the biased Monte Carlo simulations sample a large enough region around
the deterministic biasing direction, the method will remain efficient. Another way to
interpret this is that the Monte Carlo sampling corrects for slight inaccuracies in the
determination of the optimal biasing direction.

We have therefore used the following filtered moments to generate approximate
values for the soliton parameters at each amplifier. We first obtain an estimate for
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the soliton frequency

Jwlal? dw

1 Qes = ~ )
(C.1) ’ [ |a)? dw

where 4 is the Fourier transform of u. We then use this to band-pass filter the soliton
to reduce the noise,

(02) Ugl = qje*(‘*’*nest)z/QWéu.

This filtered image of the noisy soliton is used to obtain the final parameter estimates,

1 fw|11ﬁ1t|2dw
C.3 Azf/u 2 dt, Q="
( ) 2 | ﬁlt' f|uﬁ1t‘2 dw

(C.4) T_ M _ J arctan(Im ugie / Re ug) [usie | di
f |’u,ﬁ1t|2dt ’ f |Uﬁ]t|2 dt

Where necessary, sequences of phase values ® are unwrapped by assuming individual
phase changes of less than 7.

Appendix D. Pdf for the Midpoint Model. The model of the soliton ampli-
tude’s random walk obtained by applying first-order SPT and a particular midpoint
approximation to (2.1) was given in section 5 as

1
(Dl) An+1 = An + 5 (\/ An+1 + v An) Sn+1,

where the s,, are i.i.d. normal RVs with mean zero and variance o2. To obtain the pdf
for this process, it is convenient to introduce a, = +/A4,, and to collect terms, noting
that one can then complete the square by adding s2 /16 to both sides of the resulting
equation:

1 2 1 2
(D2) (an+1 — 4Sn+1) = <CLn + 45n+1) .

Taking the positive branch of this square root then gives the much simpler process
Unt1 = Gp + Spt1/2, which is seen immediately to result in a Gaussian distribution
for a,, with mean ag and variance 02 = no?/4. Finally, a simple transformation yields

the pdf for A,:

_ 2
(D.3) p(Ay) = 1 <M> .

= _-———exp
2.\/2rA,0? 2072

This result is essentially the same as the asymptotic expansion of the exact solution
to the continuous amplitude equation for weak noise [35].
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