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Abstract
A matrix Riemann—Hilbert problem (RHP) is constructed using the dressing
method starting from two uncoupled, one-directional linear wave equations;
the RHP thus obtained is then used to derive a novel integrable matrix non-
local system of equations describing resonant wave interactions, together with
its Lax pair. This system is shown to be a matrix generalization of the
equations for resonant three-wave interactions and stimulated Raman scat-
tering. Several compatible reductions admitted by this system are also
discussed.
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1. Introduction

Infinite-dimensional, completely integrable systems continue to be the subject of considerable
research. In particular, several approaches exist for obtaining nonlinear integrable partial
differential equations (PDEs) starting from their linear counterpart. The method of Ablowitz,
Kaup, Newell and Segur (AKNS) [2, 3] starts from the linear dispersion relation. More
recently, it was shown in [7] how the dressing method, originally introduced in [18, 19], can
be used to derive nonlinear systems starting from linear ones by appropriately modifying (i.e.,
‘dressing’) a suitable Riemann-Hilbert problem (RHP) (see also [10] and [15] for further
details). This was done using the results of [8], where the associated Lax pair was derived and
used to solve the Cauchy problem on the infinite line for a large class of first-order linear
evolution PDEs using a simpler version of the inverse scattering transform (IST). Recall that
the IST was developed in the 1960s and 1970s to solve the initial value problem (IVP) for the
Korteweg—deVries equation [11], the nonlinear Schrédinger equation [17] and other integr-
able nonlinear PDEs [3, 14].
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More precisely, the approach is the following: (i) Write the Lax pair for a given linear
PDE, which for a large class of equations can be done algorithmically. (ii) Perform spectral
analysis on said Lax pair to obtain an associated RHP. Note that this last step can be inverted:
that is, one can recover both the Lax pair and the PDE itself starting from just the RHP, by
looking at the asymptotic behavior of the solutions of the RHP. (iii) ‘Dress’ the RHP and
perform similar steps as above on the new RHP to obtain a nonlinear PDE and its associated
Lax pair. This use of the dressing method was demonstrated in [7, 15] by ‘deriving’ the
nonlinear Schrodinger equation starting from its linear counterpart. On the other hand, the aim
of this work is to show how this approach can also be used to derive novel integrable systems.
Specifically, in this work we derive novel integrable coupled systems of nonlinear PDEs.

This paper is organized as follows. In section 2 we present the master system of
equations and discuss its reductions. In section 3 we elucidate their relation to similar systems
already known in the literature. Importantly, the coupled systems derived in this work are
physically significant, as they describe special cases of the resonant interaction of three waves
as well as stimulated Raman scattering. The physical meaning of these novel systems of
equations is also discussed in section 3. A full derivation of these nonlinear systems is
presented in section 4.

2. The master system of equations and its reductions

2.1. The master system

As discussed above, in section 4 we will use the dressing method to derive the following
nonlocal system of equations:

O, - H,+[0.H| =0, (2.1a)

where Q(x, f) is a 4 x 4 complex-valued matrix, subscripts x and ¢ denote partial
differentiation, H (x, t) is given by

H, = —%o[], O, — Qz], (2.1b)

and [A, B] = AB — BA is the matrix commutator. Above, and throughout this work, we use

the notation
_(1 0 _(C 0
o= (0 —I)’ J= ( 0 —C)’ 2.2)

where I and 0 are the 2 x 2 identity and zero matrices, respectively, C = diag(c;, ¢;) and c;
and ¢, are arbitrary constants. We will also show that (2.1a) and (2.1b) are the compatibility
condition of the following matrix Lax pair:

M, — ik [6, M] = OM, (2.3a)
M, + ik [J, M| = HM, (2.3b)

with M = M (x, t, k). In particular, we will show in section 4 that

Q(x. 1) = =i lim klo, M] = (101 8) (2.4q)
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H(x, 1) =ilimk[J, M] H, H, (2.4b)
x, 1) =1limk[J, = , .
k— oo H3 H4

where Q(x, 1), R(x, 1) and H;(x, 1) for j = 1,...,4 are all 2 x 2 matrices, and where the space
and time dependence in the right-hand side (rhs) was omitted for brevity. For brevity, in the
following we will occasionally refer to (2.1) as the ‘4 x 4 master system’ or simply as the
‘master system’.

The system (2.1) is non-local since one can eliminate H (x, t) by integrating (2.1b) to
obtain

H, 1) = —%a [J, 0- /Q2dx]. 2.5)

Importantly, note that H (x, ¢) itself is not block off-diagonal, but the block diagonal part of
H, cancels exactly that of [Q, H] in (2.1a). So (2.1a) can be written in a 2 x 2 matrix form:

Q- Hy,+QH; - HIQ =0, (2.6a)

R, - H;, + RH; - HR =0, (2.6b)
while the auxiliary equation (2.15) become

Hi. = 3 (QRC - CQR), (2.7a)

Hy, = —%(RQC — CRQ), (2.7b)

Ha = -2 (QC + CQU). (2.70)

H3,x = _%(Rxc + CRX) 2.7d)

Correspondingly, we will refer to (2.6) and (2.7) as the ‘2 x 2 master system’. Importantly, we
note that it is only necessary to keep H; and H, out of the four auxiliary fields Hj,..., Hy,
since H; , and H3, can be eliminated by direct substitution into (2.6).

2.2. Reductions

As mentioned earlier, the system (2.1) (or, equivalently, (2.6) with (2.7)) admits several
consistent reductions. The first such reduction is the constraint R = QF (where Qf = (Q™)"
denotes the adjoint of Q and the asterisk * and superscript 7 denote respectively complex
conjugation and matrix transpose), which yields

Q + 5(Q.C + CQ.) + QH, - HiQ =0, 2.8)
with
1 1/
Hi. =-—(QQ'C-CQQ).,  Hi=--(QQC-CQQ). (9

where from now on c; and ¢, are taken to be real. More in general, one can also go back to the
2 x 2 master system of (2.6) and (2.7), and write it in component form. Denoting the entries of
Q and R as
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9 9 nn
o-(1 ) w(0)

we obtain a system of eight scalar equations in component form:

1
4.+ caq = 5(61 — ) (m4q, + miqs), (2.11a)
1
N+ Chix = E(Cl — c)(m3n + myn3), (2.11b)
1 1
9t 5(61 +2)q,, = —5(cl - ) (m3q, — myq,), (2.11¢)
1 1
N+ E(Cl +c)ny = —5(61 — ) (mgn — ma1y), (2.11d)
1 1
%t E(Cl + 2)gs, = _E(Cl — c2)(maqy — myqy), (2.11e)
1 1
3+ E(Cl + ), = _E(Cl — ) (mn — m3ry), (2.11f)
1
G4t €294, = —5(01 = €2)(maq, + m3qs3), (2.11g)
1
T4 + O x = —E(Cl - Cz)(mlrz + m4r3), (211}1)
together with the corresponding equations for the four auxiliary scalar fields:
myx = q\i3+ q1, (2.12a)
Mo x = q3N + quh, (2.12b)
ms3x = qohi + q,1, (2.12¢)
myx = q\n + q31. (2.12d)

Note that the terms %(cl — ¢p)my and —%(cl — ¢p)my appearing in (2.11) are the off-diagonal

components of H;, whereas the terms %(cl — ¢p)ms and —%(cl — cp)my are the off-diagonal
components of Hy. The off-diagonal components of H, and H; were explicitly taken into
account in (2.11), which reduced the number of auxiliary fields from eight to four.

The reduction R = Q' then yields r; = qi* for j=1,...,4 as well as my = m;" and

my = my, resulting in the system

1 *
9, taq, = 5(01 — c2)(m3q, + miqs), (2.13a)
1 1
g, + 5(01 + g, = —5(61 — ) (m3q, — miqy), (2.13b)
93, + 5(01 + g, = —5(01 — c)(mi'q, — m3q,), (2.13¢)
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1 .
Gy, + 24y, = —5(01 = ) (my'q, + m3qs), (2.13d)
together with the auxiliary equations

mi = q,q; + 4,49, ms, = q,q, + 4,4;- (2.13¢)

A further reduction can be obtained by taking g; = g, = 0, which simplifies the system (2.13)
to

1

Gt aq = 5(01 — ) m g, (2.14a)
1 1 .

D+ 5(61 + 2)q,, = —5(61 — )m* g, (2.14b)

my = q,q, (2.14¢)

(with m = m3’). An equivalent reduction is obtained by taking ¢, = ¢, = 0. Apparently, no
other nontrivial reductions of (2.13) are possible.

One can also redefine the parameters by letting ¢; = ¢; and ¢, = %(cl + ¢). Dropping
tildes, the system (2.14) then becomes

g, + gy, = (c1 — c2)m qy, (2.15q)
Gy, + 24y, = —(c1 — c)m™* g, (2.15b)
my = q,q;. (2.15¢)
Furthermore, without loss of generality one can take ¢; = —c; = ¢ (e.g., by performing a

Galilean transformation, i.e., by writing it in a moving coordinate frame). With the simple
rescaling u = v2cq,, v = \/Zqz* and m = 2c m, the system (2.15) then becomes (again
dropping tildes)

u;, + cu, = mv¥, (2.16a)
v, — cv, = —m u, (2.16b)
my =uv. (2.16¢)

Equations (2.16) are the simplest coupled system of equations that are a reduction of the
master system (2.1). Note that, since all three fields u, v and m are complex, one does not need
to assume c to be positive in obtaining (2.16) from (2.15). (Alternatively, one could also
derive (2.16) when ¢ < 0 via the modified change of variable u = /2|c|q,’, v = {/2|c| g, and
m = 2|c| m, the only change being that c is replaced by |c| in (2.16).)

Of course the Lax pair (2.3) simplifies accordingly with each of the above reductions. In
particular, the Lax pair for the system (2.16) is given by (2.3) with

0 0 u v* 0 0 —u v* 00 0 O
00 0 0

Q_l 0000’H=F0000+ ’
V2e | 0 0 0 2|0 0 of |00 O mF
v 00 0 v 0 0 0 00 -m 0O

and J = diag(c, —3 ¢, —c, 3¢). Note that the second row and the second column of both
matrices Q and H are zero. Therefore, the corresponding 4 x 4 Lax pair can be reduced to a

5
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3 x 3 one by simply deleting the second row and the second column. Explicitly, a 3 x 3 Lax
pair for the system (2.16) is still given by (2.3), but where now M (x, t, k) is a 3 x 3 matrix,
and

1 0 u v* = 0 -—u y¥ 0 0 0
Q=\/Z o 0,H= = 0 o +lo o m*|l @17
v 00 v 0 0 0 -m 0
together with
o = diag(l, -1, —1), J = diag(c, —c, 30¢). (2.18)

3. Physical significance

It should be clear that the system (2.16) describes the resonant interaction between three
waves, since, when ¢ = 0 (2.16) is a special case of the classical equations for sum-frequency
generation [4, 13] of continuous waves. When ¢ # 0, the system (2.16) generalizes those
equations to take into account the transverse profiles of the interacting fields. Indeed, when
¢ # 0, the system (2.16) is a special case of the three-wave interaction equations, and is
closely related to the equations for simulated Raman scattering, both of which also describe
resonant interactions, and both of which have been extensively studied for many years. We
next briefly elaborate on these relations.

3.1. Relation to the three-wave interaction equations

In [16], Zakharov and Manakov first showed that the three-wave interaction equations could
be written in Lax form, and that they were associated with a third order scattering problem. In
[12], Kaup also wrote a Lax pair in AKNS form. Specifically, Kaup considered the following
system of equations:

01 + aQix =i3n0503, (3.1a)
Or; + 202 = iy, 0107, (3.1b)
03 + 303, = 130707, (3.1c)

which is the one-dimensional form of the three-wave resonant interaction equations. The Lax
pair associated with (3.1) is

Ve = —i(V — AC)V, (3.2a)
v = —i(By + Bi{)v, (3.2b)
where ( is the scattering parameter A = —diag(c, ¢z, ¢3), and the potentials are given by

172

172 172
Vo3 = Ql/(ﬂlzﬁB) s V5= Q2/(ﬂ12ﬁ23) P Vi = QB/(ﬁBﬁB) )
with ﬂ,_-]- =c¢j—¢(i,j=1, 2, 3), and other components of V;; are given by the relation

Vium = 0, Vion = €me€n Vi,

nmo»
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where (1, €2, €3) = (1, =7, 13). Also By and B, are given by
(Bo)ij =

Note that in order for the entries of V to be real and well-defined, the velocities ¢;, ¢, and c¢;3
must be non-degenerate and sorted in increasing order. Note also that the constraint
y1 Y2 73 = —1 is needed to obtain (3.1) from (3.2).

The system (3.1) is closely related to our system (2.16). Indeed, if one and chooses the
group velocities and the constants tobe c3 = —¢c; = caswellasc; = 0andyy = p, = 3 = — 1,
(3.1) becomes

01 — cO1x = —i05 07, 0>, = =107 03, 03, + cQ3, = —i0705.

Further defining Q) = i</cv, Q, = im* and Q3 = iv/cu and performing the change of
independent variables x = ¢7 and t = %/c, the above system then (dropping tildes) reduces
to (2.16).

_ClC2C3 Vij, (B])U — 5], C1C263. (33)

iCj ¢j

3.2. Relation to the equations for simulated Raman scattering

The phenomenon of stimulated Raman scattering is governed by the following system of
equations (e.g., see [9]):

1 0E, OE; Ky

——+ — = —-1—KE> 0, 3.4a

c ot 0x ko 2520 ( )
oE oE

195 L %2 i E 0, (3.4b)

c ot o0x

00 1 .

— + —Q = —ix E\E;. 3.4c

o TzQ 1E\E; (3.4¢)

This systems is not integrable in general to the best of our knowledge. On the other hand,
letting

K2
E=kKx, T=K2t ——Xx, A = |—E,

c
k
=26, x=i|lo,
K2 ka

and taking the limit 7, — oo (with k, finite), (3.4) become the equations for the transient

stimulated Raman scattering:
0A 0A
= AL, —2 = AX¥, = = AASL (3.5)
73 o or

Furthermore, by introducing the complex-valued function Y (&, ) and the real-valued
function b (¢, 7) to be

b=|AF - |Af,  Y=2i445, (3.6)
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the system (3.5) reduces to the following system of equations:

% _ iy —xve, Doy, XK __Ly (3.7)
o0& o0& or 2

The above system admits the following Lax pair:
oy . oy 1.
— = (—1ko3 + X))y, — = —(1bo; — Y)v, 3.8
PE ( 3 7% o 4k( 3 Jw (3.8)

with

1 0 0 X 0 Y
a3=( ) X = . Y= .
0 -1 _X* 0 -Y* 0

Alternatively, if we define u = i, /ck(i Ey, v = i ek, E; and m = ick, Q in (3.4), and take
the limit 7, — oo, the system (3.4) then becomes when k; = k5,

u; + cu, = —mv*, (3.9a)
v, + vy = mu®, (3.9b)
m; = uy. (3.9¢)

This system is also closely related—but not equivalent—to our system of equations (2.16). In
this case one can also interchange the role of x and 7 (to transform the temporal derivative in
the third of (3.9) into a spatial derivative), but the group velocities in the first and second of
(3.9) are the same, unlike in (2.16). Since the temporal and spatial derivatives have the same
sign in both of the first two equations in (3.9), one can not perform a transformation to change
only one of them into a different sign. Therefore, the systems (2.16) and (3.9) are not
equivalent.

4. Derivation of the system and its Lax pair

We now present the detailed derivation of the master system (2.1). The derivation will
proceed as follows: in section 4.1 we start from the RHP for a system of two uncoupled wave
equations. By appropriately ‘dressing’ this RHP, we then obtain a 4 x 4 RHP for a matrix
M (x, t, k). Then, in section 4.2 we derive the 4 x 4 scattering problem starting from this
RHP, and in section 4.3 we derive the corresponding 4 x 4 time evolution equation. In the
process we relate the fields Q (x, ¢) and H (x, t) appearing in the resulting nonlinear system of
PDEs to the asymptotic behavior of the solution M (x, ¢, k) of the RHP as k - oo. The
nonlinear system of equations obtained from this Lax pair is explicitly discussed in
section 4.4, together with the more traditional representation of the Lax pair in AKNS form.

4.1. Derivation of the matrix RHP

The starting point of our analysis is the following pair of uncoupled one-directional linear
wave equations:

q, + cjq, =0, j=12, “4.1)

each of which is associated with the linear dispersion relation w (k) = c;k. As shown in [7],
each of these equations admits the corresponding Lax pair

8
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U, — iku = q, (4.2a)
U, +icjku = —cjq, (4.2b)

for j =1,2. (That is, each of (4.1) is the compatibility condition u , = yu,, of the corresponding
overdetermined linear system (4.2).) It was shown in [8] that the spectral analysis of (4.2)
leads to a scalar jump condition:

ylf(x, t, k) — pi(xt, k) = eigf(x”’k)fj k), j=1,2, k €eR, (4.3)
for the sectionally analytic function

uix, 1 k), kecCH,

(x, 1, k) = 4.4
#i( ) pi(x 1 k), ke, 44

with the phase function
Gj(x, t, k) = kx — Cjkl, (45)

for j =1, 2. (Here and below, the superscripts + denote non-tangential projection to the real k-
axis from the upper/lower half of the complex k-plane.) Note also that that y (x, 7, k) satisfies
the asymptotic behavior

ﬂj(x, 1, k) = O(1/k), k— o j=1,2. (4.6)

The problem of reconstructing the two sectionally analytic functions p,(x, ¢, k) and
U, (x, t, k) given the jump conditions (4.3) and the normalizations (4.6) defines two uncou-
pled scalar RHPs. These RHPs can be trivially combined and converted into an equivalent
4 x 4 matrix RHP by introducing

M(x, t, k) = ((I) ’I‘) 4.7)

with p(x, t, k) = diag(y,, p,). The unknown M (x, t, k) then satisfies the matrix jump
condition

MY(x, t, k) =M (x, t, )V (x, t, k) k eR, (4.8)
with jump matrix
I U
Vix, t, k)= , 4.9
crb=(gY) “9)

and
U(x, 1, k) = diag(e(“4)f (k), e (47 (k).
The corresponding normalization condition is
M(x, I k) =1+ O(l/k) k = oo, (4.10)

where I, is the 4 x 4 identity matrix.

The key to ‘nonlinearize’ the system (i.e., to obtain nonlinear evolution equations starting
from the above linear PDEs) is to modify the jump matrix in (4.8). In particular, following [8],
we replace V (x, t, k) in (4.8) with:

Rex, t,ky = Vi(x, 1, 2k)V (x, 1, 2k) = eiko=ikig () g-ikeo+ikis @.11)
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with o and J defined by (2.2), and where
I F(k)
Fi(k) T+ Fi()Fk))

with F(k) = diag(f; (k), f, (k)). That is, we consider a modified matrix RHP for the
sectionally analytic function

S (k) =(

M. 1. k) = {ng ; ]’3 : < g: (4.12)
with the modified jump condition

M*(x, t, ky=M"(x, t, yR(x, t, k), k eR, (4.13)
and the normalization condition

M(x, t, k)= I + O(1/k) k — oo. (4.14)

In sections 4.2 and 4.3 we will show that M (x, t, k) satisfies the matrix Lax pair (2.3), with
0O (x, t) given by (2.4a) and H (x, t) given by (2.4b). Moreover, in section 4.4 we will show
that Q (x, t) and H (x, t) satisfy the matrix system of nonlinear PDEs (2.1).

It should be noted that the jump contour and normalization at infinity for the matrix
M (x, t, k) and the jump matrix R(x, ¢, k) depend in general on the particular boundary
conditions (e.g., vanishing or non-vanishing) of the solutions sought. For example, while
jump conditions over k£ € R correspond to vanishing boundary conditions for the nonlinear
Schrodinger equation, solutions which tend to non-zero values at infinity are associated with
jump over R\ (-¢q_, q,,) or R U i(—q,, ¢q,) in the defocusing and focusing case, respec-
tively, where g = lim,_, . o|q(x, 1)|.

4.2. Derivation of the scattering problem

The main idea of the present application of the dressing method, discussed in [7], is to
construct two linear differential operators L and N such that (i) LM and NM satisfy the same
jump condition as M, and (ii) LM and NM are of O(1/k) as k - oo. Then, by applying the
vanishing lemma (see below as well as [1] for further details), we will conclude that LM and
NM vanish identically. As a result, these two operators yield the Lax pair associated with
the RHP.

In this section we construct the operator L, which will yield the scattering problem (2.3a).
Then, in section 4.4 we will construct N, which yields the time evolution equation (2.3b).
Accordingly, we will look for L to be a differential operator in x and for N to be a differential
operator in ¢. The simplest such choice is to take LM = M, + L,, where L, is a multiplicative
linear operator (and similarly for N). Next, one must select L, such that LM = O (1/k) as
k — oo. Note that the jump condition (4.13) implies M, = ik[o, M] as k — oo. Thus, one
needs to subtract M, as well as the O (1) term from it. We call the latter Q (x, t)M. That is, one
needs to ensure L, = —ik[o, M] — OM + O(1/k) as k — oo.

Based on these considerations, we therefore define

LM = M, — ik [o, M| — OM. (4.15)
We then claim that LM satisfies the same jump condition as M, namely:

LM* = (LM™)R, k €R. (4.16)
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To check that (4.16) holds, note that the left-hand side of (4.16) equals

LM* =L(M™R) =M:R + MR, — ikbM R + ikM"Ro — QM R,
whereas the rhs of (4.16) is
(LM~)R = (M; — ik [6, M~ — OM~)R = MR — ikeM R + ikM R — QM R.
The two sides are then equal since (4.11) implies

R, =ik [0, R] = ikoR — ikRo.

We next check that LM = O(1/k) as k — o0. To do so, using the normalization condition
(4.14) we write an asymptotic expansion for M (x, t, k) as k — oo as:

Mx, t, k) = L + M (x, t)/k + Ms(x, t)/k2 + 0( 1/k3) k - oo.

4.17)
Substituting (4.17) into (4.15) leads to

LM = (=i [0, Mi] = Q} + (My, — i [0, Ma] — QM) [k + O(1/k?) k> oo,

(4.18)

In order for LM to be O (1/k), one needs the O (1) term in (4.18) to be identically zero, which
implies
O, t)=—i [a, Ml] = —ilimk[o, M], 4.19)
k— oo

consistently with (2.4a). This is the condition that determines Q (x, t) from the solution of
the RHP.

Assuming the RHP with jump condition (4.16) and normalization condition
(LM)(o0) = 0 as in (4.14) has a unique solution, we then conclude that LM =0 for all k € C,
which leads to the first half of (2.3).

The uniqueness of the solutions of the RHP follows from the so-called vanishing lemma,
which establishes that a RHP with zero normalization at infinity only has the trivial solution
[1]. Note that the 4 x 4 jump condition (4.13) is essentially a tensor product of two jumps for
the focusing nonlinear Schrodinger equations. Thus, the vanishing lemma for the RHP with
jump condition (4.13) can be proved using the techniques of [20] under mild conditions on
the functions appearing in the jump condition, which are satisfied when these functions are
the spectral data arising from the direct scattering problem. A detailed analysis of this issue,
however, is outside the scope of this work. Indeed, in previous applications of the dressing
method the relevant RHPs were simply assumed to admit a unique solution [7, 15].

4.3. Derivation of the time dependence equation

The derivation of the time dependence equation of the Lax pair follows similar steps as for the
scattering problem. Namely, we define the operator N as

NM = M, + ik [J, M] — HM, (4.20)
with H (x, t) to be determined. We then have
NM* = (NM™)R, k €R. (4.21)

Equation (4.21) can be verified in a similar way as for the scattering problem. Similarly,
substituting (4.17) into (4.20) yields
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NM = {i [, M] - H} + {ML, +i[J, My] - HMI}/k +0(1/k) k- .
(4.22)

Since we want NM to be O (1/k) as well, we again need the O (1) term to vanish identically,
which implies

Hx, 1)=i[J, Mi] =ilimk[J, M], (4.23)
k— oo

consistently with (2.40). Then, by the vanishing lemma, we conclude NM = 0 for all k € C,
which leads to the second half of (2.3).

To complete the process, however, we need to relate the fields Q(x, ) and H (x, t)
appearing in the two halves of the Lax pair. To this end, we split M;(x, ¢) into its block-
diagonal and block-off-diagonal parts M{ and M , respectively. From (4.19) we have
immediately:

o 1
M] = EGQ

Also, recalling LM =0, the O (1/k) term of (4.18) yields M, , — i [6, M,] — OM; = 0, whose
block-diagonal part is

Me = 3 ) -k 2,
1x Q ( ) UQ ) O-Q
Combining these results we then have
Mi(x, 1) = M? + M{! = éo-Q(x, 1 — éo / 02(x, f)dx. (4.24)

Finally, inserting (4.24) into (4.23) yields (2.5).

4.4. From the Lax pair to the nonlinear coupled PDEs

Once the Lax pair (2.3) has been explicitly derived, it is trivial to obtain the resulting
nonlinear system of equations. One way to do so is to note that an equivalent (and perhaps
more traditional) Lax pair can be written by letting

¢(x, t, k) = M(x, t, k)exp[ik (ox — Jt)], (4.25)
which yields the overdetermined linear system

b =Xp, b =T9, (4.26)
with

X =1ikoc + Q, T=-ikJ+ H. (4.27)
The compatibility condition ¢,, = ¢, of the 4 x 4 matrix Lax pair (4.26) is

X, -T.+[X, T|=0. (4.28)

It is then trivial to check that, after some straightforward calculations, (4.28) yields (2.1a) and
(2.1b), as announced earlier. Obviously this equivalent 4 x 4 Lax pair (4.26) for the
eigenfunctions ¢ (x, ¢, k) can be simplified into a 3 x 3 Lax pair for the system (2.16) with
0O, H defined by (2.17) and o, J defined by (2.18).

12
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5. Concluding remarks

The results of this work open up several interesting questions regarding the nonlocal system
of equations (2.1), both from a physical and a mathematical point of view.

In particular, from a mathematical point of view, the following natural questions arise: (i)
Can one formulate an IST for the matrix system (2.1) to solve the IVP? (ii) Does this system
admit soliton solutions? (iii) Does this system have a bilinear form? (iv) What are the
associated conservation laws? (v) What is the infinite hierarchy associated with these sys-
tems? (vi) Can the unified transform method of Fokas [7] be used to solve initial-boundary
value problems? (vii) Does the system admit linearizable boundary conditions? If so, what are
they? (viii) Can the nonlinear steepest descent method of Deift—Venakides—Zhou [5, 6] be
applied to study the long-time asymptotics?

Further interesting questions concern the relation between the reduced system (2.16), the
master system (2.1) and other related integrable systems. For example: (ix) Can the equations
of second-harmonic generation, the full equations for three-wave interactions and those for
stimulated Raman scattering also be ‘derived’ using the dressing method? If so, what needs to
be different to obtain those equations instead of the ones presented here? In this respect, it is
interesting to note that, even though the starting point for our derivation was the linear wave
equation for rwo uncoupled fields, the arrival point is a system of coupled equations for three
interacting fields. Also, unlike the three-wave interaction equations, there seems to be no
consistent reduction that allows one to reduce the number of interacting fields to two not even
as a singular limit [12]. (x) Is there a more general system of resonant wave interaction that
includes (2.16), (3.1) and (3.6) as special cases or reduces to them in appropriate limits? (xi)
Is there a discrete analogue for all of these coupled integrable systems?

Finally, several interesting questions also arise from a physical point of view. In parti-
cular: (a) What kind of physical behavior is described by the system of equations (2.1) and its
solutions? (b) Are there concrete physical systems that are governed exactly by the general
system presented in this work? (c) Does the system (2.1) have a universal character (meaning
that they appear in different physical settings like the nonlinear Schrodinger equation, the
Korteweg—de Vries equation and the three-wave interaction equations), or are they tied to a
specific physical context (like the Maxwell-Bloch equations and the equations of stimulated
Raman scattering)? (d) Do the IVPs and IBVPs that are solvable by IST and its general-
izations have practical relevance?

We hope that the above questions and the results of this paper will stimulate further work
on these systems in the near future.

Acknowledgments

We thank Mark Ablowitz and Thanasis Fokas for many insightful discussions on topics
related to this work. This work was partially supported by the National Science Foundation
under grant number DMS-1311847.

References

[1] Ablowitz M J and Fokas A S 2003 Complex Variables: Introduction and Applications
(Cambridge: Cambridge University Press)

[2] Ablowitz M J, Kaup D J, Newell A C and Segur H 1974 The inverse scattering transform—Fourier
analysis for nonlinear problems Stud. Appl. Math. 53 249-315

13



J. Phys. A: Math. Theor. 48 (2015) 225203 G Biondini and Q Wang

(3]

(4]
(31

(6]

(7]
(8]

91
[10]
[11]
[12]

[13]
[14]

[15]
[16]
[17]
[18]
[19]

(20]

Ablowitz M J and Segur H 1981 Solitons and the Inverse Scattering Transform (Philadel-
phia: SIAM)

Boyd R P 1992 Nonlinear Optics (San Diego: Academic)

Deift P, Venakides S and Zhou X 1994 The collisionless shock region for the long-time behavior
of solutions of the KdV equation Commun. Pure Appl. Math. 47 199-206

Deift P and Zhou X 1993 A steepest descent method for oscillatory Riemann—Hilbert problems.
Asymptotics for the mKdV equation Ann. Math. 137 295-368

Fokas A S 2008 A Unified Approach to Boundary Value Problems (Philadelphia: SIAM)

Fokas A S and Gelfand I M 1994 Integrability of linear and nonlinear evolution equations and the
associated nonlinear Fourier transforms Lett. Math. Phys. 32 189-210

Fokas A S and Menyuk C R 1999 Integrability and self-similarity in transient stimulated Raman
scattering J. Nonlinear Sci. 9 1-31

Fokas A S and Zakharov V E 1992 The dressing method and nonlocal Riemann—Hilbert problems
J. Nonlinear Sci. 2 109-34

Gardner C S, Greene C S, Kruskal M D and Miura R M 1967 Method for solving the Korteweg—de
Vries equation Phys. Rev. Lett. 19 1095-7

Kaup D J 1976 The three-wave interaction: a nondispersive phenomenon Stud. Appl. Math. 55
9-44

Newell A C and Moloney J V 1992 Nonlinear Optics (Redwood City: Addison-Wesley)

Novikov S, Manakov S V, Pitaevskii L P and Zakharov V E 1984 Theory of Solitons: the Inverse
Scattering Method (New York: Plenum)

Pinotsis D A 2007 The Riemann—Hilbert formalism for certain linear and nonlinear integrable
PDEs J. Nonlinear Math. Phys. 14 466-85

Zakharov V E and Manakov S V 1973 Resonant interaction of wave packets in nonlinear media
JETP Lett. 18 243-5

Zakharov V E and Shabat A B 1972 Exact theory of two-dimensional self-focusing and one-
dimensional self-modulation of wave in nonlinear media J. Exp. Theor. Phys. 34 62—-69

Zakharov V E and Shabat A B 1974 A scheme for integrating nonlinear equations of mathematical
physics by the method of the inverse scattering problem: 1. Funct. Anal. Appl. 8 43-53

Zakharov V E and Shabat A B 1979 A scheme for integrating nonlinear equations of mathematical
physics by the method of the inverse scattering problem: II. Funct. Anal. Appl. 31 13-22

Zhou X 1989 The Riemann-Hilbert problem and inverse scattering SIAM J. Math. Anal. 20
966-86


http://dx.doi.org/10.1002/cpa.3160470204
http://dx.doi.org/10.1002/cpa.3160470204
http://dx.doi.org/10.1002/cpa.3160470204
http://dx.doi.org/10.2307/2946540
http://dx.doi.org/10.2307/2946540
http://dx.doi.org/10.2307/2946540
http://dx.doi.org/10.1007/BF00750662
http://dx.doi.org/10.1007/BF00750662
http://dx.doi.org/10.1007/BF00750662
http://dx.doi.org/10.1007/s003329900062
http://dx.doi.org/10.1007/s003329900062
http://dx.doi.org/10.1007/s003329900062
http://dx.doi.org/10.1007/BF02429853
http://dx.doi.org/10.1007/BF02429853
http://dx.doi.org/10.1007/BF02429853
http://dx.doi.org/10.1103/PhysRevLett.19.1095
http://dx.doi.org/10.1103/PhysRevLett.19.1095
http://dx.doi.org/10.1103/PhysRevLett.19.1095
http://dx.doi.org/10.2991/jnmp.2007.14.3.12
http://dx.doi.org/10.2991/jnmp.2007.14.3.12
http://dx.doi.org/10.2991/jnmp.2007.14.3.12
http://dx.doi.org/10.1016/0022-1236(79)90094-6
http://dx.doi.org/10.1016/0022-1236(79)90094-6
http://dx.doi.org/10.1016/0022-1236(79)90094-6
http://dx.doi.org/10.1137/0520065
http://dx.doi.org/10.1137/0520065
http://dx.doi.org/10.1137/0520065
http://dx.doi.org/10.1137/0520065

	1. Introduction
	2. The master system of equations and its reductions
	2.1. The master system
	2.2. Reductions

	3. Physical significance
	3.1. Relation to the three-wave interaction equations
	3.2. Relation to the equations for simulated Raman scattering

	4. Derivation of the system and its Lax pair
	4.1. Derivation of the matrix RHP
	4.2. Derivation of the scattering problem
	4.3. Derivation of the time dependence equation
	4.4. From the Lax pair to the nonlinear coupled PDEs

	5. Concluding remarks
	Acknowledgments
	References

