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The KdV-Whitham system

Here we briefly review the derivation of the Riemann invariant variables of the Whitham system
for the KdV equation. We start from the three modulation equations, which can be obtained
from the the first three of (2.25) in the main text by taking A = 0 and removing the dependence
with respect to y. The result are three quasi-linear (1+1)-dimensional PDEs for the independent
variables V, B =b/m and m. Next, we show that one can introduce the Riemann invariant
variables to diagonalize the above system. Introducing the notation

w(xt) = (wy, wy, w3) "= (V, b/m, m)T, (81)
for brevity, we rewrite the system of modulation equations as a vector system of equations
Rw;+Swy,=0, (5.2)

or equivalently,
w;+Awy =0, (S5.3)

where A = R™1S. (Explicitly, the entries of A are obtained from the first three rows and columns
of the corresponding matrix for the KP equation by setting A =g =0.) To diagonalize the
system (5.3), one must diagonalize the matrix A. Straightforward calculations show that

A=P71DP, (S.4a)
where
1 w3 — 1 1—w§ (1—w3)w;
=5 1 2UJ3 -1 2wy (S4b)
3Z/U2
—wsz  w3(ws —2) w3wy

and D = diag(Vy, V5, V3), with Vi, V5, V3 given by (2.334) in the main text. Using (S.44), we can
then write (S.3) in the main text as

Pw;+ DPwy,=0. (S.5)
The key to find the Riemann invariants is to find dependent variables r1, 7, and r3 such that
Pwy=ry, Pw; =1, (S.6)

with 1= (r1,72,73)T. After canceling out common factors in each row of the LHS of both parts
of (S.6), the three rows in the LHS of (S.6) can be written as

wix — (1+ w3)wy,x — wy w3y = (w1 — Wy — Wow3)x,
w1,x + (2w3 = Dwax + 2wy w3 x = (w1 — Wy + 2wows)x,
Wi+ (2 = w3)wy,x — Wy w3y = (w1 + 2wy — Wow3)sx,
plus identical expressions for the temporal derivatives. Finally, taking
r = (w; —wy —wow3)/6, 1= (w1 —wy +2wow3)/6, r3=(wi+2wp —wrw3)/6, (S.7)

and solving for wy, wy, w3 we obtain (2.26). That is, the change of variables (2.26) transforms the
system of equations (S.2) into the diagonal system (3.1).
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Stability analysis of periodic solutions via direct numerical simulations

In this section we briefly discuss the calculations of the stability properties of the cnoidal wave
solutions for the KP equation by direct numerical simulations.

Let u(x,y,t) =ug({) be a traveling wave (a.k.a. elliptic, periodic, cnoidal-wave or genus-
1) solution of the KP equation (1.2) with ¢ =x — ct. (Note that without loss of generality we
can always align any traveling wave solution along the x-axis thanks to the pseudo-rotation
invariance of the KP equation.) Next, consider a perturbed solution of the KP equation in the
form u(x,y,t) =uy(&) +v(¢,y, t) with [0(&, y, t)| < 1. Substituting into the KP equation (1.2) and
dropping higher-order terms, we have

(vt — cvg + 6(ugv)g + ezvggér)C +Avyy =0.

Using the Galilean invariance of the KP equation, we can always perform the transformation
ug — ¢/ 6 + 1ip, which yields

(o + 6(d00); + ezvéég)g + Avyy =0. (S.8)
Now we look for plane wave solution of the above equation in the form
0(G,y,t) =w(§)e I (59)
Substituting (S.9) into (S.8) yields

(yw + 6(11010); =+ sz(';gg)g — A€2w =0,
or equivalently,

pw + 6(igw) + wggz — AP w =0, (S.10)

where Bglw =F! [(1/ ik) F [w]] with F denoting the Fourier transform. Note that in order

for (S.10) to admit periodic solutions, one needs J"iooo w(&)d¢ = 0. That is, w should have zero
mean (i.e., the Fourier transform of w should vanish at the zero wave number). Then we can
finally write (S5.10) as an eigenvalue problem for a differential operator

—6(dow)s — ezw,;,;g + )\gzaglw =uw, (S.11)

and solve it in the Fourier domain. This operation is well-defined precisely because w has no mean
term. In order to compare the results of this calculation with those obtained from the Whitham
approach discussed in section 4, note that when r; =g =0, rp =m and r3 =1, the cnoidal wave
solution (2.27) becomes iy =1 — m + 2m cn? (x — (24 2m)t, m) . The eigenvalue problem was
solved numerically with 0 < m < 1. The results, together with a numerical comparison with the
Whitham approach, are given in Fig. 1.

Coefficient matrices for the un-regularized KP-Whitham system

The entries of the coefficient matrix B of the original Whitham system (2.29) are given by:
—2b(Ep (14 m) — Ky (1 +3m)) + (Ey — Kp)mV

B =Aq 6bK,m
R (Em — K (1 —m)) (2b( — K (1 = m)? + Ey(1 +m)) — (Em — K (1 — m))mV)
12=24 6bKo (Em — Kyt ) (1 — m)m '
. En(26(—2Kyu(1—m) + Ep(1+m)) — EymV)
Bia=Ag 6b(Ko — Epn) Ko (1 — 1) ’

 2(En(1+m) —Ku) + (Kn — En)m)
6(Ky — Em)m !

Biy= Bis=Bys =B3s = A,
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(Em — Kin) (2b (K — Em(1 —2m)) + (Eyy — Ky)mV)

B :)\ 7
2= 60Ky (Eyy — Ky (1 — m))m
S 2b (K (1 — 5m + 4m?) — Epy(1 — 2m)) + (Em — K (1 — m))mV
2=M 6Ky (—1+m)m !
S Ep( —2b(Ep(1 —2m) — 2Ky (1 — m)) + EpymV)
2= 60Kyt (Em — Ky (1 —m)) (1 —m) '
B — 2b (K (1 —m)? — Em(1 — 2m)) + (E — K (1 — m))mV
#- 6(Em — K (1—m))m ’
P (Km — Em) (2b(Kp (2 = 3m) — Eyy (2 — m)) + (K — Ep)mV)
3= 6DE Ky '
Bo — 1 (Em — K (1 —m)) (2b(Ep(—2 4 m) — Ky (=2 + m+m?)) — (Ey — Ky (1 — m))mV)
2 =M GDE Ky (1 — m)m '

2b(Ey (2 — m) + 2Ky (1 — m)) — EyymV
Bsz =Aq p

60Ky, (1 — m)

—2b(Ku(1 —m) + Ep(—2+m)) + EumV

B34:/\ 7
6E,,m
m — K o o Em — Ky (1 —m)

By = 2+(V+/\‘1)T/ Bp=2—-(V+Aq )W'
By =2+ (V4+Ag))—"™ B —2Aq, Bys—Bsy—DBss—0
43 = q DK (1 —m) 44 = 2AqJ, Dy5 = P54 = b55 =U,

6(Em — Km)? 6(Epm — Ky (1 —m))? 6E2,
Bsgj=———5—"—, Bsmx=-— , Bsz=-—

KZm K% (=1+m)m Kz (1—m)"

Instead of listing all the entries of the coefficient matrix A, we point out the important fact that,
even though both A and B are full matrices with complicated entries, the following combination
of them takes on a particularly simple form:

Ko (2b(14m)+mV )

it 0 0 m M T E, K
K,,, 2b(1—2m)+mV
0 Va + Ag? 0 72 EE o m))
A+qB= Ky (26(—24m)+mV
0 0 V3 + Ag? 73 q—( 6bE,:n mv)
0 0 0 0
0 0 0 Vi 26 (3E,,— Ky (2-m)) p

K,ym

with V1, V;, V3 given by (2.334) as before and

4b% (3Ey (14 m) — Ky (4 — 7m + m?)) 4 2bm(—3Ey + Ky — 2Kyym)V — Kyym? V2

T1=Aq

36b(Em — Ky )m ’
_y 40% (3E; (1 — 2m) + Ky (—4 + m + 2m?)) + 2bm(—3Ey, + Ky + Kyym)V — Kyym?V'?
T2=A 360 (Ent — Kon (1 — m1))m ’
_y 4% (K (8 — 8m — m?) — 3E;y (2 — m)) — 2b(3Ey, + 2Ky (=2 + m))mV — Kyym?V?

Finally, to remove singularities from the system (2.29) one must first subtract the product of the
compatibility equation (2.32) times the diagonal matrix diag(cy, ¢, 3, ¢4, ¢5), with

. _raVB —=2b(Kp(1 = m)? + Eyy(1 4 m)) + (Em — K (1 — m))mV
V) En — K '
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 Aqy/B —26(Em(1 —2m) + 2Ky(—1+m)) + EymV

2= 12 Em — K (1 —m) '
. Aqy/B 2b(Em(2 —m) + Ky (=2 + m+m?)) + (Em — K (1 — m))mV
12b Em

K (1 —m)+\/B(2b(1 —2m) + mV)
126 (Ep — Ko (1 — m))

2 _ _ _
Cy= VZJ:/A; - m\/BEmIimlglm(lii)m) , (5= —3\/B—Em Kl?ril m) ,

,)\q

7

and B =b/m. Then one need to subtract the product of the constraint (1.4c) times the diagonal

matrix diag(dy,dy, d3,0,0), with

K (2b(1 4 m) +mV)
36b(Eim — Kin) ’

Kimq(2b(1 —2m) +mV)
36b(Em — K(1—m)) ’

dz = —/\[]

d1 = —)\q

K (2b(—=2+m) +mV)
36bEy, '
Doing so yields the singularity-free system (1.4).

d3 = —Aq
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