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Reduction of collision-induced timing shifts in
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Periodic-group-delay (PGD) dispersion-compensation modules were recently proposed as mechanisms to alle-

viate collision-induced timing shifts in dispersion-managed (DM) systems.

Frequency and timing shifts in

quasi-linear DM systems with PGDs were obtained, and it is shown that significant reductions are achieved

when even a small fraction of the total dispersion is compensated for by PGDs.
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Collision-induced timing shifts (T'Ss), that is, changes
in the arrival time of a signal owing to its interac-
tion with signals in neighboring frequency channels,
is a major issue in on-off-keying, wavelength-
division-multiplexed (WDM) systems. The problem
is complex if dispersion management (DM) is em-
ployed: because of the periodic change with distance
of the sign of chromatic dispersion, pulses in different
frequency channels undergo a zigzag motion with re-
spect to each other, which results in interactions that
consist of a series of minicollisions. Furthermore,
the low value of average dispersion in these systems
results in large collision lengths, implying that the
interaction unfolds over long distances. Indeed,
whereas it is well known that a moderate amount of
dispersion management can be beneficial, in extreme
cases collisions can result in mutual destruction of the
two WDM pulses.!

Recently the use of periodic-group-delay (PGD)
modules was proposed as a means of reducing colli-
sion-induced TS.>"* PGD dispersion-compensating
modules®~7 are inserted inside each dispersion map
and serve to compensate for a fraction of the ac-
cumulated dispersion, with the remaining fraction
of dispersion compensation achieved by dispersion-
compensating fibers. The advantage of this approach
for DM soliton systems has been demonstrated both
with numerical simulations®** and with direct trans-
mission experiments.?

In this Letter we derive expressions for the value of
the collision-induced frequency shifts (FSs) and TSs in
quasi-linear return-to-zero systems that employ PGDs.
Second, we use both our analytical results and direct
numerical simulations (DNSs) to show that the use of
PGDs is highly effective in reducing collision-induced
TSs in quasi-linear, return-to-zero systems. As with
solitons, the main mechanism for reduction in TS is
the drastic reduction of the collision length.? We show
that there also is a significant direct effect from the
PGDs themselves, which provide a restoring force to
the TS.

We start from the nonlinear Schrédinger equa-
tion written in dimensionless variables, ¢ = t,ot/t*,
z = ziap/2%, u = FE[g(z)P«]V/%, and D = —F"/kk,
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with normalization parameters denoted by aster-
isks. Here E is the slowly varying complex optical
field envelope and #. and zj,, are, respectively,
the retarded time and the propagation distance.
Typical normalization values used are P« = 1 mW,
zx = zn, = 1/(yPx) = 400 km, #x = 12 ps, and
ki = t3/2+ = 0.36 ps?/km, where y = 2.5 (W/km)~!
is the fiber’s nonlinear coefficient. We consider
a dispersion map consisting of two fiber sections
(with dispersion coefficients and lengths D; > 0, z;
and Dy < 0, z9) and an erbium-doped fiber ampli-
fier (EDFA) located after the second fiber. The
total map length is z, = z; + 2z, and the fraction
of the map consisting of the anomalous fiber is
0 = z1/z,. Here g(z) describes the periodic power
variation that is due to loss and amplification, and
D(z) is the local group-velocity dispersion, both
periodic functions with period z,. With EDFAs,
g(z) = gy exp(—2I'z2) for nz, < z < (n + 1)z,, where n
is the map number, I' is a dimensionless loss coeffi-
cient, and g¢ = 2T'z,/[1 — exp(—2I'z,)]. A measure of
the effects of dispersion management is given by the
map strength® s = [(D; — (D))z1 — (Dy — (D))z3]/4,
where (D) = (D121 + Dsz3)/z, is the average disper-
sion. For a single pulse with normalized frequency
g, its mean position (¢) at distance z along the fiber
is given by (t) = Q¢ [{Dx)dx = Qo[(D)z + C(2)],
where C(z) = [3[D(x) — (D)]dx is periodic. Suppose
that two pulses u. with frequencies *() are initially
located at Ft(; the initial time displacement #, is re-
lated to the mean collision location z¢ by to = Q¢(D)zo.
Minicollisions between the pulses then occur when
(z —29)(D)+ C(2) = 0. We can estimate the collision
length to be L. = 2s/{(D). Complete collisions are
those for which L./2 = zq9 <L — L./2.

In systems with PGDs, a PGD module is inserted
in each dispersion map, providing a local dispersive
force with strength Hpgp and replacing a fraction [
of the dispersion provided by the second fiber. That
is, f = Hpgp/(De224 + Hpgp), where hereafter a prime
denotes a quantity in a system with PGDs. We con-
sider this replacement to be made while the average
dispersion, the individual dispersions, and the length
of the first fiber section are unchanged: Djy = D1 s,
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le =z, and <D>/ = (Dlzf + Dzzé + HPGD)/Z; = <D>
We then find the new system parameters to be
=[(D1 — D2)(1 — f)0 — Dof1/[D:1(1 — f) — D],
= (0/6")zq, and z5 = (1 — 0')z/. It is useful to
define an effective average dispersion: (D) =
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u«(t,z) = a
= {27[b + iDpgp(2)]}V/2
[t +¢t F QD)2 . i o }
X - . +iQot — — Q2D(2)}- (3
eXp{ 506 + iDrap(e)] ot~ 5 D@ @3

(D121 + Doz5)/z,. Using the equivalent definition of
map strength 2s = (D; — (D))z1, we then find the new
map strength given by s’ = [(D1 — (D)etr)/(D1 — {D))]s.
The new collision length is then L, = 2s'/(D)er. Prop-
agation of optical pulses in such a system is governed
by a perturbed nonlinear Schrédinger equation:

iu, + Yo D(2)uy + g(2) lul®u = iP[u], (1a)

N
Plu] = {exp[iH (0)] — 1} D> 8(z — mzl)i(w,z) (1b)

m=1

(see Ref.9), where P[u] expresses the action of
the PGDs in the time domain, P[u] is the Fourier
transform of Plu] and @(w, z) is that of w(¢, z), and
N, is the total number of dispersion maps in the
transmission line. H(w) is the PGD response, which
locally approximates a quadratic dispersive profile
but is periodic with a period equal to the channel
spacing, in our case 2{)y. Finally, 6(z) is the Dirac
delta function, which encodes the pulse change across
a PGD: @(w, mz,*) = expliH (w)]i(w, mz,").

Inserting u = u+ + u_ into Egs. (1) and neglecting
four-wave mixing, one finds the evolution for w.
as Eqgs. (1) with an extra term on the left-hand-
side: namely, 2g(2)|us|?u~ in the equation for
u+. The mean time and pulse frequency are de-
fined as usual by (t) = [tlu.|?dt/E and Q =
—i [u%(ou~/ot)dt/E, where E = [|u«|?dt is the
pulse energy. (All integrals are from — to © unless
otherwise indicated.) Using Egs. (1) and a second-
order Taylor approximation of P[u] about @ = Qg with
H(Qy) = H'(Qp) = 0, we find evolution equations for
the mean time and frequency. Looking at u.:

0 _ 2g(2) [ ; alu?
0z E 7 ot det, (2a)
) N ,
Py = D(2)Q(2) + Hegp D 8(z — mzl) (Q — Qy),
m=1
(2b)
where Hpgp = H"(Qg). The TSs and FSs are

then AQ = Q(z) — Qo (
At(z) = (¢(2)) — D(2)Qq + to, where D(z) = [; D(x)dx
would be the accumulated dispersion in the
new system without PGDs. It is also conve-
nient to define the dispersion including PGDs
as Dpap(2) = D(2) + Hpap i1 8(z — mz,) and
the accumulated dispersion including PGDs as
Dpep(2) = [ Dpgp(x)/dx. The evolution with dis-
tance of a qua51 -linear pulse with an initial Gaussian
proflle u+(t, 0) = (a/V2mb)exp[— (¢t = t0)2/2b = iQt]
is then given by

[with Q) = Qp], and

Using Eq. (3) in Egs. (2), we find that

sow =0 || E SR
X exp[ 2602 szgi(p(zD()}dz , (4a)
At(L) = Do(L)AQ(L) — Atres
Na
+ Hpgp . AQ(mz), (4b)
where Dy(z) = D(z) — rZ;l)efsz with A = 4Eb3/2/\/27,

and where residual TS At is

g(2)D§(2)
[6% + Dicn(=)P?

L
Atres(L) = AQO[
0

dz. (4c)

X exp[ 2602 Di(z) }

b2 + Digp(2)

Equation (4b) shows there is an additional restoring
force that is due to the PGDs. The sum in Eq. (4b)
is calculated from Eq. (4a) with L replaced by mz).
Note that the theory above permits the calculation of
FSs and TSs for complete as well as incomplete colli-
sions. Importantly, the integrals in Eqgs. (4a) and (4c)
can be efficiently evaluated by numerical quadrature
or by asymptotic approximation, by use of the so-called
Laplace method.!!

The 1ntegrals in Eqs (4a) and (4c) have the generic
form I(A) = fo (2)exp[—AD(z)]dz, where A > 0 is a
parameter. For A >>1 the main contribution to I(A)
comes from a neighborhood of a so-called critical point
2., where ®(z) is minimum; other regions contribute
exponentially smaller terms. The functions F(z) and
®(z) can then be expanded in Taylor series about the
critical point, with typically only the first few terms
retained.

In our case, ®(z) = DZ/(b2 + Dicp) and A = 2602
for both Eqgs. (4a) and (4c¢). Critical points z. corre-
spond to mini-collision locations, which occur where
Dy(z,) = 0. For Eq. (4a), F(z) = gDo/(b? + Dpap)*/?;
for Eq. (4c), F(z) = gDZ/(b% + D3sp)*/2. We thus have
F(z.) = ®(z,) = 0 for both AQ and At,es but F'(z.) # 0
for AQ and F'(z.) = 0 for Aty.s. Then, if z1, ..., 2N
are the locations of the minicollisions, we find that

Fidvn | 8Fi04Js0 — 2,04,
AML) = Z[bﬂ o7 T 6bYEORD)) }
N (5a)
F''Jy
Mtrn(l) = —2 S Lk (5b)
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We simulated a quasi-linear system with normalized
line parameters L = 20, (D) = 0.5, s = 2.5, § = 0.5,
I' =9.21, and z, = 0.15 and normalized pulse pa-
rameters a = 1.6, b = 2, and Qg = 3. These values
correspond to a system with channel spacing 80 GHz,
average dispersion 0.18 ps?/km, total transmission
distance 8000 km, loss coefficient 0.2 dB/km, am-
plifier spacing 40 km without PGDs, and an input
pulse with a peak power of 0.6 mW and a FWHM of
28.26 ps. Figure 1 shows the total TS A#(L) versus
mean collision location zy for a system with (f = 0.1)
and without (f = 0) PGDs. Figure 2 shows the
maximum absolute value of the total TS and the
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Fig. 1. Total TS versus mean collision location z, for f =

0.1 from DNSs of Egs. (1), numerically integrating (quadra-
ture) Egs. (4) and the asymptotic approximations (Laplace)
Egs. (5).
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Fig. 2. Maximum (taken of z;) TS and FS (inset)
versus f.

where F! = F'(z,), etc. and J; , = [" x*exp(—x2)dx,
with the limits of integration x, depending on the
location of the minicollision. The integrals o/, ; may
be evaluated exactly in terms of well-known functions.
Equations (5) show the residual FS and TS are,
respectively, O(1/Qq) and O(1/Q3). One can further
improve the accuracy of the Laplace method by keep-
ing higher-order terms.

We now compare results of DNS of Egs. (1), results
of numerically integrating Egs. (4) (quadrature), and
results of the asymptotic approximations, Eqgs. (5)
(Laplace). Implicit in our quasi-linear ansatz is that
the PGD approximates a quadratic dispersive profile.
Thus we used a piecewise, periodic function to model
PGDs in Egs. (1): H(w, 2) = (0 — Q)?Hpgp/2 for
2nQy = w < 2(n + 1)Qy. Because a PGD is assumed
to act locally in space, the pulse was propagated
linearly through the spatial cells containing the PGDs,
with the jump condition given after Egs. (1). We
thus expect Eqgs. (4) to be good approximations when
the spectral width of the pulse is small compared
with the period of the PGDs, 2Q)y. In the numerical
quadrature we evaluated Eqs. (4) by breaking the
range of integration [0, L] into subintervals of con-
stant dispersion and using the trapezoidal rule on
each subinterval.

residual FS as a function of f, the fraction of compen-
sation performed by the PGDs; the maximum is taken
over mean collision location z¢. In addition to the
excellent agreement between analytical formulas and
DNSs, these figures clearly show the large reduction
in the collision-induced TSs that arises from use of
PGDs. Note that the reduction of the TS corresponds
to a sharp decrease in the collision length: in Fig. 1,
L =124 for f = 0.1, compared with L. = 10 for
f =0 (no PGDs). Note also that L/ << L when f is
not too small, which means that, with PGDs, almost
all collisions are complete, unlike the case without
PDGs. Finally, Fig. 1 shows that, with PGDs, the
effect of complete collisions is almost negligible (unlike
the case without PGDs), and the only noticeable TSs
arise from the few incomplete collisions, which corre-
spond to collision centers z located near the beginning
(zo = 0) or the end (z¢9 = 20) of the transmission line.
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