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Abstract

The effects of lumped and distributed filtering on soliton interactions are considered in a dispersion-managed
transmission link when the dispersion steps approximate the lossramplification profile. A detailed comparison of the
collision-induced timing shifts and corresponding timing jitter for both lumped and distributed filtering models is carried out.

Ž . Ž .In particular, we show that: i there are some differences between the predictions obtained by the two models; however, ii
Ž .in all cases of practical interest i.e., non-negligible bit error rates the estimates originating from the distributed model

represent a good approximation to the results obtained with the lumped model. q 1999 Elsevier Science B.V. All rights
reserved.
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1. Introduction

The increased demand for communication sys-
tems with capacities of several hundreds of gigabitrs
and higher has stimulated additional research on
solitons as possible carriers of information in long

Ždistance transmission links in the last few years see
w x .e.g. Refs. 1,2 and references therein . Essential

ingredients to attain such ultra-high capacities are
wavelength-division multiplexing, dispersion man-
agement and filtering.

One of the major issues in the implementation of
Ž .wavelength-division multiplexed WDM soliton

transmission lines over transoceanic distances is to

) Ž . Ž .Corresponding author. Tel: 303 492-6974; fax: 303 492-
4066; e-mail: biondini@colorado.edu

understand the factors limiting the total throughput
of the system. In particular, random shifts in pulse
arrival times due to nonuniform pulse interactions in
a real fiber are known to cause serious penalties in

Ž w x.multi-channel systems see e.g. Refs. 3,4 , and
many studies have been subsequently devoted to this
subject. It is also well-known that the use of filters
and dispersion management can provide a significant

Žreduction in collision-induced timing jitter see e.g.
w x .Refs. 5–23 and references therein .

At the present time, two different ways are known
to implement dispersion management. The first ap-
proach, which is the most commonly used, is to
periodically compensate for the dispersion accumu-
lated by the pulse during propagation through a

w xgiven distance 24,25 . A second approach is to use
subdivide each amplification span into a number of

0030-4018r99r$ - see front matter q 1999 Elsevier Science B.V. All rights reserved.
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segments so that the variation of the fiber dispersion
in the whole span approximates the variation of the

w xpulse peak power due to fiber absorption 26 . We
refer to this second type of dispersion management
as ‘dispersion management following the loss pro-
file’. It is interesting to note that, although less
widely studied, dispersion management following the
loss also has the potential for ultra-high transmission
rates. Indeed, experiments using filters and this type
of dispersion management have demonstrated soliton
WDM transmission at 70 Gbitrs over 9000 km with

w x7 channels at 10 Gbitrs per channel 27 , and, more
recently, 160 Gbitrs with 8 channels at 20 Gbitrs

w xper channel over 10000 km 28 .
In most classical studies of filtering effects on

Ž w x.soliton transmission links see e.g. Refs. 6–14 , it
has been standard practice to approximate the filter
transfer function by a continuous equivalent dis-
tributed along the fiber. We refer to this approach the
‘distributed’ filtering model. Recently, a filter model

w xwas introduced in Ref. 5 which takes into account
the discrete positioning of the filters along the sys-
tem. We will call this approach the ‘lumped’ filter-

w xing model. In Ref. 5 it was argued that the real
action of the filters may differ from that described by
the distributed model in the case when the character-
istic length of the soliton interactions is so short that
no filters are encountered during a collision. It was
also suggested that a further distinction between the
two models arises when the dispersion profile ex-
actly compensates the fiber loss. Namely, the lumped
filtering model predicts a non-vanishing residual tim-
ing shift after a two soliton collision, whereas previ-
ous results indicate that the distributed model yields
no timing shift.

In order to accurately model the behavior of long
distance transmission lines, it is essential to under-
stand how well the distributed filtering model repre-
sents the real action of filters. In this article we
present a comparison between the results obtained
using the lumped filtering model and the more tradi-
tional distributed approximation in the case where
the lumped filters are located at the amplifier posi-
tions. For simplicity of treatment, we restrict
ourselves to the case of dispersion management fol-
lowing the loss profile. However, we emphasize that
the methods presented here can be applied, with due
modifications, to the situation where the fiber disper-

sion changes sign within a dispersion map, and that
this type of comparison remains relevant in that
scenario. In fact, even though the usually low values
of average dispersion imply a rather large total colli-

Žsion length which means that a sizeable number
of filters are going to be encountered during the

.collision , pulse interactions in strongly dispersion-
managed systems are characterized by multiple colli-
sions, each of which happens within a length which
is inversely proportional to the local values of the
dispersion, which can be very high. This means that,
in each of the individual collisions, few or no filters
are encountered.

The structure of this work is the following. In
Section 2, using an analytical approach based on
soliton perturbation theory, we calculate the collision
induced timing shifts for both lumped and distributed
filtering models. Detailed derivations of the timing
shifts for each model are included in Appendices B
and C. In Section 3, we apply the statistical analysis

w xintroduced in Refs. 6,4 , to estimate the RMS jitter
in pulse arrival times. Also, we compare our results
for the two models in the case of stepwise dispersion
management with 2-step, 3-step and 4-step disper-
sion maps. In particular we show that while there are
differences between the two models, in the cases of

Ž .physical interest i.e., non-negligible bit error rates
the estimates from the continuous approach are a
good approximation to those produced by the lumped
model. As a limiting scenario, we consider the case
when the dispersion profile exactly compensates the
fiber loss. In this case, our analysis indicates that
there is still a residual timing jitter even for the
distributed filter model, contrary to what is com-
monly believed. We then provide an estimate of this
timing shift for standard values of system parame-
ters, and compare it with the corresponding lumped
model. Finally, in Section 4, we extend our estimates
for two-soliton interactions to a multi-channel WDM
transmission system by assuming pairwise collisions
between the channels. Again, we find that the system
performance predicted by the two models are close.

To our knowledge, this study constitutes the first
detailed comparison between the distributed and
lumped filtering models and as such it provides the
first test of the validity of the distributed filtering
approach in studies of wavelength-division multi-
plexed soliton systems.
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2. Timing jitter in two-soliton interactions

In this section we review some fundamental re-
sults relative to wavelength-division multiplexed
soliton propagation and we derive the basic formulae
which we use to compute the collision-induced tim-
ing shifts in both types of filtering models.

2.1. Pulse propagation

Our starting point is the well-known propagation
equation for the rescaled dimensionless optical pulse
amplitude u, i.e. the perturbed nonlinear Schrodinger¨

Ž .equation NLS with dampingramplification, filter-
ing and dispersion management:

< < 2 w xiu qD z u r2qg z u us iF t u . 1Ž . Ž . Ž .z t t

The variables z and t are the usual non-dimensional
space and retarded time, normalized to the dispersion

2 2Ž .length z s2p ct r l D and the characteristic
) )

time t s tr1.763, respectively, where l s
)

1.550 mm is the central wavelength, D is the path-
averaged dispersion parameter, t is the full width at
half maximum intensity and c is the speed of light in
vacuum. Throughout this work we use the typical

Ž .values ts20 ps and Ds0.5 psr nmPkm , which
yield t s11.35 ps and z s201.9 km. The function

) )

Ž .g z describes the periodic energy gainrloss profile:

2g z sa exp y2 G zynz ,Ž . Ž .0 a

nz Fz- nq1 z ; ngZZ . 2Ž . Ž .a a

Here Gsg z s4.645 is the dimensionless damping
)

coefficient which corresponds to 0.2 dBrkm in phys-
ical units; z s l rz is the dimensionless amplifiera a )

spacing, and l s25 km is the amplifier length thata

will be used throughout this paper and a2 s0
w Ž .x Ž .2 G z r 1yexp y2 G z . The function D z de-a a

scribes the particular choice of dispersion manage-
ment.

Ž .In this article we consider the case D z )0 and
we study dispersion management following the loss

Ž .profile; that is, D z is taken to approximate the
energy profile of the pulse in the fiber due to damp-

Ž .ing and amplification. Also, we normalize D z such
that it averages to unity over an amplification period.

Ž . z Ž X. XThe change of variable z z sH D z dz , trans-0
Ž .forms Eq. 1 into

< < 2 w xiu qu r2qG z u us i F t rD z u , 3Ž . Ž . Ž .Ž .z t t

Ž . Ž . Ž .where G z sg z rD z .
w x Ž .The term F t in Eq. 1 represents the contribu-

tion due to filters. Namely,
2w xF t s h yh iE yv zŽ .lumped 0 2 t f f

=
`

d zynz 4aŽ . Ž .Ý f
nsy`

for the lumped model, and
2w xF t sh yh iE yv 4bŽ .Ž .distributed 0 2 t f

Ž .for the distributed model see Appendix A , where
h is the filter strength, h is the additional gain2 0

required to overcome the energy loss due to filters
and z is the filter spacing. As is commonly done,f

we will consider the filters to be positioned at ampli-
fier locations, i.e. we set z sz .f a

2.2. Collision-induced frequency shifts

We calculate the timing shifts resulting from a
single two-soliton collision in the physically impor-
tant case when the soliton channels are widely sepa-
rated in the frequency domain. Similar to the ideal

Ž w x.case cf. 29,30 , we decompose u to leading order
Ž . Ž . Ž .as u z ,t ;u z ,t qu z ,t , where1 2

u sA sech A tyV zyzŽ .j j j j o

= 2 2expi V ty V yA zr2 , 5Ž .Ž .j j j

Ž .where z sz z is the collision point, and where,o o

as an effect of the perturbations, A and V arej j

slowly varying with respect to z. Dropping terms
Ž . Ž .which are O z ,1rdV where dVsV yV , Aa 2 1 j

can be taken to be a constant, which we normalize to
unity. We choose the unperturbed frequencies as
V syV \ V)0. Soliton perturbation theory2 1

then allows us to calculate the slow variation of the
soliton mean frequencies "V . For the pulse with
mean frequency V , we obtain

dV d
sG z f z z yzŽ . Ž .Ž .odz dz

y 4r3 h z Vyv , 6Ž . Ž . Ž .Ž .2 f
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Ž . ` 2Ž . 2Ž .where f z s H sech t y V z sech t q V z dty`

Ž Ž .expresses the frequency shift in the ideal D z s
Ž . . Ž . Ž .g z s1 case, and V y` sv . Explicitly, f zf
Ž .w Ž . Ž .x 3Ž .s 2rV 2V zcosh 2V z ysinh 2V z csch 2V z

Ž w x.cf. Ref. 3 . Recall that for the distributed model
Ž . Ž .h z 'h , while for the lumped model h z s2 2 2

` Ž . Ž .h z Ý d zynz cf. Appendix A . Treating2 f nsy` f

the first term in the right hand side as a forcing we
Ž .can integrate Eq. 6 exactly to obtain the frequency

Ž . Ž . Ž .shift DV z sV z yV y` :

z
X

DV z s exp H z yH zŽ . Ž . Ž .H
y`

=
d

X X XG z f z z yz dz , 7Ž . Ž . Ž .Ž .X odz

Ž . Ž . Ž .where the frequency shift DV z sV z yV y` .
For the distributed model

H z s 4r3 h zŽ . Ž . 2

and, for the lumped model

z
X XH z s 4r3 h z dz s 4r3 h zrz ,Ž . Ž . Ž . Ž . ? @H 2 a

q0

? @where the ‘floor’ function is defined as x sn,
nFx-nq1; ngZZ. A more convenient represen-
tation is

H z s 4r3 h zys z ,Ž . Ž . Ž .Ž .2

Ž . Ž .where s z is the periodic extension of s z sz,
0Fz-z .a

2.3. Collision-induced timing shifts

The solitons experience a phase shift due to colli-
sions cause a jitter in the pulse arrival time. If the

Ž .pulse evolution is governed by Eq. 5 , the mean
time position

` `
2 2² : < < < <t s t u dt u dtH Hj j

y` y`

² : Ž . Ž .satisfies d t rdzsV z D z . The collision-in-j
Ž .duced shift in the mean position of the faster pulse

u at a location L far along the fiber, will be:1

L
d tsy DV z z dzŽ .Ž .H

y`

L
sy DV z D z dz . 8Ž . Ž . Ž .H

y`

ŽThe minus sign is due to the mean frequency of u1
. Ž .being yV . Physically, the presence of D z in Eq.

Ž . Ž .8 means that the change in the inverse group
velocity of the pulse is the product of the frequency
shift and local dispersion. In the constant dispersion

Ž . Ž .case D z sDs1. Since D z averages to unity,
Ž . Ž . Ž .we can express D z s1qD z where D z repre-

sents the rapid periodic, zero-mean oscillations of the
fiber dispersion around its mean value. The timing

Ž .jitter in Eq. 8 can then be decomposed as

L L
d tsy DV z dzq DV z D z dz .Ž . Ž . Ž . .H H

y` y`

9Ž .

Ž .The first term in Eq. 9 is the contribution from path
averaged dispersion toward the total collision-in-
duced timing shift, while the second term originates
from the local variation of dispersion in the fiber. In
the case of dispersion management following the

Ž Ž . .loss profile where D z has period z , the contri-a
Ž . Ž .bution of the second term in Eq. 9 is only O za

Ž .see Appendix C and does not significantly affect
the overall timing jitter if z <1.a

Ž . Ž .Substituting Eq. 7 into Eq. 8 and interchanging
the order of integration, we obtain the asymptotic
timing shift in the limit L™`:

` d
d tsy a z G z f z z yz dz , 10aŽ . Ž . Ž . Ž .Ž .H odzy`

where

`
X X Xa z s exp H z yH z D z dz . 10bŽ . Ž . Ž . Ž . Ž .H

z

Ž Ž .. Ž Ž ..Expanding G z z a z z in Fourier series and
computing the resulting integrals, we find

`

< <d tsy p c sin 2mpz rz qarg p ,Ž .Ý m m o a m
ms1

11Ž .

Ž . ` im z r zaŽ .w Ž Ž . .xwhere c V sH e drdz f z z yz dz,m y` o
Ž Ž ..the p are the Fourier coefficients of G z zm

Ž Ž ..a z z and G and S are the Fourier coefficientsm m
Ž Ž .. Ž . Ž Ž ..of G z z and s z G z z , respectively. Expli-

citly,

c V sp 5m3rV 4 z 3sinh2 mp 2r2 V z , 12Ž . Ž .Ž .m a a
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while the p are given bym

ˆp s 3r4h G 13aŽ . Ž .m 2 m

for the distributed model, and

w xp sz G r 1yexp y4h z r3Ž .m a m 2 a

y iz r2p S . 13bŽ . Ž .a m

for the lumped model. Detailed derivations of Eq.
Ž .11 for both models are given in Appendices B and
C. Note that if z /z but z rz is rational, then thef a f a

Fourier coefficients p for the lumped model in Eq.m
Ž .13b are calculated over the smallest common pe-

ˆriod of z and z . The Fourier coefficients G , Gf a m m

and S depend on the specific choice of dispersionm
Ž . Ž .D z . As mentioned in Section 1, we consider D z

to be a stepwise approximation to the ideal exponen-
tial shape. To this purpose, we divide the amplifica-
tion period into S spans with endpoints z , z , . . . , z0 1 S
Ž . Ž .with z s0 and z sz , and take D z sD for0 S a s

z Fz-z , where D is obtained by requiring thatsy1 s s
Ž .G z averages to unity in each of the sub-intervals

Ž w x.cf. 15 . The last condition amounts to

2 za s0 w xD s exp y2 G z dzHs z yz zs sy1 sy1

w x w xexp y2 G z yexp y2 G zsy1 s2sa . 14Ž .0 2 G z yzŽ .s sy1

Then by integrating piecewise over each span zsy1

Fz-z with constant dispersion coefficient D , thes s

G are given bym

za

w xG s 1rz G z z exp y2mp izrz dzŽ . Ž .Ž .Hm a a
0

S

s G , 15Ž .Ý m . s
ss1

Ž .where G sq r 2 G z y2mp iD withm , s m , s a s

q sexp y 2 G z y imkŽ .m , s sy1 sy1

yexp y 2 G z y imk ,Ž .s s

zs

k s 2prz D z dzŽ . Ž .Hs a
0

ˆŽ .and D follows from Eq. 14 . The coefficients Gs m

differ from the G by a small correction factorm
Ž .arising from the second term of Eq. 9 , which

encapsulates the effect of the local variation of dis-
ˆpersion. The explicit expressions for G in the casem

of stepwise dispersion management are rather in-
volved, although straightforward to compute. For
this reason, we present them in Appendix C. The
derivation of the timing shift for the distributed filter

w xmodel was given in Ref. 6 where only the dominant
Ž Ž ..contribution i.e. only the first term of Eq. 9 was

considered. This simplification leads to the conve-
Ž .nient approximation p f 3r4h G instead of pm 2 m m

ˆŽ . Ž .s 3r4h G in Eq. 13a . Here we include the2 m

small correction term for a more accurate compari-
son between the timing jitter in the lumped and
distributed models.

3. Statistical estimates and comparisons

Once the timing shift induced by a single collision
is known, the mean square timing jitter resulting
from the large number of collisions that take place
over the total length of a two-channel transmission
system can be computed.

3.1. Statistical properties of the timing shifts

Consider the timing shift of the n-th encoded
soliton in channel 1 due to interactions with solitons

Ž .in channel 2. This is given by b d t z , where z isn n n

the n-th collision point, and b is 0 or 1 dependingn

on the data encoding in channel 2. The total timing
shift is the sum of the shifts resulting from all the
collisions in the system

N

Dts b d t z ,Ž .Ý n n
ns1

Ž .where N V is the total number of collisions occur-
Ž . Ž .ring within the fiber. Explicitly, N V s 2V LrT ,

where Ts5trt is the dimensionless bit period.
)

ŽHere we assume a separation of five pulse widths
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. Ž .between adjacent pulses. We treat b and d t z asn n

independent random variables and assume that the
collision point z occurs randomly in an amplifiern

² Ž .: ² Ž . Ž .:length. Hence, d t z s0 and d t z d t z sn m n

0 ,m/n. So the variance of the total timing shift Dt
due to a large number of independent collisions is

Ž . Ž . Ž .Fig. 1. The root mean square rms timing shift Dt at a propagation distance of 10000 km versus channel spacing n in a two-channelrms
Ž Ž .WDM system with a two-step dispersion map following the loss profile ts20 ps, Ds0.5 psr nmPkm , l s25 km, Gs4.645 anda

. Ž . Ž . Ž .h s0.25 : a no dispersion management; b us0.5; c us0.416. Solid curve: lumped filters; dot-dashed curve: distributed filters;2
Ž . Ž .dashed curve: relative difference in Dt values between lumped and distributed filters right scale .rms
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given by the sum of individual variances. Then we
can apply the results of the statistical analysis devel-

w xoped in Refs. 6,4 and obtain
22 2² ² : : ² :Dt ' Dty Dt s DtŽ . Ž . Ž .rms

`
2 2< <s Nr4 p c , 16Ž . Ž .Ý m m

ms1

Ž . Ž .with p given by either Eq. 13a or Eq. 13b .m

Having constructed the analytical framework to
study collision-induced timing jitter with both lumped
and distributed filter models, we can now apply the
previous formulae in order to compare their respec-
tive predictions. Note that the coefficients p in Eq.m
Ž . Ž .16 depend on D z , and therefore on the locations
of the intermediate points z for a stepwise disper-s

Ž .sion map, whereas the coefficients c in Eq. 16 ,m

are functions only of z rz , where z strV t isc a c )

the dimensionless collision length and 2V is the
dimensionless frequency separation between the soli-
ton channels. In our case z is fixed since we havea

set the amplifier spacing l s25 km, so that c varya m

only with the channel frequency spacing 2V . From
Ž .Eq. 14 it follows that for a 2-step map, the only

free parameter is the ratio u between the intermedi-
ate length z and the amplification period, usz rz .1 1 a

The dimensionless frequency separation 2V is cho-
Ž . Ž .sen as n DV , ns1,2,3, . . . , where DV smin min

Ž5.6 corresponds to five spectral widths or with our
.choice of parameters a wavelength separation of

Ž .Dl s0.63 nm. For this choice of frequency sep-min

aration, it is z rz s5.07rn.c a

3.2. Numerical estimates

Ž .Using the analytical formula 13b , we can now
estimate the timing jitter in a number of cases.

Ž . Ž .In Fig. 1 we plot Dt in ps corresponding torms

a total fiber length Ls10 Mm as a function of the
frequency separation for a two-channel system with
a 2-step dispersion map. We display the results for

Ž .both the lumped model solid lines and the dis-
Ž .tributed model dot-dashed lines in the following
Ž . Ž .three situations: a no dispersion management; b

Ž .fiber spans of equal length, i.e. us0.5; c the value
< <of u that minimizes the first Fourier coefficient G1

Ž w x.cf. Ref. 6 , us0.416. The dashed lines represent
the relative difference between the lumped and the
distributed result. In all three cases both models have
essentially similar profiles. We note that their rela-
tive difference is F5% for a wide range of channel

Ž .Fig. 2. Relative difference in Dt values at 10000 km between lumped and distributed filters as a function of u and frequency separationrms

n with a two-step dispersion map following the loss profile. The values of the system parameters t , D, l , G and h are the same as ina 2

Fig. 1.
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.separation. In case c the relative difference between
the two models is large when the timing jitter is
relatively small and occurring for frequency separa-

Ž .tions corresponding to nF9 or z rz G0.57 .c a

Mathematically this discrepancy arises mainly from
the first Fourier coefficient, i.e. the term ms1 in

Ž .Eq. 16 . This happens because, when us0.416,
ˆ< < < < < < Žboth G and G are much smaller than S see1 1 1

Ž . Ž ..Eqs. 13a and 13b . However, for frequency sepa-
rations between channels corresponding to nF9, the

Ž .values of Dt are less than or equal to 0.2 ps forrms
Ž .both filtering models cf. Fig. 1c , and the corre-
Ž .sponding bit error rate BER is too small to be

significant in a practical WDM transmission line.
Moreover, with increasing frequency separation the
relative difference between the two models rapidly

Ž .decreases to an almost negligible value -4% as is
evident from Fig. 1c. This fact can be also clearly
seen from the surface plot in Fig. 2 of the relative

Ž .difference in Dt between the two models versusrms

the frequency separation n and the dispersion map
parameter u . Fig. 2 indicates that the large relative
difference between the models is not only restricted
to values of nF9 but also to a very small range of u

around us0.416.
Ž .In Fig. 3, we plot the RMS timing jitter Dt rms

Ž . Ž .as a function of n for: a 3-step map and b 4-step
map, both with equal step sizes. In both cases we

Ž . Ž .show the results of: i lumped model solid lines ;
Ž . Ž .ii distributed model dot-dashed lines . The dashed
lines represent the relative difference between the
lumped and the distributed results. Note that, as the

Ž . Ž . Ž .Fig. 3. Dt at 10000 km in a two-channel system for: a 3-step dispersion map; b 4-step dispersion map with equal step sizes in bothrms
Ž .cases. Solid curve: lumped filters; dot-dashed curve: distributed filters; dashed curve: relative difference in Dt values between lumpedrms

Ž .and distributed filters right scale . System parameters are the same as in Fig. 1.
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Ž .number of steps increases the value of Dt de-rms
Ž .creases by roughly a factor of half with each step .

The relative differences between the lumped and
distributed models for 3-step and 4-step dispersion
maps attain maximum values of approximately 7%
and 11% respectively. This is a more significant
difference as compared to the 2-step equal length

Ž .case i.e. us0.5 .

3.3. Exponentially tapered fibers

Finally, we consider the limiting situation when
the fiber dispersion exactly compensates the loss

Ž . Ž .profile; that is, D z sg z . Physically, this sce-
nario corresponds to the case when the number of
steps used in the dispersion map becomes large.

Ž . Ž .If D z sg z , the timing shift for the dis-
tributed model can be obtained by following the
calculations detailed in Appendix C. We explicitly

Ž . Ž .calculate a z given by Eqs. 10 by evaluating the
Ž . Ž . 2 w xintegrals in Eq. C.1 . Using D z sa exp y2 G z ,0

0FzFz , and periodically extended, we obtaina

w xD z q2 G z g exp 4h zr3Ž . a 2
a z s ,Ž .

4r3 h q2 GŽ . 2

Ž w x .where gs1r exp 4h z r3 y1 . Then, by invert-2 a

ing the relation

z
X X 2 w xz z s D z dz sa 1yexp y2 G z r2 GŽ . Ž . Ž .H 0

0

for 0FzFz and 0FzFz , we find thata a

z rz g ra
a z z s 1y q ,Ž .Ž . pr pq1 zŽ . 1yrzrzŽ .a a

17Ž .

w xwhere rs1yexp y2 G z and ps2h r3G . Thea 2
Ž .corresponding timing shift is obtained from Eqs. 10

Ž .after using the fact that G z s1,

` d
d tsy a z f z z yz dzŽ . Ž .Ž .H odzy`

`

< <sy a c sin 2mpz rz qarg a .Ž .Ý m m o a m
ms1

18Ž .

Ž . Ž Ž ..Using Eq. 17 the Fourier coefficients a of a z zm

are estimated from an asymptotic series obtained by
repeated integration by parts:

g z iba 2 y2a ; b y qO 2mp ,Ž .m 12 2mppq1 2mpŽ . Ž .
m/0 ,

wŽ .yŽ pq1. x Žwhere b s pr 1 y r y 1 , b s p p q1 2
. 2wŽ .yŽ pq2. x1 r 1yr y1 . It is clear from the above

that the timing shift for the distributed filter model
does not go to zero. This is due to local variation of
dispersion in the fiber, even though the dispersion
exactly compensates the fiber loss. The collision-in-
duced timing shift does vanish in a fiber with dis-

Ž . Ž .tributed filters where both D z and g z are equal
Ž .to unity. This can be easily verified from Eqs. 10

Ž . Ž .by substituting D z sg z s1. Then the second
Ž . Ž .integral in Eqs. 10 yields a z s3r4h and conse-2

quently, the first integral leads to d ts0.
In the case of lumped filters, the timing shift is

Ž .obtained from Appendix B after setting G z s1.
The result is

`

< <d tsy a c sin 2mpz rz qarg a ,Ž .Ý m m o a m
ms1

19Ž .

Ž .where a s iz r2mp which follows from Eq. B.5 .m a
Ž . Ž . Ž . Ž .From Eqs. 16 , 18 and 19 here p sa , andm m

the corresponding expressions for a in the lumpedm

and distributed models, we obtain the following esti-
mate for the rms timing jitter

1r22 2 2Dt r Dt Fg b qb r4pŽ . Ž . Ž .rms rms 1 2d l

r2p 1qp .Ž .
Using h s0.25 and Gs4.645 as standard parame-2

ter values, the above upper bound is found to be less
than about 22.5%. In Fig. 4, we plot the RMS timing
jitter for a two-channel system obtained from Eqs.
Ž . Ž .18 and 19 for the distributed and lumped cases,
and their ratio as a function of the dimensionless
frequency separation. For small frequency separa-
tion, the ratio between the lumped and distributed
timing jitter is close to the upper bound estimated
above and decreases with increased frequency spac-
ing between the channels. Although the results are
significantly different for the two models in this
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Ž . Ž . Ž .Fig. 4. Dt at 10000 km in a two-channel system when the dispersion exactly compensates the fiber lossrgain profile, i.e. D z sg z .rms
Ž . Ž . Ž .Solid curve: lumped filters; dot-dashed curve: distributed filters; dashed curve: the ratio Dt r Dt right scale . Here t ,rms distributed rms lumped

D, l , G and h are the same as in Fig. 1.a 2

case, the actual timing jitter values for both models
correspond to negligible BER in practical systems.

4. Timing jitter in multi-channel systems

In this section we extend the results of Section 3
to WDM systems with more than two channels, and
we derive analytical estimates for the behavior of
multi-channel systems.

4.1. Statistical properties of multi-channel systems

If we assume that soliton interactions are pairwise
Ž w xto leading order cf. 4–6 and then the effects of

collisions in neighboring channels can be analyzed in
a straightforward manner. We can express the total
variance in the relative arrival times of adjacent
solitons in a given channel j simply as the sum of
the variances produced by interactions with all the
other channels. The mean square timing jitter for
channel j in a system with total number of channels
J is

J
2 2

Dt s Dt , 20Ž . Ž . Ž .j jkÝ
ks1
k/j

Ž .2 Ž . Ž .where Dt is given by Eq. 16 with c sc V ,jk m m jk

and where 2V is the frequency separation of chan-jk

nels j and k. Given the large number of interactions
the values of Dt can be reasonably assumed to
follow a Gaussian distribution. Then the expected bit

Ž .error rate BER of the system is BERserfc
'w Ž . xrTr 2 Dt , where r is defined by assumingrms

that the maximum time displacement tolerated by the
Ž . Ž .receiver is rT and Dt is given by Eq. 20 .rms

Clearly, the BER of the system grows with increas-
ing number of channels. In order for the BER of the

y9 Žsystem to be less than 10 which we take as the
.limit for ‘error free’ transmission it is necessary that

the RMS timing jitter in each of the individual
channels be less than 0.164 rT. This condition poses
an upper limit to the system length for error-free

Ž w x.transmission cf. Ref. 6 :

L s36.7 r 2rmaxmax js1, . . . , J

=
J `

2 2< <V p c V . 21Ž .Ž .Ý Ýjk m m jk
ks1 ms1
k/j

Ž Ž .L in Eq. 21 is non-dimensional; in order tomax

obtain the system length in physical units, Lmax
.should be multiplied by z s201.9 km. For any

)

Ž .fixed system length L , Eq. 21 can also be usedmax

to obtain a limit on the number of channels compati-
ble with the desired value of the bit error rate. With
the assumption of strictly pairwise interaction be-
tween the channels, the outermost channels of the
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WDM comb generally suffer the maximum overall
Ž w x.timing jitter cf. Ref. 6 for the parameter ranges

considered in this article. Like in Section 3, we
consider the case L s10 Mm as the conventionalmax

limit distance for transoceanic communications. We
choose the channel wavelengths so that the minimum
wavelength separation between the adjacent channels
is five spectral widths. This corresponds to a dimen-

Ž .sionless frequency separation DV s5.6 be-min

tween adjacent channels. The dimensionless fre-
quency separation between channels j and k are then

< < .given by 2V s jyk DV .jk min

4.2. Numerical estimates

Ž .In Fig. 5, we plot the net RMS timing jitter in ps
suffered by the outermost channel J versus the total

Fig. 5. The rms timing jitter of the outermost channel J of a multi-channel WDM system at 10000 km vs the total number of channels with:
Ž . Ž . Ž . Ž . Ž .a no dispersion management; b 2-step dispersion us0.5 ; c 3-step dispersion map with equal step sizes; d 4-step dispersion map
with equal step sizes. Solid curve: lumped filters; dot-dashed curve: distributed filters. The dashed line corresponds to the maximum
Ž . y9Dt s3.27ps allowed for BER -10 and system tolerance rs0.2. System parameters are the same as in Fig. 1.rms
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number of channels in the WDM system. We present
Ž .our results for both the lumped model solid lines

Ž .and the distributed model dot-dashed lines in the
Ž .following situations: a no dispersion management;

Ž .b 2-step dispersion map with fiber spans of equal
Ž .length, i.e. us0.5; c 3-step dispersion map with

Ž .equal step sizes; d 4-step dispersion map with
equal step sizes. Fig. 5 demonstrates a significant
reduction in the rms timing jitter for both models
with increasing number of steps of the dispersion
map. Here we consider a system tolerance of rs0.2
which allows an rms timing jitter of 3.27 ps per

Ž .channel indicated by the horizontal line in order
that the BER be less than 10y9. Then with either
filtering model, the maximum number of channels
for error free transmission at 10 Mm with the speci-
fied system tolerance is 6 in the case of no disper-

Ž .sion management Fig. 5a and 15 in the case of
Ž .2-step dispersion map Fig. 5b . For 3-step and

4-step dispersion management, a large number of
‘error-free’ channels are predicted by both models.
The maximum number of channels allowed by the
specified system tolerance for the lumped and dis-

Ž .tributed filtering models are i 31 and 33 with a
Ž .3-step dispersion map and ii 65 and 75 with a

4-step dispersion map respectively, with dispersion
following the loss profile. We note that these num-
bers will increase significantly for both models with
dispersion exactly compensating the loss profile.

The comparison between the system performances
of a multi-channel transmission line with the lumped
and distributed filter models in a fiber with a 2-step
dispersion map is further exemplified in Fig. 6. Here
we plot the maximum number of total channels Jmax

Ž y9 .Fig. 6. The maximum number of channels for error-free BER -10 transmission over 10000 km as a function of the parameter u in a
Ž . Ž .two-step dispersion map with system tolerance: a rs0.2; b rs0.4. Solid curve: lumped filters; dot-dashed curve: distributed filters.
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Ž . Ž .estimated from Eq. 21 as a function of u for: i
Ž . Ž .lumped model dot-dashed line ; ii distributed

Ž .model solid line . We take rs0.2 in Fig. 6a and
rs0.4 in Fig. 6b corresponding to maximum rms
timing jitter per channel of 3.27 ps and 6.55 ps re-
spectively, tolerated by the system. It is evident from
Fig. 6 that the difference between the models is not
significant. When rs0.2, J s16 for the lumpedmax

Žmodel and J s17 for the distributed model cf.max
.Fig. 6a . In the case of rs0.4, J s38 and 43 formax

Žthe lumped and distributed models respectively cf.
.Fig. 6b . Note that the maximum number of channels

in both cases correspond to values of u between
0.44 and 0.45. Therefore, the concept of ‘optimal

w xdispersion management’ introduced in Ref. 6 re-
mains valid independently of which filtering model
is used.

However, it must be stressed that there are other
important effects in a multi-channel communication
system such as four-wave mixing and simultaneous
collisions of solitons from more than two channels.
Hence, the results presented in this section should be
considered as a lower bound on the collision-induced
timing jitter, and primarily indicative of the compara-
tive role of the two filter models in a WDM system
with dispersion following the loss profile.

5. Summary and conclusions

In this article a detailed analysis of collision
induced timing jitter for a multi-soliton WDM sys-
tem in presence of dampingramplification, filters
and employing dispersion management where fiber
dispersion approximates the lossrgain profile has
been carried out. We have considered both lumped
filters, when the filter is inserted at the amplifier
locations, as well as distributed filter models. Our
results indicate that for a wide range of system
parameter values the predictions from the models are
very close to each other.

First we considered two channel soliton WDM
systems. When there is no dispersion management or
for a 2-step dispersion map with fiber spans of equal

Ž .length us0.5 we found that the two models are
Ž .extremely close cf. Figs. 1a and 1b . There is a

discrepancy between the models in the neighborhood
of the value us0.416 which minimizes the first

Ž .Fourier coefficient cf. Figs. 1c and 2 . However in
this regime the values of timing jitter are extremely
small and yield a negligible BER. With 3-step and
4-step maps the relative difference between the
lumped and the distributed models is more evident.
However in such cases the timing jitter is so small

Ž .that i the absolute magnitude of the difference is
Ž . Ž .small cf. Fig. 3 , and ii both models predict high

numbers of ‘error free’ channels. It should be pointed
out that when so many channels are admitted, other
factors, such as third order dispersion, shock terms,
Raman scattering, etc., that have not been considered
in this discussion, must be taken into account. We
also note that in all cases considered the timing jitter
estimated from the distributed model was found to
be somewhat lower than that is obtained from the
lumped model.

Finally we remark that our values of timing jitter
corresponding to multi-channel systems must be con-
sidered as indicative of the comparative information
between the two filter models. In the multi-channel
case we have only assumed pairwise interactions, as
implied by leading order perturbation theory. With
this assumption we are able to develop a multi-chan-
nel WDM timing jitter analysis in a straightforward
way. However, other important and complex effects,
outside the scope of the present work, such as resid-

w xual four-wave mixing 26,29 and simultaneous colli-
w xsions of more than two solitons 31 should be taken

into account in order to have a more comprehensive
and realistic theory of timing jitter.
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Appendix A. Lumped and distributed filter mod-
els

In a practical transmission line the action of filters
Ž .is concentrated or ‘lumped’ at discrete positions

zsnz , along the fiber where z s l rz and l isf f f ) f
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the filter spacing. The action of a filter on the pulse
is described in the frequency domain by the relation

q ˆ yu z ,v sH v u z ,v , A.1Ž . Ž .ˆ ˆŽ . Ž .f f

ˆŽ .where H v is the complex filter transfer function
ˆŽ Ž .F v represents the Fourier transform of a generic

Ž ..function f t . In the case of Fabry-Perot etalon´
ˆŽ . Ž . Ž w Ž .filters, H v s 1 y R r 1 y R exp i v y v f

x.2drc , where R is the reflectivity and d is the
mirror spacing and v is the filter peak frequencyf
Ž w x.cf. Ref. 7 .

Ž .Note that Eq. A.1 is the solution of the differen-
tial equation

ˆu s H v y1 d zyz uŽ . Ž .ˆ ˆŽ .z f

at zszq. Hence the lumped filtering effects alongf
Ž .the fiber can be incorporated into Eq. 1 through the

inverse Fourier transform of
`

ˆ ˆF v , z s H v y1 d zynz ,Ž . Ž . Ž .Ž .Ý f
nsy`

where the Dirac-delta functions are taken to act on
Ž . Ž . Ž y .the left, i.e., d zyz u z,t su z ,t . As is cus-f f

ˆŽ .tomary, we then expand H v y1 in Taylor series
in the neighborhood of the filter peak frequency
vsv and retain only the first few terms assumingf

v is sufficiently close to v . The linear term corre-f

sponds to an unimportant time translation of the
pulse, and the cubic term does not contribute to
leading order in our analysis; so they are ignored.
Therefore, keeping the relevant terms in the Taylor
series expansion and converting to the time domain
we get

2w xF t s h yh iE yv zŽ .lumped 0 2 t f f

=
`

d zynz , A.2aŽ . Ž .Ý f
nsy`

where h is the filter strength, h is the additional2 0

gain required to overcome the energy loss due to
filters, and h z ,h z are assumed to be small. Eq.0 f 2 f
Ž .A.2a constitutes the so-called ‘lumped’ filter model
Ž w x.cf. Ref. 5 . For convenience we introduce the
quantity

`

h z sh z d zynz , A.2bŽ . Ž . Ž .Ý2 f f
nsy`

which will be useful when dealing with the lumped
Ž .model. Note in Eq. A.2b the presence of the addi-

tional factor z which is a useful normalization. Asf

is commonly done, we will consider the filters to be
positioned at amplifier locations, i.e., z sz .f a

In practice, the filter action is usually approxi-
mated by distributing the effects of the filter over an

ˆw xamplification period. Solving u sF v u over oneˆ ˆz

amplification period and then comparing with the
ˆŽ . w xlumped value in Eq. A.1 yields the function F v

ˆŽ . Ž .s 1rz ln H v which is independent of z. Thisf
Žleads to the so-called ‘distributed’ filter model: cf.

w x.Ref. 6

2w xF t sh yh iE yv . A.2cŽ .Ž .distributed 0 2 t f

Throughout this work, we use the value h s0.25.2

Appendix B. Timing shifts in the lumped model

In this appendix we derive the relative timing
shift for a two-soliton interaction in the case of

Ž Ž ..lumped filtering. We start from Eqs. 10 and
Ž . Ž .compute a z first. In this case, H z is the ‘floor’
Ž . Ž . w Ž .x Ž .function H z s 4r3 h zys z , where s z is2

Ž .the periodic extension of s z sz , 0Fz-z , zf f

being the filter spacing which we take to be equal to
Ž . Ž .z . Note that, since z nz snz , the function H za a a

has the same representation in both variables i.e.,

H z z s 4r3 h zys zŽ . Ž . Ž .Ž . Ž .2

s 4r3 h zys z sH z .Ž . Ž . Ž .Ž .2

Ž .In order to compute a z , it is convenient to use the
variable z instead of z and evaluate the integral

`
X Xa z z s exp H z yH z dz ,Ž . Ž . Ž .Ž . H

z

which can be integrated after expanding exp
w Ž . x= 4h s z r3 in Fourier series. The result is2

a z z sexp y4h s z r3Ž . Ž .Ž . 2

=
` s z exp 2mp izrzm f f

,Ý
4r3 h z y2mp iŽ . 2 fmsy`

B.1Ž .
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where

exp 4h z r3 y12 f
s h sŽ .m 2 4r3 h z y2mp iŽ . 2 f

w Ž . xare the Fourier coefficients of exp 4h s z r3 . The2
Ž .series on the right hand side of Eq. B.1 can be

explicitly summed:

` s z exp 2mp izrzm f fÝ
4r3 h z y2mp iŽ . 2 fmsy`

s a z ys z exp 4h s z r3 , B.2Ž . Ž . Ž .Ž .f 2

which yields the simple expression

a z z sa z ys z ,Ž . Ž .Ž . f

Ž w x. Ž .where as1r 1yexp y4h z r3 . Eq. B.2 is ob-2 f

tained by differentiating s with respect to h whichm 2

leads to

s z r 4r3 h z y2mp iŽ .m f 2 f

sa z s y 3r4 Es rEhŽ .f m m 2

and then noting that Es rEh are the Fourier coeffi-m 2

cients of E exp 4h s z r3 rEh . Then, afterŽ .Ž .2 2

changing variable from z to z , the timing shift in
Ž .Eqs. 10 can be expressed as

` d
d tsy a z G z z f z z yz dzŽ . Ž .Ž . Ž .H f odzy`

` d
q s z G z z f z z yz dz .Ž . Ž . Ž .Ž . Ž .H odzy`

Both integrals in the above expression for d t can be
Ž Ž .. Ž . Ž Ž ..evaluated by expanding G z z and s z G z z

in Fourier series and then integrating by parts to-
Ž .gether with the relation dzsD z dz. The function

Ž Ž ..G z z in the first integral has period z , whereasa
Ž . Ž Ž ..s z G z z in the second integral has period z ,p

defined as the lowest common period of z and z ifa f

z /z . Since we are considering the case where af a

filter is placed after each amplifier, we set z sz sf a

z and finally obtainp

`

w xd ts ir2 p c V exp 2mp iz rz ,Ž . Ž .Ý m m o a
msy`

B.3Ž .

Ž Ž ..where p sa z G yS cf. Eq. 13b ,m a m m

`
2 mp iz r zac V s 4mp irz f z e dzŽ . Ž . Ž .Hm a

y`

sp 5m3rV 4 z 3sinh2 mp 2r2 V z , B.4Ž .Ž .a a

za

S s 1rz s z G z zŽ . Ž . Ž .Ž .Hm a
0

=exp y2mp iz z rz dz B.5Ž . Ž .a

Ž .and the G were defined in Eq. 15 . Rearrangingm
Ž .the right hand side of Eq. B.3 as a sine Fourier

Ž .series we obtain Eq. 11 , which is the desired result.

Appendix C. Timing shifts in the distributed
model

In this appendix we present a detailed derivation
of the collision-induced timing shifts in a fiber with
stepwise dispersion approximating the fiber loss and
with filtering effects distributed over an amplifier
spacing. Like the lumped case as in Appendix A, we

Ž . Ž . Ž .first evaluate a z in Eqs. 10 . The integral for a z
can be written as

`

w xa z s exp y4h sr3 D zqs ds ,Ž . Ž .H 2
0

after a change of variable zX ssqz. Recall that in
Ž . Ž .the distributed case H z s 4r3 h z. Dividing the2

Ž .interval 0,` in steps of z and using the fact thata
Ž .D z is periodic over each step, the above integral

can be expressed as an infinite sum:

`

a z s I z exp yn 4h z r3 sa I z ,Ž . Ž . Ž . Ž .Ý 2 a
ns0

za X X Xw xI z s exp y4h z r3 D zqz dzŽ . Ž .H 2
0
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Ž w x.and as1r 1yexp y4h z r3 . Note that in the2 a
X Ž .above, 0Fz -z . Since a z is periodic, one cana

also restrict z to one period 0Fz-z . Settinga
X Ž .uszqz and using the periodicity of D z , the
Ž .integral I z can be split as

za

w x w xI z sexp 4h zr3 exp y4h ur3 D u duŽ . Ž .H2 2
z

z
q exp y4h uqz r3 D u du .Ž . Ž .H 2 a

0

C.1Ž .

Ž .Each integral in Eq. C.1 is then evaluated for
stepwise dispersion management described in Sec-
tion 2 by fixing z in a given interval z Fz-zsy1 s

Ž .and by taking D u sD , z Fu-z where Dr ry1 r r
Ž .is given by Eq. 14 . The resulting expression for

Ž .a z is

˜ w xa z sa I z s 3r4h D yD exp 4h zr3 ,Ž . Ž . Ž . Ž .2 s s 2

z FzFz , C.2Ž .sy1 s

˜where D is defined ass

S s
y 4r3 h zŽ . 2 aD̃ sD X ya K qe K ,Ý Ýs s s j j

jssq1 js1

Ž . yŽ4 r3.h2 z jwith K sD X yX and X se . Fi-j j jy1 j j
Ž .nally, the timing shift is obtained from Eqs. 10

Ž . Ž .after using a z from Eq. C.2

` d
d ts a z G z f z z yz dzŽ . Ž . Ž .Ž .H odzy`

`

w xs ir2 p c V exp 2mp iz rz ,Ž . Ž .Ý m m o a
msy`

C.3Ž .
ˆŽ . Ž Ž ..with p s 3r4h G cf. Eq. 13a . The explicitm 2 m

ˆform of G is given bym

zaˆ ˜ w xG s 1rz D yD exp 4h zr3 g zŽ . Ž .Ž .Hm a s s 2
0

=exp y2mp iz z rz dzŽ . a

S

˜ ˜s G D yG D ,Ý m , s s m , s s
ss1

˜Ž . Ž Ž ..with G sG G cf. Eq. 15 and G sm , s m , s m , s
ˆŽ .G Gy2h r3 . Although the expression for G ism , s 2 m

fairly complicated, its numerical value differs from
Ž .G only by a term O z , which arises from them a

Ž .periodic oscillation of the local dispersion D z
Ž .about its mean Ds1. Indeed, expressing D z as

Ž . Ž . Ž .D z s1qD z and evaluating the integral for a z
Ž . Ž .using the Fourier series for D z yields a z s

Ž . Ž .3r4h qO z . Consequently in Eq. C.3 , p s2 a m
Ž . Ž .3r4h G qO z which is a small correction to2 m a

the overall timing shift as we noted earlier in Section
Ž Ž ..2 cf. Eq. 9 .
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