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This supplementary document provides the details of the leading-order of the long-time asymptotic solution of the
focusing nonlinear Schrédinger equation with non-zero boundary conditions.

Let the reflection coefficient r(k) be defined as in the main text.

Let & = x/tand &, = 4v/2.

Let A(k) = (k? + q,)'/? be defined for all k € C so that it has a branch cut on £ = i[—q,, q,], Where it is
continuous from the right.

Assume that the initial perturbation to the constant background is such that no discrete spectrum is present.
The solution of Eq. (1) with the NZBC (2) takes on the following form for x < 0.
(The solution for x > 0 has expressions similar to those for x < 0.)

1. Plane wave region, x < —(.,f: '
q(x,t) = qo e2i8=(0) 4 O(l/tl/z) , (A1)

where

(A.2)
k. (&) = (g — /& — 3272 ) /8. (A3)

2. Modulated traveling wave region, —¢.t < x < O:
Let y(k) is the complex-valued square root defined by

(k) = [k + q5) (k — &) (k —a")]1/2, (A4)
with branch cuts along & = i[—q,,4,] and & = [a*, &], taken to be continuous from the right along each branch

cut, and normalized so that (k) = k? (14 0(1)) as k — co.

Then:
O(V(, ) +2vs(8) — 3) O

OV (S 1) — 3) O(20s(8) —

) e 211G ()t +heo(8)] 4 O(l/tl/Z) , (A.5)

Q(x/ t) = (% + “Hn(g)) )
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where: & (&) = e + itim with

tre = —ko + 38, aim = /263 — 1Ko + 2, (A6)

and k, obtained via the implicit equation

o [(k+ko — §)2 +2k2 — §k, + ¢

*{10 k2 + g2

(k—k,) dk =0, (A7)

O(z) is the genus-1 theta function defined as (e.g., see Refs. [1-2] below)

@(Z) — 2 e2n7‘[iz+i7'm2T — 93(71,2, eirm’) , (A.S)
nez



with period 7(&) and elliptic parameter m(&) given by

iK(1—m) 4q,0;
W=k MO =TEG" CE) = e+ (ot am)?, (A9)
where K(m) is the complete elliptic integral of the first kind with parameter m defined by [1-2]
/2 d
K(m) = [ ——e (A.10)
0 V1—msin’z
the argument V (¢, t) of the theta function is
C
V(i t) = — 2t — X)), A.ll
(é ) ZK(m) (x “re ) ( )

with the real constant X (&) defined by

K(m) 11 In[5(k)] In [%] In[6, (k) r* (k)]
X©) = s 3 ar (o R I (I (S a)] a2
where 2= = X N C*, and 6, (¢, k) and ['(¢) are given by
50(E,K) —exp[l l}Wdz}, T(&) :zév(lk)dk, (A13)

the constant v () is defined by

F (arcsin( [ic+ Z,qoo ),1 — m2> —F <arcsin(12>,1 — m2>] , (A.14)
& +ifeo 1—m

where F(k,m) is the incomplete elliptic integral of the first kind with parameter m defined by [1-2]

i
Ueo(G) = W

k
Flkm) = [ ——= (A.15)
{ V1 —msin?z
the real constant G () is given by
k3 + cok? + 1k + ¢ &
Geoo(&) = =2 — ( + )[ —k+ 2| dk, (A.16)
(g) qU 7.{;70 l‘qfa ,)/(k) 4
with
co(&) = (are — zli‘:) (afe + i), c1(f) = %(‘75 +ady) + igo‘rer ©2(¢) = —are — %CI (A.17)
and the real constant /(&) is given by
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heo ()= =— kdk + | ———~—kdk + kdk}%— 1 Ve D Bm X ) eI
©= 3 [ 4 St (= 5x)

(A.18)
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