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Abstract

A discrete analog of the dressing method is presented and
used to derive integrable nonlinear evolution equations,
including two infinite families of novel continuous and dis-
crete coupled integrable systems of equations of nonlin-
ear Schrodinger type. First, a demonstration is given of
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how discrete nonlinear integrable equations can be derived
starting from their linear counterparts. Then, starting from
two uncoupled, discrete one-directional linear wave equa-
tions, an appropriate matrix Riemann-Hilbert problem is
constructed, and a discrete matrix nonlinear Schrodinger
system of equations is derived, together with its Lax pair.
The corresponding compatible vector reductions admitted
by these systems are also discussed, as well as their con-
tinuum limits. Finally, by increasing the size of the prob-
lem, three-component discrete and continuous integrable
discrete systems are derived, as well as their generalizations

to systems with an arbitrary number of components.
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1 | INTRODUCTION

Nonlinear integrable systems play an important role in mathematical physics. From a theoretical point
of view, they possess a rich mathematical structure, and in many cases, they are exactly solvable. From
a concrete point of view, they often arise as the governing equations in many physical applications.
The theory of infinite-dimensional continuous integrable system has been extensively developed
and studied in the last 50 years (eg, see Refs. 1-8). The effort to extend our knowledge of continuous
integrable systems to discrete nonlinear systems has also been an ongoing theme because the works of
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Ablowitz and Ladik,’ Toda,'? Flaschka,!!"!> and many others, continuing to the present day (eg, see
Refs. 13-29 and references therein). In particular, a key question is whether there exist one or more
integrable discrete analogs to a given continuous system. Another key question is whether a given
linear system admits a completely integrable nonlinearization.

There are several approaches to obtain nonlinear integrable systems starting from their linear coun-
terpart. One approach is the Ablowitz-Kaup-Newell-Segur method,>3? which starts from the linear
dispersion relation. Another approach is the so-called dressing method, first introduced in Refs. 31
and 32. The key ingredient in this approach is the formulation of a suitable Riemann-Hilbert problem
(RHP),”333% which relates the limiting values of a scalar or matrix sectionally analytic function across
a given curve. In particular, it was shown in Refs. 35 and 36 that the dressing method can be used
to derive nonlinear systems staring from linear ones by appropriately modifying the RHP, see also
Ref. 37 for further details. The technique was then recently used by the authors to derive novel systems
of resonant wave interactions.>®

The purpose of this work is to show that similar techniques can also be successfully applied to
discrete integrable systems. In the process, we derive infinite families of continuous and discrete cou-
pled systems of interactions of nonlinear Schrédinger (NLS) type, which are novel to the best of our
knowledge. Importantly, the simplest among these systems (most notably, (48), (52), (55), and (59))
are continuous and discrete analogs of the partial differential equations (PDEs) that describe certain
spinor systems>%—! 42,43
recent years, and are therefore likely to be physically relevant on their own.

This work is organized as follows. In Section 2, we introduce the discrete analog of the dressing
method and show how one can recover a discrete linear evolution equation and its Lax pair from the
knowledge of just its associated RHP. In Section 3, we then “nonlinearize” the method and use it to
derive the integrable discrete nonlinear Schrodinger equation together with its Lax pair starting from
the RHP of its linear counterpart. In Section 4, we generalize the method to coupled systems, and we
present the derivation of a discrete matrix NLS equation. In Section 5, we discuss the reduction of the
matrix system to various two-component systems such as the discrete analog of the Manakov system
and of a spinor system, both of which have been intensely studied for many years.®!4394144 Then, in
Section 6, we increase the size of the problem and we derive two infinite families of novel continuous
and discrete coupled integrable systems of NLS type with arbitrary numbers of components. Section 7
offers some final remarks. A few results are relegated to the appendices. Specifically, in Appendix A,
we review the derivation of the NLS equation through the dressing method, which was also discussed in
Ref. 37, and in Appendix B, we derive the matrix NLS equation together with its Lax pair, which serves
to illustrate the main differences between the continuous and the discrete versions of the technique.
Finally, in Appendix C, using the one-directional wave equation, we derive a discrete integrable system
that admits a reduction to a discrete modified Korteweg-deVries (KdV) equation, demonstrating that
the method is not limited to equations of NLS type, and has instead a broader scope of applicability.

in Bose-Einstein condensates, which have attracted considerable attention in

2 | LAX PAIR OF DISCRETE LINEAR EVOLUTION
EQUATIONS VIA DRESSING

We begin to present the dressing method for discrete systems by showing how the discrete linear
Schrodinger equation and its Lax pair can be recovered from the knowledge of the associated RHP,
which will serve to introduce some of the relevant notation.
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Consider the discrete linear Schrodinger equation, ie, the differential-difference system

iqn + (qn+] - 2qn + Qn—l) = 0, (1)

where the dot denotes temporal derivative. One can also write (1) as iq, + e =2+¢9 q, =0 by

introducing the shift operator ¢’ defined as e’ Sfn = fuy1, which we will use throughout this work.

Equation (1) is a discrete analog of the linear Schrodinger equation ig, + g,, = 0 because it reduces

to it when the terms in parenthesis (which identify the second-order central difference throughout this

work) are divided by A% and one takes the limit 27 — O with x,, = nh (the shift operator becoming /7).
It was shown in Ref. 45 that (1) is associated with the scalar RHP defined by the jump condition

GF(t.2) =, (1,2) = 2" e G(z), |z =1, (2a)

for the sectionally analytic function

_Jért ), |zl <1,
d)n(t’ Z) - {(i);(t, Z), |Z| > 1, (2b)

where w(z) denotes the linear dispersion relation of (1), ie,
wy(z) =2—-(z+1/2), (2¢)

and §(z) is the discrete Fourier transform of g,,(0), namely, §(z) = Y., 4,(0)/2". Note that here the
jump condition is given over the unit circle in the complex plane (ie, |z| = 1, unlike the continuous
case, where it is given across the real k-axis.>®) As a result, one has two separate asymptotic behaviors:
for ¢;(t, z) as z — 0 and for ¢, (¢, z) as z — 0 (instead of the single limit point k — o).

In Ref. 45, the jump condition (2) was obtained via spectral analysis of the Lax pair associated
with (1), namely

¢n+1 - zd)n =d4p (3a)

b, + iwy(2)p, = iq, — iq,_,/z. (3b)
In particular, the analysis of the scattering problem in Ref. 45 shows that

¢ (t,2)=0(z) z—0, (4a)

¢, (t,2)=0(1/z) z— oo. (4b)

Furthermore, it is straightforward to show that the compatibility condition of (3) (namely, requiring
that e? 0,(¢p,) = 6,(e" (¢,))) yields the discrete linear Schrodinger equation (1). Importantly, however,
we next show that the jump condition (2a) together with the asymptotic behavior (4) are sufficient to
show that ¢, (¢, z) satisfies the Lax pair (3) and therefore to recover the discrete linear Schrodinger
equation (1). This is the key that will allow one to “nonlinearize” the procedure and obtain discrete
nonlinear integrable systems.

The main idea of the dressing method for discrete systems, similarly to that for continuous systems,
is the following: Starting from an appropriate RHP, one constructs two linear operators L and N such

35
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that (i) L¢,, and N ¢,, have no jump across the unit circle, and (ii) L¢, and N ¢,, vanish as z — oo and
remain bounded as z — 0, ie,

Lt (t,2)=0(1), z-0, L (t,2)=0(1/2), z- o, (5)

N¢'(t,z)=0(), z-0, N (t,z)=0(/z2), z— oo. (5b)

Then, under the assumption that the RHP has a unique solution, one can conclude that L¢, and N¢,
are identically zero, which yields the Lax pair associated with the RHP. Next, we show in detail how
this approach can be carried out.

We first derive the scattering problem. We begin by defining

L, = (¢’ — 2)p, — q,. (6)

The z dependence and the shift operator are dictated by the requirement that L¢,, has no jump across
the unit circle. The function g,,(¢), which is independent of z, is at this point arbitrary, but is required
in order for L¢,, to satisfy the asymptotic behavior (5a). It is straightforward to see that quz =Lg,.
Next, using (4), we expand ¢,, as

¢ (t.2) =0 + Pz 4¢P P22+ 0, 20, (7a)
¢t 2) =" + ¢ )2+ 2T /22 +0(1/2),  z > oo (7b)

Substituting (7) into (6), one can verify that the asymptotic condition (5a) is satisfied. We have thus
obtained the first half of (3). Moreover, if ¢f10’_) =0,at O(1/z), 0(1/z%) and O(1/2>) as z — co, one
finds, respectively, (,bfql’_) =—q, qbff’_) = —q,,,and (,bf’_) =—q,-

Now we derive the time-dependence part of the Lax pair. Similarly, as before, to get the second half
of (3), we look for an operator in the form

No¢, = ¢, +iwy(2)p, — [A,(Oz + B,(1)/z + C,(1)]. 8)

Again, the time derivative and dependence on w(z) is dictated by the requirement that N ¢, has no
jump across the unit circle, and A, (t), B, (t), and C, (¢) are functions of ¢ that are independent of z. We
have

N¢t=N¢,, ©

which again can be easily checked by direct substitution. The terms in the square bracket in (8)
must be determined by requiring that N ¢, satisfies the asymptotic behavior (5b) (ie, vanishes as
z — 0 and as z — o). We thus substitute (7) into (8), impose (5b), and solve for A, (¢), B, (), and
C, (7). Specifically, requiring that the term O(z) vanishes as z — oo yields A, = 0, and that at O(1)
yields C, = iq,. The term at O(1/z) yields B, =i(i¢, + q,,; — 2q,). Finally, the term at O(1/ z2)
yields Equation (1). Backsubstituting, we then obtain B, = —iq,_; and thus recover the second half
of (3).
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3 | INTEGRABLE DISCRETE NONLINEAR SCHRODINGER
EQUATION VIA DRESSING

Now we show how one can properly “dress” (ie, modify) the RHP (2) and derive the integrable discrete
NLS equation, together with its associated Lax pair, starting from its linear counterpart, (1). Recall that
the integrable discrete NLS equation, also known as the Ablowitz-Ladik system,” is the differential-
difference system

i‘jn + (qn+1 - 2qn + qn—]) - V|qn|2(qn+l + qn—]) = Os (10)

with v = +1 denoting the defocusing and focusing cases, respectively.
Similarly to the continuous case (see Appendix A for details), we can trivially change the above
scalar RHP (2) into a matrix RHP by introducing the matrix

M, (t,2) = <(1) ¢"(1” Z)>, an
obtaining the jump condition
M*(t,z) = M (1,2)V,(1, 2), |z| =1, (12)
with jump matrix
V2= <(1) Zn—le—iaio(z)ff(z) ) (13)

Note that M, (¢, z) does not satisfy the same asymptotic behavior as ¢, (t,z) as z - 0 and z - 0.
Instead, Mn+(t, z)=1+0(z)asz—0and M, (t,2) =1 + O(1/z) as z — oo. As the goal now is not
to solve an initial value problem, but rather to obtain a novel evolution equation, the function §(z) in
the jump condition was replaced with an arbitrary function f(z) defined on |z| = 1.

The “nonlinearization” step consists in replacing the jump matrix V, (¢, z) above with the new matrix

R,(1,2) = VI (t,22)V, (1, 22) = 2" e 153 §(22), (14)

where VT = (V)T denotes the matrix adjoint, with the asterisk * and superscript 7' denoting, respec-
tively, complex conjugation and matrix transpose,

[z 0 _ 1 f(2)
Z‘(o 1/z>’ S(z)_<f*(z) 1+|f(Z)|2) )

and w(z) = —(z — 1/z)?/2. Equation (14) is the discrete analog of the nonlinearization process in the
continuous case (eg, see Refs. 35 and 37). Note also that w(z) = %a)o(zz). The change z > z? is the
discrete analog of the rescaling k — 2k when recovering the direct and inverse Fourier transform from
the linear limit of the inverse scattering transform.* This can also be easily seen by recalling that the
correspondence between the spectral variables in the discrete and continuous case is z = ek,

Above and throughout this work, we use the notations Z A and ¢%%3 A to denote the similarity trans-
formations ZA = ZAZ " and e*%3 A = 573 A ¢~*° for any matrix A and scalar s. Note that in (14), we
used the fact that z* = 1/z and w(z) = w*(z) on |z| = 1. We therefore consider the following modified
RHP for the matrix:

Mftz) |zl <1,

Mn‘(t,z) |z| > 1, (16)

M, (t,z2) = {
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with asymptotic behavior as z — 0 and z — oo given, respectively, by

Mi(t,2)=M®Y +0z)  z-0, (17a)

M;(t,2)= M7 +0(1/z)  z- oo, (17b)

with M, ,(,0’_) =1 and M, ,(,O’+) to be determined, and the modified jump condition
M*(t,z) = M (1,2)R,(1, 2), |z] = 1. (18)

(Note that M, ,(IO’H can differ from the identity because the normalization as z — oo and the jump condi-
tion are enough to determine M, (t, z) completely, and therefore one does not have the freedom to also
specify a normalization condition as z — 0.) Below, we show that any solution M (¢, z) to the above
RHP satisfies the matrix Lax pair

M, —ZM,=0,M,Z7", (192)
M, +io(z)[o5, M,] = H,M,,, (19b)

where [A, B] = AB — BA is the matrix commutator, with

Hn =i63(QnZ_1 _Qn—lZ_QnQn—l)' (20)
Moreover, the matrix
0 g,
1) = 21
0, <rn 0 ) @1)
satisfies the matrix discrete NLS equation
i030, + Q1 =20, +0,_) = 02(Q, +Q,_) =0, (22)

which is the compatibility condition of (19). Under the symmetry reduction r, = vq; with v = +1,
(22) then yields the Ablowitz-Ladik system (10). Note that the above Lax pair is equivalent to the one
satisfied by the Jost eigenfunctions,14 as can be seen by letting v, (¢, z) = M, (t, z) Z" exp[—iw(z)tos].

The derivation of the matrix Lax pair proceeds in a similar way as in the linear case. The key differ-
ence is that the jump condition (18) is homogeneous. Therefore, we aim to construct two operators L
and N such that LM, and N M, both satisfy the same jump condition as M, on |z| = 1, and LM, and
N M,, are both O(z) as z — 0 and O(1/z) as z — oo. Then, under the assumption that the RHP has a
unique solution, one can conclude that LM, and N M, are identically zero, which yields the desired
Lax pair.

To derive the scattering problem, similarly to the case of the discrete linear Schrodinger equation,
we define a linear operator L in the form

LM, =(’-2Z)M,-Q,M,Z". (23)

The proof that L M|, satisfy the same jump condition as M,, for the discrete case is slightly different
from the continuous case, and therefore we provide it explicitly here. To show that

LM'Z =(LM; Z)R,, 24)
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note that the left-hand side of (24) equals

LM}Z = L(M;R)Z =M, R, Z~-ZM;R,~Q,M;R,.

whereas the right-hand side of (24) is
(LM;Z)R,= M, ZR,— ZM; R, — Q,MR,.
The two sides are then equal, since (14) implies
R, Z = Z"e ™08z Z2'" = ZR,.

Next, using the normalization condition (17a) and (17b), we can write M, as

Mi(t,z2)= MOD + MIPz+ MEY 22 +0(2), z-0, (25a)

M, (t,2)= MO+ M /24 MP7 /22 +0(1/2), 2z > . (25b)

Substituting (25) into (23) and enforcing the asymptotic condition (5), the relevant calculations, while
straightforward, are tedious, and were performed using Mathematica. In this way, one obtains the first
half of (19).

To derive the time dependence equation, we now look for a linear operator in the form

NM, = M, + io(z2)63M, + (A,z + B,/z+ C,)M,, (26)

where as before the time derivative and dependence on @(z) ensure that N M, satisfies the jump con-
dition. and A,, B,,, and C,, are all 2 X 2 matrices independent of z, to be determined. We then have

NM}=(NM])R. 27

Next, one substitutes (25) into (26) and solves recursively (ie, first at 0O(z%) and O(1 / z2), then at O(z)
and O(1/z) and finally at O(1) as z - 0 and z — oo, respectively) to obtain the expressions of the
matrices A,,, B,,, and C,,. The result, as announced earlier, is exactly the second half of (19). For brevity,
in this case, we omit the details.

Note that the Lax pair (19) is, of course, just a slight reparameterization of the general “qr” matrix
Lax pair of the Ablowitz-Ladik system.'* As such, it also admits reductions to other integrable non-
linear evolution equations. In particular, taking r, = vq*, yields the nonlocal Ablowitz-Ladik system
recently studied in Ref. 46.

4 | DISCRETE MATRIX NLS SYSTEMS VIA DRESSING

We now extend the results of the previous section to coupled systems. Specifically, starting from two
uncoupled discrete linear Schrodinger equations and their associated RHPs, and following similar steps
as in the previous sections, we derive a matrix NLS equation together with its Lax pair. Then, in
the following section, we discuss the reductions that yield the discrete Manakov system and a two-
component reduction of the discrete spinor system. To avoid confusion, we will use boldface letters to
denote 2 X 2 matrices.
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Consider the following two uncoupled sectionally analytic functions,

(j,+)

; b t,2), |z| <1,

90,z = 4 b (-2 1 (28a)
bt 2), lz|>1,

for j = 1,2, which satisfy two uncoupled scalar RHPs defined by the jump conditions
¢~ ) =TI () 2l =1, (28b)

again for j = 1,2, with wy(z) =2 — (z+ 1/z) as in (2c) and the same normalization conditions as
before, namely,

¢V P(1,2)=0(z), z—0, (29a)

YV (t,2)=0(1/2), z— oo, (29b)

for j = 1,2. We can again convert these two RHPs into an equivalent matrix RHP by defining

M, (t,z)= <(I) (I;” ) (30)
with @, (1, z) = diag(rj)fql), 5,2)), obtaining the matrix jump condition
M (t,2) = M_(t,2)V,(1, 2), |z] =1, 31)
with
nmm=<;;%> (32)
and

U, (1, 2) = 2" 70D diag(f,(2), f2(2)).
We then modify the jump matrix to “nonlinearize” the RHP by letting
R, (t,2) =V (t, 2V, (t,2%) = Z" e 10 §(2%), (33)

where

(0 _ I F(z)
Z‘(o Iﬁ) “”‘<Wu)1+w@mw> Gd

with F(z) = diag(f,(z), f>(z)) and w(z) = —(z — 1/z)? /2. We then consider a modified matrix RHP
for the 4 X 4 sectionally analytic matrix M (¢, z) still defined as in (16), with the same asymptotics as
before (ie, (17)), but with the jump condition

M7*(t,z) = M (t,2)R,(1, 2). (35)

Again, this RHP is very similar to the RHP associated with the discrete NLS equation, except that
every matrix is 4 X 4 instead of 2 X 2. A similar approach (carried out with Mathematica) can be used
to show that M, (¢, z) satisfies the matrix Lax pair

M, —ZM,=0,M,Z7", (36a)

M, +io(z)[o, M,] = H,M,, (36b)
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with o = diag(I, —I) and

H,(t,2)=ic(0,Z"'-0,.,Z-0,0,_)). (37)
Moreover,
0= ¥) (39)

where Q,,(t, z) and R, (7, z) are 2 X 2 matrices, which satisfy
i0Q,+(Q,41 -20,+0,1)-0,,0: - 020, , =0, 39)

which is the compatibility condition of (36).

S| SYMMETRY REDUCTIONS TO TWO-COMPONENT
SYSTEMS

The system (39) admits self-consistent reductions that yield the discrete Manakov system and a novel
two-component discrete system. We discuss these next.

5.1 | Discrete Manakov system

Using (38), we can rewrite (39) into a 2 X 2 block matrix form:

iQn + (Qn+l - 2Qn + Qn—l) - Qn+anQn - QanQn—l =0, (403)

- iRn + (Rn+l - 2Rn + Rn—l) - Rn+lQan - RnQan—l =0. (4Ob)

Note that, in general, the above system does not admit the reduction R, = ij,. Moreover, if we denote
the entries of Q, and R, as

r r
Qn — <qn,1 qn,2>, Rn — < n,1 n,3>, (41)
qn,3 qn,4— rn,Z rn,4
the trivial reduction g, 3 = g, 4 = 0 does not yield the discrete Manakov system either. However, if we
choose the entries of Q,, and R,, according to the symmetry reduction

_ du.1 qn2 — i
= : ’ R — 42
& <(—1)"Vn,2 =D"r,, > = @

as in Ref. 14, we recover the discrete Manakov system:

iy + (@1 = 20, + 1) = VI P (Qups + ) =0, (43)

where q,,(t) = (g, 1 qn,z)T and ||q, > = qj;q,, =3,,14q, | + 4424, , 1s the square of the Euclidean norm.

The continuum limit of (43) is, of course, the well-known Manakov system (B.14). Note that, by
defining

v,(t,z) = M, (t,2) Z" expl—iw(z)to], 44)
the Lax pair (36) then takes on a more traditional form:

Upt1 = Xnvn’ Dn = Tnvn’ (45)
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with
X, =Z+0,, T, =—io(z)c + H,. (46)

This Lax pair of the discrete Manakov system is also the same as the one found in Ref. 14. Note,
however, that while (43) admits a straightforward continuum limit, the same is not true for its Lax pair,
due to the simultaneous presence of the factors (—1)" and (—1)"*! in (42).

5.2 | Novel two-component discrete and continuous systems

Another consistent reduction of the system (39) can be obtained by letting

Q,(1) = <""’1 n2 ) “7)
qn,2 qn,l

and R, = vQ). Then (40) yields

i, + (@1 — 20, + 9,) = VI 17 +9,-) — V(4] 616,) 01(q,s; +G,-1) =0,  (48)

where q,,(1) = (q,,1.4,2)" as before and o is the first Pauli matrix, namely,

1
61=<? O>' (49)

i1+ @op10 = 2401 + Gu1.1) = VI Gty + Gu11) = V(Q019,) (@10 + 4ui2) = 0. (50a)

Equivalently, in component form,

iy + (@12 = 2600 + Gu12) = VNG @10+ @0 12) = V(@ 010,) (@uy1) + dp11) =0, (50b)

where, explicitly, the scalar coupling coefficients are
2 *
19,117 = 4,19, | + 49129, 5- (51a)

4)019, = @ = 1@ + 42 - (51b)

The system (48) is a discrete analog of the two-component system that is obtained from the full
three-component spinor system (eg, see (B.18)) by setting g; = g,, namely, of the system

iq, +q,, — 2vllql’q — 2v(q'c,q) 0,9 = 0, (52)

with q(x, 1) = (q;, qz)T, to which (48) reduces in the continuum limit. In turn, (52) is obtained from
the 2 x 2 matrix NLS equation (B.12) with the symmetry reduction

Qx,1) = ((qii ZT > (53)

A natural question in light of these results is whether one can derive a discrete analog of the full
three-component spinor system (B.18). Note, however, that, if one uses for Q,, the discrete analog of the
symmetry (B.17) and lets R,, = \/Qj,, one does not obtain a self-consistent reduction of the system (40).
To get a three-component system, one needs to increase the dimension of the relevant matrices instead.
We do so in the next section.
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6 | NOVEL DISCRETE AND CONTINUOUS COUPLED
INTEGRABLE SYSTEMS OF NLS TYPE

The results in Sections 4 and 5 can be generalized to matrices with an arbitrary number of com-
ponents in a straightforward way. Here, starting from three uncoupled scalar RHPs instead of two,
and using similar techniques as above, we first derive three-component discrete and continuous
integrable systems that are novel to the best of our knowledge. We then further generalize the
results to obtain novel discrete and continuous integrable systems with an arbitrarily large number of
components.

6.1 | Discrete and continuous three-component integrable systems

Consider three uncoupled sectionally analytic functions defined by (28) for j = 1,2, 3, satisfying the
same jump conditions (28b) for j = 1,2, 3, with wy(z) still given by (2c). We can easily carry out
similar calculations as in Section 4 and derive the exact system (39), except that now Q, and R,, are
both matrices of size 3 X 3 instead of 2 X 2. Then, by letting

qn,l qn,2 qn,3
Qn= qn,2 qn,3 qn,l > (54)
qn,3 qn,l qn,2

and R, = VQ;, the system reduces to the three-component integrable discrete system
qn + (qn+l - an + qn—]) - V”qn”2 (qn+1 + qn—l)

Q' 0_0,) 0, (A + Guy) = V(G 0,Q,) 6_(Qpsy +q,_1) =0, (55)

where q,,(t) = (q,,1, 9,2 qn,3)T and where we introduced the cyclic permutation matrices

0 1 0 0 0 1
o,=|0 0 1| o =0'=|1 0 0} (56)
10 0 01 0

Equivalently, in component form,
.. 2
i1+ @11 = 2401+ dy-1,0) = VI Gpir 1 + Ga10)

—v(an_q,,) (qn+l,2 + qn—],2) - V(qj,6+qn) (qn+],3 + qn—1,3) =0, (57a)

i4yn + @pi12 = 2052 + 4y12) — V(4,,0644,) (@11 + Guei 1)

QG102+ due12) = @ 0_0,) (G153 + dy_13) =0, (57b)

i3+ @py13 = 24,5 + Guo13) = V(QL0_Q,) Gy g + Guei )

(A 0,0,) @12 + uo12) = VI @1 3 + Gy 3) = O, (57¢)

where, explicitly, the scalar coupling coefficients are

2 * «
g, ll° = 4,19, + 4024, + 4034, 5 (58a)
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q;a_q,, = qn,lq:,Q + qn,ZqZ,3 + qn,3q;] (58b)

q/TqO-+qn = qn,quS + qn,ZqZ,I + qn,3q:’2- (SSC)

The corresponding Lax pair is still given by (36), except that now all matrices have size 6 X 6, with Z =
diag(zI, I/z) and o = diag(I,—1I) (I now being the 3 X 3 identity matrix), with Q,(¢) and H, (¢, z)
still given by (37) and (38), but where now Q,,(¢) and R, (¢) are 3 X 3 matrices given by the symmetry
reductions (54) and R, = VQZ.

Note that the system (55) is not a discrete analog of the three-component spinor system
(cf. Appendix B). On the other hand, it is easy to see that the system (55) admits a continuum limit in
the form of the following three-component system:

iq, + qy —2vllqll* - 2v(q'c_q) 5,9 - 2v(q o, q) 0_q = 0, (59)

with q(x, ) = (q;, 9>, q3)T and with 6. given by (56) as before.

The system (59) is not equivalent to the traditional three-component spinor system (B.18). (We were
unable to find such a discrete analog using the methods of this work.) The Lax pair for (59) is trivially
obtained from the continuum limit of (36) (unlike what happens with the discrete Manakov system),
and is simply the Lax pair of the 3 X 3 matrix NLS equation, namely, (B.7), except that all matrices are
now 6 X 6, with ¢ as above, Q(x, t) and H (x, t, k) still given by (B.8) and (B.9), and with the continuous
analog of the symmetry reduction (54), namely,

a 9 43
Qx.D=la 4 q | (60)
a3 41 D

6.2 | Discrete and continuous integrable systems with arbitrary number
of components

The two- and three-component symmetry reductions (47), (53), (54), and (60)—and the corresponding
coupled systems of evolution equations (48), (52), (55), and (59)—admit self-consistent generalizations
to an arbitrary number of components. As the form of the continuous systems is marginally simpler
than that of the corresponding discrete ones, for simplicity, we first discuss in detail the continuous
systems, and we present the corresponding discrete systems after.

The systems (52) and (59) are simply the case N = 2 and N = 3, respectively, of the N-component
system

N-1
iq,+ ¢, —2v ) (@0, 0on_,q=0, (61)

m=0
where q(x,?) = (qy,...,qx)" and oy, ...,0,5_; are the circular shift permutation matrices of size

N XN, and 6y =0y = 1. That is, 6,, = (6; j_sy mod N)i,j=1,. .~ forall n=0,..., N, where 5, ; is

.....
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the Kronecker delta. Or, explicitly,

0 1 0 0 0 0 0 1 0 0
0 0 1 0 0 0 0 0 1
o = : : .. .. .. . , o, = 0,
0 O 0 1 0 0 o 0 0 1
0 O 0 0 1 1 0 0 0 0
1 0 O 0 0 0 1 0 0 0
(62a)
and so on, up to
0O 0 O 0 1
1 0 O 0 0
0 1 0 0O O
ON_1 = 0 0 1 0 0l O'NII. (62b)
0 O 0 1 0
_ | _
Notethatam—a’l"—aN_m form=0,...,N.

The system (61) reduces to the NLS equation (A.1) for N = 1, while for N = 2 and N = 3, it yields,
respectively, the systems (52) and (59), as mentioned above. Moreover, the system (61) is integrable for
all N € N. Indeed, it is straightforward to see that the Lax pair for the system (61) is simply that of the
N X N matrix NLS equation, namely, (B.12), where all matrices are 2N X 2N, with ¢ = diag({, —1)
(I now being the N X N identity matrix), Q(x,t) and H(x,t, k) still given by (B.8) and (B.9), and with
the symmetry reductions R(x, #) = vQT(x, #) and Q(x, #) is the Hankel matrix

q q> q3 dN-1 N
9 q3 dN-1 an qi
q3 qN-1 an q1 q2
Qxn=| . . T (63)
dN-1 4N q1 ) aN-2
an q; q2 qN-2  4N-1

which is the N-component generalization of (53) and (60).
The discrete counterpart (61) is the system

N-1
i, + @yt =20, + Qo) =V D (Q0,8,) O (@it + Q1) =0, (64)
m=0
withq, (1) = (g, 15---», Gy, v and oy, ..., oy as above. The system (64) reduces to the Ablowitz-Ladik

system (10) for N = 1 and to (48) and (55) when N =2 and N = 3, respectively, as well as to (61) in
the continuum limit for all N € N. Moreover, the system is also integrable for all N € N, and its Lax
pair is simply that of the N X N discrete matrix NLS equation, namely, (36), where all matrices are
2N X 2N, with Z = diag(z!l, I /z) and o = diag(I, —1I) as above, with Q,(f) and H,(t, z) still given
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by (37) and (38), and with the discrete analog of the symmetry reduction (61), namely, R, (¢) = VQ; )
and Q,,(¢) is the Hankel matrix

qn,1 qn2 qn3 o dn,N-1 dn,N
qn2 qn3 dn,N-1 dn N qn,1
qn3 dn,N-1 dn N qn,1 qn2
Q= . . (65)
dn,N—1 dn, N a1 dnp o dn,N-2
dn, N a1 qnp o qn,N-2 dy,N-1

Each member of the above infinite families of discrete and continuous integrable systems is novel
to the best of our knowledge, except obviously in the special case N = 1, in which case, one simply
has the NLS equation and its integrable discretization.

Of course, one could object that the systems (61) and (64) are simply reductions of the continuous
and discrete N X N matrix NLS equations. However, we point out that apparently these reductions,
and the vector systems themselves, were not previously known. Moreover, one should realize that, in
order for a full N X N system of equations to admit a self-consistent symmetry reduction to an N-
component system, a total of N(NN — 1) different constraints must be satisfied (namely, the equality of
the evolution equations for all the various matrix entries associated with the same vector component).
Therefore, the existence of compatible reductions is nontrivial, in general. Nonetheless, the symmetry
(63) and its discrete counterpart (65) are such all that those constraints are satisfied identically. Another
way to look at the situation is to note that the symmetry reduction (63) and its discrete counterpart (65)
define invariant manifolds in the set of solutions of the continuous and discrete matrix NLS equations,
respectively. In other words, the symmetry reductions are preserved by the time evolution: if one assigns
initial conditions that satisfy these symmetries at t = O (ie, if the initial conditions lie on the manifold),
the symmetries will remain valid at all times 7 # O (ie, the state of the system remains on the manifold
at all times, both positive and negative).

7 | CONCLUSIONS

In summary, we have presented the discrete analog of the dressing method and used it to derive a variety
of discrete integrable systems, together with their continuum limit. We end this work with some final
remarks.

1. We should point out that the approach in Section 2 is trivially generalized to arbitrary linear discrete
evolutions, whose Lax pair was obtained in Ref. 47. It should also be clear that, if one is interested
in continuum limits, it is straightforward to repeat all of the calculations when one inserts a lattice
spacing constant £ in the equations. Indeed, this is precisely how the system (52) was obtained from
(48) in Section 5 and the system (59) from (55) in Section 5.

2. We should also note that, while the method is algorithmic, it does not always yield nontrivial results.
In the continuous case, this happens, for example, when the dispersion relation is linear, like for the
one-directional wave equation ¢, + ¢, = 0. In this case, if one “dresses” the corresponding RHP
in the same way as in Ref. 37, one does not obtain a nonlinear integrable system. The situation is
different in the discrete case, however. Indeed, in Appendix C, starting from the discrete counter-
part of the above equation, namely, a discrete one-directional wave equation, we derive a discrete
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integrable system of equations together with its Lax pair. We then discuss the compatible reductions
admitted by this system, including that to a discrete integrable modified KdV equation.

3. We reiterate that while some of the integrable nonlinear systems of equations derived here were
known, the method can also yield novel systems. In the continuous case, this was recently demon-
strated in Ref. 38, where novel coupled nonlinear systems of PDEs describing resonant wave inter-
actions were derived using the continuous version of the dressing method. Here, we used similar
techniques to derive two infinite families of discrete and continuous integrable systems that are
novel to the best of our knowledge.

4. On the other hand, we were unable to successfully use the method to produce integrable discretiza-
tions of the two- and three-wave interaction equations. It is therefore an interesting question whether
even further novel discrete coupled integrable systems can be derived using the method presented
in this work.

5. From a physical point of view, the main difference between the coupled NLS equations and the novel
systems obtained in this work is that the nonlinear interaction terms in coupled NLS equations only
describe self-phase and cross-phase modulation, whereas those in the novel systems derived here
also include nontrivial four-wave mixing interactions.

6. Inlight of the above observation, an interesting and important practical question is therefore whether
some of these systems can be derived from first principles in some of the physical contexts where the
NLS equation arises. For example, the two- and three-component discrete integrable systems (48)
and (55) and their continuum limits (52) and (59) are related to the dynamical equations that describe
coupled systems of Bose-Einstein condensates, and are therefore likely to be physically relevant.
As another example, the two- and three-component systems describe the evolution of interacting
quasi-monochromatic optical fields under certain kinds of nonlinear couplings. Are there practical
situations where these couplings arise?

7. Itis also worthwhile to note that, in addition to the reductions R,,(t) = vQ,,(?) (in the discrete case)
and R(x,7) = vQ(x, ) (in the continuous case), all the “QR” systems derived in this work also
admit the additional self-consistent reductions R, (¥) = vQ_,(¢) and R(x, ) = vQ(—x, 1), respec-
tively. These reductions immediately yield discrete and continuous coupled nonlocal systems that
are generalizations of the nonlocal NLS equations recently studied in Refs. 48, 49, and 46.

8. Finally, from a mathematical point of view, the novel families of discrete and continuous sys-
tems derived in this work open up a number of interesting questions, relating to whether the inte-
grable structure (eg, hierarchies, conservation laws, symmetries, inverse scattering transform, etc.)
and the behavior of the solution of these systems differ significantly from those for the standard
N-component vector NLS equation.

We hope that the results of this work and the above questions will stimulate further work on this
topic.

ACKNOWLEDGMENTS

We thank Dimitris Pinotsis for helpful interactions on an early portion of this work and Mark Ablowitz,
Athanassios Fokas, and Barbara Prinari for insightful discussions. This work was partially supported
by the National Science Foundation under grant numbers DMS-1614623 and DMS-1615524.

ORCID
Gino Biondini (1) http://orcid.org/0000-0003-3835-1343


http://orcid.org/0000-0003-3835-1343
http://orcid.org/0000-0003-3835-1343

154

BIONDINI AND WANG

REFERENCES

1.

Ablowitz MJ, Clarkson PA. Solitons, Nonlinear Evolution Equations and Inverse Scattering. Cambridge: Cambridge
University Press; 1991.

. Ablowitz MJ, Segur H. Solitons and the Inverse Scattering Transform. Philadelphia: SIAM; 1981.
. Belokolos ED, Bobenko Al, Enolskii VZ, Its AR, Matveev VB. Algebro-Geometric Approach to Nonlinear Inte-

grable Equations. Berlin: Springer; 1994.

. Faddeev LD, Takhtajan LA. Hamiltonian Methods in the Theory of Solitons. Berlin: Springer; 1987.

5. Gesztesy F, Holden H. Soliton Equations and Their Algebro-Geometric Solutions. Cambridge: Cambridge Univer-

10.
11.
12.
13.

14.

15.
16.
17.
18.
19.
20.
21.

22.

23.
24.

25.

26.
217.

28.
29.

sity Press; 1990.

. Novikov S, Manakov SV, Pitaevskii LP, Zakharov VE. Theory of Solitons: The Inverse Scattering Method. New

York: Plenum; 1984.

. Trogdon T, Olver S. Riemann-Hilbert problems, Their Numerical Solution and the Computation of Nonlinear Spe-

cial Functions. Philadelphia: STAM; 2016.

. Yang J. Nonlinear Waves in Integrable and Non-Integrable Systems. Philadelphia: SIAM; 2010.
. Ablowitz MJ, Ladik JF. Nonlinear differential-difference equations and Fourier analysis. J Math Phys.

1976;17:1011-1018.

Toda M. Vibration of a chain with a non-linear interaction. J Phys Soc Jpn. 1967;22:431-436.
Flaschka H. On the Toda lattice. II. Existence of integrals. Phys Rev B. 1974;9:1924-1925.

Flaschka H. On the Toda Lattice. II: Inverse-Scattering Solution. Progr Theor Phys. 1974;51:703-716.

Ablowitz MJ, Halburd R, Herbst B. On the extension of the Painlev property to difference equations. Nonlinearity
2000;13:889.

Ablowitz MJ, Prinari B, Trubatch AD. Discrete and Continuous Nonlinear Schridinger Systems. Cambridge: Cam-
bridge University Press; 2004.

Bobenko Al Seiler R, eds. Discrete Integrable Geometry and Physics. Oxford: Clarendon Press; 1999.
Bruschi M, Ragnisco O, Santini PM, Gui-Zhang T. Integrable symplectic maps. Phys D. 1991;49:273-294.
Bruschi M, Santini PM, Ragnisco O. Integrable cellular automata. Phys Lett A. 1992;169:151-160.

Doliwa A, Santini PM. Multidimensional Quadrilateral lattices are integrable. Phys Lett A. 1997;233:365-372.
Doliwa A, Santini PM, Maiias M. Transformations of quadrilateral lattices. J Math Phys. 2000;41:944.

Goktas U, Hereman W. Computation of conservation laws for nonlinear lattices. Phys D. 1998;123:425-436.

Grammaticos B, Ramani A, Satsuma J, Willox R, Carstea AS. Reductions of integrable lattices. J Nonlinear Math
Phys. 2005;12:363-371.

Halburd R, Korhonen RJ. Finite-order meromorphic solutions and the discrete Painlevé equations. Proc Lond Math
Soc. 2006;94:443-474.

Hietarinta J, Joshi N, Nijhoff F. Discrete Systems and Integrability. Cambridge: Cambridge University Press; 2016.

Kajiwara K, Satsuma J. The conserved quantities and symmetries of the twodimensional Toda lattice hierarchy. J
Math Phys. 1991;32:506.

Kakei S, Nimmo JIC, Willox R. Yang-Baxter maps and the discrete KP hierarchy. Glasgow Math J. 2009;51A:107-
119.

Levi D, Winternitz P. Continuous symmetries of discrete equations. Phys Lett A. 1991;152:335-338.

Ohta Y, Hirota R, Tsujimoto S, Imai T. Casorati and discrete gram type determinant representations of solutions to
the discrete KP hierarchy. J Phys Soc Jpn. 1993;62:1872-1886.

Ohta Y, Hirota R. A discrete KdV equation and its Casorati determinant solution. J Phys Soc Jpn. 1991;60:2095.

Santini PM. Multiscale expansions of difference equations in the small lattice spacing regime, and a vicinity and
integrability test. I. J Phys A. 2010;43:0452009.



BIONDINI AND WANG 155

30.

31.

32.

33.

34.
35.
36.

37.

38.
39.

40.

41.

42.

43.
44.

45.

46.

47.

48.
49.
50.

51.

52.

Ablowitz MJ, Kaup DJ, Newell AC, Segur H. The inverse scattering transform - Fourier analysis for nonlinear
problems. Stud Appl Math. 1974;53:249-315.

Zakharov VE, Shabat AB. A scheme for integrating nonlinear equations of mathematical physics by the method of
the inverse scattering problem, Part I. Funct Anal Appl. 1974;8:43-53.

Zakharov VE, Shabat AB. A scheme for integrating nonlinear equations of mathematical physics by the method of
the inverse scattering problem, Part II. Funct Anal Appl. 1979;31:13-22.

Ablowitz MJ, Fokas AS. Complex Variables: Introduction and Applications. Cambridge: Cambridge University
Press; 2003.

Gakhov FD. Boundary Value Problems. Oxford: Pergamon Press; 1966.
Fokas AS. A Unified Approach to Boundary Value Problems. Philadelphia: STAM; 2008.

Fokas AS, Zakharov VE. The dressing method and nonlocal Riemann-Hilbert problems. J Nonlinear Sci.
1992;2:109-134.

Pinotsis, DA. The Riemann—Hilbert formalism for certain linear and nonlinear integrable PDEs. J Nonlinear Math
Phys. 2007;14:466-4385.

Biondini G, Wang Q. Novel systems of resonant wave interactions. J Phys A. 2015;48:225203.

Ieda J, Miyakawa T, Wadati M. Exact analysis of soliton dynamics in spinor Bose-Einstein condensates. Phys Rev
Lert. 2004;93:194102.

Szankowski P, Trippenbach M, Infeld E, Rowlands G. A class of compact entities in three component Bose—Einstein
condensates. Phys Rev A. 2011;83:013626.

Wadati M, Tsuchida N. Wave propagations in the F=1 spinor Bose-Einstein condensates. J Phys Soc Jpn.
2006;75:014301.

Kevrekidis PG, Frantzeskakis DJ, Carretero-Gonzalez R, eds. Emergent Nonlinear Phenomena in Bose-Einstein
Condensates. New York: Springer; 2008.

Pitaevskii P, Stringari S. Bose-Einstein Condensation. Oxford: Clarendon Press; 2003.

Manakov SV. On the theory of two-dimensional stationary self-focusing of electromagnetic waves. Sov Phys JETP.
1974,38:248-253.

Biondini G, Hwang G. Initial-boundary value problems for discrete evolution equations: discrete linear Schrodinger
and integrable discrete nonlinear Schrodinger equations. Inv Probl. 2008;24:1-44.

Ablowitz MJ, Musslimani Z. Inverse scattering transform for the integrable nonlocal nonlinear Schrédinger equa-
tion. Nonlinearity 2016;29:915.

Biondini G, Wang D. Initial-boundary-value problems for discrete linear evolution equations. IMA J Appl Math.
2010;75:968-9917.

Ablowitz MJ, Ziad HM. Integrable nonlocal nonlinear Schrodinger equation. Phys Rev Lett. 2013;110:064105.
Ablowitz MJ, Musslimani Z. Integrable discrete PT symmetric model. Phys Rev E. 2014;90:032912.

Fokas AS, Gelfand IM. Integrability of linear and nonlinear evolution equations and the associated nonlinear Fourier
transforms. Lett Math Phys. 1994;32:189-210.

Tsuchida T, Ujino H, Wadati M. Integrable semi-discretization of the coupled modified KdV equations. J Math
Phys. 1998;39:4785.

Zhou X. The Riemann-Hilbert problem and inverse scattering. SIAM J Math Anal. 1989;20:966-986.

How to cite this article: Biondini G, Wang Q. Discrete and continuous coupled non-
linear integrable systems via the dressing method. Stud Appl Math. 2019;142:139-161.
https://doi.org/10.1111/sapm.12239



https://doi.org/10.1111/sapm.12239

156 BIONDINI AND WANG

APPENDIX

In Appendix A, we review the continuous version of the dressing method by showing how it can be used
it to derive the NLS equation together with their Lax pair. In Appendix B, we generalize the method to
derive the matrix NLS equation and its Lax pair. Finally, in Appendix C, we use the discrete version
of the method to derive a discrete modifier KAV equation starting from a discrete one-directional wave
equation.

APPENDIX A: LINEAR AND NONLINEAR SCHRODINGER EQUATIONS
VIA DRESSING

Starting from the RHP associated with the linear Schrodinger equation, we now show how to construct
an appropriate matrix RHP and derive the NLS equation

iq, + g, — 2vlgl*q =0, (A.1)

together with its Lax pair. We refer the reader to Refs. 35 and 37 for further details.
Consider the scalar RHP associated with the linear Schrodinger equation defined by the jump con-
dition
ut—pum =0y keR, (A.2a)

for the sectionally analytic function

o= {0 LeE =
with 0(x,t, k) = kx — k2t and the normalization condition
u=0(1/k) k — . (A.2¢0)
This problem can be trivially converted into a matrix RHP by letting
M(x.t,k) = < (1) a (x’lt’ © > (A3)
obtaining the jump condition
M*(x,t,k) = M~ (x,t,k)V (x,t,k), k eR, (A4)
for the sectionally analytic 2 X 2 matrix
+ +
o=\ Lo *3)
with jump matrix
Vx,1,k) = < (1) elg(x’t’f e ) (A.6)
and normalization condition
M(x,t,k) =1+ O(1/k), k — oo, (A7)

where I denotes the identity matrix of appropriate size (in this case 2 X 2). The key to nonlinearize the
problem is to modify the jump matrix in (A.4). In particular, following,>° we replace V (x,1, k) in (A.4)
with:

R(x,1,k) = Vi(x, 1,20V (x, 1, 2k) = ! kx=2K2083 52 (A.8)
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where

(1o o £
“3‘<o —1)’ S(k)_<f*(k) 1+If(k)|2>’ (&.9)

We therefore consider a modified matrix RHP for the sectionally analytic matrix M (x, t, k) in (A.5),
with jump condition

M*t(x,t,k) = M~ (x,t, k)R(x,1,k),  kER, (A.10)

and the same normalization condition (A.7). Below, we show that any solution M (x, t, k) of this new
RHP satisfies the matrix Lax pair

M, —ik[o;, M] = OM, (A.11a)
M, +2ik’[65, M] = HM, (A.11b)
with
H = io5(0, — Q%) — 2kO, (A.12)
and
- i _ (0 ¢
O(x.1) = —i lim [0, kM] = <r 0). (A.13)

Moreover, the matrix Q(x, t) satisfies
030, + 0, —20° =0, (A.14)

which is the compatibility condition of (A.11). In turn, note that Equation (A.14) admits the self-
consistent reduction r(x, ) = vg*(x, t), with v = +1, which yields the NLS equation (A.1). Note that
the resulting Lax pair is equivalent to the one satisfied the Jost eigenfunctions, ' as can be seen by
performing the transformation v(x, t, k) = explikoyx — 2ik20'3t].

The way to construct the two linear differential operators L and N follows similar ideas as before.
That is, the operators are partially determined by the jump condition of the RHP and partially by the
required asymptotic behavior. First, we construct the operator L that will yield the scattering problem
by defining

LM =M, —iklo;, M] - OM. (A.15)
It is straightforward to see that L M satisfies the same jump condition as M, namely:
LM =(LM™)R. (A.16)

We next check that LM = O(1/k) as k — . To do so, using the normalization condition (A.7), we
can write an asymptotic expansion for M (x, t, k) as:

M (x,t) M,y(x,t
M, k) =T + lix ) 4 2}? ) 00/K) k- . (A.17)
Substituting (A.17) into (A.15), we have
LM = {-i[o3, M|]— 0} + O(1/k) k — oo. (A.18)

As we want LM to be O(1/k), we need the O(1) term to be identically zero, which implies
0 =—iloy, M|] = —iklim o3, kM]. (A.19)
— 00
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Then we can conclude that
LM =M, —iklo3, M]—QOM =0,

which gives us the first half of (A.11).
We now construct the operator N, which yields the time evolution equation. Define

NM = M, + 2ik*[o5, M] — kA(x,H) M — B(x,1)M, (A.20)
where A and B are to be determined and do not depend on k. Then, similarly as before,
NM* =(NM")R. (A.21)
Next, substituting (A.17) into (A.20) yields
NM = {2iloy, M|]— A}k + {2i[o3, M1 — AM| — B} + O(1 /k) (A.22)

as k — oo. As we want NM = O(1/k) as well, we need both the O(k) and O(1) terms to be zero,
which implies

A =2i[o3, M,] = -20, (A.23a)

B =2i[o3, My] — AM, = 2i[o3, M,] +20M,. (A.23b)

To get the information of M,, we look at the O(1/k) term of LM
LM = (M, —i[o;, M,]—OM,}/k+0(1/k*) k- . (A.24)
As LM vanishes identically, the O(1/k) term then leads to
ilo3, M)]+ OM, = M. (A.25)
Thus,
B =2i[o3, M5] +20M| =2M,,. (A.26)

We now split M, into its diagonal and off-diagonal parts M 1d and M7, respectively. From (A.19), we get
M7 =(i/2) 630, while the diagonal part of equation (A.25) gives us M ldx = —(i/2) 6;Q%. Combining
these results, we then have

B=2M, =2 (—é@QQ + %@Qx) = io; (0, - 0?) (A27)
and
NM = M, +2ik*[c3, M] — kAM — BM =0,
which gives us the second half of (A.11).

APPENDIX B: MATRIX NLS EQUATION VIA DRESSING

We now generalize the method of Appendix A to coupled systems. Namely, starting from two uncou-
pled linear Schrodinger equations and their associated RHPs, we construct an appropriate matrix RHP
and use it we derive the matrix NLS equations. Under proper reductions, we then obtain the Manakov
system and the spinor system. The process is the same as before apart from the change in matrix dimen-
sionality, and therefore we omit the details. As in Section 4, we will use boldface letters to denote 2 X 2
matrices.
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We start with two uncoupled scalar RHPs (A.2), that is, we consider two sectionally analytic func-
tions

et ) = uix,t k), kecCt, B.19)
WEEET k., kec, -

for j = 1,2, satisfying jump conditions
wf—uy =0 0 keR, j=12, (B.1b)

with 6 ; (x,t, k) = kx — k*t, and the same normalization conditions

ui(x,t, k) = O(1/k) k — o j=172. (B.1¢)
These two RHPs can be converted into an equivalent matrix RHP by letting
Mtk=(1 # (B.2)
s by - 0 I ’ .

with I and 0 the 2 X 2 identity and zero matrix, respectively, and u(x,t, k) = diag(y,, u,), obtaining
again the matrix jump condition (A.4), except that M (x,t, k) and V' (x,t, k) are now 4 X 4 matrices

instead of 2 X 2. In particular,
I U
Vix,t, k)= <0 I > (B.3)

and
U(x, 1, k) = diag(e’/1™"0) £ (k), 210 £, (k)) .

The corresponding normalization condition is the same as (A.7), except that I is now the 4 X 4 identity
matrix.
Again we modify the jump matrix by letting

R(x,1,k) = VI(x, 1,260V (x,1,2k) = /x=2K05 g2 ) (B.4)
with

(B.5)

S(k):< I F(k) >

Fi(k) I+F(k)F(k)

and F(k) = diag(f,(k), f,(k)).
Now we have a modified matrix RHP for a 4 X 4 matrix M (x,t, k) defined by (A.5), with normal-
ization (A.7) and jump condition

M*(x,t,k) = M~ (x,1, k)R(x, 1, k). (B.6)

It is not hard to see that this RHP is very similar to the RHP associated with the scalar NLS equation,
except that every matrix is 4 X 4 instead of 2 X 2. A similar approach can be used to show that M (x, t, k)
satisfies the matrix Lax pair

M, — iklo, M] = OM, (B.7a)

M, +2ik’[6,M]=HM, (B.7b)
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with
H =ic(0, — Q%) — 2kQ. (B.8)
Moreover,
o _(0 Q
Q =i lim [0, kM] = <R 0 > (B.9)

where Q(x, 1) and R(x, t) are 2 X 2 matrices, which satisfies
icQ,+ 0., —20° =0, (B.10)

which is the compatibility condition of (B.7).
Using (B.9), we can rewrite (B.10) into a 2 X 2 block matrix form:

iQ, + Q. —2QRQ =0, (B.11a)

- iR, +R, —2RQR = 0. (B.11b)

The above system admits the reduction R = vQ", which yields the matrix NLS equation

iQ,+Q,, —2vQQ'Q =0. (B.12)
The 2 X 2 matrix NLS system (B.12) admits various self-consistent reductions. Denoting the entries
of Q as
Q= (Ch f12>, (B.13)
43 44

under further reduction g; = g, = 0, (B.12) yields the Manakov system:
iq, +q,, —2vllql*q =0, (B.14)

for q(x,t) = (q;,¢,)", and where ||q||> = |q,|> + |¢,|? is the standard Euclidean norm. Note that by
letting v(x, t, k) = M(x,t, k) explikox — 2ik?o1], the Lax pair (B.7) can be transformed into the more
traditional form

v, = Xv, v,=Tu, (B.15)
with

X =-ike+Q, T=2ik’c+H. (B.16)
Note, however, that this is still not the traditional Lax pair for the Manakov system, because it has size
4 x 4, whereas the usual Lax pair for (B.14) is 3 x 3.!%%* However, under the reduction g; = g, = 0, the
second row and the second column of both matrices Q and H are zero. Therefore, the corresponding
4 x 4 Lax pair can be reduced to a 3 X 3 one by simply deleting the second row and the second column,

which then reduces (B.15) to the usual 3 X 3 Lax pair for the Manakov system.
Another self-consistent reduction of the matrix NLS equation (B.12) can be obtained by taking

Q= (Z; ZZ) (B.17)

Then, (B.12) yields the three-component system

iq); + G — 2v( 01 I* + |g31%)q) — 2v(q, 45 + 4593)q; = O, (B.18a)
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igy, + @ox — 210 |* + 1031990 — 2W(aa 4 + 47 93)q3 = O, (B.18b)

iq3, + @30 — 2v( 01 I + 9 |* + |317)q3 — 2vq, 0245 = 0. (B.18¢)

The above system can be easily transferred into equivalent forms of the spinor system (eg, such as the
one proposed in Ref. 39) via simple rescalings.

APPENDIX C: DISCRETE MODIFIED KDV EQUATION VIA DRESSING

Consider the following discrete one-directional wave equation:

qn+(qn+l _qn—1)=0' (C.1)

It was shown in Ref. 47 that C.1 admits the Lax pair
Du1 — 20, = 4y, (C.2a)
(i)n + ld)()(z)d)n = _(qn + qn—] /2)7 (CZb)

where the linear dispersion relation is now
@y(z) = —i(z — 1/2). (C.3)

The spectral analysis of (C.2) leads to the same scalar jump condition as before, namely, (2a), for the
sectionally analytic function ¢, (¢, z) in (2b), except that w((z) is now replaced by @(z). The normal-
ization conditions for ¢,,(t, z) are the same as before, namely, (4).

The above scalar RHP problem can be converted into an equivalent 2 X 2 matrix RHP in a sim-
ilar way as in Section 3 by introducing the matrix M, (t,z) as in (11), obtaining again the matrix
jump condition (12) across the contour |z| = 1, with jump matrix V,,(¢, z) as in (13). One then mod-
ifies the jump matrix by replacing V, (¢, z) with R, (¢, z) defined by (14) as before, except that now
@(z) = —i(z> — 1/2%)/2. As in Section 3, we then have a modified matrix RHP for the sectionally ana-
lytic function M, (¢, z) defined in (16), with asymptotic behavior specified by (17) and the same jump
condition (18), except that once again @(z) = —i(z> — 1/z%)/2.

The same approach as in Section 3 can then be carried out algorithmically to show that M, (¢, z)
satisfies the same matrix Lax pair, namely, (19), except that w(z) is replaced with &(z), and

Hn = QnQn—l - QnZ_l - Qn—lZ' (C4)
Moreover, the matrix (21) satisfies
0,+0,1— 0,1 -0,y - Q,_) =0, (C.5)

which is the compatibility condition of the matrix Lax pair. Finally, imposing the symmetry r, =
g, (C.5) reduces to

qn + An+1 — 4dp—1 — qs(qn+l - qn—l) = 0’ (Cé)

which is an integrable discretization of the modified KdV equations.’! (A different integrable dis-
cretization of the modified KdV equation, corresponding to the discrete dispersion relation &@(z) =
z*/2 — 22 +1/z% — 1/2z*, had already been found in Ref. 9).



