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Abstract

Collision-induced timing shifts in a wavelength-division multiplexed soliton system are computed when damping,
amplification, filtering and positive dispersion management following the loss profile are included. A statistical analysis is
presented which takes into account the resulting effect of the large number of collisions occurring in the fiber. Analytic
expressions are derived for the root mean square timing jitter and the maximum length of error-free transmission with an
arbitrary number of channels. An extensive analysis of system performance corresponding to situations with and without
filters andror dispersion management is carried out. q 1998 Elsevier Science B.V. All rights reserved.
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1. Introduction and framework

Considerable progress has been achieved in recent ex-
periments on fiber-optic long-distance soliton data trans-

w xmission 1,2 with wavelength-division multiplexing
Ž .WDM . When compared to conventional single-channel
soliton systems, WDM offers the potential for a large
increase in the total capacity of soliton communication
devices. However, the use of wavelength-division multi-
plexing raises a number of issues of theoretical and practi-
cal importance. For example, due to the periodic distribu-
tion of amplifiers, a resonant instability created by the

Ž .nonlinear terms four-wave mixing interactions can seri-
ously degrade the signal. This issue has been the subject of

w x w xrecent papers 3,4 . In Ref. 3 it was shown how proper
use of dispersion management following the loss profile
can alleviate the negative effects of four-wave mixing.
Another serious problem that arises in soliton systems is
caused by the frequency shifts and the associated displace-
ments in pulse arrival times created by interaction of the
solitons with amplifier noise, an effect which was was first

discovered in the well known study by Gordon and Haus
w x w x5 . As shown in Refs. 6,7 , this type of jitter can be
substantially reduced by the introduction of guiding filters.

In WDM soliton systems there can also be serious
timing displacement effects due to nonuniform soliton
collisions in the presence of amplifiers, which induce

w xpermanent frequency and velocity shifts of the solitons 8 .
w xMecozzi and Haus 9 showed that the presence of filters

allows the soliton parameters to relax to their original,
unperturbed value. More recently, in a two-channel sys-
tem, the average effect of a single collision was considered
w x10 , and the mean square timing jitter due to soliton
collisions was computed through numerical simulations
w x11,12 . However, to our knowledge no comprehensive
statistical analysis has been published which takes into
account the large number of collisions that occur in the
fiber, and no analytical expressions are known for the
collision-induced timing jitter. Similarly, no theory exists
which includes the combined effects of filters, dispersion
management, and more than two channels. In a previous

w xLetter 13 the problem of collision-induced timing jitter
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was discussed when amplifiers are present, and an analyti-
cal method to find the mean square time displacements
was introduced. In this paper the method is enhanced in
order to include the effects of filters andror positive
dispersion management following the loss profile. Given
typical values of the system parameters, we calculate the
total root mean square timing jitter and the expected bit
error rate of the system. These analytical results are then
extended in order to include multi-channel systems and
dispersion management. In the case of two channels and
constant dispersion, our results are consistent with the

w xnumerical simulations presented in Refs. 11,12 . Impor-
tant system implications, such as the maximum number of
channels compatible with a given system length, are ex-
plored.

The framework of this paper is the following: In Sec-
tion 2, via soliton perturbation techniques, we derive the
fundamental equations which allow us to compute the

Ž Ž ..frequency deviation see Eq. 2.10 and the corresponding
Ž Ž ..timing shift see Eqs. 2.12 resulting from a single

collision between two wavelength-division multiplexed
solitons in a non-ideal fiber. In Section 3 we describe a
method which allows us to perform a statistical analysis of
the cumulative effect of the large number of collisions that
can take place in a two-channel transmission line. We give
explicit formulae for the root mean square timing jitter
Ž Ž ..see Eqs. 3.3 , and we use these formulae to analyze the
bit error rate of the system. In Section 4 we generalize the
previous results in order to investigate multi-channel sys-
tems. We obtain estimates for the maximum number of

Žchannels compatible with a desired system length see Eqs.
Ž ..4.2 Finally, in Section 5 we introduce dispersion man-
agement and obtain modified equations for the timing

Ž Ž ..shifts see Eqs. 5.4 . We show that a suitable choice of
dispersion map allows a significant increase in the maxi-
mum number of channels. The notion of ‘‘optimal’’ dis-
persion management is introduced. Broadly speaking, the
paper contains a methodology which allows a detailed
study of timing jitter in multi-channel WDM soliton sys-
tems with a variety of perturbative effects included, such
as amplification, filtering and dispersion management.

We note that very recently a similar problem was
w xindependently studied by Mecozzi 14 from a different

perspective. While the topics studied are similar, the two
investigations differ in the analytic approach. In particular,
our results are derived by following the conventional
practice of approximating the filter action with a continu-
ous equivalent distributed along the line, while Mecozzi’s
work deals explicitly with the lumped nature of the filter’s
response. In the appendix we present a brief comparison
between the two approaches, namely the lumped and dis-
tributed model of filters. We find that the results obtained
with the lumped model represent an asymptotic perturba-
tion of the distributed case for the range of parameter
values considered.

2. Collision-induced timing shifts

In this section we derive equations for the timing shift
resulting from a single collision between two solitons in a
non-ideal fiber, both with and without the presence of
filters. The fundamental propagation equation for the di-
mensionless field amplitude q is the perturbed nonlinear

Ž .Schrodinger equation NLS with damping, amplification,¨
and filtering terms:

< < 2 w x w xiq q 1r2 D z q q q qs iP z qq iF t q , 2.1Ž . Ž . Ž .z t t

w xwhere the operator P z describes the periodic
w xdampingramplification and F t represents the filter ac-

tion, averaged over an amplification period. The function
Ž .D z describes the particular choice of dispersion. In this

section we consider the case of constant dispersion, i.e. we
Ž .set D z '1. We will deal with dispersion-managed fibers

Ž Ž . .i.e. D z not constant in Section 5. Expanding the filter
w xresponse in Taylor series up to third order F t can be

written as

2 3w xF t sh yh iE yv y ih iE yv , 2.2Ž .Ž . Ž .0 2 t f 3 t f

where v is the filter peak frequency, h are the dis-f 2,3

tributed filter parameters and h is the additional gain0

required to overcome the energy loss of the solitons due to
the presence of filters. The variables z and t are the usual
nondimensional space and retarded time, normalized to the
dispersion length z and the characteristic time t : z s

) ) )

2 2Ž .2p ct r l D and t str1.763, respectively, where ls
) )

1.550 mm is the central wavelength, D is the average
dispersion parameter, t is the full width at half maximum
of the pulse intensity and c is the speed of light in
vacuum. If the filtering is accomplished by Fabry-Perot
etalons, the corresponding dimensionless parameters are´

2 2 2 2h s 2 Rr 1yR d rc t z ,Ž . Ž .2 ) a

w xh s 1qR r 1yR 2 dr3ct h ,Ž . Ž . Ž .3 ) 2

where d is the mirror spacing, R is the mirror reflectivity
Ž w x.cf. Ref. 15 and z s l rz is the amplifier spacing ina a )

Ž .dimensionless units see below . The value of d deter-
mines the frequency separation between adjacent maxima
of the filter function, and is chosen so that this separation
coincides with the frequencyrwavelength separation be-

2 Ž .tween channels, dsp crDvsl r 2Dl . In turn the
frequency separation usually depends on the pulse width t

Ž .in the time domain see Section 4 . For Dls0.63 nm the
corresponding value of d is ds1.90 mm. The quantity R
is essentially a free parameter which determines the amount
of filtering applied to the pulses. For ts20 ps and and
amplifier spacing l s25 km, choosing Rs0.045 anda

ds1.90 mm yields h s0.25 and h s0.41 h . If Rs2 3 2

0.083 is used, the corresponding values are h s0.50 and2
Ž Ž .h s0.44 h . Note that Ds0.5 psr nm km and z s3 2 )

.201.94 km is used throughout this paper.
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The effects of damping and amplification are described
w x w xby taking P z to be 16

`

G z aw xP z syGq e y1 d zynz , 2.3Ž . Ž . Ž .Ý a
nsy`

where Gsg z is the dimensionless damping coefficient
)

and z s l rz is the dimensionless amplifier spacing,a a )

Ž .while d z is the Dirac delta function. Typical experimen-
tal values for g and l are 2gs0.20 dBrkm s 0.046a

kmy1 and l s25 km. For ts20 ps these values yielda

Gs4.62 and z s0.12. As usual we rescale the fielda
Ž . w Ž .x1r2 Ž .amplitude as q z,t s g z u z,t , where the function

Ž .g z denotes the periodic energy gainrloss cycle and
varies on the length scale of the amplifier distance – which
is small compared to the dispersion distance, since z <1.a

Ž .That is, g z is the periodic function

g z sa2exp y2 G zynz ,w xŽ . Ž .0 a

nz Fz- nq1 z . 2.4Ž . Ž .a a

2 ŽThe quantity a which represents the ratio between the0
.pulse power after an amplifier and the average power is

Ž .chosen so that the average of g z is unity over an
amplification cycle; i.e.,

a2 s2 G z r 1yexp y2 G z .w xŽ .0 a a

Ž . w Ž .x1r2 Ž . Ž .With the substitution q z,t s g z u z,t Eq. 2.1
becomes

< < 2 w xiu q 1r2 D z u qg z u us iF t u . 2.5Ž . Ž . Ž . Ž .z t t

Ž .In the ideal case g z s1 and h s0.0,2,3

We are interested in the physically significant case
when the solitons are widely separated in frequency space.
We first deal with two solitons; the multi-soliton case can
be discussed in a similar way, and will be the subject of
Section 4. To leading order we decompose u as

u z ,t ;u z ,t qu z ,t qO e 2.6Ž . Ž . Ž . Ž . Ž .1 2

Ž w x. Ž .cf. Refs. 17,18 , where u sA sechS exp ix , S sj j j j j
w Ž .x Ž 2 2.A tyV zyz , and x sV ty V yA zr2, withj j o j j j j

S chosen so that two solitons collide at zsz . Wej o

assume A and V to be slowly varying functions of zj j

with respect to the characteristic amplification period z .a

Also, we take A to be normalized to unity and we setj

initially V syV s :V)0, so that the dimensionless2 1
Žfrequency separation is 2V and es1rV<1 cf. Refs.

w x.17,18 . The corresponding physical wavelength separa-
Ž 2 .tion between channels is Dls l rp ct V . Substituting

)

Ž .u into 2.5 and separating out frequency channels – i.e.
expanding in the neighborhood of the frequencies V and1

V – yields two coupled equations for the soliton channels.2
w xExplicitly, u satisfies 81

< < 2 < < 2 w xiu q 1r2 u qg z u q2 u u s iF t u .Ž . Ž . Ž .1, z 1, t t 1 2 1 1

2.7Ž .

The equation for u is simply obtained by interchanging2
Ž .u and u in Eq. 2.7 .1 2

If there are no perturbations, the NLS equation admits
an infinite number of conserved quantities. The first two of
them correspond to the total energy W and mean fre-
quency M. For each pulse these two quantities are defined

w xas 8

< < 2W s u d t , 2.8aŽ .Hj j

)M s Im E u rE t u d t rW , 2.8bŽ .Ž .Hj j j j

Žwhere the asterisk denotes complex conjugation hereafter
all integrals are from y` to ` unless explicit integration

.limits are given . In particular, when the explicit expres-
sion for u and u are used, W s2 A and M sV .1 2 j j j j

Soliton perturbation theory allows us to obtain the
Ž .variation slow with respect to the amplifier period of the

quantities A and V by taking the z derivative of Eqs.j j
Ž . Ž2.8 and using the evolution equations for u cf. Ref.1,2
w x.8 . Then, using the explicit expression for u and1,2

requiring that the W be constant determines the extraj
wŽ .2 xgain: h sh Vyv q1r3 . Similarly, by forming0 2 f

the equation for M and substituting the expressions for2
Žu , u yields the following differential equation for V see1 2

w x.also Refs. 10,12 :

dV d
sg z f zyz y 4r3 h Vyv , 2.9Ž . Ž . Ž . Ž .Ž .o 2 fd z d z

Ž . Ž . w Ž .w h e re f z s 2 r V 2 V z c o s h 2 V z y
Ž .x 3Ž .sinh 2V z csch 2V z expresses the frequency shift in an

Ž .ideal collision. Although Eq. 2.9 is well known in the
literature, our analysis differs significantly from previous
studies on timing jitter.

We recall that the multiple peaks of the Fabry-Perot
etalon filters are taken to coincide with the unperturbed´
soliton frequency. Therefore, since we are studying the
evolution of solitons in channel 2, we set the filter fre-
quency v to the unperturbed value of V , i.e. v sf 2 f
Ž .V y` , where for convenience we take the left end of the

Žfiber to be y`. Of course, had we wanted to study
Ž . .solitons in channel 1 we would put v syV y` .f
Ž .Treating the first term in the right hand side of Eq. 2.9 as

a forcing we obtain a first order ordinary differential
equation which can be integrated exactly to obtain:

z
X X

DV z s exp y 4r3 h zyz g zw xŽ . Ž . Ž . Ž .H 2
y`

=
d

X Xf z yz d z , 2.10Ž . Ž .X od z
Ž . Ž . Ž .where DV z sV z yV y` . The residual frequency

Ž .shift is defined as DV ` . When filters are present, we see
Ž .immediately that DV ` s0. Without filters we have

Ž . Ž . XŽ .instead DV ` sHg z f zyz d z.o
Ž .The frequency shift DV z induces a shift in the

arrival time, through the direct coupling between the soli-
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ton carrier frequency and its group velocity. That is, the
timing shift at a given position L in the fiber is given by

L
d tsy DV z d zŽ .H

y`

z XL X XyŽ4r3.h z Ž4r3.h z2 2sy d z e d z e g zŽ .H H
y` y`

=
d

Xf z yz . 2.11Ž . Ž .X od z

Ž .After an integration by parts Eq. 2.10 yields the follow-
ing convenient formula in the limit L™`:

d t z s 3r4h f zyz gX z d z 2.12aŽ . Ž . Ž . Ž .Ž .Hf o 2 o

ŽNote that the integral that yields the timing shift when
filters are present is the same that yields the residual

.frequency shift in the case without filters. In the limit
Ž .when the filter strength h vanishes Eq. 2.10 yields2

instead, for large L:

d t z s Lyz f zyz gX z d zŽ . Ž . Ž .Ž .Hnf o o o

y f zyz d zy f zyz g z y1 d zŽ . Ž . Ž .Ž .H Ho o

y zyz gX z f zyz d z , 2.12bŽ . Ž . Ž . Ž .H o o

where exponentially small terms are dropped. The first
term is the dominant contribution, while the second term is

Ž . Žthe timing shift in the ‘‘ideal’’ gs1 case. Note that in
w x .Ref. 13 only the dominant term was included. It is

interesting to observe that, by considering the dominant
Ž . Ž .contribution in 2.12b i.e. by keeping only the first term ,

for large L we obtain the simple relation

d t rd t s3r 4h Lyz , 2.13w x Ž .Ž .f nf 2 o

which allows a direct comparison of the timing shift
resulting from collisions with and without the presence of
filters.

Ž .The integrals in Eqs. 2.12 can be readily calculated.
To a good approximation we can take V to be constant in

Ž .the integrals. Since g z is periodic, all integrals involving
Ž .g z can be written in terms of Fourier series. The Fourier

coefficients are

a2 G zza0 ay2 G zq2 mp i z r z ag s e d zs ,Hm z G z ymp i0a a

ms0,"1,"2, . . . 2.14Ž .
Ž . Ž . Ž .Hence we substitute 2.4 into 2.12a and use Eq. 2.14 ,

together with the integral

e2np i z r z a f z d zs n2p 4r4V 4z 2 csch2 np 2r2V zŽ . Ž . Ž .H a a

Ž w x.cf. Ref 8 . In this way, after rearranging the terms in the
Ž .summation, we can express d t z as a sine Fourierf o

series:
`

w xd t z sy 3r4h a sin 2mp z rz yf ,Ž . Ž . Ýf o 2 m o a m
ms 1

2.15aŽ .

where

< < w xa sc g , f sarg g ,m m m m m

c s p 5rV 4z 3 m3 csch2 mp 2r2V z ,Ž . Ž .m a a

and where

2 2< < (g sG z r G z q mp ,Ž .Ž .m a a

w xarg g sarctan mpr G z .w xŽ .m a

ŽNote that, in the previous formulae, V refers to the
.leading order contribution, i.e. the unperturbed value. In

Ž . Ž .the case without filters, substituting 2.4 into 2.12b and
Ž . 2using Hf z d zs1rV yields instead

`

w xd t z sy Lyz a sin 2mp z rz yfŽ . Ž . Ýnf o o m o a m
ms 1

`

2w xy b cos 2mp z rz yf y1rV ,Ý m o a m
ms 1

2.15bŽ .

where

b ra s 3 z r2p m h p 2mr2V zŽ . Ž .m m a a

Ž . Ž . Ž .and h x s 2r3 x coth x y1. In both cases the timing
shift depends on the position of the collision point zo

relative to the amplifiers, a fact that is important when
computing the statistical averages.

Ž . Ž .Eqs. 2.15 , together with 2.13 , are the fundamental
results of this section. In the following parts of this paper
we extend these formulae in order to derive a general
theory which allows us to obtain the timing jitter and the
bit error rate of a WDM soliton system in various physi-
cally interesting situations.

3. Statistical analysis of the timing shifts

Next we turn our attention to the statistical analysis of
the timing shifts in a WDM soliton transmission line. We
want to compute the relative shift in the arrival time of two
adjacent solitons in a given channel. For the sake of
concreteness, consider two solitons in channel 2 at loca-
tions n and nq1 along the data stream. We assume that
when the nth soliton in channel 2 is interacting with a

Ž . Ž .soliton in channel 1 at position z , the nq1 th solitonn

nq1 in channel 2 also interacts with the adjacent soliton
Ž .in channel 1 at position z . Since adjacent solitons innq1
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any given channel are separated by a distance which is
much smaller than the characteristic amplifier length, the
value of the collision point z is effectively the same foro

such adjacent collisions. Therefore the relative timing shift
Ž .between the nth and the nq1 th solitons in channel 2 as

an effect of the interaction with solitons in channel 1, is
Ž w x.given by cf. Refs. 13,19

d t s b yb d t z , 3.1Ž . Ž .Ž .n ,nq1 nq1 n n

where b can be 0 or 1 depending on the arbitrary encod-n

ing of data in channel one: Here b s1 indicates then

effective presence of a soliton in channel 1, while b s0n

implies that no soliton is present. The total relative timing
shift between two adjacent solitons in channel 2 is given
by the sum over all the relative shifts due to collisions
occurring over the total length of the system:

N

D ts d b d t z , 3.2Ž . Ž .Ý n n
ns1

where d b sb yb , and N is the total number ofn nq1 n

collisions that can take place within a fiber of total length
Ž .L in units of z . A convenient normalized distance is the

)

minimum distance that a soliton in channel 2 would propa-
Ž .gate between each successive collision, z sTr 2V ,s

Žwhere T is the dimensionless bit period also called time
.window . As usual we assume a separation of 5 pulse

widths between adjacent pulses in the same channel; that
is, Ts5trt . Given z , the total number of collisions in

) s

the fiber is obtained as NsLrz . It is also customary tos

introduce the ‘‘collision length’’ z of the two channels asc

the distance between the points of the fiber where the
initial half-power point of the soliton in one channel
overlaps in time with the final half-power point of the

Ž w x.soliton in the other channel see Ref. 8 . Then z sc

trV t , i.e. z is related to the collision length by the
) s

Ž .relation z s 5r2 z . We also note that the LsN z ,s c a a

where N is the total number of amplifiers present in thea

system. Hence the total number of collisions can also be
Ž .Ž .expressed as Ns 2r5 z rz N , where, in terms ofa c a

dimensional quantities, the dimensionless ratio z rz isc a
Ž .z rz s2tr D l Dl .c a a

Since the total number of collisions along the fiber is
Ž . Ž .large usually more than a hundred , in Eq. 3.2 we treat

Ž .b and d t z as independent random variables. For b then n n

randomness comes from the arbitrary encoding of data in
Ž .channel 1; for d t z it comes from the arbitrariness of then

location of the collision point with respect to the location
of the amplifiers. That is, we assume that each collision is
characterized by a random value of z . As a result, then

Ž . Žvalues of d t z will also be random except of course forn

the contribution coming from the ideal case, which is
2.always constant and equal to 1rV . Assuming a random

sequence of bits b , the difference d b takes the value 0n n

with probability 1r2 and the values "1 with probability
w x ² Ž .:1r4. Thus we have 13,20 d b d t z sn n

² :² Ž .:d b d t z s0; that is, the relative average timingn n
²Ž Ž ..2:shift is exactly zero. Also, d b d t z sn n

²Ž .2:² Ž .2: ² Ž .2:d b d t z s d t z r2. Finally, since D t isn n n

the sum of a large number of small independent random
variables, its statistics is described by a Gaussian distribu-
tion. The variance of the total timing shift is the sum of the

Ž .individual variances. Since d t z is periodic in z , theo o

averages on z are taken over an amplifier period. Then,n
Ž . ² Ž .: ² Ž .2:using Eq. 2.15a we have d t z s0 and d t zf fn n

Ž .2 5 5 2s 3r4h a r2, where we define2

`
2 25 5a s a .Ý m

ms 1

² Ž .2:That is, d t z is independent of n, unlike the casen
w x ²Ž .2:without filters 13 . Hence, using d b s1r2 we ob-n

tain the variance of the total timing shift simply as

N
2 2² : ² :D t s d t z r2Ž . Ž .f fÝ n

ns1

2 25 5s 3r8h a Lrz . 3.3aŽ .Ž . Ž .2 s

A similar analysis can be done to obtain the improved
estimate when no filters are present. In this case we use

Ž .Eq. 2.15b . Though more involved because of the pres-
ence of cross products, the calculations proceed much in
the same way as before. Due to the phase difference

Ž .between terms in the two Fourier series in 2.15b , all the
cross-products average to zero, and the final result is

2 2² : 5 5D t s 1r12 a Lz Lrz q1 Lrz q1r2Ž . Ž . Ž .Ž .nf s s s

5 5 2 4q b Lr4 z q1r 2V , 3.3bŽ . Ž .Ž .s

N 2 Ž .Ž .where the relation Ý n sN Nq1 2 Nq1 r6 wasns1
Ž .used. The first term in 3.3b is the dominant contribution,

Žwhile the third one which is independent of the system
.length L represents the collision-induced timing jitter in

Ž .an ideal fiber and the second term in 3.3b results from
Ž .the second term in 2.15b – i.e. from the combined effects

Ž .of the last two integrals in 2.12b . In particular, by taking
the dominant contribution, we have

2 2 3² : 5 5D t s 1r12 a L rz , 3.3cŽ . Ž . Ž .nf s

w xwhich is the result appearing in Ref. 13 . From the ratio of
Ž . Ž .3.3a and 3.3c we get

2 2 '² : ² :( (D t D t s3 3 r 4 h L , 3.4Ž . Ž . Ž .Ž .f nf 2

which allows a direct comparison of the root mean square
Ž .rms timing jitter in systems with and without filters.

In Fig. 1 we plot the dimensional rms timing jitter
2² : Ž .( D t in ps versus the total length of fiber for aŽ .

.two-channel system: a without filters, keeping all terms in
Ž . . Ž .Eq. 3.3b ; b with filters included, Eq. 3.3a . In both

cases we plot the resulting curves with z rz s2, 1.4, 0.7c a

for ts20 ps, l s25 km and h s0.25. Note that herea 2

and in rest of the paper, we convert the dimensionless
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Fig. 1. The root mean square timing shift in a two-channel WDM
Ž .system for t s20 ps, Ds0.5 psr nmkm , l s25 km anda

Ž . Ž .h s0.25: a without filters; b with filters. Dashed lines:2

z r z s2.0; solid lines: z r z s1.4; dotted lines: z r z s0.7.c a c a c a

quantities into physical units by multiplying them with
appropriate scale factors. In particular, the rms timing jitter
is scaled by t s11.34 ps and the fiber length by z s

) )

201.94 km in order to obtain the corresponding dimen-
sional quantities. It is evident from these figures that there
is an order of magnitude decrease in the collision-induced
timing jitter when filters are included. This analytical
result is in qualitative agreement with the numerical simu-

2w x ² :(lations reported in Refs. 11,12 . The value of D tŽ .
in ps at 10000 km as a function of z rz is displayed inc a

Fig. 2. Note the maximum for z rz ,0.6. The character-c a
2² :(istic behavior of D t can be explained by notingŽ .

that, when the collision is distributed over many ampli-

Fig. 2. The root mean square timing jitter at 10000 km as a
Ž . Ž .function of collision length: a without filters; b with filters.

The values of t , D, l and h are the same as in Fig. 1.a 2

fiers, i.e. for large values of z rz , the contributions of thec a

amplifiers begin to cancel each other. Conversely, for very
small values of z rz the collision is too rapid in order forc a

Žthe amplifiers to have a significant effect. See also Ref.
w x .8 in the case without filters.

Since the values of D t follow a Gaussian distribution,
Ž .the expected bit error rate BER of a WDM soliton

Ž w x.system is given by see e.g. Ref. 21

2² :(BERserfc rTr 2 D t , 3.5Ž . Ž .

Ž .where erfc x is the complementary error function and r
is a parameter which measures the sensitivity of the re-
ceiver, which is defined by assuming that the maximum
time displacement tolerated by the receiver is rT. Like the
timing jitter, the bit error rate has a peak for z rz ,0.6.c a

w xWe also recall that in Ref. 8 the value z rz s2 wasc a

regarded as the limit of the ‘‘safe region’’ for data trans-
mission. This bound on z would seriously limit thec

maximum allowable frequency separation between chan-
nels, and hence the maximum number of channels in a

Ž .WDM system see below . However, in the presence of
filters the bit error rate for a two-channel system is always
less than 10y10, even for values of r as low as 0.2, and is
always less than 10y40 if rs0.4. From this discussion we
expect that with filters the previous limit can be signifi-
cantly relaxed, and a larger number of ‘‘error-free’’ chan-
nels in a long-distance WDM soliton system will be
possible. A detailed analysis of these results, the multi-
soliton case, and the system implications of our analysis
will be the subject of the next section.

4. Timing jitter in multi-channel soliton systems

The results derived in the previous section can be
generalized to the case when more than two channels are
present. It is well-known that in the ideal case soliton

Ž w x.interactions are pairwise see e.g. Refs. 16–18 . We
assume that the same is true to leading order when pertur-
bation terms are included. Then the total variance in the
relative arrival times of adjacent solitons in the jth channel
is simply the sum of the variances resulting from the
interactions with the other Jy1 channels, J being the
total number of channels. That is, the total mean square
timing jitter each channel j is

J
2 2² : ² :D t s D t , 4.1Ž . Ž . Ž .j jkÝ

ks1
k/j

²Ž .2: Ž . Ž .with D t given by either 3.3a or 3.3b , where Vjk

< <is replaced by V s V yV r2. Note that, as a conse-jk j k
jk Ž .quence, z becomes z str V t . In dimensionalc c jk )

< <variables, Dl is replaced by Dl s l yl , which yieldsjk j k
Ž 2.V s p ct rl Dl .jk ) jk
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The channel wavelengths are taken to be l slqj
w Ž . xDl jy Jq1 r2 , where ls1.550 mm is the centralmin

wavelength. The wavelength separation then becomes
Ž .Dl s jyk Dl , where Dl is determined by re-jk min min
Ž .quiring as is standard that adjacent channels be separated

by five spectral widths. For sech-shaped pulses, Dl smin

1.575 l2rct . In particular, for ts20 ps, Dl s0.63min

nm. The dimensionless frequency separation is then 2V jk
Ž 2. Ž .s 2p ct rl Dl s jyk DV , where DV s

) jk min min

5.6. In turn, for l s25 km this value yields z jkrz sa c a
Ž .trV t z s5.08r jyk , which means that adjacentjk ) a

channels are characterized by a relatively large value of
z rz , and this ratio decreases with increasing frequencyc a

separation.
As the number of channels increases, the bit error rate

of the system grows not only because of the increased
number of collisions, but also because the outermost chan-
nels undergo rapid collisions, which are characterized by
values of z rz closer to the peak value 0.6 . Another wayc a

of looking at this effect is to note that the coefficients am

defined in the previous section decay exponentially for
very small values of V and algebraically for large values
of V . Therefore, as the frequency separation V between
the two channels increases, we expect that a will getm

closer to their maximum value.
This effect is exemplified in Table 1, where, for a

typical 8-channel WDM soliton system, we report the total
timing jitter experienced by solitons in a given channel as
a result of collisions with the solitons in all the other

Ž . Ž .channels, as obtained by using 4.1 with either 3.3a or
Ž . Ž3.3c . No appreciable differences are found in the case
without filters by using the more accurate estimate given

Ž . .by 3.3b . As it can be seen, the outermost channels offer
the worst performance.

Using the formulae derived in the previous section for
the total timing jitter we can write an estimate for the
maximum distance of error-free transmission attainable
with any given number of channels, or, equivalently, for
the maximum number of channels compatible with a de-

Table 1
The total timing jitter and bit error rate in each of the eight

Ž .channels of a system with t s20 ps, Ds0.5 psr nmkm , l s25a

km and h s0.252

Ž .Channel l nm Without filters With filters

Ž . Ž .D t ps BER D t ps BERrms rms

y141 1547.79 50.33 0.43 5.28 4=10
y572 1548.42 37.39 0.28 3.92 1=10

y2 y603 1549.05 23.80 9=10 2.50 -10
y4 y604 1549.68 11.68 6=10 1.23 -10
y4 y605 1550.32 11.68 6=10 1.23 -10
y2 y606 1550.95 23.80 9=10 2.50 -10

y577 1551.58 37.39 0.28 3.92 1=10
y148 1552.21 50.33 0.43 5.28 4=10

Ž . y9sired system length. In fact, since erfc x -10 for
xG4.3201, if we require the bit error rate of the system to

y9 Ž .be less than 10 Eq. 3.5 yields a condition on the root
Ž .mean square timing shift: D t F0.1637 rT. For exam-rms

ple, for rs0.4 and ts20 ps the maximum rms timing
jitter in dimensional units tolerated by the system would be
6.55 ps. More in general, in order to have a total bit error
rate less than 10y9 in a multi-channel system, it is neces-
sary that the rms timing jitter in each of the individual
channels be less than 0.1637 rT. Or, in dimensional units,
the maximum rms timing jitter needs to be less than
0.818rt . The previous conditions, in turn, pose an upper
limit to the system length. With filters we have, using Eq.
Ž .3.3a ,

J
2 jk 2 25 5max a rz LF37.0 h r .jkÝ c 2

js1, . . . , J
ks1
k/j

jk Ž .Substituting z str V t this yields the dimensionlessc jk )

maximum length

Lf s65.2 h 2r 2 max C , 4.2aŽ .max 2 j
js1, . . . , J

J 5 5 2 Žwhere C sÝ V a . Of course, the corre-jkj ks1; k / j jk

sponding limit in dimensional units is obtained by multi-
Ž . .plying 4.2 by the unit length z . Without filters, the

)

Ž .dominant contribution 3.3c yields, with the same argu-
ments,

Lnf s4.79 r 2r3 max C1r3 . 4.2bŽ .max j
js1, . . . , J

In both cases the maximum length is limited by the
channel with the largest overall timing jitter. By increasing
the number of channels the corresponding C increase bothj

because the sum in k is taken over a larger number of
channels and because the channels added are the outermost
ones in the frequency domain, and interact more strongly
with all the others.

The resulting values for the system length in physical
units are plotted in Fig. 3 versus the total number of
channels, for ts20 ps, l s25 km, h s0.25 and rs0.4.a 2

As expected, the maximum length of error-free transmis-
sion decreases rapidly as the number of channels is in-
creased. Note also that L depends in a very simple waymax

on the receiver sensitivity r and the filter strength h ,2

which means that the results corresponding to different
values of these parameters can be obtained by simple
rescaling.

Ž .For any fixed length L, Eqs. 4.2 can also be used to
obtain a limit on the allowed number of channels. By
taking 10000 km as the limit distance for transoceanic
communications we see that, for rs0.4, only a four-chan-
nel system offers a satisfactory performance in the case

Ž .without filters. Even with guiding filters with h s0.252
Žthe maximum number of channels is limited to 9. For
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Fig. 3. The maximum length of error-free transmission for a given
. .number of channels: a without filters; b with filters. Solid lines:

r s0.4; dot-dashed lines: r s0.2. System parameters are the
same as in Fig. 1.

.rs0.2 this last number further decreases to 7. A better
result can be obtained if stronger filtering is employed: for
h s0.5 the previous limit raises to 21 channels. As we2

are going to see in the next section, all these estimates are
going to be dramatically improved by the addition of
dispersion management.

5. Timing jitter in dispersion-managed soliton systems

The reduction of collision-induced timing jitter in two-
channel systems with dispersion management but without
filters was studied theoretically and numerically in Refs.
w x23–25 . Dispersion-management was also shown to have
a beneficial effect on Gordon-Haus jitter in a recent experi-

w xmental paper 22 . Conveniently, the analytical methods
presented in the previous sections can be readily adapted
to include dispersion management. We go back to Eq.
Ž .2.5 , where now we allow the dispersion D to be a

Ž w x.function of z. As is standard cf. Refs. 23,25 , we
Ž . z Ž . Ž .perform the rescaling z z sH D z d z, where D z is0

Ž .normalized such that the average of D z is one over an
Ž . za Ž .amplification period, i.e. 1rz H D z d z s 1. Thisa 0

choice allows an immediate comparison with the constant
Ž .dispersion case and ensures that z z sz . Note howevera a

that the transformation from z to z is invertible only if
Ž .D z is always of one sign; here we consider the case of
Ž .D z being positive. The evolution equation for u be-

comes now

< < 2 w xiu q 1r2 u qG z z u us iF t urD z z ,Ž . Ž . Ž .Ž . Ž .z t t

5.1Ž .
Ž . Ž . Ž .where G z sg z rD z . To leading order we write the

Ž .solution of 5.1 as u;u qu , where the solitons u1 2 1,2
w Žare now given by u s A sech A t y V z yj j j j

.x w Ž 2 2. x Ž .z expi V ty V yA zr2 , with z sz z . That is,o j j j o o

solitons now evolve in z , not z. This seemingly formal
change has important consequences in the following.

We apply the same methods described in the previous
sections for the case of constant dispersion. Namely, we
construct differential equations for the pulse energy and
average frequency following the same procedures used in

ŽSection 2. As it might be expected, the same condition
.holds for the extra gain. The evolution of the average

frequency is now given by

d DV dŽ .
sG z z f zyzŽ . Ž .Ž . odz dz

y 4r3 h DVrD z z .Ž . Ž .Ž .2

In order to solve this equation it is convenient to rewrite it
in terms of the variable z. This is easily accomplished by

Ž .noting that dzsD z d z:

d DV dŽ .
sG z f z z yz y 4r3 h DV ,Ž . Ž . Ž .Ž .o 2d z d z

5.2Ž .

Ž .We note that the evolution equation for DV z is very
similar to the case of constant dispersion. More precisely,

Ž . Ž . Ž . Ž .Eq. 5.2 is identical to Eq. 2.9 , except that: i g z is
Ž . Ž .replaced by G z , and ii the solitons are now functions

of z instead of z, which is reflected in the argument of f.
Ž . Ž . ŽLike we did for 2.9 , we solve 5.2 exactly using the

simplicity of the integrating factor when the equation is
.written in terms of the variable z , and we obtain:

z
X X

DV z s exp y 4r3 h zyz G zw xŽ . Ž . Ž . Ž .H 2
y`

=
d

X Xf z z yz d z . 5.3Ž . Ž .Ž .X od z

Ž Ž . Ž . ŽThen as in 2.11–2.12 we integrate DV z to get after
.an integration by parts

d
d t z s 3r4h f zyz G z z dz ,Ž . Ž .Ž . Ž . Ž .Hf o 2 o dz

5.4aŽ .

Žwhere we have performed the inverse substitution i.e.
.from z to z in order to write the result in a more

convenient form. In the limit h s0 we have instead, for2
Ž Ž ..the dominant contribution see also 2.12b :

d
d t z s Lyz f zyz G z z dz .Ž . Ž .Ž . Ž . Ž .Hnf o o o dz

5.4bŽ .

Ž . Ž .Comparing Eqs. 5.4 and 2.12 we see that the only
change from the case of constant dispersion is that z iso

Ž .substituted by z , and the Fourier coefficients g of g zo m
Ž Ž ..are replaced by the Fourier coefficients G of G z zm

Ž Ž . .see 5.6 below . Of course, the ideal choice of dispersion
would be an exponential tapering that exactly matches the

Ž . Ž Ž . Ž ..shape of g z i.e. D z sg z , in which case we would
Ž .have G z '1, and all the Fourier coefficients except the
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first one would be zero. However, reproducing the ideal
exponential shape is not practical, and one resorts to a
stepwise approximation. In this scheme the amplifier dis-
tance is divided into S spans identified by the end points

Ž .z , z , . . . , z with z s0 and z sz , and the dispersion0 1 S 0 S a

assumes the constant value D in each of the sub-intervalss

z Fz-z . Given a sequence of intermediate points z ,sy1 s s

a convenient choice for the values D is obtained bys
Ž .requiring that the average of G z is one in each of the

w Ž .x zs Ž .sub-intervals, i.e. 1r z yz H G z d zs1:s sy1 z sy 1

a2
z s0 y2 G zD s e d zHs z yz zs sy1 sy 1

z ey2 G z sy 1 yey2 G z s
a

s 5.5Ž .y2 G z az yz 1yes sy1

Ž w x.cf. Ref. 25 . Note that this choice ensures that the
Ž .average of D z is one over one amplification period, i.e.

Ž . za Ž .1rz H D z d z s 1. The Fourier coefficients ofa 0
Ž Ž ..G z z are then computed by breaking the resulting

integral into S sub-intervals:
1 za 2mp iz r z aG s G z z e dzŽ .Ž .Hm z 0a

S qm , s2sa , 5.6Ž .Ý0 2 G z y2mp iDa sss1

Ž Ž .. Ž .where the relation G z z dzsg z d z was used; the
coefficients q are defined as follows:m, s

q sexp y 2 G z y imkw xŽ .m , s sy1 sy1

yexp y 2 G z y imk ,w xŽ .s s

Ž . zs Ž .with k s 2prz H D z d z, while a was defined ins a 0 0

Section 2. Note that G s1, because the average of0
Ž Ž ..G z z is unity over an amplification cycle, i.e.

Ž . za Ž Ž ..1rz H G z z dzs1.a 0

Once the change from g to G is made, all them m

procedures presented in the preÕious sections can still be
( )used in order to i compute the root mean square timing

( ) ( )jitter, ii the bit error rate and iii to estimate the
Ž . Ž .maximum system length. In other words, Eqs. 3.3 – 3.5

Ž . Ž .and 4.1 , 4.2 remain valid provided that the a arem

replaced by a H , where the quantities H express them m m

reduction factor of the Fourier coefficients, and are given
by

2 2( 2 G z q 2mpŽ .Ž .G am
H s sm y2 G z ag 1yem

=

2 2S Sa bm , s m , s
q , 5.7Ž .Ý Ý)ž / ž /d dm , s m , sss1 ss1

where

w x w xa s2 G z Re q y2mp D Im q ,m , s a m , s s m , s

w x w xb s2 G z Im q q2mp D Re q ,m , s a m , s s m , s

2 2d s 2 G z q 2mp D .Ž . Ž .m , s a s

In the special case of a two-step approximation, the
only free parameter of the dispersion management is the
ratio u of the intermediate length z to the amplification1

period z , that is usz rz . The values of the dispersiona 1 a

are then

w x w xD sexp 1yu G z sinh uG z r u sinh G z ,w xŽ . Ž .1 a a a

w xD sexp yuG z sinh 1yu G zw xŽ .2 a a

w xr 1yu sinh G z .Ž .Ž .a

In Fig. 4 we plot the first reduction factor H as a1

function of usz rz for a two-step approximation, for1 a

l s25, 50, 75 km. The resulting curves are remarkablya

similar in some cases to the behavior of the timing shift as
a function of u when filters are present; or, equivalently,
to the behavior of the residual frequency shift in the case

Ž w xwithout filters cf. Ref. 25 . Also note that the same
reduction factor applies, independently of whether or not

Ž ..filters are present, cf. Eq. 3.4 . In fact, the minimum of
Ž .the curve H u for l s50 km occurs for us0.3418,1 a

which corresponds exactly to the value l s17.09 kmmin
w xappearing in Ref. 25 . This striking result is an indication

Ž . Ž .that, in the sums contained in Eqs. 3.2 and 3.3 , the first
Ž .term alone ms1 is often sufficient to obtain a very good

approximation to the correct result for the timing jitter. In
particular, this happens when the frequency separation
between channels is not too large. However, for very large

Ž .values of V i.e. for small values of the ratio z rz morec a

terms in the Fourier series come into play, and the optimal
value of u cannot be found on the simple basis of the
previous argument.

In Fig. 5 we compare the resulting timing jitter in ps for
a two-channel system with a two-step approximation, and
with ts20 ps l s25 km, h s0.25 at a typical valuea 2

Ž . Ž .z rz s1.4: a without filters; b with filters. In bothc a

Ž .Fig. 4. The behavior of the coefficient H defined in 5.7 as a1

function of u . Solid line: l s25 km; dashed line: l s50 km;a a

dot-dashed line: l s75 km. The minima occur respectively fora

u s0.4163, u s0.3148 and u s0.2814.



( )M.J. Ablowitz et al.rOptics Communications 150 1998 305–318314

Fig. 5. The root mean square timing jitter in a two-channel WDM
Ž . Ž .system with z r z s1.4: a without filters; b with filters. Solidc a

lines: no dispersion management; dashed lines: u s0.5; dot-dashed
lines: u s0.416. The values of t , D, l and h are the same as ina 2

Fig. 1. For u s0.416 the value of D t at 10000 km is 1.416=rms

10y2 ps or 1.484=10y3 ps for the cases without and with filters,
respectively.

cases we display the results in the following three situa-
Ž . Ž .tions: i no dispersion management; ii fiber spans of

Ž . Ž .equal length in real units i.e. us0.5 ; iii the value of u

Ž .which yields the minimum of H us0.416 . The reduc-1

tion in timing jitter in the cases presented ranges from a
Ž . Ž .factor of 4 with us0.5 to almost 100 with us0.416 !

Fig. 6 displays the rms timing jitter at 10000 km as a
function of z rz for systems with and without filters inc a

Fig. 6. The root mean square timing jitter at 10000 km as a
Ž . Ž .function of collision length: a without filters; b with filters.

Solid lines: no dispersion management; dashed lines: u s0.5;
dot-dashed lines: the value of u that yields the minimum for
D t , as determined numerically for each value of z r z . Therms c a

values of t , D, l and h are the same as in Fig. 2.a 2

Ž .the following three cases: i no dispersion management
Ž . Ž . Ž .i.e. us0 ; ii us0.5; iii the value of u that yields the
maximum reduction, as determined numerically for each
value of z rz . It should be noted that, while a very largec a

reduction factor applies for z rz G1.5, for smaller valuesc a
Žof z rz and in particular near the peak, which is nowc a

.located at z rz ,0.3 the reduction factor becomes rela-c a

tively small. The reason for this behavior is that, as we
said earlier, for small values of the ratio z rz many termsc a

in the Fourier series contribute to determine the final value
of the timing jitter. Therefore, even if a numerical mini-
mization of D t as a function u is performed, therms

resulting reduction factor can not be expected to be very
large, because a simple two-step dispersion map does not
have enough free parameters to minimize enough of the
relevant Fourier coefficients.

A large reduction in timing jitter is also found when
dealing with the multi-channel case. As an example, in
Table 2 we present for comparison the results relative to
the same eigth-channel system presented in Table 1, where
in this case we add a two-step approximation with us0.5.
In Fig. 7 we show the estimates of the maximum system
length in dimensional units versus the number of channels
Ž .for ts20 ps l s25 km, h s0.25 and rs0.4 , for thea 2

same three cases described in Fig. 5. The changes are
dramatic. In particular, we see that a system with no filters
and suitable dispersion management offers performances
which in some cases are comparable to those of a system
with filters but without dispersion management. However,
the presence of filters is still needed if a large number of
channels is desired.

Using the same method described in Section 4, we can
also estimate the maximum number of channels for error-
free transmission up to 10000 km. With a two-step disper-
sion map with us0.5, and for rs0.4, the maximum
number of channels goes from 4 to 9 in the case without
filters; with filters and dispersion management this number
increases from 9 to 39! If us0.416 is used, the maximum

Table 2
The total timing jitter and bit error rate in each of the eight
channels of a system with dispersion management. A two-step
dispersion map with u s0.5 is used. System parameters have the
same value as in Table 1

Ž .Channel l nm Without filters With filters

Ž . Ž .D t ps BER D t ps BERrms rms

y3 y601 1547.79 12.87 2=10 1.35 -10
y5 y602 1548.42 9.51 3=10 1.00 -10

y1 1 y603 1549.05 6.04 3=10 0.63 -10
y4 1 y604 1549.68 2.96 2=10 0.31 -10
y4 1 y605 1550.32 2.96 2=10 0.31 -10
y1 1 y606 1550.95 6.04 3=10 0.63 -10

y5 y607 1551.58 9.51 3=10 1.00 -10
y3 y608 1552.21 12.87 2=10 1.35 -10
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Fig. 7. The maximum length of error-free transmission for a given
number of channels in a system with and without dispersion

Ž . Ž .management: a without filters; b with filters. Solid lines: no
dispersion management; dashed lines: u s0.5; dot-dashed lines:
u s0.416. The values of t , D, l and h are the same as in Fig.a 2

3, while r s0.4.

number of channels further increases to 9 and 41 for
Žsystems without and with filters, respectively. For rs0.2

.and us0.416 the corresponding numbers are 7 and 17.
These estimates are summarized in Table 3.

Yet another consequence of these results is that disper-
sion management could permit the relaxation of some
system constraints. For example, with l s50 km and aa

Žtwo-step approximation with us0.315 which is the value
Ž . .that minimizes H u when l s50 km , error-free trans-1 a

mission is possible with 4 and 11 channels for the cases
Žwithout and with filters, respectively. Without dispersion

management these numbers would be respectively 2 and
.3 . Some other choices of parameters are presented in

Table 3.
We conclude this section by noting that, when timing

jitter is considered, an ‘‘optimal’’ dispersion map can be
found as follows. As we have seen, to any given distance
there corresponds a maximum number of channels Nmax

Table 3
The maximum number of channels for error-free transmission,

Ž .with Ds0.5 psr nmkm and various choices of the remaining
system parameters. ‘‘No DM’’ refers to constant dispersion;
‘‘DM’’ to a two-step dispersion map with u s0.416

System parameters Maximum number of channels

Ž . Ž .t ps l km h r Without filters With filtersa 2

No DM DM No DM DM

20 25 0.25 0.4 4 9 9 41
20 25 0.25 0.2 4 8 7 18
20 25 0.5 0.4 4 9 21 ) 50
20 50 0.25 0.4 2 4 3 9
20 50 0.5 0.4 2 4 4 32
10 25 0.25 0.4 1 2 2 4
10 25 0.5 0.4 1 2 2 10

Fig. 8. The maximum number of channels for error-free transmis-
sion over 10000 km as a function of the parameter u in a two-step
dispersion map. The values of t , D, l , h and r are the same asa 2

in Fig. 7. The dashed line is a level curve of a two-dimensional
surface plot of L as a function of both N and u , taken atmax

L s10000 km.max

compatible with error-free transmission. In general, for a
two-step dispersion map, this number will depend on the
particular value chosen for u .

In Fig. 8 we plot the maximum number of channels
N as a function of u by requiring error-free transmis-max

Žsion over 10000 km employing the standard values used
before for the system parameters, i.e. ts20 ps, l s25a

.km, h s0.25 and rs0.4 . Fig. 8 clearly shows an2

absolute maximum number of channels N s43 for usM

u s0.450. We also note that u /0.416, the latterM M

corresponding to minimizing the reduction factor for the
Ž . Ž .first Fourier coefficient, i.e. H u cf. Fig. 4 . The reason1

for this difference is that, when the number of channels in
the system becomes large, the outer channels are character-
ized by values of z rz which yield the maximum contri-c a

Ž .bution to the timing jitter cf. Fig. 6 . As shown previ-
ously, for these channels many Fourier coefficients are
significant in determining the resulting value of the timing
jitter. In fact, we estimate that, for N,40, the first five
Fourier coefficients all contribute significantly to the tim-
ing jitter. We also note that, in general, the function

Ž .H u has m minima, and the location of these minima ism

different for each of these functions. Therefore, reducing
only the first Fourier coefficient is not sufficient anymore,
and one can expect that a higher number of steps will be
required in order to achieve an efficient reduction of
collision-induced timing jitter. In this situation the behav-

Žior of a multi-channel system and therefore the optimal
.choice of the dispersion map can differ significantly from

the corresponding behavior of a two-channel system.

6. Conclusions

In this paper we have developed and used an analytical
method to study collision-induced timing jitter in a WDM
soliton system. The main features of our investigation are

Ž .the following: i Analytical formulae for the timing shift
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Ž .withrwithout filters are obtained. ii The filter action is
approximated using the conventional approach of convert-

Ž .ing to a continuous equivalent. iii A stochastic analysis is
developed to obtain the rms timing shift which takes into

Ž .account a large number of collisions. iv Employing ana-
lytical formulae for the bit error rate, the concept of
‘‘error-free’’ transmission is introduced and discussed for

Ž .a two-channel WDM soliton system. v Multi-channel
WDM soliton systems are studied by appropriate exten-

Ž .sions of the two-channel approach. vi The concept of
dispersion management is introduced in the context of
collision-induced timing jitter. Both two-channel and
multi-channel systems are investigated for typical values
of system parameters, comparing the results of a two-step

.dispersion map to the case of constant dispersion. vii
Ž .Minimizing the first reduction factor H u of the Fourier1

coefficients g demonstrates excellent agreement withm
w xprevious results of two-channel systems 25 . Upon consid-

eration of a multi-channel system, the notion of ‘‘optimal’’
Ž .dispersion map is discussed. viii Using conventional

Žvalues of system parameters t s 20 ps, D s 0.5
Ž . .psr nm km , l s25 km and h s0.25 we find thata 2

‘‘error-free’’ transmission over 10000 km is possible in the
Ž .following cases: a 4 channels without filters and without

Ž .dispersion management; b 9 channels without filters but
Ž .with dispersion management; c 9 channels with filters

Ž .but without dispersion management; d 43 channels with
both filters and ‘‘optimal’’ dispersion management.

Naturally, when such a large number of channels is
considered, many factors that we have neglected in our
discussion can be expected to be relevant. Amongst the
others: third order dispersion, shock terms, Raman scatter-
ing, amplifier noise, and the effect of sliding the filter
frequency. Similarly, dispersion management will need to
be more fully analyzed in order to find efficient ways of
reducing resonant four-wave mixing instabilities. We plan
to investigate some of these issues in future papers.
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Appendix A. A comparison between lumped and dis-
tributed filter models

In this appendix we compare the expression for the
timing shift derived in this paper to that obtained recently

w xby Mecozzi 14 . A major difference between the two
investigations is that in our study we approximate the filter
transfer function by a continuous equivalent distributed

w xalong the fiber, whereas in Ref. 14 the lumped nature of
the filter action is dealt with explicitly. This is equivalent

Ž . Ž .to replacing the constant h in F t appearing in Eq. 2.52

by

`

h z sh z d zynz , A.1Ž . Ž . Ž .Ý2 a a
nsy`

which takes into account the fact that filters are located at
Ž .discrete positions in the fiber. Note in A.1 the presence

of the factor z which is necessary to ensure a propera
Žnormalization of the filter action cf. the definition of h2

.in Section 2 . For simplicity we consider the filters to be
positioned at amplifier locations. While this model repre-
sents a closer approximation to the physical system, it also
introduces some complications in the analytical treatment
of the problem. Here we show that the correction on the
timing jitter obtained with the lumped model can be
viewed asymptotically as a perturbation of the simpler
situation in which the continuous approximation is used. In
fact, for all the cases discussed in this paper the results
obtained with the continuous approach are a close approxi-
mation to those resulting from the lumped model. To our
knowledge, this constitutes the first explicit discussion of
the validity of the distributed filter model in a study of
filtering effects on timing displacements.

To estimate the timing jitter with the lumped filter
Ž . Ž .model we insert Eq. A.1 into Eq. 2.5 . The evolution of

the average frequency V can be found using the same
procedures described earlier in this paper, and is governed
by

d DV dŽ .
sg z f zyz y 4r3 h z DV ,Ž . Ž . Ž . Ž .od z d z

A.2Ž .

Ž .which replaces Eq. 2.9 . For simplicity we neglect disper-
sion management, for the moment. Its effects can be
introduced in a straightforward way, and will be discussed

Ž .later. Like Eq. 2.9 , this differential equation can be
integrated exactly to obtain

z
X Xw xDV z s exp y N z yN z g zŽ . Ž . Ž . Ž .Ž .H

y`

=
d

X Xf z yz d z , A.3Ž . Ž .X od z
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where

z
X XN z s 4r3 h z d z s 4r3 h z zrz ,Ž . Ž . Ž . Ž . ? @H 2 a a

0q

? @and the floor function is defined as x sn for nFx-n
Ž .q1. By introducing the ‘‘sawtooth’’ function s x as

s x sxy nq1r2 , nFx-nq1 , A.4Ž . Ž . Ž .
? @ Ž .we have x sxys x y1r2. Therefore we can rewrite

Ž .the function N z as

N z s 4r3 h z zrz ys zrz y1r2 .w xŽ . Ž . Ž .2 a a a

Ž .The reason for introducing s x is to separate explicitly in
Ž .N z the part which contains the linear growth zrz y1r2a

Ž .from the periodic perturbation s zrz . That is, unlikea
Ž . Ž .N z the function s zrz is periodic with period z anda a

zero mean. This allows us to make a convenient compari-
son with the results coming from the distributed model. As

Ž .before, we obtain the timing shift by integrating Eq. A.3 :

`
yŽ4r3.h zqŽ4r3.h z sŽ z r z .2 2 a ad tsy d z eH

y`

=
z X XX X X XŽ4r3.h z yŽ4r3.h z sŽ z r z .2 2 a ad z e g z f z yz ,Ž . Ž .H o

y`

A.5Ž .

< Ž . < < < < <Note that s x F1r2, while h <1 and z <1.2 a
Ž .Therefore we expand the exponentials in Eq. A.5 as

w Ž . Ž .x Ž . Ž .exp " 4r3 h z s zrz , 1 " 4r3 h z s zrz . In2 a a 2 a a

this way we can write the timing shift as

d tsd t qd t qO h 2 z 2 , A.6Ž .Ž .0 1 2 a

where d t is the result coming from the continuous ap-0
Ž Ž ..proximation namely, Eq. 2.12a , and the leading order

Žcorrection d t is given by after an appropriate integration1
.by parts

d t sz d z s zrz g z f X zyzŽ . Ž .Ž .H1 a a o

y 4r3 h z d z s zrz DV z . A.7Ž . Ž . Ž .Ž .H2 a a

Ž Ž .Note that in the previous formula DV z refers to the
Ž . .distributed approximation, given by 2.10 . The integrals

Ž . Ž . Ž .in A.7 can be calculated by expanding s zrz and g za
Ž .in Fourier series. The Fourier coefficients of g z are

Ž . Ž .given in 2.14 , while the Fourier coefficients of s zrza

are

1 1za 2mp i z r z as s s zrz e d zs ,Ž .Hm a az 2mp i0a

ms"1,"2, . . . , A.8Ž .
with s s0. Once these expansions are made, both inte-0

Ž .grals in A.7 break up into a double series, whose terms
can be calculated by repeating the same steps used in

Ž . Ž .Section 2 to obtain 2.15a from 2.12a . Explicitly, the
Ž .first integral in A.7 is given by

`

2Žmqn.p i z r zo ad t sy ir2 z s g c e ,Ž . Ý1 a m n mqn
m ,nsy`

where the coefficients g and c were defined in Sectionm m

2, and where higher order contributions, including the
Ž .second integral in A.7 , have been neglected. After rear-

ranging the terms in the double series, the resulting expres-
sion for d t is1

`

< <d t s z r2p c jŽ . Ý1 a m m
ms 1

= w xsin 2mp z rz qarg j qpr2 , A.9w x Ž .o a m

where
`

j s g yg rn .Ž .Ým myn mqn
ns1

Therefore the correction d t can be written as a sine1

Fourier series which is formally identical to the one that
Ž Ž ..yields the continuous approximation i.e. Eq. 2.15a . The

.only differences are: i the Fourier coefficients g inm
Ž . Ž . .2.15a are substituted by the j in A.9 ; ii the factorm

Ž .appearing in front of the series is z r2p in A.9 insteada
Ž .of 3r4h in 2.15a . In fact, a first comparison of the two2

results can be done by simply taking the ratio of these two
Ž .quantities. For ts20 ps, Ds0.5 psr nm km , l s25a

km and h s0.25, this ratio is 2h z r3ps6.56=10y3,2 2 a

suggesting that the term d t is only a small correction to1

the continuous approximation.
A more accurate comparison of the two results can be

done by taking the ratio of the L2 norms of the Fourier
5 5 5 5 5 5 2 Ž .2series: d t r d t , where d t s z r2p1 0 1 a

` 2 < < 2 5 5=Ý c j , and d t is defined in a similar way.ms1 m m 0

For the previous values of the system parameters, this ratio
is almost independent of the frequency separation V , and

5 5 5 5is never larger than 0.05 . That is, d t r d t -5%,1 0

independently of V . Also, since the j depend linearly onm

the g , the same method holds if dispersion managementm

is taken into account. Namely, all the steps we used to
Ž .obtain Eq. A.9 can be reproduced exactly when disper-

sion-managed systems following the loss profile are con-
sidered. The only change will be the substitution of the
Fourier coefficients g with G , which parallels them m

Ž .corresponding change in Eq. 2.15a ; the asymptotic analy-
sis is the same. We compared the lumped and distributed
cases for 2-, 3- and 4-step dispersion maps for numerous
values of frequency separation between two channels.
While the contribution in the lumped case increases, never-
theless we find that for 2-step dispersion map with equal

5 5 5 5step sizes, d t r d t -15% throughout the range of1 0

channel spacings considered. Upon varying the step sizes,
we find that the previous estimate also holds whenever
5 5 Ž .d t expressed in dimensional units is larger than 0.10

5 5ps. We note that values of d t larger than 0.1 ps are the0
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only ones which could result in a BER of 10y9 at 10000
km, even for rs0.2. For 3- and 4-step dispersion maps
with equal step sizes, our initial numerical calculations

5 5indicate that, while the values of d t decrease with0

increasing number of steps, the corresponding values of
5 5d t remain relatively unaffected. Therefore the differ-1

ence on timing displacements between lumped and dis-
tributed filtering can be more significant than the 2-step
case. We will address this issue in more detail in a separate
publication.
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