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Abstract

The initial value problem for the focusing Manakov system with nonzero
boundary conditions at infinity is solved by developing an appropriate inverse
scattering transform. The analyticity properties of the Jost eigenfunctions
are investigated, and precise conditions on the potential that guarantee such
analyticity are provided. The analyticity properties of the scattering coefficients
are also established rigorously, and auxiliary eigenfunctions needed to
complete the bases of analytic eigenfunctions are derived. The behavior of the
eigenfunctions and scattering coefficients at the branch points is discussed, as
are the symmetries of the analytic eigenfunctions and scattering coeffiecients.
These symmetries are used to obtain a rigorous characterization of the discrete
spectrum and to rigorously derive the symmetries of the associated norming
constants. The asymptotic behavior of the Jost eigenfunctions is derived
systematically. A general formulation of the inverse scattering problem as a
Riemann—Hilbert problem is presented. Explicit relations among all reflection
coefficients are given, and all entries of the scattering matrix are determined
in the case of reflectionless solutions. New soliton solutions are explicitly
constructed and discussed. These solutions, which have no analogue in the
scalar case, are comprised of dark-bright soliton pairs as in the defocusing
case. Finally, a consistent framework is formulated for obtaining reflectionless
solutions corresponding to any number of simple zeros of the analytic
scattering coefficients, leading to any combination of bright and dark-bright
soliton solutions.
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1. Introduction

Vector nonlinear Schrodinger (NLS) equations model the evolution of multi-component
weakly nonlinear dispersive wave trains in many physical contexts [3, 21, 27, 30]. In some
cases, these equations are completely integrable [2, 3, 7, 16, 19, 24], and the initial value prob-
lem can in principle be solved by the inverse scattering transform (IST).

This work is concerned with the Manakov system, i.e. the two-component vector nonlinear
Schrodinger equation

iq, + q,, + 20(¢.-llql)g = 0, (1.1)
with non-zero boundary conditions (NZBC) at infinity:
lim q(x,7) = q, = qe® (1.2)
X—+00

Hereafter: q = q(x, ¢) and q,, are 2-component vectors, [ is the standard Euclidean norm,
g, = [q][, 6. are real numbers, and subscripts x and # denote partial differentiation throughout.
The extra term ‘102 in (A.1) was added so that the asymptotic values of the potential are inde-
pendent of time.

The IST for the scalar NLS equation (i.e. the one-component reduction of (A.1)) was devel-
oped in [32] for the focusing case with zero boundary conditions (ZBC) (i.e. for g, = 0) and
in [33] for the defocusing case with NZBC (see also [1, 3, 4, 16]). The IST for (A.1) with
ZBC was derived in [23] and generalized in [2]. On the other hand, the IST for the Manakov
system (A.1) with NZBC remained an open problem for a long time, and even some questions
for the scalar defocusing case were addressed only recently [11, 15]. A successful approach
to the IST for the defocusing Manakov system was presented in [25] and rigorously revisited
in [10]. The focusing case, however, remained completely open. In fact, even the IST for
the scalar focusing NLS equation with NZBC remained a long-standing open problem until
recently, when it was developed in [9] and used in [8] to study the behavior of solutions. Here
we build on the work of [9] to develop the IST for the Manakov system (A.1) in the focusing
case (6 = —1) with NZBC. We should note that, as in the defocusing case, the generalization
of the IST from the scalar case to the vector case is highly nontrivial, which is a reflection of
the added complexity of the corresponding solutions.

The outline of this work is the following: in section 2 we formulate the direct problem (tak-
ing into account automatically the time evolution); in section 3 we characterize the discrete
spectrum; in section 4 we formulate the inverse problem; and in section 5 we derive the soliton
solutions. Section 6 contains a final discussion. The proofs of all theorems, lemmas, and corol-
laries in the text are given in the appendix. Throughout, asterisk denotes complex conjugation,
and superscripts 7 and T denote, respectively, matrix transpose and matrix adjoint. We use I
and 0 to denote the identity matrix and zero matrix of appropriate size, respectively. Also, we
denote, respectively, with Ay, A,, Apq and Ay, the diagonal, off-diagonal, block diagonal, and
block off-diagonal parts of a 3 X 3 matrix A. In addition, we will use the shorthand notation

2=-qll. (1.3)
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2. Direct scattering

2.1 Lax pair, Riemann surface and uniformization

The focusing Manakov system (i.e. the 2-component VNLS equation (A.1) with 6 = —1) is
associated with the following Lax pair:

b.=Xo, b=Te, (2.1)

where
X(x,1,k) = =ikJ +Q,  T(x,1,k) = 2ik2J —iJ(Q, — Q* — ¢2) — 2kQ, (2.2a)
_[r o _[o 226
%) we(rd) =

and r = —q*. That is, (A.1) is the compatibility condition
X, -T+[X,T]=0 (2.3)

(also known as the zero-curvature condition [3, 24]) which ensures that ¢, = ¢,, (as is easily
verified by direct calculation and noting that JQ = —QJ). As usual, the first half of (2.1) is
referred to as the scattering problem. In the development of the IST, we take ¢(x, f, k)asa3 x 3
matrix. Moreover, we formulate the IST in a way that allows the reduction g, — 0 to be taken
explicitly throughout.

As in the scalar case [9], in order to define the Jost eigenfunctions, one must first solve the
asymptotic scattering problem as x — +o0, which is

&, = Xi9, (2.4)

where X, = —ikJ + Q.. = lim,—, , . X. The eigenvalues of X, are ik and +il, where

A=K+ gD (2.5)

As in the scalar case, A(k) is branched. To deal with this, we introduce the two-sheeted
Riemann surface defined by (2.5). The branch points are the values of k for which A(k) = 0,
i.e. k = *ig,. We take the branch cut on i[—g,, g,], and we define A(k) as in [9]. Next, we intro-
duce the uniformization variable by defining

z=k+ A (2.6)
The inverse transformation is
k= (z+2)2, A= (z—2)2. 2.7

We can then express all k-dependence of eigenfunctions and scattering data in terms of z,
thereby eliminating all square roots. Note that, formally, the uniformization variable has the
same expression in terms of k and A as in the defocusing case [16, 25], but the resulting map
is quite different [9]. Let C, be the circle of radius g, centered at the origin in the complex
z-plane. The branch cuts on the two sheets of the Riemann surface are mapped onto C,; The
first sheet, Cy, is mapped onto the exterior of C,; the second sheet, Cyj, is mapped onto the
interior of C,. Moreover, z(oco1) = oo (where ooy is the point at infinity in Cy), z(coy) = 0 (where
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ooy is the point at infinity in Cy), zizy = qo2 , |k] & o0 in Cj corresponds to z — oo, and |k| — oo
in Cyy corresponds to z — 0. Throughout this work, subscripts + will denote normalization as
X — —oo or as x = oo, respectively, whereas superscripts + will denote projections from the
left and the right of the appropriate contour in the complex z-plane, respectively.

2.2. Jost solutions and scattering matrix

The continuous spectrum consists of all values of k (on either sheet) such that (k) LR. As
in the scalar case, that is k G[+q,, g,] [9]. (This is in contrast with the defocusing case,
where the continuous spectrum is the subset (—o0, —¢g,] U [g,, ) of the real k-axis [25, 33].)
In the complex z-plane, the corresponding set is £ = RU C,. For any 2-component vector
v = (v, )7, define

vi = (v, =) (2.8)

We may then write the eigenvalues and the corresponding eigenvector matrices of the
asymptotic scattering problem (2.4) as

(2.9)

1 0 gz
iA(z) = diag(—i4, ik, id), E.(z) = ,

i./z q/q, 9.4,

respectively, so that
X,E, = EjiA. (2.10)

It will be useful to note that

detE.() = 1 +¢,/2° = 1(2), @.11a)
1 —iq:/z
_ 1 Lot
El'oo=—| 0 @@l (2.11b)
r@f .
_lqolz q /qo

Let us now discuss the asymptotic time dependence. As x — +o0, we expect that the time
evolution of the solutions of the Lax pair will be asymptotic to

¢, =T.9, (2.12)

where T, = 2ik2J +iJQZ +ig_J — 2kQ.. The eigenvalues of T, are —i(k? + 4%) and +2ikA.
Since the boundary conditions (BC) are constant, the zero-curvature condition (2.3) in the
limit x — + oo yields [X4, T.] = 0, so X, and T, admit common eigenvectors. In particular,

TiEi = _iEiQ, (2 13)

where Q(z) = diag(—2kA, k> + A2, 2kA). Then for all z € Z, we can define the Jost solutions
¢, (x,1,7) as the simultaneous solutions of both parts of the Lax pair satisfying the BC

ho(x,1,2) = E+(2)e' 9D 4 o(1),  x— *oo, (2.14)
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where O(x, t, z) is the 3 X 3 diagonal matrix

O(x,1,2) = A(z2)x — Q(2)t = diag(91(x, 1, 2), 02(x, 1, 2), =01(x, 1, 2)), (2.15)
and where, owing to (2.10) and (2.13),

0,(x,1,2) = kx — (k2 + N, 01(x,1,2) = —Ax + 2kAr. (2.16)

The advantage of introducing simultaneous solutions of both parts of the Lax pair is that
the scattering coefficients will be independent of time.

To make the above definitions rigorous, we factorize the asymptotic behavior of the poten-
tial and rewrite the first part of the Lax pair (2.1) as

()x = Xitp, + AQud,, (2.17)

where AQ. = Q — Q.. We remove the asymptotic exponential oscillations and introduce
modified Jost eigenfunctions:

U (X, 1,2) = b, (x, 1, 2)e 1 O®L), (2.18)
so that
ATl h2) = Bale) 2.19)

Introducing the integrating factor y(x, 1, 7) = e @®HIE (2, (x, 1, 2)e'®*), we can then
formally integrate the ODE for g, (x, t, z) obtain

ﬂ—(x’ t, Z) =E_ +I E—Ci(x_y)AE:IAQ_u_e_i(X_y)Ady, (2.20a)

p,1.2) = B = [ By 0B AQuu e My, (2.206)
One can now rigorously define the Jost eigenfunctions as the solutions of the integral equa-
tions (2.20). In fact, in appendix A.1, we prove the following:

Theorem 2.1.  Ifq(-,1) — q_€ L'(—c0, a) or; correspondingly, q(-,t) — q, € L\(a, o) for any
constant a € R, the following columns of _(x,t, z) or, correspondingly, u,(x,t,z) can be ana-
Iytically extended onto the corresponding regions of the complex z-plane:

K, ZEDy, u, o Imz<O, K3t ZEDy, (2.21a)
My ZE Do, My o Imz>0, U 3: ZED;, (2.21b)

where the domains of analyticity Dy, ..., Dy are

Dy ={z:Imz>0A|z| > q,}, Dy = {z:Imz<O0A|z| >q,}, (2.22a)
D3 = {z:Imz<0Alz] <q,}, Dy = {z:Imz>0A|z] <q,}. (2.22b)

Note that D; CDy [Dk LDy = C.

Equation (2.18) implies that the same analyticity and boundedness properties also hold
for the columns of ¢, (x, t,z). Note that four fundamental domains of analyticity are present
for the focusing Manakov system with NZBC. This is in contrast to the defocusing Manakov
system (where the eigenfunctions are analytic either in the upper-half plane or the lower-half
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plane [10, 25]) and to the scalar focusing NLS equation, where the fundamental domains are
D, LDk and D, LDk [9]. (The difference from the scalar case can be traced to the presence of
the additional eigenvalue ik in the 3 X 3 scattering problem.)

‘We now introduce the scattering matrix. If p(x, ¢, z) solves (2.1), we have d,(det ¢p) = trX det ¢
and d,(det ¢) = trT det ¢. Since trX = ik and tr'T = —i(k? + 12), Abel’s theorem yields

i[det(zﬁi(x, t,z)e‘ie(x”’“)] - 2[det(aﬁi(x, nz)e-"@(m)] 0. (2.23)
ox ot
Then (2.14) implies

det g, (x,1,2) = y(z)e'®2™M), (x,1) €R?,  z€X\{+ig,}. (2.24)

That is, ¢ (x,1,z) and ¢,(x,t,z) are two fundamental matrix solutions of the Lax pair, so
there exists an invertible 3 X 3 matrix A(z) such that

h(x,1,2) = g (x,1,2)A2), z€X\{=xiq,}. (2.25)

As usual, A(z) = (a;i(z)) is referred to as the scattering matrix. Note that thanks to the
explicit time dependence in the BCs (2.14) for the Jost eigenfunctions, A(z) is independent of
time. Moreover, (2.24) and (2.25) imply

detAR) =1, z€X\[+ig,). (2.26)

It is also convenient to introduce B(z) := A!(z) = (b;j(z)). In the scalar case, the analy-
ticity of the diagonal scattering coefficients follows trivially from their representations as
Wronskians of analytic eigenfunctions. This approach, however, is not applicable to the vec-
tor case. Nonetheless, as in the defocusing case [10], this problem can be circumvented using
an alternative integral representation for the eigenfunctions. Said representation is found
in appendix A.2. Combining the alternative integral representations with a Neumann series
expansion yields the following result:

Lemma 2.2. For all z in the interior of their corresponding domains of analyticity, the modi-
fied eigenfunctions u,(x,t,z) are bounded for all x € R.

As in the defocusing case, this result will be important to the classification of the discrete
spectrum (discussed in section 3.1). Also, a straightforward combination of the scattering
relation (2.25) and the alternative integral representation of the eigenfunctions yields the fol-
lowing result.

Proposition 2.3. For z € %, the Jost eigenfunctions exhibit the following asymptotic behav-
ior as x tends to the opposite limit from the BC:

py (x, 1,7) = E_(2)el®*1IB(2)e 71012 4 (1), X —o0, (2.27a)

i (x,1,2) = E4(2)el®%Hh9A(2)e 0000 4 (1), X — 0. (2.27b)

Finding explicit expressions for the limits of the modified eigenfunctions as x tends to the
other infinity in the interior of the corresponding domains of analyticity would require the use
of triangular decompositions of the scattering matrix (as in [26] for the defocusing case). Such
expressions and their derivation are omitted for brevity.

In any case, using Lemma 2.2, in appendix A.3, we obtain the analyticity properties of the
scattering coefficients.
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Figure 1. Left: the regions of analyticity of the Jost eigenfunctions and diagonal
scattering coefficients in the complex z-plane (see section 2.2). Also indicated are the
auxiliary eigenfunctions in each region (see section 2.3). Right: the symmetries of the
discrete spectrum and the regions D (gray) and D~ (white) and the orientation of X for
the Riemann—Hilbert problem in section 4.

Theorem 2.4. Under the same hypotheses as in Theorem 2.1, the following scattering coef-
ficients can be analytically extended off of Z in the following regions:

ay: z€Dy, ay : Imz<0, a3 : 7€ Dy, (2.28a)

by : 7€ D,, by . Imz>0, bz : 7€ Ds. (2.28b)

Unlike the defocusing case [10, 25], all the diagonal entries of the scattering matrix are ana-
Iytic in some part of the complex plane. The list of eigenfunctions and scattering coefficients
that are analytic in each fundamental domain is shown in figure 1 (left). Note that the col-
umns ¢, ,(x, 7, z) are analytic in two domains, unlike the columns ¢, (x,1,z) and ¢, 3(x, 1, 2).
Similarly, the scattering coefficients a»,(z) and by,(z) are analytic in all of the lower-half plane
and upper-half plane, respectively, unlike a;(z), b11(2), as3(z), and b33(z).

2.3. Adjoint problem and auxiliary eigenfunctions

Recall that, unlike in the defocusing case [10, 25], all of the columns of ¢, (x, ¢, z) are analytic
in some portion of the complex z-plane. Nonetheless, a complete set of analytic eigenfunc-
tions is needed to solve the inverse problem, and only two among the columns of ¢, (x,1,z)
and ¢ (x, ¢, z) are analytic in any given domain. So one still needs to overcome a defect of
analyticity.

As in [25], to circumvent this problem we consider the so-called ‘adjoint’ Lax pair (fol-
lowing the terminology and the idea originally introduced for the three-wave interaction equa-
tions in [22]):

b =Xp, ¢ =T¢, (2.29)
where X = ikJ + Q*and T = —2ik%J +iJ(Q, — Q* — qoz) — 2kQ. Hereafter, tildes will denote
that a quantity is defined for the adjoint problem (2.29) instead of the original one (2.1). (For

scattering problems with non-degenerate eigenvalues, an alternative method to constructing a
full set of analytic eigenfunctions was presented in [4, 5].)
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Note that X(x, 7, z) = X*(x, 1, z%) and T(x, 1, z) = T*(x, 1, z*) for all z € =. Denoting by ‘X’
the usual cross product, for any vectors u, v € C3 one has:
Juyxv+uxJv)y+uxv+ JuyxJv) =0,
Juxv)=Ju)xJv),
Quxv)+ (QMu)yxv+ux(Qlv) =0,
JQ*(uxv)+ JQNHu)x v+ux J(Q)*v) = 0.
Note also that in the focusing case, Q7 = —Q¥, implying Q" = —Q. Similarly to [22] and
[25], using these identities it is straightforward to prove the following:

Proposition 2.5. If¥V(x,t, z) and W(x, t, z) are two arbitrary solutions of the adjoint problem
(2.29), then

u(x, t,z) = e LIE X W(x, 1, 2) (2.30)
is a solution of the Lax pair (2.1).

We use this result to construct four additional analytic eigenfunctions, one in each fundamen-
tal domain. We do so by constructing Jost eigenfunctions for the adjoint problem. The eigenval-
ues of X, are —ik and +id. Denoting the eigenvalue matrix as —iA(z) = diag(il, —ik, —il), we
can choose the eigenvector matrix as Ei(z) = Ei"_,(z*). Note that det Ei(z) =y(2). As x > + o0,
we expect that the solutions of the second equation in (2.29) will be asymptotic to those of
&, = Toh. The eigenvalues of Ty are i(k? + 4?) and +2ik/, and (2.13) imply T.E, = E,iQ. As
before, for all z € Z, we then define the Jost solutions of the adjoint problem as the simultane-
ous solutions ¢, (x, 7, z) of (2.29) such that

B, (x,1,2) = EL(2)e 7O 4 o(1), x> *oo. (2.31)

Introducing modified adjoint eigenfunctions f,(x,1,2) = ¢,(x, ,2)e'®®"?) as before, one
can show that the following columns of f,(x, 7, z) can be extended into the complex plane:

fLi: ZE€Dy, A, Imz>0, Azt z€Ds, (2.32a)

Ayt €Dy, Aot Imz <O, Hs: €Dy (2.32b)

Again, only two among the columns of f, (x,t,z) and i (x,t,z) are analytic in the same
region. And as before, ql; (%, t, 7) are both fundamental matrix solutions of the same problem,
and therefore, we can introduce the adjoint scattering matrix as

d(x,1,2) = §.(x, 1, DAQ). (2.33)

The same techniques used for the original scattering matrix show that for suitable poten-
tials, the following coefficients can be analytically extended into the following regions:

ai: z€ Do, dy . Imz>0, azz: z€Ds, (2.34a)

bi1: z€Dy, 522 : Imz <O, 533 1 ZEDy. (2.34b)
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where B(z) = A_](z). In light of these results, we can define four new solutions of the original
Lax pair (2.1):

K t,2) = eI g X H(x,1,2), (2.35a)
B, t,z) = e g | x g o(x, 1, 2), (2.35b)
1(x,1,2) = 20D ) X )(x,1,2), (2.35¢)
2a(x,1,2) = P01 X, S1(x,1,2). (2.36d)

We call y(x,t,2), ..., 04(x, t,2) the auxiliary eigenfunctions. Note that here four different
auxiliary eigenfunctions are needed, in contrast to the defocusing case [10, 25], where only
two auxiliary eigenfunctions must be defined. This is because, in the focusing case, we have
four different domains of analyticity, compared to just the upper-half plane and the lower-half
plane in the defocusing case. Indeed, by construction, we have

Lemma 2.6. For j=1,...,4, the auxiliary eigenfunction y;(x,t,z) is analytic for z € D;.

Note that a simple relation exists between the adjoint Jost eigenfunctions and the eigenfunc-
tions of the original Lax pair (2.1):

Lemma 2.7. For z € Z and for all cyclic indices j, £, and m,

by (3, 1,2) = P0G, X Py 1001, 2)yi(2), (2.36a)

by j(x,1,2) = eI X 10x, 1,2y (2), (2.36b)
where

n@@ =1, n(@) =), ni) = 1. (2.37)

This relation induces a relation between the corresponding scattering matrices:

Corollary 2.8. The scattering matrices A(z) and A(z) are related by
A(z) =T @A @)'T7(2), (2.38)
where I'(z) = diag(1, y(z), 1).

Finally, using Lemma 2.7 and the adjoint scattering relation (2.33) in the definition (2.35)
yields:

Corollary 2.9. For all z € %, the Jost eigenfunctions have the following decompositions:

1 1
b (x,1,2) = [X:(x, £, 2) + a2i(2) 5(x, 1, 2)] = [a31(2)3(x,1,2) + X, (x, 1, 2)],
an(z) a33(z)
(2.39a)
1 1
¢ 5(x.t,2) = [ (x, 7, 2) + a2 5(x, 1, 2)] = a3 (x, 1, 2) + X (x, 1, 2)],

ap1(z)

an(z)
(2.39b)
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1 1
¢+,1(x’ t’ Z) = [X4(x, t, Z) +b2](z)¢+,2(~x’ t’ Z)] = [b3l(Z)¢+,3(x7 t,Z) +X3(x, t, Z)]’
b23(2) b33(2)
(2.39¢)
1 1
d 3(x,1,2) = ——[ X (x, 1, 2) + b3(D)P, ,(x, 1, 2)] = ——[b13(), |(x.1,2) + %o (x,1,2)].
bx(z) b(z) 2390

All of these results are proved in appendix A.4. In addition, similarly to the Jost eigenfunc-
tions it will be useful to remove the exponential oscillations and define the modified auxiliary
eigenfunctions as

mi(x,1,2) = (x, 1,2)e "0, j=1,2, (2.40a)

mi(x,1,2) = y;(x, 1,2)e” 00D, j =34, (2.40b)

Then, using Lemma 2.2 and (2.35), we can characterize the asymptotic behavior of the
modified auxiliary eigenfunctions as x — #-o0:

Lemma 2.10. For all 7 in the interior of their corresponding domains of analyticity, the
modified auxiliary eigenfunctions mj(x,1,z) (j = 1, ...,4) remain bounded for all x € R.

Like Lemma 2.2, this result will be instrumental to characterizing the discrete spectrum (see

section 3.1).

2.4. Symmetries

For the Manakov system with ZBC, the only symmetry of the scattering problem is the map-
ping k — k* With NZBC, the symmetries are complicated by the presence of the Riemann
surface, which requires one to keep track of each sheet. Correspondingly, one has two sym-
metries, one of which is the analogue of that with ZBC while the other involves a change
of sheet. The symmetries with NZBC are also complicated by the fact that, after removing
the asymptotic oscillations, the Jost solutions do not tend to the identity matrix. Recall that
Au(k) = —Atk),z=k+A,2=k—A A= (—2)2, and k = (z+ 2)/2.

2.4.1 First symmetry. Consider the transformation z — z* (mapping the upper-half plane into
the lower-half plane and viceversa), implying (k, ) = (k*, A*).

Proposition 2.11.  If¢ is a non-singular solution of the Lax pair, so isw(x, t,z) = (¢'(x, t, %)L
Proposition 2.11 is proved in appendix A.5. There, we also show that, as a consequence:

Lemma 2.12. For all z € Z, the Jost eigenfunctions satisfy the symmetry

(@), 1,2)7CR) = ¢, (x,1,2), (2.41)
where
C(z) = diag(y(2), 1, 7(2)). (2.42)
Note also that

1
det ¢, (x,1,2)

Then, substituting (2.39) in (2.41) and using Schwarz reflection principle yields:

(¢i_l(x7 ta Z))T = (471,2 X ¢i,3’ d’ij X ¢i,1’ ¢i,1 X ¢i,2)(x7 tv Z)'
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Lemma 2.13. The Jost eigenfunctions obey the symmetry relations:

—in(x,t,z)
Pt = oy el 2) (2.43a)
—i(?z(x,t,z)
¢ \(x,1,2%) = ——I[ , X ] (x,1,2), (2.43b)
’ ax(z)
Bt ) = e I 12) = S Xl 2)
R r(@bi(z) ST @by TR (2’. 43¢)
¢ (x 1,75 = w[xy«b 1x,2,2) = M[<I> XX 1(x, 2, 2)
—E y(@an(z) ST Ty @an) e
(2.43d)
e—iﬂz(x,t,z)
¢i3(x’ t’ Z*) = b22(Z) [X4 X ¢+,2](-xa t’ Z)’ (2436)
—i0y(x,1,2)
O (5 1,75 = [ % X 105, 1,2), (2.43f)
’ ax(z)

where each equation involving y;(x,1,z) holds forz€Dj, j=1,...,4.

Note that ¢i,2(x9 t,z) have two different decompositions, one in each of their sub-domains of
analyticity. Moreover, using (2.41) in the scattering relation (2.25), we conclude:

Lemma 2.14. The scattering matrix and its inverse satisfy the symmetry relation:
A(Z*) =C)BEIC '), z€eX. (2.44)
Componentwise, for all z € X (2.44) yields

1
bi(2) = a\(2%),  bi(2) = EG;(Z*), bi3(z) = a3(z*), (2.45a)
b1(2) = y@a5(Z),  bn(2) = an(@),  bxn() = y(2)an@®), (2.45b)
1
b31(2) = a5(z®),  bx(z) = %azﬂ}(z*), b33(z) = az(2). (2.45¢)

The Schwarz reflection principle then allows us to conclude

bi(z) = ajy(z*),  z€Ds, (2.46a)
bn(z) = ap(z®),  Imz>0, (2.46b)
b3(z) = a3z,  z€D;. (2.46¢)

We can also obtain symmetry relations for the auxiliary eigenfunctions:

3111



Nonlinearity 28 (2015) 3101 D Kraus et al

Corollary 2.15. The auxiliary eigenfunctions satisfy the following symmetry relations:

X1, 2F) = eI X Hl(x,1,2),  ZED, (2.47a)
2 (1, 7%) = eI (x1,2),  ZE€Dy, (2.47b)
* *Y _ a—ifa(x,1,2)
X (x1,77) =e (B2 X P 53](x, 1, 2), ZE€ Dy, (2.47¢)
2 (1, 7%) = e 70 X sl(x,1,2),  zE€Ds. (2.47d)
In addition, the proof of Corollary 2.15 and (2.36) yield:
¢ (x,1,2%) = e PG, L X 1, 1, 2Dyi(2), (2.48)

where j, Z, and m are cyclic indices and z € Z.

2.4.2. Second symmetry. Consider the transformation z — Z (mapping the exterior of the
circle C, of radius ¢, centered at O into the interior, and viceversa), implying (k, 1) = (k, —4).
This symmetry relates the values of the eigenfunctions on the two sheets when k is arbitrary
but fixed (on either sheet). It is easy to show the following:

Proposition 2.16. If ¢(x,t,7) is a solution of the Lax pair, so is
W(x,1,2) = ¢p(x,1,2). (2.49)
In appendix A.5 we then show that, as a consequence:

Lemma 2.17. For all z €%, the Jost eigenfunctions satisfy the symmetry

d.(x,1,2) = ¢, (x, 1, )(2),, (2.50)
where
0 0 ig/z
=] 0 1 0 [ (2.51)
ig)z 0 0

As before, the analyticity properties of the eigenfunctions then allow us to extend all of the
above relations:

i
b (002 = 2p (x,1,2), ImzSOAL]>q, (2.524)
Z
¢i,2(x, t, Z) = ¢i,2(-x’ ta 2)7 Im < 2 07 (252b)
_ lqO 2 >
¢i,3(x9 Z Z) - _¢i,1('x’ t,Z), Im S 0 A |Z| < qo' (2526)
Z

Also, similarly as before, we can again use (2.25) to conclude
Lemma 2.18. The scattering matrix satisfies the symmetry

AQ) = H(ARIT (2), ZEX. (2.53)
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Componentwise, we have

ai(z) = an), apk) = %032(2), a3(z) = az1(2), (2.54a)
iz . . iz .

a1(2) = =—an(@),  an(z) = an(@), an@) = -—an?), (2.54b)

a3(2) = an@),  an() = %alz(@, ax(2) = an(?). (2.540)

An identical set of relations obviously holds for the elements of B(z). The analyticity of the
scattering matrix entries allows us to conclude

a1(z) = a3(2), z€Dy, bi1(z) = bx3(2), z€E€Dy, (2.55a)
b(z) = bp(2), Im z=0, an(z) = ap(?), Imz<O0. (2.55b)
Finally, we combine (2.52) and (2.54) with (2.35) to conclude

Lemma 2.19. The auxiliary eigenfunctions satisfy the symmetries

i
nex,t,z) = &){4()6, t,2), z€Dy, (2.56a)
Z
iq, .
»nx,1z2) = —prx,t2), zZ€Dm. (2.56b)
Z

2.4.3. Combined symmetry and re [ettion coefficients. Of course one can combine the above
two symmetries to obtain relations between eigenfunctions and scattering coefficients evalu-
ated at z and at —q02/z*. We omit these relations for brevity.

The following reflection coefficients will appear in the inverse problem:

ax(2) bi5(z") an(z) _ b3
(@) = =y@) s (@)= =—, 2.57a
M an) b T an@ b @370
an(z) _ 1 by
p3(2) =—>=——"F"—. 2.57b
T an@) r@) b (:370)
The symmetries of the scattering matrix yield
o 1q, ax3(2) ig, b3 (z*¥) o ann(@) i@
@) =——=-=y@)— s p(@)= = , 2.58a
: z ax(2) e i@ P T ame by P
,03(2) _ _lz a2(z) _ 1z 21(2%) (2.58b)

o @@  qr(2) bH(e¥)
The definition of B(z) as A(z) yields the following for z € %:
a32(2) = b12(2)b31(2) — b11(2)b32(2). (2.59)

In terms of the reflection coefficents, we have
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P3(Z) =

o}

M[pl*(z*)p;“(z*) - i—zpl*(f*)], X (2.60)
ax(2)y(z) 4

Thus, only two of the reflection coefficients are independent. Once the trace formulae for
the analytic scattering coefficients have been obtained in section 4.3, we will show that one
can combine all of the above symmetries to reconstruct the entire scattering matrix.

3. Discrete spectrum and asymptotic behavior

3.1 Discrete spectrum

As we show next, the discrete spectrum for the focusing Manakov system with NZBC is con-
siderably richer than that of both the focusing case with ZBC and the defocusing case with
NZBC.

In order to characterize the discrete spectrum, it is convenient to introduce the following
3 X 3 matrices, each of which is analytic in one of the four fundamental domains:

D(x,1,2) = (¢ (x,1,2), . 5 (x, 1, 2), ;y (x, 1, 2)), €Dy, (3.1a)
Do(x,1,2) = (¢ (X, 1,2), P 5(x,1,2), o (X, 1, 2)), ZE€D,, (3.1b)
Di(x,1,2) = (5, 1,2), . 5(x, 1,2), @, 5(x,1,2)), ZE€Ds, (3.1c)
Dy(x,1,2) = (14 (x,1,2), ¢, 5(x,1,2), ¢ 3(x, 1, 2)), ZE€Dy. (3.1d)
Recalling (2.39), we obtain immediately
Wr @(x,1,2) = a11(2)bxn(z) €49, ze D, (3.2a)
Wr ®y(x,1,2) = an(2)bii(z) €49, zED,, (3.2b)
Wr @5(x, 7,2) = ax(2)b3s(z) €09, zE€ Dj, (3.2¢)
Wr ®y(x, 1,2) = as3(2)bxn(z) €59, z€ D, (3.2d)

Thus, the columns of @ (x, £, z) become linearly dependent at the zeros of a;(z) and bo(z).
Similarly, the columns of @,(x, ¢, z) are linearly dependent at the zeros of a»,(z) and b;(z), etc.
On the other hand, the symmetries of the scattering coefficients imply that these zeros are not
independent of each other. Indeed, in appendix A.6 we prove:

Lemma 3.1. LetImz,> 0. Then

bn(zo) =0 < an(z) =0 < an(E)) =0 < bn(%,) =0. (3.3)

Lemma 3.2. LetImz,> 0 and|zo| > q, Then
an(zo) =0 < bi(zy) =0 <= bx(2) =0 <= az(3,) =0. (3.4)

Lemmas 3.2 and 3.1 imply that discrete eigenvalues appear in symmetric quartets: z,, z,.,
—q02 12, _%2 /z,f< . (This situation is similar to the scalar case with NZBC [9] and the defocusing
Manakov system with NZBC [25].) It is therefore sufficient to study the zeros of a;(z) and
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bax(z) for z € Dy. Clearly, there are three possible kinds of eigenvalue quartets corresponding
to a given eigenvalue z, € D; (i.e. such that Im z, > 0 and |z,| > g,)):

1. a11(zo) = 0 and byy(z,) # 0. We call this an eigenvalue of the first kind.
2. a11(zo) # 0 and byy(z,) = 0. We call this an eigenvalue of the second kind.
3. a11(z0) = b2(z0) = 0. We call this an eigenvalue of the third kind.

We next characterize each of these three types of eigenvalues. The following results will be
instrumental to this end:

Lemma 3.3. Suppose Imz, > 0 and |zo| > q,,. Then the following statements are equivalent:

(i) x(x, t,20) =0,
(il) ){4()(’ t, Z\0) = 0’
(iii) There exists a constant b, such that ¢ ,(x,t, = bopy 1(x, 1, 7,

(iv) There exists a constant b, such that ¢ H(x, 1, 28 = I;O¢+73(x, 1,25,

Lemma 3.4. Suppose Imz, > 0 and |zo| > q,,. Then the following statements are equivalent:
(i) 5 (x.1,25) =0,

(i) z(x.1.25) =0,

(iii) There exists a constant b, such that I;O¢+,2(x, 1,20) = ¢ (X, 1, 20)s

(iv) There exists a constant l;o such that l;o¢+‘2(x, t,20) = ¢ 3(x,1,20).

Remark 3.5.  All the results up to this point are valid for zeros of a11(z) and/or b,5(z) (in their
appropriate domains of analyticity) of any order. For the remainder of this work we will only
consider discrete eigenvalues that are simple zeros of a;;(z) and/or byx(2).

Using the results of this section and the assumption that the discrete eigenvalues are simple, in
appendix A.6 we prove the following:

Theorem 3.6. Let z,€ D, be a discrete eigenvalue of the scattering problem. That is,
a11(20)b22(z0) = 0. Then the following are true:

(1) If zo is an eigenvalue of the first kind, there exist constants c,, o, Co, and ¢, such that
b (5, 1,20) = Co X (X, 1, 20)/b22(20)s Yo, 1,20) = oty 1(x, 1,28,
Y0 1,25) = &by 36, 1, 25), (6,1, 20) = Go Xy (a1, Zo).
(1i) If zo is an eigenvalue of the second kind, there exist constants d., c?o, cfo, and d,, such that
101 20) = dofh, o6 1.20), (X, 1.20) = do gy (x,1,2),
4’_,2()6, , 2:) = 6?0)(3()@ 1, 2:), xax,t,2,) = d_0¢+,2(x, t,2o)-

(iii) If zo is an eigenvalue of the third kind, then y(x,t,z,) = y (X, l,z;k) =0, and there exist
constants f,, f, f, and f, such that

¢—,1(x’ t’ ZO) = f;)¢+,2(x7 t’ ZO)’ ¢—,2(x? t? Z(;k) z‘f(‘)¢+,1(x9 t9 Z(:k)a

2% 7 2% 2 rd N
¢_’2(x’ t’ Zo ) :f(;¢+’3(x3 t’ Zo )’ ¢_,3(-x’ t’ ZO) :f;)¢+,2(x9 t» ZO)'

Theorem 3.6 provides a full characterization of the discrete spectrum. In particular, taking
into account the asymptotic behavior of the Jost eigenfunctions and auxiliary eigenfunctions
as x — oo in lemmas 2.2 and 2.10, it is straightforward to see that a discrete eigenvalue of
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each kind corresponds to a bound state of the scattering problem (i.e. an eigenfunction in
L2(R)). This is in marked contrast to the defocusing case, where zeros of the analytic scatter-
ing coefficients off C, do not lead to bound states [10, 25], and is a consequence of the fact that
the scattering problem for the focusing case is not self-adjoint.

3.2. Symmetries of the norming constants

We first rewrite the results of Theorem 3.6 in terms of the modified eigenfunctions, which will
be useful when deriving the residue conditions for the inverse problem. Let {wn}f;"=1 be the set
of all eigenvalues of the first kind. Then

(6, 1, W) = camy(x, 1, wy)e ™ RO b s (), (3.5q)
A H k-
mo(x, 1, wy) = Cupty (6, 1, w3 )20, (3.5b)
A v A 1 *
m3(x9 t» w:zk) = cn/"+,3(x’ t9 Wy:k)emgl(x’l,wn )’ (356)
AN — = ~ —2i60,(x,t,wy,)
M 5(x, 1, W) = Cumy(x, £, Wy )e . (3.5d)

Let{z, }nNi1 be the set of all eigenvalues of the second kind. Then

my(x, 1, 2,) = dupty (X, 1, 2,)@OFODEL), (3.6a)
(X, 1,2,5) = dumax, 1, 2. )e OO0, (3.6b)
WA (6, 1, 2) = dumi(x, 1, £)e T IOH0D015), (3.6¢)
ma(x, 1, 2,) = dypty 5(x, 1, £,)@i O 02120, (3.6d)

Let {Cn}n]\’;1 be the set of all eigenvalues of the third kind. Then

/’t—,](x’ t’ Z:H) = .f;‘q/’t+’2(~x7 t? Cﬂ)e_i(‘g}_gzxx’t,{n)a (3.7@)

W 1,6 = foy 1 (x, 1, el O 00080, (3.7b)
N 2%\ (01— 0)(x,1.L5)

WX, 8,8, ) = fupy 5(x, 1, Gy )t IR, (3.7¢)

A0 1,6 = Fop o (x, 1, Gy )e O 0080, (3.7d)

Writing the norming constant relations in this manner will allow us to easily find the res-
idue conditions of the Riemann—Hilbert problem, which will be introduced in section 4.1.
However, it will first be necessary to explore how the symmetries of the scattering matrix and
eigenfunctions affect these norming constants. Said symmetries are combined to show:

Lemma 3.7. The norming constants in Theorem 3.6 obey the following symmetry relations:

Cp = Cn/bZZ(Wn)v 6}1 = én = —Cn*, (3851)
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7 iZn 5 dr:k Y iqo dr:k
dy,=— dy, dy=-— , dy=-— s (3.8D)
4, r@)bu()) z rzZ)bi))

G, s ap@) g an@h fy
I T e ey T T e 1y

(3.8¢)

3.3. Asymptotic behavior as z—- o and z - 0

To normalize the Riemann—Hilbert problem (RHP) (defined in section 4.1), it will be neces-
sary to examine the asymptotic behavior of the eigenfunctions and scattering data as k — oo.
In terms of the uniformization variable z = k + A, this requires studying the behavior both as
z— oo and z = 0. Consider the following formal expansion for p, (x, 1, z):

P 1,2) = Y p,(x1,2), (3.9)
n=0
where
ﬂO(-xs Z Z) = E+(Z)9 (3100)

(X, 1,2) = —f E.(2)e ™ AOE () AQy(y, N, (v, 1, 2)e ARy,
X

(3.100)

We will use (3.9) and (3.10) to characterize the asymptotic behavior of the eigenfunctions

as z — oo and z — 0. Since doing so will require integration by parts, one must identify appro-

priate funcional classes for the potential which guarantee the validity of results. Denote by

W'!(a,b) the Sobolev space consisting of functions f€ L'(a, b) such that the first-order weak
derivative of fis also in L'(a,b). In appendix A.7, we prove the following:

Lemma 3.8. Let q(-,1) — q_€ W'l(—c0,a) and q(-,1) — q, € W"Y(a, o) for any constant
a €R. Then for all m >0, (3.9) provides an asymptotic expansion for the columns of p, (x, ¢, 2)
as z — oo in the appropriate region of the complex z-plane, with

(ko lba = O(1/2™), [Hamlbo = O(1/z"™F1), (3.11a)

(Homs1loa = Oz, [Hamsilbo = OU/Z" ). (3.11b)

Lemma 3.9. Let q(-,1) — q_€ W'l(—c0,a) and q(-,t) — q, € W"Y(a, 00) for any constant
a €R. Then for all m >0, (3.9) provides an asymptotic expansion for the columns of p, (x, ¢, 2)
as z — 0 in the appropriate region of the complex z-plane, with

[12,la = O™, [Hamlbo = O™, (3.12a)

(ot ilba = OE™), [Hom+ 1100 = OE™). (3.12b)
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Then, evaluating explicitly the first few terms in (3.9), we obtain

Corollary 3.10. As z — oo in the appropriate regions of the z-plane,

.ui,l(x’ t’ Z) = (

Heo(X,1,2) =

He3(X,1,2) =

, ] +0(1/72),
(/2)q(x, 1)

~(i/q,0)q (x. g

Similarly, as z — 0 in the appropriate regions of the z-plane,

My 1 (x,1,2) =

,ui,2(x7 t, Z) =

i + 0(1/z),
q./q,
(I/qoz)qf(x, t)qi
+0(1/72).
qt/qo

q'x,0a,/q.
[+ o),

(I/Z)qi

ig,/z

ﬂi,?,(x’ t’ Z) =

+ 0(2).
q(x, t)/qo]

(3.13a)

(3.13b)

(3.13b)

(3.14a)

(3.14b)

(3.14¢)

Next, we compute the asymptotic behavior of the auxiliary eigenfunctions ;(j(x, t,2),
j=1,...,4. It will be helpful to remove their exponential oscillations (as we did with the
Jost eigenfunctions). Recall the definitions (2.40) of the modified auxiliary eigenfunctions.
Combining (2.35) with (2.47) we then have:

Lemma 3.11.
(i/g,2)q/(x, 1)q_
my(x,t,z) =
q./q,
q'aq,/q;
ms(x,t,7) = ,
(lg.2)q" q,r(x,

Similarly, as z — 0 in the appropriate regions of the z-plane,

]+ o(1/z%), ma(x,t,2) = [

+0(1/z%), my(x,t,2) =

1)
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i/9,2)q’ i/q,2)q"
my(x.t.2) = [( 2 q+q‘] +0(),  mnt.z) = [(I/q"Z)q‘q*] +o(1),
0 0
ma(x,t,z) = [(i/z)q+] + 0(1), ma(x,t,2) = ((i/z)q_] + O(1).

Next, we find the asymptotic behavior of the scattering matrix entries. Combining the
results in Corollary 3.10 with the scattering relation (2.25) and the symmetry (2.41) yields

Corollary 3.12. As z — o in the appropriate regions of the z-plane,

an(@) =1+0(/2), an@) =q'q,/q]+0(1/2), an) =qiq/q} +O0(1/2),
b) =1+ 0(1%), by =q\q/q]+0(1/2), bx) =q'q,/q, +O(rz).

Similarly, as z — 0 in the appropriate regions of the z-plane,

an(z) = 4}q /g, + 0@),  an@) =dla,/q; +0@), ax@ =1+0(@),
bn@ = 4'a,/q; +0@), bn() =4ialg) +0@), by =1+0@).

Finally, we find the asymptotic behavior of the off-diagonal scattering matrix entries. Again,
combining Corollary 3.10 with the scattering relation (2.25) and the symmetry (2.41) yields

Corollary 3.13. As z — oo on the real z-axis,

0 0
1
[AZl(2)], = — 0 rLri + O(1/2).

% (o qf_rqi 0

0
0

Similarly, as z — 0 on the real z-axis,

(0 00
(A1), = rs 0 0]+0().
0 00

Note that not all off-diagonal entries vanish as z — oo. (The same happens in the defocus-
ing case [10].) This, however, does not complicate the inverse problem since the appropriate
combinations of reflection coefficients will still vanish as z — oo.

3.4. Behavior at the branch points

We now discuss the behavior of the Jost eigenfunctions and the scattering matrix at the branch
points k = +iq,. The complication there is due to the fact that A(+ig,) = 0, and therefore, at

+ilx

Z = =igq,, the two exponentials e*** reduce to unity. Correspondingly, at z = +ig,, the matrices
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E.(z) are degenerate. Nonetheless, the term E.(z) ei(x‘Y)A(Z)E;I(z) appearing in the integral
equations for the Jost eigenfunctions remains finite as z — +ig,:

1+q8 &ql

lim E.(2)efAOE (7)) = 1 ,
ki, * €q, — UL

o

where & = x —y and U.(€) = (1 ¥ ¢.£)q,q] + ™ q(qD). Thus, if (1 + [x)(q(x,1) — q,) € L'R®),
the integrals in (2.20) are also convergent at z = +1ig,, and the Jost solutions admit a well-
defined limit at the branch points. (This is identical to what happens in the scalar and defocus-
ing cases [9, 10, 15].) Nonetheless, det ¢, (x, ¢, +ig,) = O for all (x, ) € RZ. Thus, the columns
of ¢, (x,1,iq,) (as well as those of ¢, (x, ¢, —ig,)) are linearly dependent. Comparing the asymp-
totic behavior of the columns of ¢, (x,, +ig,) as x — + oo, we obtain

¢i,](-x, f, iqo) = ¢¢,3(x’ , iqo)’ ¢i,l(x’ f, _iqo) = _¢1,3(x’ , _iqo)' (315)

Next, we characterize the limiting behavior of the scattering matrix near the branch points.
It is easy to combine the identity (2.24) with the scattering relation (2.25) to express all entries
of the scattering matrix A(z) as Wronskians:

2

< —i0
— 5 Wiex, 1,2)e %2509,
°+q,

aj(z) =

where
VV}'/()C, tv Z) = Wr(¢—,€(-x’ t’ Z)’ ¢+,j+l(-x’ t9 Z)’ ¢+,j+2(-x, t’ Z))9
and j + 1 and j + 2 are calculated modulo 3. We then have the following Laurent series

expansions about z = +ig,;

dij,+ (0)

a;(z) = +a; 5+ 0@EzFiq,), z€ZX\{+iq,}, (3.16)

ZFiq,

where, for example,

i .
a+ == %Wn(x, t, +ig,) e*4o(x Ligl)

-

ig, d .
a,(fyi = [ + %d—W] 16, 2, 2| o==ig, + Wiilx, 1, ilqo)] etaolx Cal),
Z

Note that in (3.16), the subscript ‘+’ is used to indicate quantities associated with the
Laurent series expansion of a;i(z) about z = ig,, while the subscript ‘-’ corresponds to quanti-
ties associated with the Laurent series expansion of a;(z) about z = —ig,. This is in contrast to
the rest of this work, where such subscripts denote normalization as x — +oco. Summarizing,
the asymptotic expansion of A(z) in a neighborhood of the branch point is

AQR) = AL +AY + 0 Fig),

Z¥ 14,
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where Aﬂ_f) = (a\?),

ij,+
10 +1 01 0
Al =an+ 0 0 O |+ans00 0f
F10 -1 0F10

and aa . = +(iq,/2)Wia(x, 1, +ig, )e*%F%), Note that the second row of A is identically zero
because ayj + = +(ig,/2)Wjr(x, t, +ig,)ex%Fi4) which is zero by virtue of (3.15).

4. Inverse problem

4.1 Riemann—Hilbert problem

As usual, the inverse scattering problem is formulated in terms of an appropriate RHP. To
this end, we need suitable jump conditions that express eigenfunctions meromorphic in D in
terms of eigenfunctions that are meromorphic in D, (and similarly for the other regions). The
desired eigenfunctions are the columns of ®(x,#,z) (j = 1,...,4) in (3.1), and, as in the defo-
cusing case, the jump conditions are provided by the scattering relation (2.25). Using these
relations, in appendix A.8 we then prove:

Lemma 4.1.  Define the piecewise meromorphic function M(x, t,z) as M(x, t,z) = Mj(x, t,2)
forzeD;(j=1,...,4), where

o I
Mi(x,1,2) = @i~ [diag(an, 1.bo)] ™ = | = 40— |, €D (4.1a)
a7 by
o n
Mi(x, 1,2) = Dre O[diag(l, an, LDl = |41, =2, ~2 |, z€Dy,  (4.1b)
ay by
o n
Mi(x, 1, 2) = ®se~©[diag(bss, am, DI = |2, =2 45| z€Ds,  (@.10)
b3z ax
o W
Mu(x, 1,z) = PyeO[diag(bn, 1,a33)]"" = ﬂ,m,z, —’3), Z€Dy.  (4.1d)
by ass
Then M(x, t, z) satisfy the jump conditions
M(x,1,2) = M7 (x, 1, 2)[I — @@L (7)e O®19) 23, 4.2)

where M = Mt for z€ Dt = DiuD; and M = M~ for z € D~ = D, U D, (namely, Mt = M
for z€ D), Mt = M; for z € D3, M~ = M, for z € D,, and M~ = M, for z € D,) and where the
superscripts + denote, respectively, projections from the left and the right of the appropri-
ate contour in the complex z-plane. Here X = XU X, U 23U X4, where %; is the boundary of
D_j r\D_j+1 mod 4 (oriented so that D% is always to its left), and the matrix L(x, z,z) is given on
each portion of the contour as
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ig, . ig, ig, .
TOPIPS — R — piRops 70ﬂ3 + Ryp3 —R - 707ﬂ3R3 — YRR3R
L(z) = , ZEX,
—P 0 rRs 1
—P1— P2 /3 —rp3R3
RR 0 —R,
L= 0 0 0 ]| ze€X,
R 0 0
< 5 . iq, . .
-1k PaP3 — 70/’3 %)
=iz, 4 iz 4 P A B 1 oA .
L@ —pik - q_7R3 — V02 RoRs V[P Rs + Dop3 R3] vDLRs | 2€23
{¢] {¢]
R\Z —P3 0
Pap> 0 12
iq,r 5 ~ iz ig, . 5| iz.
L@) =Rl = paprl =1+ —pipy 0 y|p3——DRs| = —p;|, z€Zq,
Z 9 4 1 4
—P2 0 0
where p, = p(z) and R; = p;k(z*) for j=1,...,4, and where the circumflex accent denotes
evaluation at Z = —q, /7.

The various sections of the contour are illustrated in figure 1 (right). In order for the above
RHP to admit a unique solution, one must also specify a suitable normalization condition. In
this case, this condition is provided by the leading-order asymptotic behavior of M* as z — oo
and the pole contribution at O to help regularize the RHP (4.2). More precisely, using the
results from section 3.3 together with the definitions in (4.1), we have that

M(x,t,z) = My, + O(1/z), z—> 00, (4.3a)
M(x, t,2) = (/)M + O(1), z—0, (4.3b)
where
Y £ B I T R S "
>0 q/q, a/q,) " \a, 0 0) (“.

Note that each limit is expressed in terms of the asymptotic behavior of the potential as
x — oo (instead of x - —o0). This is because the definition of M(x, #, z) in (4.1) breaks the sym-
metry between the limits x — oo and x — —oo. In addition, note that My, + (i/2)Mo = E,(2).
This is analogous to what happens in the scalar case.

In addition to the asymptotics in (4.1), to fully specify the RHP (4.2) one must also specify
residue conditions. This is done using the characterization of the discrete spectrum obtained
in section 3.1, where we also assumed that all discrete eigenvalues are simple. As a result of
this assumption, the poles of the Riemann—Hilbert problem at the discrete eigenvalues are all

simple. For brevity, we denote by M*, | (x, 1) the residue of M* at z = w. Also, we introduce
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the notation M* = (mli, mzi, mf). In what follows, we must be careful to remember the piece-
wise definitions of M* from Lemma 4.1. Then in appendix A.8 we prove:

Lemma 4.2. The meromorphic matrices defined in Lemma 4.1 satisfy the following residue
conditions:

MY, 00 0) = Cumy (), 0,0), MZ; (x,0) = Gu(0,0.m7(W))),  (4.5)

L% .
Mt] W*(x9 t) = - lw” én(ml_(wizk)v 05 0)9 M:l,ﬁz”(xa t) = - lwn Cn(oa 09 m3+(wn))9
o o

(4.5b)

Mi—l,zn(-xs t) = Dll(os 0, m;—(zn))» M:l’z:’k(xv t) = DAn(Os mS_(Zy:k), O)s (456)
iZ: X — % - o +

Mt]’ij‘(‘x’ t) = n(09 ns (Zn )’ 0)’ M—l,f,,(x’ t) = Dn(m2 (Zn)’ 07 0)’ (45d)

MY (1) = F(my (6),0,0),  MZ .(x,0) = £0,m (), 0), (4.5¢)

- ok
MY ) = =S E Q0. M ) = B 005G, (45

o

with norming constants

C ; A ¢ P
Culx, 1) = ——"—e 2000 C(x, 1) = e, 4.6a
! ap(Wy) ! bll(Wr:k) ( )
&ty = — 80D, E(x.r) = 20200 gy 4.6b)
b33 asz3(Wn) )
5 k
D,(x,1) = /d—nei(el"'eZ)(Zn)’ ﬁn(x, 1) = Me—i(eﬁez)(ﬁ)’ (4.6¢)
by (zn) an(z,)
y " -
Dn(x, t) = Ll(j:)e—i(eﬁez)(ﬁ)’ Dn(x, 1) = ,d—’iei(eﬁez)(zn), (4.6d)
an(Z,) by (Zn)
EGot) = -1 ei0m00@)  F gy = —In_itm0n@), (4.6¢)

a{](Cn) az/z(é’:)
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F;,l(x’ t) = L (01— 92)((11 F;,(x, t) = L}\e_i(el_GZ)(&z)’ (46f)
ap&) az3(n)

where the (x,f)-dependence was omitted from the right-hand sides of all equations for simplic-

ity and where n = 1, ..., N for equations involving w,, n = 1, ..., N for equations involving z,,,
andn = 1, ..., N3 for equations involving &,.

It is important to realize that the norming constants in (4.6) are not all independent. More
precisely, the symmetries of the norming constants combined with the symmetries of the scat-
tering matrix yield:

Lemma 4.3. The norming constants in Theorem 4.4 obey the following symmetry relations:

2

A v q,
Cux, 1) = =Cf (e, 1), Cylx, 1) = = = Crx, 1),

2 *
Coen = Lcen, Dy =-200

w; r(z,)

.3 %
v 19, D, (x,t) —
Dn ) = - > Dl’l 5 =__ n
e @) r@) 0 Zn .0,

Fan=—%p0 . Ean=— ig, Fn Fen = _Faoe )
"’ g T G pgh r@GH

4.2. Solution of the Riemann—Hilbert problem

The RHP defined in the previous section can be formally solved by converting it into a mixed
system of algebraic-integral equations by subtracting the asymptotic behavior at infinity, by
regularizing (i.e. subtracting any pole contributions from the discrete spectrum), and then
applying Cauchy projectors. In this way, in appendix A.8 we prove:

Theorem 4.4. The solution of the RHP defined by (4.3) and Lemmas 4.1 and 4.2 is given by
the system of matrix algebraic-integral equations

N + M-, . MY . .
M(x, 7, 2) = E+(2) + Z [M—l,vn Tl S 1/ A M—l,v,l]_ 1 J’ M- (Z)L(Z)dz

* A% A
vl A VA A z—v, 2=V 2mi (—z

4.7

where {v, }ﬁlv=1 denotes the set of all discrete eigenvalues, L = ¢'®Le™®, and M(x, t,7) = MZ(x, 1, 7)
for z € D*. Moreover, the eigenfunctions in the residue conditions (4.5) are given by

0 .
+ — + iZ: D, — %
nm, (xv f, Z) - 1 J_ Z Ak 13 (Zn)
q_ + <= Zn 9o 2~ 2
0

Ny A~ ok v,
+Z[ b b ]l(m

Z_é’;:k 4 Z—g

J‘ (M‘L)z(éf )

d ) =2 "y .
~om p g 2=z 6r (4.8a)
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ig,
M A - * . = + N +
. z . C" C : Dn n
ms (x,t,2) = +Z[ ml(mj’:)_% "mS(AW")]+Z m; (zn)
1 =1l 27 W 4y T W =1 27 Zn
—q.
N A -
by @) 1 MO s
n=1 <7 é\n 2mi 7z {—z ' "
1 )4 _
m—(x ¢ Z) —1| . + % Cnm3+(Wn) IWZc Cnml_(W;k) " % D,,m2+(z,,) + % Elm;(Cn)
s by - 1 -
1 4| 5L T 4 7—W) S -t < -
1 ML) -
=) 4, T=605W)s 4.8¢c
2mi J; . & Conw, (4.8¢)
ig,
z ST Em )  iw, Cumi (w) % Dums(zn)
m%(x’tvz)z +z %~ — +z
1 vl Al U 4o T~ Wn T 2T
—q4
9
N A + -
L Emy(G) _ 1 (ML)
+ e de, z=wr,
n% =&, 2m Iz -z ¢ / (4.8d)

wherei’'=1,...,N, j =1,...,Nb, and ' = 1, ..., N3 and where for brevity the (x, f)-depend-
ence was omitted in the right-hand side of (4.7)-(4.8).

A question that can be considered at this point is that of identifying conditions on the scat-
tering data that guarantee the existence and uniqueness of solutions of the above system of
equations in Theorem 4.4. These questions can be addressed using similar techniques as in the
defocusing case, which was discussed in detail in [10] (even though the vanishing lemmas for
the two cases are different). The upshot is that, notwithstanding the larger size of the RHP and
the fact that the residue conditions are more involved, the issue of existence and uniqueness
of solutions for the focusing and defocusing vector cases is essentially the same as that of the
corresponding scalar cases [4, 6, 34]. We omit the details for brevity.

4.3. Reconstruction formula, trace formulae and asymptotic phase difference

We can now reconstruct the potential in terms of the norming constants and scattering coef-
ficients by examining the solution (4.7) of the regularized RHP. Specifically, the first of equa-
tion (3.13a) gives the potential in terms of the Jost eigenfunction g, (x, , z) (as seenin (A.31)),
while the first column of (4.7) with Imz < 0 yields an expression for g, |(x,,z) in terms of the
scattering data. We combine this information to find:

Theorem 4.5. Let M(x, t, 7) be the solution of the Riemann—Hilbert problem in Theorem 4.4.
The corresponding solution q(x,t) = (qy(x, 1), g,(x,1))! of the focusing Manakov system with
NZBC (A.2) is reconstructed as
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M N,
qi(x, 1) = /g —i Z [C}‘m(}:+1)3(wj) + qm(2+1)3(w;€)] =i z Djm&:ﬂ)z(ﬁi)
j=1 Jj=1
~i Z Fimggn(&) = zj’ ML)gry@)ds, k=12, (4.9)

where again the (x, t)-dependence on the right hand side was omitted for brevity.

The last task in the inverse problem is the derivation of the trace formulae, namely the
reconstruction of the analytic scattering coefficients in terms of the scattering data. This is
accomplished by formulating another, appropriate Riemann—Hilbert problem, similar to the
one used to find the trace formulae for the defocusing Manakov system [10, 25]. Using this
approach, in appendix A.8 we prove:

Lemma 4.6. The analytic scattering coefficients are given explicitly by

a11(Z)—eXp( I /() Z]I_I W”Z_W: ﬁ imh a0y (4.10a)
2mi 9z (—z lz—w =W :1z—2: nz]z—Z:
. 1 J(Z) Zn Z— 2n bo-7 -,
= —iAQ — —
bx(2) CXP( iAB 2TIiJ-RZ—Z Z)I_Ilz—zn Py 1Z_ZH*Z_ZW*’ (4.100)

where the reflection coefficients p(z) (j = 1,2,3) are as defined in (2.57) and the jump condi-
tions J,(z) and J(z) are given in (A.40), (A.41), and (A.42).

Trace formulae for the remaining analytic scattering coefficients follow trivially from the sym-
metries of the scattering matrix (i.e. the symmetries (2.46) and (2.55)). It is important to note
that in the reflectionless case, the integrals in (4.10a) and (4.10b) vanish. Note that the trace
formula for a;(z) here includes a contribution from the eigenvalues of type 2, even though
ax(z,) #0 for all eigenvalues z, of type 2. This is in contrast to the defocusing Manakov
system, where the trace formulae were much simpler, and is a result of the existence of four
fundamental domains of analyticity instead of two [10, 25].

Next, letting z — 0 in (4.10a) and comparing with the asymptotics in Corollary 3.12 yields
an expression for the asymptotic phase difference A8 =8, —6_ for the BC (A.2) of the
potential:

Corollary 4.7. The asymptotic phase difference AB = 8, — 0_ is given by

_ 1 J© )
AB = 277,"1- ¢ —dc- 4Zargw,,+22argzn ZZargCn 4.11)

n=1

5. Reflectionless potentials and exact soliton solutions

We now look at potentials q(x, ¢) for which there is no jump across the continuum spectrum. In
this case, the reflection coefficients (2.57) vanish identically, implying that A(z) and B(z) are
diagonal matrices and that the inverse problem reduces to an algebraic system (namely, equa-
tions (4.8a)—(4.8d) without the integrals) whose solution yields the soliton solutions of the

3126



Nonlinearity 28 (2015) 3101 D Kraus et al

integrable nonlinear equation. We will again make use of the assumption made in section 3.1
that every discrete eigenvalue is simple.

Theorem 5.1. In the reflectionless case, the solution (4.9) of the focusing Manakov system
with NZBC may be written

qx, 1) ; k=1,2,

1 [detGy*
" detG

det G3*®
where G =1 —F, the augmented matrix G*¢ is
Gaug _ q+,k yT
k- ’
b, G
the vectors by and y are
by = (bits - Drnarosn)'s Y = Ot oo Yonsnoeny)' -

and the entries Fj, by, and y; are given by (A.45)—(A.48) in appendix A.10.

In addition, the trace formulae have simpler expressions in the reflectionless case. Specifically,
as mentioned before, the integrals in (4.10a) and (4.10b) vanish identically in the reflectionless
case, and we obtain:

R A S S =4
an@=[1—%—"T1"—% 3 (5.1a)

n=1 T Wy 2T W n=1 7% n=1 Z_é’"

N . N s

o 2= 2= % 4 26 2—§
by(z) =e 4[] . - . (5.1h)

* Ak * N
n=1 =2 2= 4 n=1 Z_Cn Z—Z_,’n

where, as before, Ni, N», N3 denote respectively the number of discrete eigenvalues of type
I, type II and type III. The framework is now in place for the construction of explicit soliton
solutions. We construct explicit solutions for each of the three different types of eigenvalues
and examine their various properties. In doing so, we will be able to clearly see the similarities
and differences among the three types of eigenvalues.

5.1 Type | solitons

Here, we assume N; = 1 and N, = N3 = 0. We may also assume without any loss of generality
that ¢, = (1,0)". In addition, suppose

c=et? £ peER, w=1Ze% Z>1, ae(-x/2,x/2). 5.2)
We then use Theorem 5.1 to find the following explicit solution:
cosh[U + 2ia] + %A[chz(Z2 sin(s 4 20) — sin s) — ic_o(Z% cos(s + 20) — cos §)]
cosh U + A[Z2sin(s + 20) — sin 5]

q(x, 1) = q,

where
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Jg-(x, 0]

g (x.0)

Figure 2. One bright soliton solution of the focusing Manakov system obtained by
taking Ny = 1, Ny = N3 =0, q, = (1,0)7, w; = 2e™2,

U(x, 1) = c_ xcos O — cyof sin(20) + ¢, + &,

s(x, 1) = ¢y xsind + c_ot cos(2a) + ,
and where
c+=2Z+1Z, cor=2"+1/72 co=22-17"=csc-, A=l1l(cic)),
cq = log(ci/cl), i =0—27Z%72 ¢! =(Z+1/Z2)/(2cosq).

An example of such a solution is shown in figure 2. The properties of these solutions are
discussed in section 5.4.

5.2. Type Il solitons
Here, we assume N, = 1 and Ny = N; = 0. In addition, suppose
dy=et? £ peR, u=2e" Z> 4, a€(0,m).
We then use Theorem 5.1 to find the following explicit solution:

) .
) Mo o5 g o

q(x,7) = [cos O + isin & tanh V(x, 1)] e 7%, — VysechV(x,1)e” 2 "% 2 e fr,

where

2 4
Vi) = %"x sina + %tsin(ZG) - % logy(Z)—& Vo= iyy(Z) sinacieie,

It is straightforward to see both that the dark part of the solution achieves its minimum
and the bright part of the solution achieves its maximum when V(x, f) = 0. These values are,
respectively,

Qdark,min = q0|COS (ll, qbrighl,max = Go 7(2) |Si1’1 (ll.
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leg (.0l

g>(x.0)]

Figure 3. One dark-bright soliton solution of the focusing Manakov system obtained
by taking N, = I, y=N;=0,q, = (1,0)7, z1 = 2ein/2.

An example of such a solution is shown in figure 3. As with solutions of type I, these solu-
tions are discussed in section 5.4.

5.3. Type Il solitons
Here, we assume Ny = N, = 0 and N3 = 1. In addition, suppose
fi=eftl £ peR, O=2Ze“ Z>gq, ac(0,n). (5.3)
We then use Theorem 5.1 to find the following explicit solution:

q(x, 1) = [cos @ — isina tanh W(x, 1)] e'*q, — WysechW (x, 1) eiZ"COS”“iZZ’COS(z")qi,

where
W(x,t) = Zsina(x — 2Ztcos a) + log \[y(Z) — &, Wy = —(Z/g)\J7(Z) sinae'.

It is straightforward to see both that the dark part of the solution achieves its minimum and
the bright part of the solution achieves its maximum along the straight line W(x, ) = 0. These
values are, respectively,

qda.rk,min = qO|COS al» qbrighl,max =Z vV Y(Z) |Si1’1 al'

An example of such a solution is shown in figure 4.

5.4. Discussion

Solutions of type I are the trivial vectorization of the bright soliton solutions of the scalar NLS
equation with NZBC [9]. Solutions of type II and type III have a bright component in addi-
tion to the expected dark component (which is required to connect the asymptotic boundary
values), as seen in figure 3 and figure 4. These solutions are the analogue of the dark-bright
soliton solutions of the defocusing Manakov system with NZBC [10]. Note, however, that
while in the defocusing case only one kind of dark-bright soliton exists, here two types of
dark-bright solutions are possible. Note that the two types are distinct by the fact that, while
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[ (x.0 lg=(x,0)|

X 5

Figure 4. One dark-bright soliton solution of the focusing Manakov system obtained
by taking N3 = 1, Ny = N, = 0, q, = (1,0), § = 2e2,

the minimum of the dark component is the same in both cases, the maximum of the bright
component takes on different values. Namely, for solutions of type II one has

|QI|min= 9o |COS ala |Q2|max= o }/(Z) |SiI1 (Xl, 5.4

while for solutions of type III one has

|¢1min= ¢, |cos al, |g2lmax= Z7(Z) |sina]. (5.5)

On the other hand, it is straightforward to see that solutions of type III can be obtained for-
mally by taking the analytic continuation of solutions of type II when the eigenvalue Z e'* is
taken inside the circle of radius g, (upon proper redefinition of the norming constants). While
such a situation is not strictly allowed due to the restrictions on the analyticity properties of
the eigenfunctions and scattering coefficients, such an extension is allowed by the final result
for the soliton solution. Of course, the algebraic system discussed earlier allows one to also
easily construct multi-soliton solutions containing a combination of any number of the three
types of solitons.

An example of such a solution is shown in figure 5, which describes the interaction between
two dark-bright solitons (whose dark and bright profiles are in the form of a traveling wave
solution) and a bright soliton (whose dark and bright profiles are in the form of a breather-
type solution). Note how the bright soliton experiences a polarization shift as an effect of the
interaction, resulting in a redistribution of energy between the two components, similarly to
what happens in the focusing case with zero BC [23].

6. Conclusions

We have developed the IST for the focusing Manakov system with NZBC, and we have shown
that the problem is significantly more complex than its defocusing counterpart. In particular,
we have seen that the discrete spectrum yields three types of discrete eigenvalues, each cor-
responding to a different type of soliton solutions. We expect the results of this paper to be
useful in characterizing recent experiments in nonlinear optics [12, 17, 28] and Bose—Einstein
condensation [20, 31].
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Figure 5. A one bright, two dark-bright soliton solution of the focusing Manakov
system obtained by taking Ny = N> = N3 = 1, q, = (1,0), wy = 2.5¢"4, 7 = 1.1el™4,
é/l — 36i1/2.

It should be noted that the soliton solutions presented in this work might be unstable to
long-wavelength perturbations due to the modulational instability of the constant background.
On the other hand, some recent studies suggest that some of the soliton solutions themselves
may be the vehicle for the instability [18]. If that scenario is correct, the same phenomenon
might also play out in the vector case. In any case, the results of this work provide a frame-
work that can be used to study the stability of the soliton solutions, which is still an open
question even in the scalar case.

In general, a characterization of the nonlinear stage of modulational instability is still by
and large an open problem even in the scalar case. In the case of the scalar NLS equation with
periodic BC, the modulational instability can be attributed to the existence of homoclinic solu-
tions [1, 29]. On the other hand, even in the case of periodic BC there is no characterization
of what is the long-time behavior of the solutions to the best of our knowledge. Also, there
is no reason to expect that the instability mechanisms in the case of periodic BC and on the
whole line will be the same. (For example, while a threshold for instability exists in the case
of periodic BC, no such threshold exists on the whole line.) Finally, we emphasize that, since
the linearization ceases to be valid as soon as the perturbations have become comparable to
the background, the IST is the only tool with which one can hope to characterize the nonlin-
ear stage of the modulational instability. Indeed, in [8] we were able to precisely identify the
mechanism for instability within the context of the IST for the focusing NLS equation with
NZBC, using the framework that we had developed in [10]. It is hoped that those results will
enable researchers to answer the above questions about soliton stability and nonlinear stage of
modulational instability, and that the results of this work will provide the tools to do the same
in the vector case.

From a theoretical point of view, the results in this paper open the door for studying sev-
eral open problems: (i) An investigation of the case where the analytic scalar coefficients
have double zeros. Soliton solutions corresponding to double poles in the RHP are known to
exist in the scalar case with both ZBC and NZBC; (ii) A study of the long-time asymptotics
using the Deift-Zhou method [13, 14]; (iii) The development of an appropriate perturbation
theory; (iv) The extension of the present approach to the N-component case. Also, a non-trivial
technical issue that was omitted for simplicity is a explicit and detailed proof of existence of
the solutions of the RHP. We should remark that the initial-value problem for the defocusing
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N-component coupled nonlinear Schrodinger equation was recently studied in [26] using the
approach of [6], where a rigorous construction was given of the fundamental analytic eigen-
functions. We believe that a similar formulation to that of [26] and the approach to the sym-
metries presented in this work will allow one to construct non-trivial explicit multi-component
solutions. We plan to study some of these problems in the near future.
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Appendix A

A.1 Analyticity of the eigenfunctions

Proof of theorem 2.1. We start by rewriting the first of the integral equations (2.20) that
define the Jost eigenfunctions:

//L(X, t, Z) = E_(Z)[I +-I- ! ei(x—y)A(Z)Ezl(Z)AQ_(y, t),u_(y, t, Z)e—i(x—)')A(Z) dy] (A.1)

The limits of integration imply that x — y is always positive for y_(and always negative for y, ).
Also, note that the matrix products on the RHS of (A.1) operate column-wise. In particular,
letting W(x,z) = E:ly_, for the first column w of W, one has

1
wiet,2) = [0+ [ Glr—y,2AQ.(, DE- ) w(y, 1, 2) dy, (A2)
0
where
G(&,72) = diag(1, e/ KO+ 24 E71(7), (A3)

Now, we introduce a Neumann series representation for w:

w(x,z) = ) w, (A.4a)
n=0
with
1 x
wgo=[o|  wo@ )= [ Cloy, 12wy, 1,2)dy, (A4b)
O —00

and where C(x,y,t,7) = G(x — y,2)AQ(y, 1)E_(z). Introducing the L' vector norm
w3 |wy| + |wy| + |ws| and the corresponding subordinate matrix norm [CI, we then have
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X
Ol < f ICGy. £ w0 1.2l dy. (A.5)

Note that [EL|| <1 + ¢,/|z| and ||E;1|| < (1 + ¢q,/|lzD)/|ly(2)|. The properties of the matrix norm
imply
| CCx, y, 1, 2)| < l|diag(1, @+, Q=) |E_(2)]| [|AQ(, DIl IEZ'(2) |

<cl) A+ e~ ki@ +im(@DE=y) 4 e—ZAim(z)(x—y)) lav, t) — q_|I, (A.6)

where Aim(z) = ImA(z), kim(z) = Imk(z), and c(z) = (1 + q,/|z])*/|y(z)|. Now, recall that
Im A(z) > Oforzin D;. Onthe otherhand, c(z) = coas z = +iq,. Thus, givene > 0, we restrict our
attention to the domain (Dy). = Dy \ (B.(iq,) [B)(—iq,)). where Bi(zo) = {z € C:|z — 0| < £, }.
It is straightforward to show that ¢, = max,ep,),c(z) = 2 + 2/e. Next, we prove that for all
z€ (D)) and for alln € N,

M"(x,t
e, 1 9l < D, (ATa)
n:

where

M(x,1) = 3Cs[:o lla(y,?) — q_Cdb. (1.7b)

We will prove the result by induction, following [2]. The claim is trivially true for n = 0. Also,
note that for all z € D; and for all y [x, one has 1 4 e~*im@+4n(@)x=y) 4 =24m(=¥) 3, Then,
if (A.7a) holds for n = j, (A.5) implies

W0V, 1, 21l <

3ce * . 1 .
£ — ] = j+1
T _f_oo lla(y, ) — q_ll M’(y, 1) dy = TG+ 1)M (x, 1), (A.8)

proving the induction step (namely, that the validity of (A.7a) for n = j implies its validity
for n = j + 1). Thus, if q(x,7) — q_eLl(—oo,a] for all finite a € R and for all € >0, then
the Neumann series converges absolutely and uniformly with respect to x € (—o0, a) and to
Z € (Dy),. Similar results hold for p, (x, t,z). Since a uniformly convergent series of analytic
functions converges to an analytic function, wo(x,1,2) is analytic for z € D). The rest of the
theorem is proved similarly. Note that since q, # q_ in general, q(-, #) — q_ ¢ Li(R), and there-
fore, one cannot take a = oo. This problem can be resolved using an approach similar to [26]
or alternatively by deriving a different set of integral equations for the Jost eigenfunctions, as
discussed in the following section. Note also that, as in the scalar case, additional conditions
need to be imposed on the potential to establish convergence of the Neumann series at the
branch points [15].

A.2. Alternative integral representation for the Jost eigenfunctions

In order to derive the analyticity properties of the scattering coefficients, we found it neces-
sary to introduce an alternative integral representation for the Jost eigenfunctions. While the
resulting equations are slightly more complicated than the standard integral equations (2.20),
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this representation has the advantage of allowing one to prove explicitly that y, (x, ¢, z) remain
bounded for all x € R in their regions of analyticity.

We follow a similar approach to that used in [15] for the defocusing scalar case. Since
the scattering matrix is time-independent, it is sufficient to do the calculations at ¢ = 0. With
this understanding, we omit the time dependence from the potential and the eigenfunctions
throughout this section.

We first note that the scattering problem (2.17) is equivalent to the following problem:

¢ =X(x,2)  + (Q(x) — Qf(x)) P, (A.9)
where
X(x,2) = H)X(2) + H(—x)X_(2), Qs(x) = Hx)Qy + H(—x)Q_,
(A.10)

and H(x) denotes the Heaviside function (namely, H(x) = 1 if x> 0 and H(x) = 0 otherwise).
The advantage of using (A.9) instead of (2.17) is that the ‘forcing’ term Q — Qy vanishes
both as x - —oo and as x — oo, which leads to integral equations that are better behaved.
(Correspondingly, the factorized problem (A.9) is now the same for both ¢ and ¢,.) For

z € X, we introduce fundamental eigenfunctions qi_r(x,z) as square matrix solutions of (A.9)
satisfying

¢, (x,2) = eXI+ 0o(1)], x— +o0. (A.11)

By solving (A.9) in a similar way as (2.20), we obtain

¢(x.2) = Gs(x,0,2) +J’_X G(x.y,2)[Q() — QM. (y.2) dy, (A.12q)

(6.2 = 6.0~ [ Grx. 0. 9IQ0) — QA Iy, (A12b)

where G(x, y, z) is the special solution of the homogeneous problem, G,(x, y, z) = X(x, 2)G(x, y, 2),
satisfying the ‘initial conditions’ G(x, x, z) = L. Namely:

e(x—y)XJr(z)’ x,y=0,
eU—X(@) x,y<0,
Gr(x,y,2) = XXy _y >0, o
e X-@eXud) x _y <0,
Using (A.12), we conclude
$:(x,2) = Gf(x,0,2)[Az2) + o(D)], x—>Foo, zER, A9

where

A =17 [ 60,3, 91Q0) - Q)10 ) dy. (A15)

Since e**+@ are bounded for x € R when z € Z, the assumption that Q(x) — Q r(x) € L'(R)
and an application of Gronwall’s inequality imply d_Ji(x, z) are bounded as x — F co. In addi-
tion, comparing (A.13) with the solutions of the asymptotic scattering problem (2.4) yields

$.(x, D)E(2) = o (x, 2), 50 (A.12) imply
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(2= G 0.IE- @)+ J Gyl 2[Q0) - Q)1 ,2)dv: (A.160)

$.(5,2) = Gy(x, 0, 2)E(0) - | " G631 9IQ0) ~ QI 0.2) dy. (1.16)

Notethat (A.16a) coincides with (2.20a) forall x [Oand (A.16b)coincides with (2.20b) forall
x> 0. Additionally, q(x) — q, € L'(R*) implies Q(x) — Qsx) e L'(R), so we can use this infor-
mation and (A.16) to prove Theorem 2.1 as well as to establish that g, (x,z) = ¢, (x, 7)e ™A@
remain bounded as x — F oo. This result will be instrumental in proving the analyticity of the
entries of the scattering matrix (see Theorem 2.4 and the following section).

A.3. Analyticity of the scattering matrix entries
Note first that, for all z € C,

2 D] = Im(k + 1), ImA>0, z CDb = Im(k + A), ImA <0,
z [Dk = Im(k—2)<0,Imi>0, z [D] = Im(k—2)>0,ImA<0.

The above results can be trivially obtained after noting that 2ImA = (1 —qj/@@)lmz,
Im(k + 2) = Imz, and Im(k — 1) = (¢ /|z*)Imz.

Proof of theorem 2.4. We compare the asymptotics as x — oo of ¢ (x,z) from (A.14) with
those of ¢, (x, z)A(z) from (2.14) to obtain

A@2) = E;'(2)A+(DE_(2). (A17)

The expression in (A.17) simplifies to the following integral representation for the scat-
tering matrix:

A(2) =f0°° e AR (2)[QW) — Qi (v, 2) dy
0 .
+E;1<z>E_<z>[1 +J e MOEZIQM) - QIg(2) dy]. (A.18)

A similar expression can be found for B(z). We can now examine the individual entries
of (A.18). In particular, the 1,1 entry of (A.18) yields an integral representation for a;(z),
and the corresponding two integrands from (A.18) are, respectively,

iy i

%[—Zq:Aq b+ Ang 5+ Ar2¢—,31]’ (A.19a)
3

DlenTj+ cinloy(e 7 + o3 Tye20gp e, (A.19b)

j=1
where Aq(x) = q(x) — q(x) (similarly for Ar(x)) and
EC@QE-() = (i), EZ'@IQY) - Q] = (Tj(r,2))
Recall that ¢y ,(y, z)e"@” is analytic for z € Dy and bounded over y € R, so each term in (A.192)
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is analytic for z € D; and bounded when y > 0. Thus, the first integral in the representation
(A.18) for a;i(z) defines an analytic function for all z € D,. Further, recalling that ImA and
Im(k + 1) have the same sign when z € D, we conclude that each term in (A.19b) is analytic
for z € D; and bounded when y < 0, so the second integral also defines an analytic function for
all z € Dy. Thus, the integral representation (A.18) for a;1(z) can be analytically extended off
the real z-axis onto D;. The remainder of Theorem 2.4 is proved similarly. ]

A.4. Adjoint problem

Proof of lemma 2.7. We verify (2.36a) with j = 3. The rest of Lemma 2.7 is proved simi-
larly. Equations (2.14) and (2.30) yield

vo(x,1,2) = e LR, 3(2) +o(1), x>+ oo.
However, v, must be a linear combination of the columns of ¢, so there exist scalar functions
a.(z), b+(z), and c4(z) such that v,(x,1,2) = ap(2), 1(x, 1,2) + ()P, ,(x,1,2) + ()P, 5(x, 1, 2).

Comparing the asymptotics as x — =+ oo in (2.14) with those of v, yields a.(z) = b.(z) =0
and c,(z) = L.

Proofof corollary2.8. We suppressthe., 7, and zdependence for simplicity. Combining (2.36)
with (2.25) yields ¢, | = (ba2b33 — basb23)h | + y(b32b13 — biob33)h 5 + (b2abis — biobaz)dh 5.
Combining this with (2.33) yields

by = bybss — bybys, by = y(bsbiz — biobss), b3y = biobos — babys.
Using a similar process, we find that

by = %(b23b31 —byshy1), by =bsbyi—bisbs, by = %(bIBbZI = basbny),

bi3 = baibs, — b3ibyy,  baz = y(b3ibia — bubsy),  bss = bibyy — baiba.

Next, note that

boyb3s — basbsy bysbsi — baibsz babzy — bybsy
(A@)" = | bisbsa — biobss biibss — bisbs1 biabsi — biibs; |
bioboz — bisbyy  bi3ba — bribaz  biiba — biabay

Combining all this information, we finally obtain (2.38). (]

Proof of corollary 2.9. Substituting (2.33) into (2.35) yields the following for z € X:

Yo = Bt X 1+ e G X ], (A.20a)

Y= 5126i92(x”’1)[¢~’_,1 X (5_,3] + EzzeiGZ(X’t’Z)[(lg_,z X 113_,3]- (A.20b)

Applying (2.36) to (A.20) yields the following for z € X:
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1@ (. 1,2) = b 5(x, 1,2) — bxa(2)y (D). H(x.1,2), (A21a)

r@u(x,1,2) = =bi@y (@ ,(x,1,2) + b 1 (x, 1, 2). (A.21b)

We apply (2.38) to (A.21) to obtain the first of (A.21a) and the first of (2.39b). The rest of
(2.39) is obtained similarly.

A.5. Symmetries

Proof of proposition 2.11. Let ¢(x,1,z) be a non-singular solution of the Lax pair. Then,
(/)j = ¢'X"and (ﬁtT = ¢'T". But since Q" = —Q, we have

w, = _(¢T(Z*))—l¢; @)@ = =" @)Y (NI - QI =Xw,
W = —(¢' (@) NP () = —[-2ik2T +iJ(Q — Q> — ¢) + 2kQlw = Tw,
where the (x, f)-dependence was omitted for brevity. Thus, w(x, z, z) is a solution of the Lax

pair. ]
Proof of lemma 2.12 Define

w.(x,1,2) = (@f(x, 1,2%)7, zeX. (A22)
Also, note that for all z € C,

(®WLM) = =IO 1),
As before, we restrict our attention to z € . The BC (2.14) imply

wa(x,1,2) = (EL(z%)'el®®h) 4 o(1), x— + c0. (A.23)

Since both w,(x, #,z) and ¢, (x, t, z) are fundamental matrix solutions of the Lax pair (2.1),
there must exist an invertible 3 X 3 matrix C(z) such that (2.41) holds. Comparing the asymp-
totics from (A.23) to those from (2.14), we then obtain (2.42).

Proof of corollary 2.15 Taking into account the boundary conditions (2.14) and the corre-
sponding boundary conditions for the adjoint problem, we obtain ¢:(x, 1,7%) = ¢, (x,1,2) for
z € X. Thus, by the Schwarz reflection principle,

(/Jijl(x, 1,7%) = ¢, ((x,1,2), Im(z) Z 0 A lz] > q,, (A.24a)
¢ 12 = g2, Im@) SO, (A.24b)
Gl 1,25 = ¢y 56 1,2),  Im(z) Z0AlZ] <q, (A.24c)
We can then combine (2.35) with (A.24) to obtain (2.47). O
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Proof of lemma 2.17 For z € Z, define W,(x, t,2) = ¢,(x,1,2). Since W, and ¢, both solve
the Lax pair (2.1), there must exist an invertible 3 X 3 matrix II(z) such that (2.50) holds. Com-
paring the asymptotics of (2.50) with the asymptotics from (2.14) yields

Ei(ZA)eiKG)(x,t,z)H(Z) — Ei(Z)eiO(x’t’Z), 7EZ, (A.25)

where K = diag(—1, 1, —1). From this, we obtain (2.51).

A.6. Discrete eigenvalues and symmetries of the norming constants

Proof of lemma 3.1. The desired results follow from the symmetries (2.44) and (2.53).
The proof of lemma 3.2 is similar to the proof of Lemma 3.1 and is omitted. ]

Proof of lemma 3.3. [(i) < (ii)] The symmetry (2.56) gives the desired results.

[(1) < (ii1)] Follows directly from (2.43a).

[(iii) < (iv)] Assume that there exists a constant b, such that ¢ ,(x, t, = bopy 1(x, £, 2.
Applying the symmetry (2.52) and taking b, = iqol)o/z;k yields the desired result. The converse
is proved similarly. O

The proof of lemma 3.4 is similar to the proof of lemma 3.3 and is therefore omitted.

Proof of theorem 3.6. (i) If y(x,7,z,) = 0, then (2.43a) implies ¢+’1(z:) = 0. This is a con-

tradiction, so y;(x,,z,) # 0. Note that the left hand side of (2.43d) (an analytic function) will

have a pole at z = z, unless [; X ¢ ;](x,,z,) = 0. This is equivalent to the existence of the

desired constant c,. The presence of the factor of b,5(z,) in the denominator is for conveni-

ence in the formulation of a Riemann—Hilbert problem in later sections. The other results are

proved similarly.

(i) If y(x,1,z,) =0, then (2.43d) implies ¢ ,(x, t,z;k )=0. This is a contradiction, so
1(x,t,20) #0. Note that the left hand side of (2.43a) (an analytic function) will have
a pole at z = z, unless [(I)Jr,2 XX 1(x, t,z,) = 0. This is equivalent to the existence of the
desired constant d,,. The other results are proved similarly.

(iii) Suppose y(x,t,z,) #0. Since det @ (x,,z,) = 0, there exist constants g; and g, such
that (x,2,20) = g 1(X, 1, 20) + &b, 5(x, 1, Z0). However, (2.43a) will have a pole unless
g1 = 0. We use the same argument with (2.43d) to conclude g» = 0. Thus, y(x,?,z,) = 0.
The proof that y,(x,1,z,) = 0 is similar. The existence of the desired norming constants
then follows trivially from lemmas 3.3 and 3.4. O

Proof of lemma 3.7. The symmetries (2.52) and (2.56) yield c;’n = —(iz,jk /qo)c?n and (3.8b).
Then, combining (2.43) with (2.35) and comparing the result with (3.6a) yields the rest of
(3.8b). The rest of Lemma 3.7 is proved similarly. |

A.7 Asymptotics as z -»o0 and z —0

In this section we show how to evaluate the asymptotic behavior of the eigenfunctions.
Throughout this section, we will use the shorthand notation
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) my e—i(k+,1)m12 e—ZiAI,n13
elA(M) = eiApf e—iA = ei(k+/1)n,l21 My ei(k—/l)m23 ,
e2i/lm31 e—l(k—/l)m32 mss

where M is any 3 X 3 matrix. In order to prove lemmas 3.8 and 3.9, it will be convenient to
decompose (3.10b) into block-diagonal and block-off-diagonal terms. First, note that for any
3 X 3 matrices A and B,

[ABlpg = ApaBpa + ApoBo, [ABlpo = ApaBuo + ApeBig. (A.26a)
[ApaBrala = [Ala[Bla + [Apalo[Bualos (A.26b)
[ApaBoalo = [Ala[Boalo + [Abalo[Bla- (A.26¢)

We denote the integrand of (3.10b) as

M, (x, . 1,2) = EL(2)e A OEL (@) AQu(. D, (9. 1.2)).
In the following calculations we suppress some x, f, and z dependence for brevity when

doing so introduces no confusion. Since ei*"YA® is a diagonal matrix, and since AQy is a
block off-diagonal matrix,

[M.iba = [E4Tbae A ES Too AQL (v, Dty (v 1, 2)Tba + [EX Toa AQL(, D[y (s 1, 2) o)
+ [E4Toe A E T AQL (3, D)1ty 15 )b + [E Too AQ (3 D)1,V £ 2) o).

Equation (2.11) implies

[E'ha = —T@E T [Ebo = ——[Ellbo.
7(2) 7(2)

with I'(z) = diag(1, y(z), 1) as before. We then obtain

E . A
[M, ] = %e“-ymm}b@AQ+[un]bd T TTE Toa AQu 1, Too)

E.ilvo iioud
n %el@ DATLE! Ty AQu 4, Toa + (B Too AQu [1, Too):

Similarly,
E . N
M = L AQul, o + T 1 SQ1 1, )
Eilvo iiovi " .
LI RO g AQu o + [ AQu 1, ).

We now use these relations to decompose the integral in (3.10b). Namely,

3139



Nonlinearity 28 (2015) 3101 D Kraus et al

Abtyarloo = Eslba [ [E ToAQuli,Jo + €= (E oo AQu (g, Joa], ) 1dy
IE Dl [ ELLAQu I, uol + [LE]Toa lo[AQu 1, o], Iy

FEda [ @0 IATE L[ AQu K, oo, + TIE Toalo[AQi 1, ool )y (A27)

_}/[#n+1]bo = [E+]de- ooei(x_y)x([Ej—]boAQ+[ﬂn]bo + F[Ei-]bdAQ‘F[/’tn]bd)dy

X

+[Esloo [ "I T 1 TAQu L1t o ], + €5 VAR [AQ, [k, ]y, ], )1dy
o J MO ], TAQu i, oo Jy) + [TELT, AQu], [k, 1,1y

+ [E+]bo_[ m[[[El]boAQdo[[un]bd]o + e CINELL AQL] [, )1dy  (A27h)

Equations (A.27a) and (A.27b) will allow us to use induction to prove lemmas 3.8 and 3.9.

Proof of lemma 3.8. The claims in (3.11a) are trivially true for u,. Suppose the claims
in (3.11) are true for some n>0. We then use integration by parts and the facts that
k = 2z/2 + O(1/z) and 1 = z/2 4+ O(1/z) as z — oo to see that the terms on the right hand side of
(A.27a) are O([p,, Iba/2), O([, Joa/z?) Ot Joo)- O, Joo ) O, T /2): Oty Joo/2), O([1t, Joa/z%)s
and 0([/4n]b0/z3), respectively, as z — oo.

When n = 2m for some m € N, the first, third, and fourth terms on the right hand side of
(A.27a) are O(1/7"+Y), the second, fifth, sixth, and seventh terms are O(1/z7"+?), and the eighth
term is O(1/7"**) (all as z — o0). Then [4,,, | Jba = O(1/z"*+1), as z — co.

When n = 2m + 1 for some m € N, the third and fourth terms on the right hand side of
(A.27a) are O(1/7™*1), the first, fifth, and sixth terms are O(1/z"*?), the second and seventh
terms are O(1/z"*3), and the eighth term is O(1/z”**) (all as 7 — o). Then (s 1Joa = O(L/Z"™* h
as z — oo.

Similar results hold for the terms in (A.27b) using the same analysis. Also, the same results
hold for p (x,t,z) when it is expanded as a series similar to (3.9). O

Proof of lemma 3.9. The claims in (3.12a) are trivially true for y,. Suppose the claims in
(3.11) are true for some n > 0. We then use integration by parts and the facts that k = O(1/z)
and 4 = O(1/z) as z — 0 to see that the eight terms on the right hand side of (A.27a) are, respec-
tively, Ozlp,loa), O@ [, T0a), O 1, Tbo) O 1y Ibo), O, Tbo)s O 1, Tb0)s O 41, Tba),
and O(z[u,,Jvo) as z— 0.

When n = 2m for some m € N, the eighth term on the right hand side of (A.27a) is O(z"),
the first, third, and fourth terms are O(z”*"), and the rest are O(z"*?). Then [y 1]oa = OE™)
as z— 0.

When n = 2m + 1 for some m €N, the first and eighth terms on the right hand side of
(A.27a) are O(z"™*"), the second, third, fourth, and seventh terms are O(z"*?), and the rest are
O(Z"3). Then [p,, 1ba = O™ ) as 7 0.

Similar results hold for the terms in (A.27b) using the same analysis. Also, the same results
hold for y (x, ¢, z) when it is expanded as a series similar to (3.9). O
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A.8. Riemann—Hilbert problem

Proof of lemma 4.1. Combining (2.25) with the second of (2.39d) yields

B 200 1,2) = _[ a3(z) b13(z) + a12(z) ]¢+,1(X, £2)+ ¢ o(x,1,2) _an@) pK.t, Z). (A28)

an(z) bi(z)  axn(z) a»n(z) an(z) b11(z)

Equation (A.28) expresses ¢, ,(x,7,z) in terms of eigenfunctions meromorphic in D;.
Examining (2.25) once again as well as equating the two expressions in (2.39d) and solving
for /by yields

M = (1.2 + @1 oo 1.2) + a31(2) ¢ {1, 2), (A294)
a11(z) a11(z) ar(z)

ax,1,2) _ bi2) _ bxu() W, 1,2)
b bue) DT g DT T T (A

Combining (A.29a) with the second of (2.39d) and then (A.28) expresses ¢ (x, t, 2)/a11(z)
in terms of eigenfunctions meromorphic in D,. The same is done for y,(x, ¢, z)/b2(z) by com-
bining (A.29b) with (A.28). The columns of L;(z) are then obtained by applying (2.57). The
rest of the jump matrices are obtained similarly.

Proof of lemma 4.2. The residue conditions (4.6) are trivial results of equations (3.5), (3.6)
and (3.7).

Proof of lemma 4.3. We use the following symmetries (obtained from (2.44) and (2.53)):

2

! !’ !’ q !’
by (z0) = (022(20))*|Z:zj, by(z0) = —Oz(bzz(z))k:io,
<o

2
% q
aZ/Z(Zo) = #(Gﬁz(z)ﬂz:g:,
o

a1(z0) = G omers iyo) = BRE) s

2 2

’ q ’ ’ q 7
af\(zo) = —5(a5@=z,  b1(2g) = 5 (Bix@)] =z
zs (z5)
along with the symmetries in Lemma 3.7 to obtain the desired results. ]

Proof of theorem 4.4. Define the following Cauchy projectors:

Q4 Qg

(F)() =
PO =50, (- (zxi0) {—Gxi0) (A-30)

. PH)Q) = ﬁj;

where the orientation of Z is given in figure 1 (right). (Note that this is the same as in the scalar
case [9].) To solve (4.2), we subtract from both sides of (4.2) the asymptotic behavior (4.3) as
well as the residue contributions from the poles. Namely, we subtract
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N + - + -
, ML,  MD . MT “L,

M, + (i/2)Mp + ), + st —+t—|
olz—w -y =Y =W

Note that the left hand side of the resulting regularized RHP is analytic in D* and is O(1/z)
as z — oo there. Also, the right hand side is analytic in D~ and is O(1/z) as z — oo there.
Applying the projector P* from (A.30) to the regularized RHP and using Plemelj’s formulae

yields (4.7). In order to determine the solution M(x, ¢, z) completely, we need to compute the
eigenfunctions my(x, t, wy,), My 1 (X, 1, W,T ), etc. We take M = M, in (4.7), evaluate its second col-
umn at z = zy or z = {z, and apply the symmetries of the eigenfunctions to obtain (4.8a). Next,
we take M = M, and evaluate its third column at zf" to obtain (4.8a). Thirdly, we take M = M,
and evaluate its first column at z = C,}k/ orz=w 7/‘ to obtain (4.8b). Finally, we take M = M, and
evaluate its third column at w ; to obtain (4.8d). This mixed algebraic-integral system of equa-
tions is closed, so we have determined the solution M(x, t, z) of the RHP (4.2) given in (4.7).

Proof of theorem 4.5. The asymptotics in (3.13a) imply

GO 1) = =i lim ey gy (6 1,2)), k= 1,2, (A31)
700

Comparing the 2,1 and 3,1 elements in the limit as z — oo of (4.8c) with the corresponding
elements found in (3.13a) yields (4.9). O

A.9. Trace formulae

Proof of lemma 4.6. We first derive (4.10b). A cofactor expansion of A(z) along its second
column, combined with the definition (2.57) of the reflection coefficients, yields

log byx(z) — log(1/axn(z)) = —log[1 + Y(2)p;(D)ps (2¥) + V(P32 (2], z€Z.  (A32)

Since by (z) and asy(z) are analytic in the upper- and lower-half plane, respectively, (A.32)
is a jump condition that defines a scalar, additive Riemann—Hilbert problem. To remove the
pole singularities coming from the zeros of by,(z) and a»»(z), we can define

N, * A% N %k ok
; 2=2, 2%, — 2— 65 26,
B(z) = ba(z)e™? L L, zeCh  (A33a)
,I:Il 2= 2= 1n ,I,:Il 2= 2=,
R P T Z—C*Z—f*
B () = (Vaxn(z))e™? - - - L, zeC.
,!:Il 2= Zn 2—n ,D =8 z-¢,

(A.33b)

Now f*(z) are analytic in C%, respectively, f*(z) have no zeros (or poles) in C*, respec-
tively, and each approaches 1 as z — oo in the appropriate region of the complex plane.
Applying the projectors P* defined in (A.30) and using Plemelj’s formulae we obtain
log f(z) = P(log[p*p7]) for all z€ C\X. Taking into account the explicit form of the jump
condition in (A.32) and taking exponentials then yields (4.10b).

Next we derive (4.10a). Using appropriate cofactor expansions, similarly as above, and the
definition (2.57) of the reflection coefficients yields:
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log a11(z) — log(1/by1(z)) = — log

log b33(z) — log(1/asz3(z)) = —log

1
1+ ——p,(2)p," () + p,(2)p5 (Z*)], Z€Z,

7(2)

1
1+ ——p, Q)P (%) + pg(f)pz*(f*)], ZEX.

y(2)

(A.34a)

(A.34b)

Now, however, the situation is complicated by the fact that a;i(z), a33(2), b11(z)

and bs33(z) are each only analytic in one of the fundamental domains Dy, ..

., Dy4. In or-

der to formulate a Riemann—Hilbert problem, one needs a sectionally analytic function
over the whole complex plane. Moreover, since we have four fundamental domains of
analyticity, we need additional jump conditions. Recalling that A(z)B(z) =1, we have
an(z) = b11(2)b33(2) — b13(2)b31(z) and by (z) = a11(z)ass(z) — ai3(z)azi(z) for all z € X. Us-
ing again the definitions (2.57) of the reflection coefficients we then obtain

log b33(z) — log(1/b11(2)) = log ax(z) — log[1 — p;'(*)p, (6], z€Z,
log ai1(z) — log(1/as3(z)) = log bax(z) — log[1 — p,(2)p,(2)], z€Z.
We therefore define
P /@), z€Dy, p(2), € Dy,
)= =
:BS(Z)> z€E D39 ﬁ4(z), S D43
where
N * N N, Ak
a\z =Wy, ZT— Wy I—=Z2n 23y
B =9 i 1275 ep,
pi(2) nel 2TWn Z=Wy, 1 2= %y 2
5.(2) = P @)() Iﬁl P T R S\ €D
- 9 27
? bu(z) oy Z=Waz—W 2= 2 2= n
N, ES A~ N, 2%
b33(2) M 2= Wa 2= Wa 2=z 2— 2
Pi(2) = ~ —, Z€D;,
’ PZ*(Z*),!:!Z—an—w;l< nzlz—z:z—zn
N, * A~ N, Ak
p2(2) T—W, 2— W, 2=z, 2— 2
Bi(z) = ~ "L, zE€D,,
T an() r! 2= Wy 2 Wy r! 2—2F 7—fn
N, N; N, ~ 2
72— z2— L 2= 2 Z—{n
p](Z): rl & % pZ(Z)= I_I Ak ak”
n=1 —Zn n=1 Z_Z_:n n=1 2= % n=1 Z_Cn

(A.35a)

(A.35b)

(A.36)

(A.37a)

(A.37b)

(A.37¢)

(A.37d)

(A.37¢)

Note that *(z) are analytic in D¥, respectively, have no zeros (or poles) there, and each
approaches 1 as z — oo in the appropriate region of the complex plane. Equations (A.34) and
(A.35) can be written in terms of 3,(z), ..., fi(z). Specifically, (A.34) yields
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[ 1
log (z) —log fy(z) = —log| I + %pl(z)pl*(z*) +p2 (2P, (z*)], ZEZ, (A.38q)
log f5(z) — log fy(z) = —log| 1 + %pl(f)pl*(f*) + pz(f)pz*(f*)], zEX. (A.38b)

Moreover, using (A.37) and (4.10b) to simplify (A.35) yields

J*
log f5(z) — log f(2) = sz JFR éf’f(i)dé“ —log[l - p, ()P, ¢¥)],  z€Z, (A.39a)
log $,(z) — log ,(z) = _2%]];{ %dg —log[l —p,(D)p, O],  zEZ, (A.39b)
where
Jo(2) = log[1 + Y(2)p3(2)p; ) + Y (2)p3(x)p; ()] (A.40)

Together, (A.38) and (A.39) are the jump conditions for the Riemann—Hilbert problem for
the sectionally analytic function 3(z) defined in (A.36), with jump conditions Ji(z), ..., Ji(z),
where

N(z) = - log[l + %m(z)p{"(z*) + pz(z>p2*(z*>], (A4la)
n=o-f f_(zz) 4z~ logl1 - PP L (Ad1b)
h@) =~ log[l + %pmz)pﬁ‘(ﬁ*) + p2<z)p;“(z*)], (Adlc)
1) = =5 ], 7402 = ogl1 - (0 (A41d)

and with J,(z) defined as in (A.40). More precisely, we have
logf*(2) ~logf~(2) = J(2),  z€Z, (A.42)

for j =1,...,4, and where the Z; are as defined in Lemma 4.1.
Applying the projectors P* defined in (A.30), using Plemelj’s formulae and taking into
account the jump conditions (A.41) then yields

log (z) = Zimj; %d{, zeC\z. (A.43)
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Taking the exponential of both sides of (A.43) with z € D, yields

a11(z) =€Xp(2n J- J@ 4 )I_I WZZ—W: IN—2| Z_Z:Z_i- (A44)
iJds

P1(2) (—z LW, 2T Wy 2= 22— %,

n=1
Simplifying this expression for a;;(z) yields (4.10a).

Proof of corollary 4.7. 1t is straightforward to see that taking the limit as z — 0 in the trace
formula (4.10a) for a;(z) and comparing with the asymptotics in Corollary 3.12 yields the
desired result.

A.10. Rel[ettionless solutions

The coefficients by; and y; appearing in Theorem 5.1 are defined as follows:

rqu,k/qO, j=1,...,N,

ig, 4 Iwi J=M+1,....2N,
* N,
1? 9y k

(11 ded y == Z GV (zj-aw)
0 —

j= 2N+ 1, .. ,2N + N,
N;
by, =1 +ig,, Y, GGG

n=1

q*/? Gs &
(D12 4 222N GOy

“ 4 ,
J=2M+ N+ 1,...,2N1 + N, + N3,

N;
+igy . ) GOCjan-n)IG,

n=1
(A.45)
iC;, j=1,..., N,
—(iw; ]\]]/q())q N J=N+ 1,20,
v =49 (A.46)
iDj_op;, J=2N+1,....2Ni+ N,,
iF}'—ZM—Np j=2N1+N2+1,...,2N1+N2+N3,
where k = 1,2 and k = 3 — k. For simplicity, we define
A Cok X A cok M
6O 1,2y = 2D T DienD) oy oy B D ey B0 ) 474
=2, 9o 2%y =& 4 z-¢,
6Pw1,z) = S Gl D) G0 gy = G e gy = DD g agp)
=W, 4o T— Wy Z—2Zn
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F *
GOwrz) = 20D G0 g0y = SD Gy = G a0
Z—0Cpn = Wy 4o T—W,
D,(x,t E(x,t
GOx,1,2) = g G0, 1,2) = T 1) (A.47d)
7—2, 2=

Using (A.47), the coefficients F; are defined as follows. Fori,j =1, ..., Ny,

Ejx, 1) = bp(w) Gy (w). (A48a)
Fori=1,...,Nand j =N+ 1,...,2N,

Fy(x, 1) = Gy (wy). (A.48D)
Fori=1,....N andj: 2N+ 1, ..., 2N + N>,

Fi(x,1) = G (w). (A.48¢)
Fori=1,...,Nand j =2N+ N, + 1,...,2N + N, + N3,

Fi(x, 1) = Gy _p,(wi). (A.48d)
Fori=Ni+1,....,2N;jand j=1,..., N,

Fi(x,t) = G{P(w" ). (A.48¢)
Fori,j=N+1,...,2N,

— ®) *

Fj(x, 1) = G;Zy W,y (A.48f)
Fori=N+1,...,2M andj =2N+1,....2N+ N,,

Fy(x, 1) = G (Wi ). (A.48g)
Fori=Ni+1,....,2N;and j = 2N;+ N>+ 1,....2N; + N, + N3,

Fi(x, 1) = Gl _n0n - (A.48h)
Fori=2Ni+1,....2Nj+ N;and j=1,..., N,

N, Ny
Fie.n =Y G ia)G@H + Y, GGG (A.48i)
n=1 n=1
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Fori =2N; + 1,...,2N1+N2andj=N1+ 1,...,2N,

N, Ny
Fix.t) = Y, GPGioan) GO + Y, GPiean)GENED). (A.48))

n=1 n=1

Fori,j=2Ni+1,....,2N;+ N>,

N, Ny
Fitx,t) = ) G @iean)G o) + D, G Gian)G2w (). (A48k)

n=1 n=1

Fori = 2N, + 1,...,2N1+N2andj= 2N+ No+ 1, ..,2N + N + N3,

Ny
Ei(x,1) = Y GGG oy 1 _po(a) + GPimam) G (G (A.481)

n=1

Fori =2NM+M+1,...,2Nj+ N+ N;and j =1, ..., N,

N Ny
Fix.t) = Y GVCiam-m)GP @ + Y. GPieon-m)GG@D). (A48m)

n=1 n=1

Fori =2N,+ N, + 1,...,2N1+N2+N3andj=N1+ 1,...,2N,

N, Ny
Fix.t) =Y G Cican-m)GOn@) + Y G (Goam-m) GG, (A48n)
n=1

n=1

Fori=2Ni+ N+ 1,....2N+ N> + N; andj: 2N+ 1, .. 2N + Ny,

N, N
Fite, 1) = ) GCimam-m)Gan @) + D G Gmam-m) GG,
n=1 n=1
(A.480)
Finally, fori,j = 2N+ No + 1, ..., 2N+ N, + N3,

Ny
Fi(e,0) = X7 1G Giman- i) G oan 1 -ny @) + G Gimame i) G - (D],

n=1
(A.48p)

As usual, the (x, f)-dependence was omitted from the right hand side of the above equa-
tions for brevity.

Proof of theorem 5.1. We consider the equations for the eigenfunctions in Theorem 4.4 in
the reflectionless case. Evaluating the second and third entries of these equations at the ap-
propriate eigenvalues, we obtain the following algebraic system of equations for k = 1, 2 and
k=3-k:
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*
4k
My 1p(zr) = (=DFF1—=

o

N, A <k x
D 17 D _ %
+ Z [ — _nA*]m<k+1)3(Zn)

Zi'— 2y 4o Zi'— 2y

N; A
F,
+) -
n=1 I:Zi/ - é’:‘

*

q,r
M p(Ce) = (=11

o}

S

ok ~

il F _ % .

— nA* m(k+l)1(Cn)’ L= 17--*7N27
qo Zi’— n

Mm@
Lr—2F 4o lom ] i

n=1

+Z[4£

M) = Z [

e E |- |
o m(k+1)1(§j), '=1,..., N,
9 Cp— ¢,

. =+
nm(k+1)](W ) _wy Cnm(k+])3(wn)
ES A
Wa 9 2y — W

N,
. Dnm(-lt+1)2(zn)
)

*
n=1

: N,
— Ry 1q+,k .
M) = =5+ Y
w
J n=1

& Fmiyin(G)
3 e
Wj' - Cn

n=1

g —Zn

N % im0

. 2 s i'=1,...,N,,
n=1 Zi _Cn

+ .k O - sk
Comgrswn) — iw, Camgg Wy
T T s
Wj/ — Wy qo Wj’ — W, n=1

> j/=15""N19

(A.49a)

(A.49b)

(A.49¢)

N
Zz Dnm(-]t+l)2(zn)
&

_2n

(A.494d)

N
Zz: Dumey 12(zn)

. N
_ R /Ay | Camgey 13(Wn) 1w Cnm(k+l)1( )
M) = —5 + Z —_— + —

&S &p = Wn 4% &= & —=2n

n=1

& Eme1nG)
k+1)2 ,

+ Yy £ =1,... N,
n=1 Cf’_é/n

>

(A.49¢)

N Dy 10(zn)
+ M+ 1)2\Zn
M ns(Wj) = —= ¥ >

o n=1 Wi =W, 9o Wi —2Zn

MNTA - . A
Ay i S Gy i) iw, Cumyys(wn)
+ Y |- +

Wi — Wy =1

i F;zm+ &)
N Z (k+1)2 .

~ s J =1’-~~>N1>
“ e (A49f)

where, as before, the (x,f)-dependence was omitted for simplicity. Next, we substitute (A.49c)
and (A.49¢) into both (A.49a) and (A.49b) and combine the result with (A.47) to obtain the
following for z = zy and z = =
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*_ Ny Ny ~Q2)
m(-/'<—+1)2(Z) — (_1)k+lh + ﬁ z G,El)(Z) + iq.}.,k Gn *(Z)
qo 0 p=1 n=1 C,,
N, N
+ 20 > GG EHMG 1) + G P m1y3(wa)]
n=1 n'=1
N, N,
+ 3 GG @M e
n=1 n'=1
Ny, N
+ 3 ) GP@G O @ mE G
n=1 n'=1
Ny N
+ 20 Y GP@IGIEGHMEw13w) + G EOEHIMG 1w, )]
n=1 n'=1
Ny N, Ny Ns
+ Y GPRGIEHME ) + Y. Y GP@G G M1 E).
n=1 n'=1 n=1 n'=1

(A.50)
Together, equations (A.49d), (A.49f), and (A.50) comprise closed systems of linear equa-
tions. We now rewrite this system so as to solve it using Cramer’s rule. First, we define

Xk = (Xt - Xk@N+No+ny)| fOr k = 1,2, where

( + .

My 13(W), j=1,...,N,
m(;+1)1(wjk_1v,), J=N+1,...,2N,

Xij = 4
m<J1§+1)2(Zj—2NI), J=2Ni+1,...,2Ni + N,,

\m(-l*<—+l)2(§i—2N1—N2)’ J=2NM+ N+ 1,...,2Nj+ N, + Na.

Then we may rewrite the above closed systems of equations as (I — F)x; = by, where the re-
maining quantities are as defined in the theorem. Using Cramer’s rule, it is easy to see that the
components of the solutions of the closed systems are

det GJ1¢

Xy = , i=1,...,2N+N+ N3, k=1,2,

kj 2L G J 1 2 3
where G,?j”g =(Gy,...,Gj—1, b, Gjs1, ..., Gonsno+n,)- Substituting this into the reconstruction
formula (4.9) and using the definition (A.46) of the y; yields the desired results. O

References

[1] Ablowitz M J and Clarkson P A 1992 Solitons, Nonlinear Evolution Equations and Inverse
Scattering (London Mathematical Society Lecture Note Series vol 149) (Cambridge: Cambridge
University Press)

[2] Ablowitz M J, Prinari B and Trubatch A D 2003 Discrete and Continuous Nonlinear Schridinger
Systems (London Mathematical Society Lecture Note Series vol 302) (Cambridge: Cambridge
University Press)

3149



Nonlinearity 28 (2015) 3101 D Kraus et al

[3] Ablowitz M J and Segur H 1981 Solitons and the Inverse Scattering Transform (Philadelphia:
SIAM)
[4] Beals R and Coifman R R 1984 Scattering and inverse scattering for first order systems Commun.
Pure Appl. Math. 37 39-90
[5] Beals R and Coifman R R 1987 Scattering and inverse scattering for first order systems Inv. Probl.
3577-93
[6] Beals R, Deift P and Tomei C 1988 Direct and Inverse Scattering on the Line (Providence, RI:
American Mathematical Society)
[7] Belokolos E D, Bobenko A I, Enol’skii V Z, Its A R and Matveev V B 1994 Algebro-Geometric
Approach to Nonlinear Integrable Equations (Berlin: Springer)
[8] Biondini G and Fagerstrom E R 2015 The integrable nature of modulational instability SIAM J.
Appl. Math. 75 136-63
[9] Biondini G and KovacCi€ G 2014 Inverse scattering transform for the focusing nonlinear Schrddinger
equation with nonzero boundary conditions J. Math. Phys. 55 031506
[10] Biondini G and Kraus D K 2015 Inverse scattering transform for the defocusing Manakov system
with nonzero boundary conditions SIAM J. Math. Anal. 47 70657
[11] Biondini G and Prinari B 2014 On the spectrum of the Dirac operator and the existence of discrete
eigenvalues for the defocusing nonlinear Schrodinger equation Stud. Appl. Math. 132 138-59
[12] Conti C, Fratalocchi A, Peccianti M, Ruocco G and Trillo S 2009 Observation of a gradient
catastrophe generating solitons Phys. Rev. Lett. 102 083902
[13] Deift P, Venakides S and Zhou X 1994 The collisionless shock region for the long-time behavior of
solutions of the KdV equation, Commun. Pure Appl. Math. 47 199-206
[14] Deift P and Zhou X 1993 A steepest descent method for oscillatory Riemann—Hilbert problems.
Asymptotics for the mKdV equation Ann. Math. 137 295-368
[15] Demontis F, Prinari B, van der C and Vitale F 2013 The inverse scattering transform for the
defocusing nonlinear SchrOdinger equations with nonzero boundary conditions Stud. Appl.
Math. 131 1-40
[16] Faddeev L D and Takhtajan L A 1987 Hamiltonian Methods in the Theory of Solitons (Berlin:
Springer)
[17] Fratalocchi A, Conti C, Ruocco G and Trillo S 2008 Free-energy transition in a gas of noninteracting
nonlinear wave particles Phys. Rev. Lett. 101 044101
[18] Gelash A A and Zakharov V E 2014 Superregular solitonic solutions: a novel scenario for the
nonlinear stage of modulation instability Nonlinearity 27 1
[19] Gesztesy F and Holden H 1990 Soliton Equations and Their Algebro-Geometric Solutions
(Cambridge: Cambridge University)
[20] Hamner C, Chang J J, Engels P and Hoefer M A 2011 Generation of dark-bright soliton trains in
superfluid-superfluid counterflow Phys. Rev. Lett. 106 065302
[21] Infeld E and Rowlands G 2003 Nonlinear Waves, Solitions and Chaos (Cambridge: Cambridge
University)
[22] Kaup D J 1976 The three-wave interaction—a nondispersive phenomenon Stud. Appl. Math. 55 9-44
[23] Manakov S V 1974 On the theory of two-dimensional stationary self-focusing electromagnetic
waves Sov. Phys.—JETP 38 248-53
[24] Novikov S P, Manakov S V, Pitaevskii L P and Zakharov V E 1984 Theory of Solitons: the Inverse
Scattering Method (New York: Plenum)
[25] Prinari B, Ablowitz M J and Biondini G 2006 Inverse scattering transform for the vector nonlinear
Schrodinger equation with non-vanishing boundary conditions J. Math. Phys. 47 063508
[26] Prinari B, Biondini G and Trubatch A D 2011 Inverse scattering transform for the multi-
component nonlinear Schrodinger equation with nonzero boundary conditions Stud. Appl. Math.
126 245-302
[27] Sulem C and Sulem P L 1999 The Nonlinear Schridinger Equation: Self-focusing and Wave
Collapse (New York: Springer)
[28] Trillo S and Valiani A 2010 Hydrodynamic instability of multiple four-wave mixing Opt. Lett.
353967
[29] Trillo S and Wabnitz S 1991 Dynamics of the nonlinear modulational instability in optical fibers
Opt. Lett. 16 986
[30] Whitham G B 1999 Linear and Nonlinear Waves (New York: Wiley)

3150


http://dx.doi.org/10.1002/cpa.3160370105
http://dx.doi.org/10.1002/cpa.3160370105
http://dx.doi.org/10.1002/cpa.3160370105
http://dx.doi.org/10.1088/0266-5611/3/4/009
http://dx.doi.org/10.1088/0266-5611/3/4/009
http://dx.doi.org/10.1088/0266-5611/3/4/009
http://dx.doi.org/10.1137/140965089
http://dx.doi.org/10.1137/140965089
http://dx.doi.org/10.1137/140965089
http://dx.doi.org/10.1063/1.4868483
http://dx.doi.org/10.1063/1.4868483
http://dx.doi.org/10.1137/130943479
http://dx.doi.org/10.1137/130943479
http://dx.doi.org/10.1137/130943479
http://dx.doi.org/10.1111/sapm.12024
http://dx.doi.org/10.1111/sapm.12024
http://dx.doi.org/10.1111/sapm.12024
http://dx.doi.org/10.1103/PhysRevLett.102.083902
http://dx.doi.org/10.1103/PhysRevLett.102.083902
http://dx.doi.org/10.1002/cpa.3160470204
http://dx.doi.org/10.1002/cpa.3160470204
http://dx.doi.org/10.1002/cpa.3160470204
http://dx.doi.org/10.2307/2946540
http://dx.doi.org/10.2307/2946540
http://dx.doi.org/10.2307/2946540
http://dx.doi.org/10.1111/j.1467-9590.2012.00572.x
http://dx.doi.org/10.1111/j.1467-9590.2012.00572.x
http://dx.doi.org/10.1111/j.1467-9590.2012.00572.x
http://dx.doi.org/10.1103/PhysRevLett.101.044101
http://dx.doi.org/10.1103/PhysRevLett.101.044101
http://dx.doi.org/10.1088/0951-7715/27/1/1
http://dx.doi.org/10.1088/0951-7715/27/1/1
http://dx.doi.org/10.1103/PhysRevLett.106.065302
http://dx.doi.org/10.1103/PhysRevLett.106.065302
http://dx.doi.org/10.1063/1.2209169
http://dx.doi.org/10.1063/1.2209169
http://dx.doi.org/10.1111/j.1467-9590.2010.00504.x
http://dx.doi.org/10.1111/j.1467-9590.2010.00504.x
http://dx.doi.org/10.1111/j.1467-9590.2010.00504.x
http://dx.doi.org/10.1364/OL.35.003967
http://dx.doi.org/10.1364/OL.35.003967
http://dx.doi.org/10.1364/OL.16.000986
http://dx.doi.org/10.1364/OL.16.000986

Nonlinearity 28 (2015) 3101 D Kraus et al

[31] Yan D, Chang J J, Hamner C, Hoefer M, Kevrekidis P G, Engels P, Achilleos V, Frantzeskakis D J
and Cuevas J 2012 Beating dark—dark Solitons in bose-einstein condensates J. Phys. B: At. Mol.
Opt. Phys. 45 115301

[32] Zakharov V E and Shabat A B 1972 Exact theory of two-dimensional self-focusing and one-
dimensional self-modulation of waves in nonlinear media Sov. Phys.—JETP 34 62-9

[33] Zakharov V E and Shabat A B 1973 Interaction between solitons in a stable medium Sov. Phys.—
JETP 37 823-8

[34] Zhou X 1989 The Riemann—Hilbert problem and inverse scattering SIAM J. Math. Anal. 20 966-986

3151


http://dx.doi.org/10.1088/0953-4075/45/11/115301
http://dx.doi.org/10.1088/0953-4075/45/11/115301
http://dx.doi.org/10.1137/0520065
http://dx.doi.org/10.1137/0520065
http://dx.doi.org/10.1137/0520065

