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Abstract
The boundary value problem (BVP) for the Ablowitz—Ladik (AL) system on
the natural numbers with linearizable boundary conditions is studied. In par-
ticular: (i) a discrete analogue is derived of the Bicklund transformation that
was used to solved similar BVPs for the nonlinear Schrodinger equation; (ii)
an explicit proof is given that the Bécklund-transformed solution of AL
remains within the class of solutions that can be studied by the inverse scat-
tering transform; (iii) an explicit linearizing transformation for the Bécklund
transformation is provided; (iv) explicit relations are obtained among the
norming constants associated with symmetric eigenvalues; (v) conditions for
the existence of self-symmetric eigenvalues are obtained. The results are
illustrated by several exact soliton solutions, which describe the soliton
reflection at the boundary with or without the presence of self-symmetric
eigenvalues.

Keywords: solitons, inverse scattering transform, boundary value problems,
linearizable boundary conditions, Backlund transformations

1. Introduction

Discrete and continuous nonlinear Schrodinger (NLS) equations are universal models for the
behavior of weakly nonlinear, quasi-monochromatic wave packets, and they arise in a variety
of physical settings. In many situations, the natural formulation of the problem gives rise to
boundary value problems (BVPs). In particular, BVPs for the NLS equation
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ig, + q, — 2vlql*q =0 (1.1)

on the half line 0 < x < oo (where ¢ = g (x, t) is a complex-valued function, subscripts x
and ¢ denote partial differentiation and the values » = =1 denote respectively the defocusing
and focusing cases, as usual) have been extensively studied using several approaches [4, 6—
8, 10, 12, 14, 15, 17, 19, 24]. It is also well known that, in general, BVPs for integrable
nonlinear evolution equations can only be linearized for special kinds of boundary conditions
(BCs), which are then called linearizable. For the NLS equation, the linearizable BCs are
homogeneous Robin BCs [23]

q,0,0)+ aq@,1)=0, (1.2)

where o € R is an arbitrary constant. Limiting cases are Neumann and Dirichlet BCs,
obtained for « = 0 and as @ — 00 in (1.2), respectively. In [10] and [7], the BVP with
linearizable BCs was considered using the extensions of the potential to the whole real line
introduced in [14] and in [17, 24], respectively, and it was shown, that the discrete
eigenvalues of the scattering problem appear in symmetric quartets—as opposed to pairs in
the initial value problem (IVP). Moreover, the symmetries of the discrete spectrum, norming
constants, reflection coefficients and scattering data were obtained, and the reflection
experienced by the solitons at the boundary was explained as a special form of soliton
interaction.

The purpose of this work is to obtain the discrete analogue of all the above results. The
integrable discrete analogue of the NLS equation is the Ablowitz—Ladik (AL) system:

9n1 — 26]" + 41
h2
where g, = q(n, t), the dot denotes derivative with respect to time, £ is the system spacing,

and again v = 1. The BVP for (1.3) on the natural numbers n € N with a generic BC at
n = 0 was recently studied in [9]. The linearizable BCs for (1.3) are [9, 18]

iq, + — )4, (g1 + 4,-1) = 0, (13)

9% —xX9,=0, (1.4)

where y € R is an arbitrary constant. In [11], the BVPs for AL system on the natural numbers
with the discrete analogue of Dirichlet and Neumann BCs at the origin (y = 0 and y = 1,
respectively) was solved using odd and even extensions of the potential to all integers. No
explicit extension was found, however, for generic values of y. Here we generalize those
results by deriving the discrete analogue of the Bicklund transformation (BT) used in the
continuum limit. On one hand, this enables us to give cleaner proofs of some of the results
obtained in [11]. Most importantly, we use the BT to extend the previous results to generic
values of x, thereby obtaining the discrete analogue of all the results available in the
continuum case, concerning the relation betweeen symmetric eigenvalues, their norming
constants, and the conditions for the existence of the self-symmetric eigenvalues.

We point out that the methodology of [9] (which follows the unified transform method of
[16]) is more general, since it applies to BVPs with any BCs. On the other hand, in that work
the analytic scattering coefficient a,,(z) (defined in section 2) is assumed to be non-zero
along the real and imaginary axes. Therefore the approach of [9] is limited to potentials for
which no self-symmetric eigenvalues are present. Moreover, when linearizable BCs are given,
the BVP posseses additional structure, which is more easily elucidated using the present
approach [9].

Throughout this work, the notation M = (M;, M,) is used to identify the columns of a
2 x 2 matrix M; subscripts i, j are used to denote the corresponding matrix entry, the
superscript T denotes matrix transpose, the asterisk complex conjugation, a prime signifies
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differentiation with respect to z, [A, B] = AB — BA is the matrix commutator, N = {1, 2,...}
and Ny = {0, 1, 2,...}. Also, we will frequently use the shorthand notation f,, for f (n, t) or
f(n, t, 7). The intended meaning will be clear from the context. Finally, one can always make
h = 11n (1.3) without loss of generality by trivial rescalings [3]. We will assume that this has
been done throughout. (Of course an inverse scaling can also be performed to recover the
continuum limit, as discussed in detail in section 4, where such limit is considered.)

2. IST for the AL system on the integers

Here we briefly review the solution of the IVP for the AL system via IST, since it will be used
in sections 4 and 6 to construct the BT and solve the BVP. We refer the reader to [2, 3] for all
details. The AL system (1.3) with 2 = 1 is the compatibility of the matrix Lax pair

q)n+1 = (Z + Qn) D, (2.1a)
$, = (—iw@)os + H,) ©,, (2.1b)
where ®(n, t, z) is a 2 X 2 matrix eigenfunction, w(z) = —(z — 1/2)?/2,
_(z O (0 4
Z = (O 1/2), O, t) = (Vn 0), 2.2)
Hn, 1,2) = i03 (QuZ7" = Qu1Z = 0nQ0), (2.3)

and r, (1) = l/q: (¢). The modified eigenfunctions are i (n, t, z) = ®(n, t, z) Z @™ and
they satisfy the modified Lax pair

Pt — Zp,Z7 " = Qup, 271, (2.4a)
i, +iw@lo3, p,] = Hup,y, (2.4b)

The Jost eigenfunctions are the solutions of (2.4) which tend to the identity as n — Foo.
When g, € {(Z), they are given by the solution of the following linear equations

n—1

oty =1+ S 2" 10, (0 m, 2. 1) 2", (2.5a)
m=—0o0
oo
. 1,2) = 1— 52210, (01, m, 2, 1) Z"" (2.5b)

The eigenfunctions ®.(n, ¢, z) are defined accordingly. Analysis of (2.5) shows that the
columns p(n, ¢, z) and p, , (n, ¢, z) can be analytically extended to the exterior (z| > 1) of
the unit circle, while P (n, t, z) and My (n, t, z) to its interior (z| < 1). Let

C,(t) = ﬁ (1 = gurn), C = lim C,@). (2.6)

with the usual assumptions that C_,, < oo and, in the defocusing case, |g,| < 1V n € Z [3].
One can show that C_., does not depend on time. Both & (n, ¢, z) and ®,(n, ¢, 7) are
fundamental matrix solution of the Lax pair (2.1), since det ®.(n, ¢, z) = det u (n, ¢, z) and

det p (n, t, z7) = C_/Cp (1), det p, (n, t, z) = 1/C, ().
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One can then define the time-independent scattering matrix A(z) for |z| = 1 as

® (n,t,z) =D (n, t,2) A®2). 2.7
The scattering coefficients can be expressed in terms of Wronskians:

a1 (2) = C,Wr(®_y, @, ), an (@) = —C,Wr(®_,, ¢, ),

etc, implying that a;;(z) and a,;(z) can be analytically extended to |z| > 1 and |z| < 1,
respectively, while a;, (z) and a,; (z) are in general nowhere analytic. Moreover, the modified
Jost solutions have the following asymptotic behavior as z — 0 and z — oo:

pwn t,2) =1+ Q,1Z7'+ 0(Z272),  z—(x,0), (2.8a)

wnt,2)=C' = C'Q,Z+ 0(2?),  z— (0, ), (2.8D)

where the notation z — (g, zp) indicates z — z; in the first column and z — 2z, in the second
column. In turn, (2.8) yield the asymptotic behavior of the scattering data. In particular

an@=1+z2> > ng,_,+0(z*) z—0. (2.9)

n=-—0o0

The eigenfunctions satisfy the symmetries

® 1 (n, 1, 2) = 6, 9% ,(n, 1, 1/2%), (2.10a)

®y5(n, 1, 2) = vo, ®F | (n, 1, 1/2¥), (2.10b)
with

01
) = ) 2.11

w=(23) e
implying

afy(1/2%) = an@), Iz <1, 2.12a)

a3 (1/z*) = vap@ |zl = 1. (2.12b)
Moreover, the scattering data satisfy the additional symmetry:

a» () = an(—2), lz| <1, (2.13a)

ap(z) = —an(—2), |z| = 1. (2.13b)

The discrete eigenvalues of the scattering problem arise from the zeros of the analytic
scattering coefficients a;;(z) and ay; (z). In the defocusing case there are no such zeros. In the
focusing case we assume that there are a finite number of zeros and they are all simple. The
above symmetries imply that the discrete eigenvalues appear in symmetric quartets. That is,
let +z; for j = 1,...,J be the zeros of a» (z) in|z| < 1 with argz € [0, 7). Note that the total
number of zeros inside the unit circle is 2J. Moreover, equation (2.13a) implies that
+7 = il/z;“ for j = 1,...,J are the zeros of a;;(z) in|z| > 1. In correspondence to all these
zeros one has:

2n ,—2iw(z;
Nf,z(n, t,zj)) = b; Zj”e = (’)l,%r’l(n, t, 7)),

o (nt, z) = by ;e @y, (n, 1, 3),
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and the corresponding residue relations are

|: Mf,z(n’ f Z)

a»(z)

Res

=z

:| - vazj'zneiziW(zj)tM*_’z(n? t7 Zj)7

L (Vl, t, Z) > i 7.
Res ra LD I{jzj._z"ezlw(z.f)fquz(n, t, Zj),
7=z a11(z) ’

where K; = b;/ay, (z;) and K; = b;/a/,(Z;) are the norming constants. The norming constants
for the eigenvalues at 4-z; are identical, and so are those for the eigenvalues at £7;. Moreover
P * o K\ 2k

The inverse problem is formulated in terms of the Riemann—Hilbert problem (RHP) defined
by the jump condition

M, t,2) =M, t, 2)(I — V(n, t, 2)), |z| =1, (2.14)
where the sectionally meromorphic matrices are
M+ = diag(1, C\)( 1 - 1 o/an), M~ = diag(1, C,)(n /an. 1, )- (2.15)

the jump matrix is

vp (Z)p* 1 Z* Z2n672iw(z)tp (Z)

Vin, t,2) = . ( / ) , (2.16)
_ V272n62m(z)tp*( 1/Z*) 0

and p(z) = a12(2)/ax(z) is the reflection coefficient. After regularization, the RHP can be

formally solved via the Cauchy projectors over the unit circle. The asymptotic behavior of

M* as 7 — 0 or z — oo then yields the reconstruction formula for the potential as

J
q,(t)=— ZZKJ.ZJ.Z”e*ZiW(ZJ)’M’“(n + 1, z;, t)

j=1
1 .
+ — e @y (), 1 (n + 1, 2, 1) dz. (2.17)
27 J)z|1=1 ’
In the reflectionless case with v = —1, the RHP reduces to an algebraic system. Its solution
yields the pure multi-soliton solution of the AL system as
q,(t) = 2 det G¢/det G, (2.18)

where

(Z )Z(n 1) 21w*(z)t

oA

Gj,m — 5j,m — 4K, Zn21(11+1)e—2iw(zm)z Z

forall j,m=1, ---,J, and

G¢ = (0 yT), yj K Z2n —2iw(g)t

1 G
For a single quartet (i.e., J = 1), one obtains the one-soliton solution of the AL system as
q(n, t) = eI +wi+9sinh o sech [a(n — vt — §)], (2.19q)
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with zy = e@ti9/2 o = argk; + m, § = [log(sinh a) — log|K;|]/c, and

v = 2(sin § sinh a)/«, w = 2(cos B cosh o — 1). (2.19b)
Finally, the trace formula for the focusing case is: for |z| < 1,
J 2 2 1 1 2
22—z 1 Clog (14 [p(OP)
log ax» (z) = log —2 +log C_o, — — d¢. (2.20)
g d2 mX::] g 2 Z,% gl 2mi i 2_ 22 ¢

The above theory was extended to potentials that tend to constant values as n — oo
in [1, 20].

3. ‘Half-line’ scattering for the AL system

We now briefly review some relevant results about the IST for the AL system on the natural
numbers [9], which will be used later. Define ®y(n, ¢, z) for all n € N, as the simultaneous
solution of the Lax pair satisfying the BC ®y(0, 0, z) = I. Also, let & (n, ¢, z) be the
restriction to n € N of the eigenfunction with the same name in the IVP. Thus, ®, (n, ¢, z) is
still defined by (2.5), whereas ®g(n, 1, z) = p1,(n, t, 7) Z" e @ is defined by

n—1
po(n, 1, 2) =1+ > Z"""71Q,, (t) py(m, 1, 2)Z™ "

m=0

t ) .
+ f Zre w@UENSH (0, 7, 2) 11 (0, 7, 7) @@ Z7n dr. G.1)
0

As in the IVP, y, , can be analytically extended to the exterior (z| > 1) of the unit circle,
while 4, | to its interior (z| < 1), both with continuous extension to |z| = 1. On the other
hand, both columns of 1, (n, ¢, z) can be analytically extended to the punctured complex z-
plane C\ {0}. Moreover, p(n, 0, z) is continuous and bounded on [z| > 1, while
Moo (n, 0,2) on |z] < 1. Since det p,(n, t, z) =[]
scattering matrix s(z) of the half line problem as

D, (n, t, 7) = Py(n, t, 2) s(z), (3.2)

which is also independent of time.
Evaluating (3.2) at (n, r) = (0, 0), one has

s(z) = 1,0, 0, 2) = ©,.(0, 0, 2), (3.3)

n—1

o1 —q,n.), we can define the

implying
det s(z) = 1/C. 3.4

From the analyticity of yu,(n, ¢, z), we have that the first column s;(z) is analytic on |z| < 1,
continuous and bounded on |z| < 1, while the second column s,(z) analytic on |z| > 1,
continuous and bounded on |z| > 1. Moreover, the same symmetries as in the IVP allow us to
obtain relations among the various entries of the scattering matrix and thereby write s(z) as

a(z) vb*(1/z¥)
s(z) = )
b(z) a*( l/z*)

with a(z) and b(z) analytic on |[z| < 1. Comparing with the elements of the eigenfunctions,
one has

(3.5)
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a(Z) = ,LL+,11(0, O, Z)9 b(Z) = M+’21(O9 07 Z), (36a)

b*(1/2%) = vp, 1,0,0,2),  a*(1/z%) = 1, 50, 0, 2). (3.6b)

Equation (3.4) then implies

a(z)a*(1/z*) — vb(@b*(1/z*) = 1/Co, |zl < 1. 3.7)
As a corollary

la@P - vIb@P = 1/Co, lz| = 1. (3-8)

The problem with this approach is that in order to compute the evolution of p(n, t, z) for
t > 0 one needs to evaluate H (0, ¢, z) (see (3.1)), which contains both Qy(¢) and Q_(¢),
whereas only the combination (1.4) is given as a BC. Moreover, the regions of boundedness
of the columns u,(n, t, z) for ¢+ > 0 are smaller than those of u,(n, 0, z). Explicitly,
to1(n, t, z) is bounded on (|z|] = 1) N (Im(z2) < 0), while Moo (n, 1, z) is bounded on
(Iz] £ 1) N Am(z?) > 0). As a result, an additional eigenfunction is needed in order to
properly formulate the inverse problem for ¢ > 0, and considerable additional work is needed
to eliminate the unknown boundary value Q_(¢) from the solution of the problem. A general
approach to the BVP was presented in [9]. In the following sections, instead, we present an
alternative approach that is more suitable for BVPs with linearizable BCs.

4. A ‘linear’ BT for the AL system

In this section we obtain a discrete analogue of the BT that was used in [6, 7, 12] to solve the
BVP for the NLS equation with linearizable BCs. We begin with the following result, the
proof of which is obtained by direct calculation:

Proposition 4.1. Let g, (¢) and G, (t) be two solutions of the AL system (1.3) for all n € Z,
and suppose that there exists a matrix B (n, t, 7) such that the corresponding eigenfunctions
D,(n, t, z) and Y,(n, t, 7) satisfy

d(n, 1, 2) = B(n, 1, )®(n, 1, 2). (4.1)

A necessary and sufficient condition for (4.1) to hold is
Byi(Z+ Qu) = (Z + 04) Ba. 4.2)
where Q, (t) is given by (2.2) with q,(t) replaced by g, (t).

Similarly to the continuum case, the difference equation (4.2) yields an auto-BT (i.e., a
Darboux transformation [21]) between the new potential and the original one. We will refer to
B(n, t, z) as the Darboux matrix. Note that, in principle, one also needs to consider the
condition obtained from the second half of the Lax pairs:

Bn = T;’IBVI - B, T, 4.3)

where T (n, t, 7) = —iw(z)o3 + H (n, t, z) and similarly for T(n, t, z). This condition is not
independent of (4.1) and (4.2), however. More precisely, if (4.1) and (4.2) hold at # = 0, one
can use (4.1) as a definition of B(n, t, z) for all ¢ > 0. Since both ®(n, ¢, z) and ®(n, ¢, z) are
simultaneous solutions of both parts of their respective Lax pairs, (4.1) implies that (4.3) is
satisfied for all # > 0. Hence it is enough to consider only (4.2).

7
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The case when the Darboux matrix B (n, t, z) is independent of z is trivial. By analogy
with the continuum case, here we therefore consider the next-simplest case. That is, recalling
that z = e*, we look for a solution B(n, t, z) of (4.2) which is O(z) as z — oo and and
O(1/z) as z — O:

Bn,t,2) =zf +g,/z+ dy 4.4)

where f,,, g, and d,, are 2 x 2 matrices, possibly dependent on g, (¢) and g, (t) but independent
of z. Since the index n will play a key role in the following calculations, to simplify the
notation, throughout this section we will denote the matrix entries of f,, g, and d, by
superscripts i j (with i, j = 1, 2).

Lemma 4.2. Let B(n, t, z) be a solution of (4.2) in the form of (4.4). Then

P £ (12 - g;l 0 Cd = 0 d | s
0 f; 0 g2 d;' 0
where, ¥ n € 7,
P 43b
dp? =fa, = 178, = 824, 1 — 8,4,y (430
dnzl:gzzrn_g,ilfn:f“fnfl_szrnfh (4.5d)
with
n—1 1 -4 7 —1 1 —
qmrm t]m”m
=11 —— p.= Il — (4.5€)
m=0 1 - 9 m m=-—n 1 - Gnm

V' n €N, and p, = 1. Moreover
g(;l _ (fozz )* e, ¢2 = (fll)* el (4.6)

where f'1, 022 € C and v € R are arbitrary constants.

Proof. The result follows by substituting (4.4) into (4.2) and solving recursively at different
powers of z. More precisely, from the terms at O(z%) and O(1/z?) we get, ¥V n € Z,
an+1 =fil =1, gﬁl =g? =g f? =f" =0and g!* = g*' = 0. From the terms at
O(z) and O(1/z) not containing the potentials explicitly we get, V¥ n € Z, d}' =:d"' and
d? =: d*2. Collecting all other terms then yields

22 22 __ gl12% 21 11 11 _ 421~ 12
n+l _f,, - dn Th — dnJrlqn’ gn+1 - gﬂ - dn 4, — dnJrlrﬂ’ (47)

together with (4.5¢) and (4.5d) and d'' = d** = 0. By substituting (4.5¢) and (4.5d)
respectively into the first and the second one of (4.7) one has

1 - g7 1 - g7

22 n'n 022 11 n'n 11

= - 5 - B V n 6 Z,

fn+l 1 — q,m fn gn+l 1 — q,m gn

the solutions of which yields (4.5b). Finally, relations (4.6) are obtained by taking the
complex conjugate of (4.5¢) and (4.5d) and comparing with the original equations. (]

In other words, theorem 4.2 implies that the BT is specified completely in terms of five
real constants. To choose the parameters of the BT in a way that is useful for the BVP, we

8
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now establish a correspondence between the discrete and continuum case. Recall that the
continuum limit of the AL system (1.3) with 2 = 1 is obtained by letting

Gy (n, 7) = h gy (nh, K1), 7 = elkh, (4.8)

and taking the limit # — O with x = nh and ¢t = h*7 fixed, under which (1.3) reduces to the
NLS equation (1.1). (Alternatively, one can obtain the NLS equation in the limit # — 0 by
considering (1.3) with & = 1 and taking g, (n, t) = q,,(nh, 1).)

Lemma 4.3. (BT for the AL system.) Suppose q,(t) and §,(t) solve the AL system and the
corresponding eigenfunctions are related by the BT (4.1), where B(n, t, 7) is of the form (4.4)
with f,, g, and d,, as in lemma 4.2, and with

f=—g2=1/h, f2=—-g'=x/h 4.9)
Then g, (t) and §,(t) are related by the difference equation
X2y (8 + dut) = 4y + Gy (4.10)

Proof. Equation (4.10) (as well as its complex conjugate) follow directly from the off-
diagonal entries of (4.2) upon substituting (4.4) and (4.9). The diagonal entries of (4.2) are
then shown to be consistent with (4.10) via the difference equation

B 1 —qg,7
pn+1 - pnl — ann,
which in turn follows from (4.5¢). O

Equation (4.10) is the desired BT between the original potential ¢, (¢) and the new one
G, (). Summarizing, lemmas 4.2 and 4.3 imply that we can write the Darboux matrix
B, =B, t, 7) as

B, =03(Z — xp,Z7")/h + 03(Qu — xp,0n)/h. 4.11)

As in the continuum case, the BT for the AL system is now written entirely in terms of a
single real parameter, in our case X. And, similarly to the continuum case, (4.10) is a
difference equation that determines the Backlund-transformed potential §, in terms of the
original one g, (or vice versa). Moreover, note that, as 7 — 0,

n—1

P =14 13 (g Or Xy 1) = GO, DF(xm, 1) + O(hY)  (4.12)

m=0
(where x,, = mh and t = h7 for brevity and the fields in the right-hand side solve the
continuum limit as discussed above). We then have the following:
Lemma 4.4. Let B(n, t, 7) be defined as in (4.11). If, in addition, (4.8) holds and
x=1— ah, (4.13)
the Darboux matrix B(n, t, 7) for the AL system in (4.11) reduces to the one for the NLS
equation in (C.15) in the limit h — 0.

As in the continuum case, we now impose the mirror symmetry to obtain a BT for the
BVP. Evaluating (4.10) at n = 0, one can show the following:

9
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Lemma 4.5. (Mirror symmetry.) Suppose that q,(t) and §,(t) solve the AL system (I.3)
V' n € Z and that they are related by the BT in lemma 4.3. If, in addition, q,(t) and §,(t)
satisfy the mirror symmetry

g, =q_,_ @) VnelzZ, 4.14)
then q, (t) satisfies the BC (1.4).

The BCs (1.4) for the AL system reduce to the BCs (1.2) for the NLS equation in the
limit 7 — 0. In particular: (i) the Neumann BC in the continuum problem, obtained for
a = 0, corresponds to xy = 1 for the AL system. (ii) The Dirichlet BC in the continuum
problem is obtained in the limit & — oo. The discrete analogue for the AL system is y = 0,
corresponding to « = 1/h, which, yields the correct limit as # — 0.

In section 5 we show how the above BT can be linearized. Then in section 6 we show
how it can be used to effectively solve the BVP for the AL system with the linearizable BC
(1.4). Since we will not need to discuss the continuum limit further (except for a single
reference after corollary 7.4), hereafter we take 27 = 1 in (4.11) for brevity. We also note for
later reference that

det B, = szpn + Xpn/Z2 N sznz + (qn - Xpnqn)(rn - Xpnfn),
By(z)=B(0,1,z) = 03(Z - XZ—I),
det By =z + x/z* — 1 — x*.

5. Linearization of the BT

We now show how the BT introduced in section 4 can be explicitly linearized. Recall that the
transformed potential is obtained from the original potential via (4.10), which we rewrite here:

Xpn(qn + qn—l) = qn + qn_]7 nec NO’ (S'la)

together with the corresponding equation for 7, in terms of r,,

Xpn(Fh + rnfl) =" + anls nc NO, (Slb)
where
1 —q,i
Post =P ——,  n€eN, (5.1¢)
1 - ann

plus the ‘initial conditions’ § ; = ¢, 7. = rp and p, = 1. Also recall that (5.1) obey the
conservation law

(xp,d, — @,) (P — 1) — X2 +p, + X2 = L. (5.2)

If x = 0, (5.1a) implies that §,_, = —g¢,, which is a linear relation, and the analogue of the
odd extension in the continuum problem. For y = 0, we begin by introducing the change of
variables

Upt1 = qn + 91> Var1 = Ty + He1s Wn = XDp» (5.3)
upon which (5.1) becomes
Wallpy1 = U, + Agq,, (5.4a)
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WpVnt1 = Vo + Arm (5.4b)
(1= gur) W1 = [ 1 =ty 1Vt + Giotttnst + Gy Vo)) — G yTu1] Was (5.4¢)
where Af, = f, — f,_,, together with the initial conditions
X — doro/X
m=Q/XN)d =@/ w=— (5.5)
1 — gyro

(The expression for w follows from (5.1¢) and the fact that (5.1a) and (5.1b) imply x§, = ¢,
and x7, = r,.) Moreover, using (5.3) in (5.2), solving for u, v, and substituting in (5.4c)
yields, after straightforward algebra

(1 - ann) Wy Wp1 = (Q,l,lrn + 94,1 + I/X)Wn

- hity — 4,Vn — (ann — 42t — 42 +1 - XZ) (56)
The final step is the introduction of the further change of variable
U, = Un/Ym Vn = n/Ym Wh = ‘/Vn/Ym (57)
which reduces the solution of (5.4a), (5.4b) and (5.6) to that of the system
Upi1= Ui+ Aq, Yy, Vor1 = Vo + A Yo, Y1 = W, (5.8a)
n+qn 1+ 1 .
W= i P Xy
1 - 9, 1 - "
Fy — =g s+ 1 — X2
o 4, ‘/;1 _ a4, ) 4, 2 X Y;i (SSb)
1 - 4, 1 - 9,

for all n € N, together with the initial conditions
U = u, i=v, Wi = wy, =1 (5.9

Equations (5.8) are a system of homogeneous linear difference equations. The BT has
therefore been completely linearized. We summarize the results in the following:

Theorem 5.1. For all n > 0O, the potential §,(t) defined by q,(t) via the BT (5.1) and the
initial condition §_; = q, can be obtained as §, = —q,_, + U,11/Y,11, where U, and Y, are
given by the solution of the linear system (5.8) with initial conditions (5.9), and where u;, v;
and w; are given by (5.5).

6. Solution of the BVP via BT

Similarly to the continuum case, the strategy for solving the BVP for the AL system (1.3) on
n € N with the linearizable BC (1.4) is to define the following extension:

Definition 6.1. (Extension.) Given ¢,(0) for n > 0, define §,(0) for all » > 0 via the
difference equation (4.10) plus the initial condition §_, (0) = ¢, (0). Then, given g, (0) for all
n = 0, define ¢, (0) for all n < 0 via the mirror symmetry (4.14).

Since lemma 4.5 ensures that the BC (1.4) is satisfied for all ¢+ > 0, one can then use the
IST of the IVP to solve the BVP. We call the potential obtained from the above steps the
extended potential. As special cases of the above, we have the following:

11
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Lemma 6.2. Consider the extension in definition 6.1.

@ If x =0, the extension reduces to the odd extension of the original potential:
0, (1) = —q,().

@) If x = 1, the extension reduces to the even extension of the potential with a shift:
q_,) = q,_,(t). Moreover, p,(t) =1 Vn e N.

Proof. It is easy to see that: (i) when x = 0, the above procedure yields g, (1) = —g,, (?),
which turns via (4.14) into the odd extension of the potential. (i) When y = 1, the above
procedure yields g, (f) = g, (¢), which turns via (4.14) into the even extension (with a shift) of
the potential. Finally, one can easily check from (4.5¢) that p, (¢) = 1. 0

The above two extensions above were used in [11] to solve the BVP for the AL system
with those specific values of x. Importantly, however, it was not possible to find an explicit
extension for generic values of x. This problem was resolved here through the introduction of
the BT.

A technical but important issue in order for the above approach to be effective for generic
values of x is to show that the extension of g, (f) over negative integer values of n yields a
potential that is still in the class of ICs amenable to the IST for the IVP. (Recall that for the
NLS equation, a complete proof of the equivalent result was presented in [12].) in appendix B
we show that this indeed is the case, by proving the following:

Theorem 6.3. Let G, (t) be defined for all n € N by the BT (4.10). If q,(t) € {,(N), then
g, € 4(N).

As a byproduct, the proof of theorem 6.3 also yields the following important result:

Corollary 6.4. Given q,(t) forn € N, let G, (t) and q,(t) for all n € Z be defined by the BT
(4.10) and the mirror symmetry (4.14). Also, let a(z) and b(z) the half-line scattering
coefficients, defined by (3.5). The constant p._ in the BT can be expressed as a function of X
as follows:

O Ifx=0o0rx ==l thenp, =1

(i) For x > 1, ifa(1/yx) = 0 then p,, = 1/x? while if a(1/Jx) = O then p,, = 1.
(iii) For 0 < x < L, if b(yx) = O then p,, = 1, while if b(\/X) = 0 then p_ = 1/x*
@) For —1 <x <0, if b(iyIx|) =0 then p_ =1 while if b(ilx|) =0 then
v For x < —1,ifa(/\JIx]) = 0 then p_ = 1/x? while ifa(i/\[Ix|) = O then p,, = 1.

As we will see below, corollary 6.4 will be a key piece in the characterizaztion of the
symmetries of the BVP.

7. Symmetries of the BVP

We now use the approach outlined in section 6 to characterize the solutions of the BVP for
generic values of x. Note first that the mirror symmetry (4.14) implies

C‘n(t)cfn(t) =C_x= CLOCs (7.1a)
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pp, =1, (7.1b)

where C, () and p, are defined as in (2.6) and (4.5¢), but with g, and r, replaced by g, and 7;,,
respectively. Note also that (4.14) yields p, = p , V n € N, implying

lim B, = 03(Z - xp,Z7') = B (2), (7.2)

n—=+oo

with p. = lim,_,  p,, and where the off-diagonal terms vanish thanks to theorem 6.3.

Lemma 7.1. (Symmetries via BT.) Let ®.(n, t, 7) and &, (n, t, 7) be respectively the Jost
solutions of the original and transformed scattering problem, related by the BT (4.1). For all
|z]| = 1 one has

D(n, 1, 2)Bo(2) = B(n, 1, )Puln, 1, 2), (7.3)
and the corresponding scattering matrices satisfy
A(2)Bx(2) = B (2A(). (7.4)

Proof. Since ®.(n, t, z) and B(n, t, z2)P.(n, t, z) are both fundamental solutions of the
same scattering problem, they can be expressed as linear combinations of each other, namely
O, (n, t, 2)No(z) = B(n, t, 2)P.(n, t, z), for some invertible matrices N, (z) independent of n
and r. Comparing the asymptotic behavior of the left-hand side and right-hand side of this
expression as n — —oo one then obtains (7.3). Finally, (7.4) follows trivially by combining
the two relations in (7.3). O

Lemma 7.2. (Symmetries via mirror transformation.) Let ®,(n, t, z) and ®.(n, t, z) be the
Jost solutions of the scattering problems corresponding to q,(t) and g, (t), respectively. If the
mirror symmetry (4.14) holds, for all |z| = 1 one has

b (n,1,2) = C_,(t) 03 D.(—n, 1/z, 1) 03, (7.5a)
O.(n, 1, 2) = (1/Ca(0)) 03 D(—n, 1/2, 1) 03, (7.5b)

and the corresponding scattering matrices satisfy
A(l/2) = C o3 A @) 3. (7.6)

Proof. Note first that (4.14) implies (Z~' + Q_,) ' = (Z — 0,_1)/(1 — §,_,7_1). Using
this relation, one can show that if ®(n, ¢, z) is an eigenfunction of the original scattering
problem, the matrix

U(n, 1, 2) = (1/C,) 03®(—n, 1/2. 1) (1.7)

is an eigenfunction of the transformed one. Now let ® = &_ in the above. Letting # — oo and
comparing the asymptotic behaviors of W(n, t, z) and ®(n, t, z) one obtains the second of
(7.5). Similarly, by taking & = &, and letting n — —oco one gets the first of (7.5). Finally,
(7.6) follows by combining the two equations in (7.5) U

Combining lemmas 7.1 and 7.2 we have:

Theorem 7.3. (Symmetries of the BVP.) Let ®,.(n, t, 7) be the Jost solutions of the scattering
problem corresponding to the potential g, (t) satisfying the AL system (1.3) and the BC (1.4),
extended to all n € 7 via the BT (4.1) with the mirror symmetry (4.14). For all |z| = 1 one
has
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® (—n, 1/z, )o3Bo(2) = C oo o3 B(n, t, 7) ®,.(n, t, 2), (7.8a)
C_.()
1
b (—n, 1/z, )o3Bs (2) = o o3B(n, t,z) _(n, t, 2), (7.8b)
as well as
A(1/2)03Bo(z) = C_ o 03 Boo(z) A7 (2). (7.9)

with By, (2) as in (7.2).

It will be useful to decompose (7.9) componentwise. Explicitly, taking into account the
symmetries (2.12a), we have

an@ = an(1/2) = (an(¥)".  LI<1, (7.10)
an@ =f @ an(1/2) = f @ (an (). ll=1, (7.11)
with
1
f@= AP /2 (7.12)
= XP/2

Recalling corollary 6.4, we can then write an explicit expression for f (z):

Corollary 7.4. Let q,(t) be a solution of the AL system (1.3) for n € N, and let g, (t) for
n < 0 be defined by the BT (4.10) plus the mirror symmetry (4.14). Let
-1

_ -1 _
fo=""22A0 0 =X (7.13)
X — 2 z— 7%

The function f(z) in (7.12) simplifies as follows:

@) If x=0, then f(z) = —1/7%

@) If x = £1, then f(2) = £1

(i) If x > 1 Aa(l/yx) =0o0r x < —1 Aa(/Ix]) =0, then f(2) = f; (2).

W If x> 1Aa(l/yx) =0o0r x < —1 Aa(/Ix]) = 0, then f(2) = f; (2).
MIEFO<Y<TIAbYX)=00r —1<x<0AbG|x]) =0, then f(2) = f, (2).
G)IFO<X<TAbYX)=00r —1 <x<0AbGSX]) =0, then f(z) = f,(2).

In comparison with [11], note that the f (z) above is the same as that in [11] when x = 0,
but different when y = 1. This is due to the fact that in [11] the BC for x = 1 was
qy(t) — ¢q;(t) = 0 while in this work x = 1 implies ¢,(t) — g_,(t) = 0. Conversely, in
comparison with the continuum problem (i.e., the NLS equation), f (z) is the same as f (k) for
the ‘Neumann-like’ BCs x = 1, but different for the ‘Dirichlet-like’ BCs x = 0.

Also, with respect to the continuum limit, it is easy to show that f(z) in (7.12) equals
f (k) in (C.22) plus O (h) terms as h — 0. Indeed, both of (7.11) reduce to (C.21) as h — 0.
In particular, for x = 0 one has p, = 1, and for x = 1 one has p, = 1 — g,r,, implying
D, = 1 in both cases.

Recall that the half-line scattering matrix s (z) defined in (3.2) is the matrix that relates the
Jost eigenfunctions ®, (n, ¢, z) and &y (n, ¢, z), where ®, (n, ¢, 7) is defined as in the IVP and
Py (n, t, z) is the simultaneous solution of the Lax pair such that ®,(0, 0, z) = I (see
section 3). The above results allow us to obtain A(z) from s(z):

14



J. Phys. A: Math. Theor. 48 (2015) 375202 G Biondini and A Bui

Corollary 7.5. For all |z| = 1, the scattering matrix A(z) of the extended problem is
obtained from the half-line scattering matrix s(z) as

() Ify = +1,
A@R) = Cos7'(2) By '(2)03 s(1/2) 03 B (2), (7.14a)
@ Ifx =1
A@R) = Co s (2) o3 5(1/2) 03, (7.14b)
@) If x = —1,
AQ2) = Cy s 1(2) s(1/2). (7.14c¢)

with By(z) = B(0, t, ) and By (2) is as in (7.2).

Proof. We start by evaluating (7.8b) at n = 0. Recall that B (z) and B, (z) are invertible for
all z= £ /x, £1//x (see (B.2)). Thus, if x = £1, By(z) and B, (z) are invertible
V |z| = 1. We then substitute the scattering relation (2.7) and its half-line analogue (3.3), to
obtain (7.14a). When x = =1, the singular values z = &=/, &1/ /X lie on the unit circle,
and the matrices B (z) and B,,(z) are not invertible at z = +1. On the other hand, for y = 1
we have By(z) = By, (z) = (z — 1/z) I, and therefore the two singular factors cancel each
other out. Similarly, for y = —1 we have By(z) = B, (z) = (z + 1/2) o3. O

8. Discrete spectrum and self-symmetric eigenvalues

Importantly, (7.10) implies that an additional symmetry exists for the discrete spectrum in the
BVP compared to the IVP, similarly to in the continuum case. Recalling that the discrete
eigenvalues are the zeros of a;;(z) and a,,(z), we have:

Theorem 8.1. Let q,(t) be a potential satisfying the AL system (1.3) and the BC (I.4),
extended to all n € 7 via the BT (4.1) with the mirror symmetry (4.14). The discrete
eigenvalues of the corresponding scattering problem appear in symmetric octets:

+z, £2f, £1/2, £1/z, j=1,.,J. 8.1

Similarly to the continuum case [10], we denote the eigenvalue symmetric to z; as 7= Zj*,
(where however the eigenvalue symmetric to k; was k / = —k;k).

There are two situations in which an eigenvalue octet degenerates into a quartet: (i)
Imz;=0,1ie, zy =z (ii)Rez; = 0, i.e., zj = —z. In the first case (i.e., real eigenvalues),
these eigenvalues correspond to the self-symmetric eigenvalues of the continuum problem
[7], and we will refer to them as self-symmetric eigenvalues of the AL system. In the second
case (i.e., purely imaginary eigenvalues), these eigenvalues arise as an artifact of the dis-
cretization, and have no correspondence in the continuum case.

Definition 8.2. We denote by S; the number of non-self-symmetric eigenvalues, i.e., the
number of discrete eigenvalues in the interior of the first quadrant inside the unit circle,
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(which is also the number of non-degenerate octets), by S; be the number of imaginary
eigenvalues (or more precisely the number of discrete eigenvalues on the positive imaginary
axis inside the unit circle), and by S, the number of self-symmetric eigenvalues, i.e., the
number of discrete eigenvalues on the positive real axis inside the unit circle.

The total number of discrete eigenvalues is therefore
2J = 48 + 28; + 28,.

Without loss of generality, we label the distinct eigenvalues inside the unit circle as

(i) Non-degenerate eigenvalue octets: zj ,...,zs, and zj_g41,...,27 With z;_g4; = —z}k for
j =1,..., 5, plus their complex conjugates.
(ii) Imaginary eigenvalues: zg,+1 ,..., Zs,+s,» plus their complex conjugates.
(iii) Real self-symmetric eigenvalues: zs, 45,41 »..., Zj—s;, plus their opposites.

Recall that, in the continuum case, there are certain constraints on the existence of self-
symmetric eigenvalues (see appendix C.2), as well as on the associated norming constants.
Our next task is to obtain the discrete analogue of these constraints. This will be considerably
more complicated than in the continuum case.

Lemma 8.3. Let C,(t) and C,(t) be defined as in (2.6) for the original potential q,(t) and
the transformed one §,(t), respectively. We have

1 — 2

C .= (ﬂ) 2, y=1, (8.24)
I —x

C o= Cd, x=1 (8.2b)

Proof. Recall that, under our assumptions, C, for all n € Z and p, are all positive
quantities. From (4.11) we have

BO,t,1)=(1 — ) o3, B.(1) = (1 - xp.)os (8.3)

Also, for x = 1 corollary 6.4 implies p,, = 1/x, which in turn ensures that both B(0, 7, 1)
and B, (1) are non-singular, Evaluating both of the symmetries 7.8 at (n, z) = (0, 1) and
eliminating ®.(0, ¢, 1) using (7.8b) then yields the first of (8.2a). The corresponding
expression for y = 1 is easily obtained using the even extension. O

In particular, lemma 8.3 implies that Cy is actually independent of ¢ in the BVP with
linearizable BCs (since C_, is a conserved quantity for the AL system). Using the symmetries
(7.5) for &, (n, t, z), we can also obtain

Co = Cop,., x € R. (8.4)

Next we show that lemma 8.3 provides an alternative way to determine the value of
D..- Indeed, since both C,. and p_ are positive, using (8.2a) and (8.4), from (7.1a) one
obtains

(X0 = 1)(pe — 1) =0, x € R. (8.5)

(Note however that (8.5) admits two roots, however, only one of which is correct.)
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We now obtain a representation for C_, in terms of the scattering data of the extended
problem. Recall first the trace formula (2.20). Since lim,_gaz;(z) = 1, the limit of (2.20) as

z — 0 yields:
log (1 + [p(O?
C_Ooz%exp Lf e ( lpCI)dg . (8.6)
|12y 2mi Jigi=1 ¢

Note that the integral in the exponential function is purely imaginary, hence (8.6) is consistent
with the fact that C_,, > 0. Equation (8.6) will be a key tool to identify necessary conditions
for the existence of self-symmetric eigenvalues.

Lemma 8.4. Let ay, (z) be the coefficient defined by the scattering relation (2.7) in the IVP
obtained from the BVP through the BT (4.10) and the mirror symmetry (4.14). The following
two representations hold:

1 T2
(1) = (1Y% JC e 7y 1E(1H1pOP)C Y € R, (8.7a)
(= xpye
ar (1) = sign T JC_ss xeER A x=1. (8.7b)
- X

Proof. We start by deriving (8.7b). For x = 1, evaluating (7.8) at (n, z) = (0, 1) and
recalling (8.3) and (2.7), one has

1 —
A1) = COA
1 —x
Then, by using (8.2a) one obtains (8.7b). Next we derive (8.7a). The trace formula (2.20),
evaluated at z = 1, is

I. (8.8)

J 2 Clog (1+1p©) %)
1 - —L = )
an(l) = Co [ ~=Zm el o 5.9)
m=1 1 - Zm
where the integral is defined as the limiting value of that in (2.20) as z — 1 from inside the
unit circle. For the IBVP, we can break down the product in (8.9) into the product of three
parts, each corresponding to one of the types of eigenvalues:

s (1 —z,f,)(l — (zj;)z) s,
H *\—2 ) = H |Zm 4’
m=1 (1 — (Zm) )(1 — 2y ) m=1
Si+S; 1.2 Si+5;
Z*m_z = H |Zm| 29

m=S+1 1 — (zm) m=8+1

J | ;2 J )

1 ey 1 fal
m=S+S+1 1 - Zm m=S8+S+1

Moreover, the symmetries (2.13a) and (7.11) imply

! Clog (14 1p(QP) | 2
py d¢ = — f log (1 + 2\dq
27 Ji¢l=1 -1 ¢ —Jo g ( lp(O)d¢
By substituting these expressions into (8.9), one obtains (8.7a). 0
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Since the exponential term in (8.7) is real, we then have

Corollary 8.5. For all x = 1,

1 —
sign( ﬂ) — (— 1), (8.10)
1 —x
Combining (8.10) and corollary 6.4, we have:

Theorem 8.6. Let g, (1) be defined by the BT (4.10) and satisfy the mirror symmetry (4.14),
where a(z) and b(z) are defined as in (3.5). The number of self-symmetric eigenvalues S is
as follows:

@ If x <0, then Sy is even.
(i) For x > 1, ifa(1//x) = O, then Sy is odd, whereas if a(1/./x) = 0, then Sy is even.
(@@ii) For 0 < x < 1, if b(Jx) = 0, then Sy is even, whereas if b((/X) = 0, then Sy is odd.

Note that theorem 8.6 imposes no constraints on the number of self-symmetric eigen-
values when x = 1. In section 9 we will show that there can be any number of self-symmetric
eigenvalues for y = 1. We will also show that no self-symmetric eigenvalues can be present
when x < 0.

9. Norming constants and further conditions on self-symmetric eigenvalues

Lemma 9.1. The norming constants of symmetric eigenvalues satisfy the relations

f(zy)

[(azlz(Zs)>*]2 ’

bybf = C_f (z), K/K'=C_ 9.1)

where f(z) is as in (7.12).
Proof. The result follows from (7.8) and noting that (7.11) imples a,, (zy) = (ar, @) . O

Explicitly, writing the norming constant associated to z; as K; = e%*" for j = 1,..,2J, we
have

& + & =log C_ + log |f(zx)| — 2log ‘azlz(zx) , (9.2a)

ny =, = 2arg| an(z) | - arg[f (z9)]- (9.2b)
Lemma 9.2. [n the IBVP, S; = 0, i.e., there are no purely imaginary eigenvalues.
Proof. Let z, be a purely imaginary eigenvalue. Since z/ = —z; since by is the same for £z,
we have b = b,. Equation (9.1) becomes

b2 = C o f o |K|? = Cnof e /[ (ah(0) T 9.3)
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In the reflectionless case
2z, S8 2] * — | 2wl
Zsz - (Zs*)iz m:S‘+1|ZS| 2 |Z’"| -
J-S8 |ZS|2+Z;';21 M |Zs|2+13, |Zs|2+(Z;,<)2

[

m=S8+S;+1 |Zs| : + Zn;2 m=1 |Zs| 2 + (Z;nk)iz |ZX| z + Z,;z

az/z(zx) = Cfoo

, 9.4)

Since C, and the last three products are real, and the remaining fraction is a purely imaginary
number, we have (a4, (z5))> < 0. For the first of (9.3) to hold, one needs f (z;) > 0, while for
the second of (9.3) one needs f (z;) < 0. Thus there can be no purely imaginary eigenvalues.

In the non-reflectionless case, the right-hand side of (9.4) contains the additional factor

1 Clog (14 p(OP)
eXp{_TMI§|_1 o ZSZ d(}.

On the other hand, it is straightforward to show that the above quantity is real. Thus (ay, (z;))?
is also negative, implying that the above result holds for non-reflectionless potentials. [

Lemma 9.3. Real self-symmetric eigenvalue z, for the AL system exists if x > 0 and if
0<zy < JX, X <1, (9.5a)
0 <z, <1/Yx, x > 1. (9.5D)

The parameters of the norming constants of the self-symmetric eigenvalues then satisfy

1 1
§ = 5 log Cooe + —log f (z) — log [az(2)]. ©.6)

Proof. Recall that from (9.1), for self-symmetric eigenvalues we also obtain (9.3).
Equation (10.1) for the self-symemtric eigenvalues in the reflectionless case is

2
- 2 2 2 2 2 _ (%
4 (z;) =C 2z 1 Sl/ Zs T Zm Al Zs — Zm Zs (Z’")
anlzs) = —®2_ 2 [ = ) > ( A2 2 _ 2
- - Zm) s fm

s s m:Sl-HZs —Zm m=1 Iy
Since z; € R, for z, in the first quarter, z; — z, = re'’ and z7 — (z,5)> = re ™ with r and 7
real. Thus (z2 — z2)(z2 — (z)?) = r? € R and the last product in (9.7) is then real. It is easy
to see that the first part of (9.7) is also real, hence [(a2’2 (z,))*]? > 0. On the other hand,
C_« > 0 by definition. Thus for self-symmetric eigenvalue to exist, from (9.3) we need
f(zs) > 0. We then have the following scenarios:

0.7

(1) x = 0: in this case, f(z;) = —1 /zf < 0, thus no self-symmetric eigenvalues can exist.

(i1) x = 1: in this case, f(z;) = 1 > 0, so self-symmetric eigenvalues can exist. Note that
there are no further constraints on the self-symmetric eigenvalue, which can therefore be
located arbirarily in (0, 1).

@iii)) x >0 and x = 1: in this case f(z;) assumes special values at the points
0, £/x, £41/x. For f(z,) to be positive and z, in the first quadrant, one needs
O<zs< Uxifx<landO <z <1//xifx> 1

@iv) If x < 0, f(z5) < 0 V zy, no self-symmetric eigenvalues exist since (9.5) also holds for
the Dirichlet and Neumann BCs, it can be used for all cases.
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Similarly to lemma 9.2, in the case of non-reflectionless potentials, the right-hand-side of
(9.7) contains the additional term (9.5), which however can be shown to be positive. Thus the
above results also hold for general potentials. (]

The proof of lemma 9.3 finally completes the picture about the number of self-symmetric
eigenvalues obtained in theorem 8.6:

Corollary 9.4. Let g, be defined by the BT (4.10) and satisfy the mirror symmetry (4.14). If
X < 0, the number of self-symmetric eigenvalues Sy is zero.

Conversely, note that when x = 1, no restriction is placed on the value of S,. Note also
that, for y > 0, (9.6) only imposes a constraint on the absolute value of K,. There are no
conditions on the phase of K, which in fact can be arbitrary.

10. Examples

We now produce some explicit solutions to illustrate the formalism presented in the previous
sections. We point out that, even though all the examples presented below are, for simplicity,
reflectionless solutions of the focusing case, the results of the previous sections apply also in
the defocusing case, and also when the reflection coefficient is not identically zero.

We begin by writing some expressions that will prove useful and which hold for arbitrary
potentials. From (2.20), the derivative of a,,(z) evaluated at z,, is, for |z| < 1

Clog (1+1p(O) P)

2 e [

ab() = Coa B A i amide ag 0 o
T % m=1% — Zm

Recall that the eigenvalues are ordered as mentioned in section 7. Note first that, for the
self-symmetric eigenvalues (s = S; + 1, ---, J), (10.1) yields

ZZS J—=8; 2 2

/ _ / s — Im
a3 (2)=C-no e —1
Is — %y m=S+13y — Iy,
2 2
s P b 2 * Clog | 1+ p1 (0]
. Zs — Zm s (Zm) 7% (2 2 )d
H e MJi=1 St s

) —2
m=1 Zsz - (Z:::) s — Zm
while for the non-self-symmetric eigenvalues (s = 1, ---, S;), one has
2 *)2
2ZS(ZS — (zx ) ) J=5 ZSz _ Zri
2 *\~2 2 -2 2_ ,2
Zy — (zx) )(zx -z )m:S,H s T Zm
2 *\2 crog(1+] 0|
2o 2o () g oo,

S

l—[]/ ) e 2 Jie 2-2
2 *\=2 ,2_ ,—

m:lzs — (Zm) e m

ay(z,) =C_s (

10.1. One non-self-symmetric eigenvalue

Here Sy = 0,8 = §; = 1, implying J = 2. Let z; = e *¥9/2 witha < 0 and 0 < 8 < 7. Let
us denote the norming constants as Kj = e&tin, K, = Ky = e%*:, similarly to [11].
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Equation (9.2) is then
&L+ & =logCog + log |f(zl)| —2log ‘(12’2(11)| s (10.2a)

ny — my = 2arg| az(z) | — arg[f ()] (10.2b)

By (8.6) in the reflectionless case, C_o, = 1/]|z1z> |* = e™**, hence
2
2Z1(Z|2 - (Zl*) )
&= ())& - =)

s

ay(z) = cx(

thus
2log |az(z1)| =2log C_o + 30y log |sinh o sinh (ay + i)/sin By,
2 arg(az/z(a)) =-2 arg[sinh(al + iﬁl)] — B+ 7.

We now consider specific cases. For Dirichlet-like BC, since f(z1) = —1 /zlz, one has
log If (z1)] = —ay, arg[f (z1)] = — B + 7, and the symmetry (10.2) becomes

&+ & =2log |sinh «y sinh (al + i1/ sin 3
1, — my = — 2arg[ sinh(ay + if)].

For Neumann-like BC, since f (z1) = 1, one has log |f (z1)| = arg[f (z1)] = 0, the symmetry
(10.2) becomes

)

&L+ & =ar+ 2log ‘sinh oy sinh (oy + i3))/sin 61| ,
1, — 1y = — 2arg[ sinh(ay + if)] — B + .
Finally, for Robin-like BC, the symmetry (10.2) is
&+ & =0+ 2log ‘sinh oy sinh (ozl + iﬁl)/sin ﬂl‘ + log |f(z1)
m, — my=— 2arg[ sinh(oy +iB)]| — B + 7 — arg[f (21)],

where f(z) = (ix — 2z 1)/ — 7 'x). The behavior of such kinds of solutions was
discussed in [11].

>

10.2. One and two self-symmetric eigenvalues

In the case of one self-symmetric eigenvalue, i.e., Sp = 1, S| = 0, one gets
: . ) 1 1
q,(t) = g2i(cosh ay—1)r+iargKi ginh o sech [5 log f(z1) + 5041(211 + 1)],

where argK] is arbitrary, and it simply produces an overall rotation of the solution. In the case
of two self-symmetric eigenvalues, instead, i.e., So = 2, S; = 0, one gets an ordinary two-
soliton solution of the AL system where, for j = 1, 2, the norming constants satisfy the
following constraints:

sinh o sinh (%)

n ()

1 1
§= 5%t log f(z;) + log
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Similarly to the continuum problem [7], such a solution describes the nonlinear superposition
of two stationary solitons.

11. Concluding remarks

The main results of this work are represented by: (i) lemmas 4.3-4.5, which summarize the
construction of the appropriate BT for the BVP for the AL system; (ii) theorem 5.1, which
summarizes the linearization of such transformation; (iii) theorem 6.3, which guarantees that
the extension via BT belongs to the class of potentials for which the IVP is amenable to
solution by the classical IST; (iv) theorem 7.3, which provides the symmetries of the
eigenfunctions and scattering matrix of the extended problem; (v) theorem 8.1, which shows
that the discrete eigenvalues of the extended problem appear in symmetric octets; (vi) theorem
8.6, lemmas 9.2 and 9.3 and corollary 9.4, which provide constraints on the number and
location of imaginary or self-symmetric eigenvalues; and (vii) lemma 9.1, which relates the
norming constants of symmetric eigenvalues.

We emphasize that the solution of the original problem (namely, the BVP on the natural
numbers) concides with the restriction to the natural numbers of the solution of the extended
problem (where ‘extended problem’ identifies the IVP obtained by extending the original
potential to all integers via the BT). Thus, once the IVP for the extended problem has been
constructed, the solution of the BVP is recovered from the formalism of the IVP, namely the
solution of the usual RHP and the evaluation of its asymptotics as z — 0 or z — oo (see
section 2 and [3]). Note that the constant x that defines the BCs does not appear explicitly in
the formulation of the RHP for the IVP, but it determines the scattering data through the
initial condition.

A natural question that could be asked is whether the symmetries of the extended
problem provide any insight on the solution of the original problem. The reason for such a
question should be obvious. If the answer were negative, one could rightfully wonder whether
there is any real usefulness in the extension approach, since the linearization of the BVP can
also generically be achieved using the more general discrete analogue of the unified transform
method of Fokas [16], presented in [9]. Importantly, however, the answer to the above
question is affirmative, as we discuss next.

Recall that the IST allows one to compute the long-time asymptotic behavior of the
solution. In particular, as ¢t — oo the solution of the IVP decays along all directions n = vt
except for those values of v which coincide with the velocity of one of the solitons (see
(2.19)). For the restriction to n > 0, one can readily see that the only solitons that survive as
t — oo are those for which v > 0, corresponding to discrete eigenvalues in the first quadrant.
On the other hand, the IVP and BVP are both time-reversible, implying that one can also run
time backwards. By computing the long-time asymptotics as 1 — —oo, one sees that the only
solitons that survive in the restriction to n > 0 are those with v < 0, corresponding to discrete
eigenvalues in the second quadrant. But the symmetries of the discrete eigenvalues in the
extended problem (see theorem 8.1) imply that to each soliton in the problem there corre-
sponds a symmetric soliton with equal amplitude and opposite velocity. Exactly one of these
solitons shows up in the long-time asymptotics as t — oo, while the other shows up in the
asymptotics as t — —oo. A similar, but more subtle, symmetry exists for the radiative
components of the solution.

Thus, the symmetries of the extended problem reflect a corresponding symmetry in the
solution of the BVP: the symmetry between the long-time asymptotic behaviors of the
solution as t — —oo and as t+ — oo. In other words, the solution of BVPs with linearizable
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BCs possesses additional structure compared to that of BVPs with generic BCs. The discrete
version of the Fokas method presented in [9] has a broader scope of applicability than the
method of extension via BT presented here (since the latter only applies to problems with
linearizable BCs, while the former applies to a wider class of BCs). At the present time,
however, the extra structure present in BVPs with linearizable BCs can only be elucidated
using the extension method presented here, which is specifically tailored for such BVPs.
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Appendix A. Asymptotics of the scattering eigenfunctions of the ‘half-line’
problem

Throughout this appendix, we denote respectively by M, and M, the diagonal and off-
diagonal parts of a 2 x 2 matrix M. Note Z"Mp = MpZ" and Z"My = MpZ™",

A.1. Asymptotics of @, (n,t,z) as n — oo

Equation (2.5b), implies that the diagonal and off-diagonal parts of 1, satisfy

lu+,D(n, t’ Z) - I - ZQmMO(m, Z, t)Zilv

m=n
0
,u+’0(n’ t’ Z) = Z anuD(m’ Z7 Z)Ziz(nim%kl'
m=n
Introducing the expansion
oo [o.¢]
p=>p®,  pO=1 kD= 3" zremlg, () u® Zmon,
k=0 m=n
we have
[o.¢] [o.¢]
WV =~ S 07 ) =~ Y0z 2w ()
m=n m=n

Since Q € L!, one has Q,, = O(1/m). It is then easy show that, for all k € Z,
pgk)(n, t,7) = O( l/nZk), /,L(OZk“)(n, t,2) = O(I/nZkH), u‘;"“) = ug") = 0.

(A2)

Indeed, one has /l%)) = [ and ug)) = O, and the induction step follows directly from (A.1). In
particular

p(n, t.2) =1— Q,Z+ O(1/n?) n— oo, (A3)

or, columnwise

O, ) = (_ 1 ) +o(1/n), (A.4a)

ih
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o, 2) = (_ ql"/z) +0(1/n2), (A.4b)
as n — oQ.

A.2. Asymptotics of @y (n, t, 2)

From (3.2), one has ®(n, t, z) = ®,(n, t, 7)s~'(z). Then by using (3.4) and (3.5), we have
@031(”, ts Z) - CO a*( I/Z*) ®+,1(n’ t? Z) - CO b(Z) ®+,2(na t, Z), (Asa)

Do (n, 1, 2) = Co b*(1/2%) @y i (n, 1, 2) + Coa@) ®on(n, 1,2). (A5

Equation (A.5) is valid on the circle |z| = 1. For the purposes of this section, however, we
will assume that b (z) admits analytic extension off the circle |z] = 1. Asn — o0, on|z| = 1,
and for + = 0, we then have

O [ R

_Zn+1 T

~ Cob( [ ( 0/ Zm] + 0(1 /nz)], (A.6a)

1/7"

_ n+1
Doa(n, 2, 0)=Coa(z)[( 9/ +]+ 0(1/#)]

1/z"
+ Co b*(1/2¥) [(ZZ+1 ) ) + 0(1/n2)]. (A.6b)

Now we extend (A.6a) to|z| > 1 and (A.6b) to|z| < 1, noting that the second term in each of
(A.6a) and (A.6a) is either bounded (if |z|] = 1) or vanish as n — oo (if |z| = 1). The above
relations of course yield the corresponding asymptotic behavior of the modified eigenfunction
:u() (n, ts Z)'

Appendix B. Convergence of the Backlund-transformed potential

Let us define
\II—(n’ , Z) = ((bU,l(n’ f, Z)’ q)+,2(n7 , Z))’ |Z|
V(n,t, z) =
\IjJr(n’ t, Z) = ((I)+,l(n9 t, Z)9 @0’2(11, t, Z))’ |Z|

From (2.1) we have

n—1 n—1
det ®, = [ (1 — gy,nm)det @y, detd, = [[ (1 — g,,7)det .
m=0 m=0
Then (4.1) implies
det (io

det B(n, t, z) = p,
( ) b det@o

which in turns implies that either det B(n, ¢, z) =0V n € ZordetB(n,t,z) =0V n € Z.
Thus it is enough to consider just the zeros of det B (0, ¢, z). Here we will work out the proof

= p, det B(0, 1, 2), (B.2)
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in detail the two major cases: 0 < x < 1 and x > 1. The remaining cases, including x < 0,
x = 0, =1 will be discussed more briefly.

ForO < x<lorx>1detB(0,¢z)=0at z= % /x, £1//x. At each of these
values, there is a constant vector ¢ such that B(O0,t, z) ¥(0, t, z) c = 0. Since
B(0, t, 2) ¥(0, t, z) c is itself an eigenfunction, we also have

B, 1, )W, 1,2 e =0, ¥n>o0, (B.3)
Finally, note
(0 0
B(0,1, £yX) = 0 £ (¥ - %)) (B.4a)
B(0. 1, £1/ %) = (i(l/ﬁo_ XVX) g), (B.4b)
SO
B(0, 1, iﬁ)(;) =0,  B(0,1+ 1/@)(2) =0, (B.5)

where the asterisks denote arbitrary non-zero entries.

B.1. The case y > 1

Let z = /X > 1, so that ¥(n, ¢, z) = V_(n, t, z) in (B.1). From (B.4a), there are two sub-
cases: either &, 5, (0, \/x, 1) = 0 or &, » (0, /X, 1) = 0. From (3.6), these two sub-cases
correspond to a(l/./x) =0 or a(1/./x) = 0. Note also that, as n — oo, (B.3) yields

B, (Jx,0)¥®, /x,0)c=0, with

U(n, Jx,0)= [co a*(1/ﬁ)((J§") + 0(1)) + o), ((1/3?) + 0(1))],

from which we also obtain the two same sub-cases a(1//x) = 0 or a(1/./x) = 0.

B.1.1. The sub-case a(1/./x) = 0. In this case we have B(0, \/x, 1) ®,»(0, /X, 1) =0,
which then implies B (n, /X, t) ®; »(n, /X, t) = 0 for all n > 0. Multiplying both sides by
JX"e ", one has B(n, /X, t) My (1, /X, 1) =0V n >0, the asymptotic expansion of

which yields

VX (1 -p) q- x4 [ 0 ]

+o(M|=0, (B.6)
( — (r —x7) xﬂpx—l/ﬁ] <1) ’

implying

(g — x 1 +o(1)) =0, XJXP — 1/YX +o(1) =0. B.7)
as n — oo. The first and second of (B.7) yield § = O(q) as n — oo and p,_ = 1/x?,
respectively. From § = O(q), one has § € L.

B.1.2. The sub-case a(1//z) #0. Letting ¢ = (1,0)”, we have

B(0, yx. 1) (0, Jx, t)e =0,

which then implies B(n, /X, ) U-(n, /X, t)e¢ =0 V¥ n > 0. Multiplying both sides by
e’/ /x", we then have, for all n > 0,
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B(n, JX. 1) [ tt01(n yX> 1), o (n yX, 1) €21/x" | e = 0, (B.3)
As n — oo, (B.8) yields
IX(1 = p)Coa*(1/yx)d + o) + (g — xd)o(1) =0, (B.9a)

—(r = x7) Coa*(1/yx)(d + o)) + (xyXP—1yX)o(1) = 0.
(B.9b)
Equation (B.9b) implies 7 = O(r) — 0 as n — oo, using which in equation (B.9a) one gets

P, = 1. Also 7 = O(r) implies § € L".

B.2. The case 0 < y <1

Letz = /X < 1 as before, implying ¥(n, ¢, z) = ¥, (n, ¢, z) in (B.1). From (B.4a), there are
two cases: ®, 51(0, ¢, /x) = 0 or &, (0, ¢, \/x) = 0. From (3.6), these two cases corre-
spond to b (/x) = 0 orb(/x) = 0. On the other hand, from the limit of (B.3) asn — oo we
have two more cases a(/x) = 0 or a(/x) = 0. Since a(z) and b(z) can not be simulta-
neously zero, we have three cases: (i) b(/Xx) =0, a(Jx) =0, () b(J/x) =0,
a(yx) = 0, (i) b(yx) = 0, a(Yx) = 0.

B.2.1. The sub-case b(/z) =0 and a(,/7) #0. Since b(/x) = 0, we have
B(0, yx. 1)@ 4(0, yx.1) =0,

which then implies
B(n, yX. 1)@ 4(n, yX.1)=0  Vn>0
Multiplying both sides by e/ /X", one has B(n, (X, ) j1, (n, X, 1) =0 ¥ n >0, the

asymptotic expansion of which implies p,, = 1 and § € L! as n — oo.

B.2.2. The sub-case b(/z)a(x) #0. Choosing ¢ = ( — 1, ¢, (0, 1, ST, we have
B, /x,t)¥ (0, /X, t) e =0, implying

B(n, yX.1)¥(n, yx.1)e=0,  V¥n>0.
Multiplying both sides by ./x"e ', we have

B(n, JX> t) [/14_,1(11, JX t)x"e*Zi“’, No,z(”v t, ﬁ)]c =0, Vn>0. (B.10)
The limit of (B.10) yields
(g — x)(Coa( yxX)P:21(0. yX. 1) + o(1)) =0, (B.11a)
Co a(YX)(XVXPx — 1/¥X)2r21(0, YX. 1)
—(r = xMo(l) + + o(1) = 0. (B.11b)

Equation (B.11a) implies ¢ € L', using which in (B.115) we get p_ = 1/x>
The sub-case b(\/x) = 0 and a(/x) = 0. From (A.4) and (A.6b), one has

o = (K ) ol
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12(n, Jx, 0) = ﬁ[(_ XXJY rﬂ) + 0(1/n2)) +o(1/m).

Since b(\/x) = 0, following the same steps as in the previous subcase, we obtain
equation (B.10). As n — 00, one has

\/Y(l - poo) + (qn - an)(i\/yr” + 0(1)) +o(1) =0,

~ 1
—(r = x7)(1 + o(1/n)) + (Xﬂl’x - —](—ﬁrn +o(1)) =0,
VX
Recalling that g, = o(1/n), the first of these equations implies p,, = 1, while the second
one implies § € L' as before.

B.3. The cases —1 <y <0 and y < -1

For —1 < x < 0 and x < —1, the zeros of det B(0, ¢, z) are z = +i\/|x[, i/\/Ix[, with
0 0
B(O, il\/|x_|, t):[() ii(X\/|X_|+ 1/\/|X_|)} (B.12a)
B(0, +i/{IxI. 1) :(ii(l/m + /1) 0]. (B.12b)
0 0

When y < —1, there are two cases, a(i/\/lx_l) = 0 and a(i/\/|x_|) = 0. Following the
same steps as in section B.1 we can show that p,_ = 1/x? for a(i/\/|)7|) =0, p, = lfor
a(i/\/Ix]) = 0, and G € L' in both cases.

When —1 < y <0 there are three cases: (i) b(i/Ix|) =0, ai/|x]) = 0, (i)
b(JIx]) = 0, a(i\/Ix]) = 0, and (iii) b(Gi\/|x|) = 0, a(i/[x]) = 0. Similar arguments as

in section B.2 will give similar results as well.

B.4. The special points y = 0, + 1

At x =0, one has detB(n, 0,t) = —1 4+ ¢,n, and det B(0, 0, t) = 1. Then by (B.2),
p, =1—g,r,. Since g, — 0 as n — oo, p = lim,_,,p, = 1. On other hand, recall that
(5.1a) implies that g, = G,_,. Since g, € L', it is clear that g, _, € L.

At x=1, detBp=0 at z=+1. Since B0, +1,t)=0, one has
B(0, £1, 1)®(0, 1, r) = 0, implying B(n, +1, 1)®(n, +1, 1) = 0 ¥ n. As ®(n, £1, 1) is
invertible, we get B(n, 1, t) = 0V n,hence p, = 1V nand g, = §,, implying p = 1 and
g, € L.

Similar arguments apply for the case y = —1 with the special values z = +i, implying
B(n, 1, 1) = 0 V¥ n, which in turns imply that p, = 1 and G, = g, € L.

Appendix C. The NLS equation with linearizable BCs

Here we briefly recall the relevant formulae for the BVP for the NLS equation, in order to
compare with the continuum limit of the results for the AL system. We refer the reader to
[3, 5, 13, 22, 25] for details on the IVP and to [4, 6-8, 10, 12, 14, 15, 17, 19, 24] for details on
the BVP with linearizable BCs.
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C.1. IST for the NLS equation

The Lax pair for the NLS equation (1.1) is

O, — ikoy® = Q P, O, + 2ik%03d = H P, (C.1
where ® = ®(x, t, k) is a 2 X 2 matrix
1 0 0 ¢
= = .2
n=(y ) ewn=(?19) )
Hx, t, k) = io3(Q: — Q%) — 2kQ, (C3)

and r (x, 1) = vq™(x, t). The modified eigenfunctions with constant limits as x — +o0 are
w(x, t, k) = ®(x, t, k) e” &L where 0(x, t, k) = kx — 2k%. If g(x, t) vanishes suffi-
ciently fast as x — o0, the Jost solutions are defined V k € R by Volterra integral equations
as

X . .
Wt k) =1+ f kIR (y, 1y (v, 1, k) e KDy,

b Cx b k) =1 — f R ENBO(y, 1y, (7, 1, k) e KRGy,

X

The columns p ; and p, , can be analytically extended into the lower-half of the
complex the k-plane, 11 , and g, ; in the upper-half plane. The time-independent scattering
matrix A (k) is defined as

D (x, t, k) =Dy (x, t, k) A(k), keR (C4)

Correspondingly, a;;(k) and a,, (k) can be analytically continued respectively on Im k < 0
and Im k£ > 0 (but ay, (k) and a,; (k) are in general nowhere analytic). The eigenfunctions and
scattering data satisfy the symmetry relations

e i(x, 1, k) = o, (Do (x, 1, k7)), (C.5q)

e (x, 1, k) = vo, (Dey(x. 1, k%)), (C.5b)
with o, as before, implying
axn (k) = a(k*), ay (k) = va (k). (C.6)
The asymptotic behavior of the eigenfunctions and scattering data as k — oo is
1 1 x
y +—af 0y, tydy + O(1/k2),
e SZCF o | a0, nrGyndy + 0(1/k%)
wo=1— LUgQ — L<73foo q@, Hyr(y, t)dy + 0(1/k2)
M 2ik - 2ik " Jx | | ’
and A (k) = I + O(1/k). Discrete eigenvalues are values of k € C such that a,, (k) = 0 or
a1 (k) = 0. In the defocusing case, there are no such values. In the focusing case, we assume
that there exist a finite number of such zeros, and that they are simple. Note that a (kj) = 0

if and only if all(k_;k) = 0. Let k; and IEJ = k/*, for j =1, ..., J, be the zeros of ay, and a;;
respectively, with Im k; > 0. Then

1o (x 1, k) = by 00k (x, 1, k), (C.7)
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(2t &) = By e 200sth) L (x, 1, k). (C.8)
In turn, these provide the residue relations that will be used in the inverse problem:

Res[Q] =G <32i‘9()"”’<f)u+ l(x, t, kj), (C.9)

k=kj| ax ’

Hoa o e—2i0(x,0.k;) i

Res| —— | = C; e 200eth)y o (x, 1, k), (C.10)

k=k;| an '
where the norming constants are C; = b /ay, (kj) and C; = b;/a/,(k;), and satisfy the
symmetry relations b; = —b;k and C; = —C;»k. The inverse problem is defined in terms of the
matrix RHP: V k € R,

M~(x, t, k) = M*(x, t, kYU — J (x, 1, k), (C.1D)

where the sectionally meromorphic functions are M™(x, f, k) = (W 1> o o/az) and
M~(x, t, k) = (p_,/an, py ,), the jump matrix is

v pk) e2"9<w>p<k>]

J(x, t, k)= [_ Ve—Zib’(x,t,k)p* k) 0

and the reflection coefficient is p(k) = a5 (k)/ax (k). The matrices M*(x, t, k) — I are
O(1/k) as k — oo. The reconstruction formula is

J . o0 .
qx, ) = =2i>°C; (ki) | (x, 1, k) + 1 ﬁ 2010 o (k) pa, 1, (x, 1, k) dk.

j=1 g

(C.12)
In the reflectionless case [p(k) =0 V k € R] with v = —1, the RHP reduces to an

algebraic system, whose solution yields the pure multi-soliton solution of the NLS equation as
q(x, t) = 2idet G°/det G, where G = (G, 1),
* o =20 (x, 1.k )
0 yT) sit(x 1! J Cye :
G = ( 5 Gj,j/ = 5j,j/ + e~ (x,t, /)Cj’ Z s

be o= (k= ) (k5 = k)
Yy =0y 1=(1, -, DN and y, = G e20(xtk) for j j' = 1,...,J. In particular, the
one-soliton solution, ie., J = 1 with k = (V+i4)/2 and G = A eAtiwt7/D)  jg
g(x, 1) = A el V" T@ =V 1+0l gech[A (x — 2Vt — &)].

C.2. BT and BVP for the NLS equation

Suppose g (x, t) and G(x, t) both solve the NLS equation (1.1) and the corresponding
eigenfunctions ®(x, ¢, k) and ®(x, ¢, k) are related by

O(x, 1, k) = B(x, t, k) ®(x, t, k). (C.13)
If ®(x, 1, k) is invertible, a necessary and sufficient condition for (C.13) is
B, = ik[ o3, B] + OB — BQ. (C.14)
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If B(x, t, k) is linear in k, (C.14) yields
B(x, t, k) =2ik I+ boy+ (0 — Q)os, (C.15q)
b(x, 1) = a + fo (G0, F(, 1) — g, 17O, 1)) dy, (C.15b)

where « is an arbitrary constant. In particular, (C.14) yields the BT between the original
potential and the new one:

G, (x, 1) — q,(x, 1) = (GCx, 1) + q(x, ) b(x, 1). (C.16)
If we now impose the mirror symmetry
gx, 1) = q(—x, 1), (C.17)

(C.16), evaluated at x = 0, yields the Robin BC (1.2). The mirror symmetry induces the
following additional symmetries: for the eigenfunctions and the scattering matrix:

Do(x, 1, k) = B~ Y(x, t, k)o3 Px(—x, 1, —k) 03B (k). (C.18)
In turn, the scattering matrix A (k) satisfies:

A(—k) = 03By (k)A*I(k)B(;l(k)og, keR, (C.19)
or, in component form:

axn (k) = ap(—k*), Imk >0, (C.20)

ap (k) = f(K)an(—k), keR, (C.21)
where

2ik — b
k) = ——2=2, C.22
F® 2ik + by ( )

where b,, = lim, . b(x, t). As a result, an additional symmetry exists for the discrete
spectrum: for each discrete eigenvalue k,, there exist a symmetric eigenvalue

k)= —k* (C.23)

We say that k,, is self-symmetric if k,» = k,, i.e., if k, = iA, /2. Denoting by S the number of
self-symmetric eigenvalues in the UHP, one has

by = an(0) a = (—1)Sa. (C.24)
Writing the discrete eigenvalues as k; = (V; + iA;)/2, one has
byb = f(kn) (C.25)

In particular, a self-symmetric eigenvalue k, = iA, /2 can exist if and only if a < oo and
A, > |a.
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