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We characterize the N-soliton solutions of the focusing nonlinear Schrédinger (NLS)
equation with degenerate velocities, i.e., solutions in which two or more soliton veloc-
ities are the same, which are obtained when two or more discrete eigenvalues of the
scattering problem have the same real parts. We do so by employing the operator
formalism developed by one of the authors to express the N-soliton solution of the
NLS equation in a convenient form. First we analyze soliton solutions with fully
degenerate velocities (a so-called multi-soliton group), clarifying their dependence
on the soliton parameters. We then consider the dynamics of soliton groups interac-
tion in a general N-soliton solution. We compute the long-time asymptotics of the
solution and we quantify the interaction-induced position and phase shifts of each
non-degenerate soliton as well as the interaction-induced changes in the center of
mass and soliton parameters of each soliton group. Published by AIP Publishing.
[http://dx.doi.org/10.1063/1.4977984]

. INTRODUCTION

The nonlinear Schrodinger (NLS) equation,
i + qxx — 2V|Q|261 =0

[where subscripts x and 7 denote partial differentiation and v = ¥1 denotes the focusing and defocusing
cases, respectively], is well-known to be a ubiquitous model in physical applied mathematics which
describes the modulations of weakly nonlinear dispersive wave trains in several different physical
contexts. The equation also belongs to the class of infinite-dimensional completely integrable sys-
tems, which means that its initial value problem can be solved by the inverse scattering transform.?®
Moreover, the NLS equation with v = —1 (i.e., in the focusing case) admits N-soliton solutions, which
describe elastic interactions among the individual solitons.

For the focusing NLS equation with simple eigenvalues, an N-soliton solution is uniquely iden-
tified by 4N real soliton parameters: the soliton amplitudes, Ay, . . ., Ay, velocities Vi, . . ., Vi, offsets
&1, ..., €N, and phases, @1, . . ., ¢n. In particular, the soliton velocity and soliton amplitude are respec-
tively the real and imaginary parts of the discrete eigenvalue. (In contrast, for the defocusing NLS
equation each soliton is completely specified by two real degrees of freedom: a real eigenvalue and
a real norming constant.)

Of course the soliton solutions of the NLS equation have been extensively studied over the years
due to their distinctive features and potential use in applications. In particular, many works have been
devoted to the study of the soliton interactions and the long time asymptotic behavior of the solutions
(e.g.,seeRefs. 1,2,7, 8, 12, and 26 and references therein). In most studies, however, the real parts of
the discrete eigenvalues (i.e., the soliton velocities) are assumed to be pairwise distinct. (i.e., V; # V;
for 1 <i#j<N.)Hereafter we refer to such solutions as “non-degenerate” soliton solutions. But one
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can also consider soliton solutions for which this non-degeneracy condition is violated, i.e., solutions
in which two or more of the discrete eigenvalues have the same real parts. We refer to such solutions
as “degenerate” soliton solutions. The simplest degenerate solution is obtained by considering two
simple discrete eigenvalues with the same real parts. Such a solution, which is well-known'? and is
sometimes referred to as a soliton “bound state,” was studied by several researchers.®!*17 A special
case of N-soliton solutions with higher degeneracy, obtained from an initial condition g(x, 0) =
A sech x, was studied from a spectral point of view in Ref. 18. Solutions with higher-order degeneracy
were also numerically studied®'® and were used to characterize the dispersionless limit of the focusing
NLS equation for a special class of initial conditions.'? The behavior of multi-soliton solutions was
also studied using perturbative methods.>3:19-12:13.2425 Finally, degenerate 3-soliton solutions were
also studied,?> where their behavior and long-time asymptotics were characterized.

But a general characterization of soliton solutions with degenerate velocities has remained an
open problem to the best of our knowledge. The purpose of this work is to address this problem and
describe soliton solutions of the focusing NLS equation in which some or all of the soliton velocities
are degenerate; i.e., V; = V; for some 1 <i#j < N. The main results of this work will be a description
of the interaction among soliton groups and the calculation of explicit formulae for the position and
phase shifts.

We should also note that the soliton solutions of the focusing NLS equation exist which cor-
respond to high order zeros of the analytic scattering coefficients;*!%2326 i e, discrete eigenvalues
with multiplicity higher than one. Such soliton solutions are referred to as “multi-pole” solutions. The
simplest multi-pole solution, corresponding to a double eigenvalue (i.e., a “double-pole” solution),
was studied by taking a limit of an appropriate 2-soliton solution with simple eigenvalues.?® The more
general case of multi-pole solutions with eigenvalues of higher multiplicity was recently studied by
one of the authors.?? In this work, however, we limit ourselves to studying simple-pole solutions,
namely, solutions obtained from simple zeros of the analytic scattering coefficients.

The structure of this work is the following. In Section II we review the expression for the N-soliton
solutions of the focusing NLS equation obtained via the operator formalism, the connection with the
representation obtained from the inverse scattering transform, and the precise relation between the
soliton parameters and the invariances of the NLS equation. In Section III we characterize fully
degenerate soliton solutions (i.e., solutions in which all of the soliton velocities coincide). Then
in Section IV, we compute the long-time asymptotic behavior of degenerate soliton solutions, and
we quantify the interaction-induced parameter changes in each soliton group. Section V concludes
this work with some final remarks. The proofs of all theorems, lemmas, etc., are confined to the
appendices.

Il. SOLITON SOLUTION FORMULAE FOR THE NLS EQUATION
A. Soliton solutions via the operator formalism

We begin by briefly recalling the expression of the N-soliton solution to the focusing NLS
equation in the operator formalism. It was shown in Ref. 20 that the N-soliton solution of the focusing
NLS equation,

i + qux +2lg*g =0, @2.1)
can be written as
B I-Loy-L -L
q(x,t)—l—det( e )/det(U / ) (2.2)
where asterisk denotes the complex conjugate,
L(x,1) =exp(Ax + iA’)C,  Loy(x,1) =exp(Ax + iA%r)ca, (2.3)

superscript T denotes the matrix transpose, A is an N X N nonsingular matrix, a and c¢ are the arbitrary
nonzero vectors, and C is the unique solution of the Sylvester equation

AC + CA*=cal . (2.4)
It was also shown in Ref. 20 that if we take
A=diag(ay, a,...,ay) a=(L1,...0)7  e=(,e, ..M,
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the solution (2.2) is equivalent to

q(xt)—[ZHZ Z Z P ]/[Hi i ﬁ] PG| @)
1

=1 k=1 i1, ik=1j1, . jk+1=1 k=1 i ik =1j1se =
i< <ip j1<-e<jks <o <ig ji<--<jk
where
A A k A
----- 2 2 2
1 ) l_[l an l_[ (a —-a; ) I—[ (@), —a;,) /l—l l_](a:; +a;,), (2.6a)
v=1 uy=1 =1 pu=1v=1
u<v u<v
c 2
i(x, 1) = exp(a;x + it + B). (2.6b)

Throughout this paper, we assume that Re @,, > Oforalln=1, ..., N and @, # a,y forall n # n’ without
loss of generality.
In the simplest case of N =1, where A=a,a=1,and c= B, the solution of Eq. (2.4) is simply
=exp(B)/(a + a*). Then L(x, 1) = exp(ax + ia’t + B)/(a + a*), Lo(x, ) = exp(ax + ia’t + B) and
Eq. (2.2) yields the one-soliton solution of the NLS equation in the operator formalism as

Ix, 1)
1+ I, 0/ (a + a)|?

q(x, 1) = 2.7

with
I(x, 1) = ™D 2, ) =ax +id’t+ B.

For later reference, we also write down the general expression for the 2-soliton solution in the operator
formalism

(a1-a)? 2 (a1-a)? 2
h+b+ @ra TR 17 + @ra @i ran? Iill]

qlx,t)= (2.8)

Iy 2 hih hi; I 2 (@3l @-a )| P 1L
@j+a1)’  (@+@m) T (@ra)) | (@t@)’  (@j+a) (o] tar) (@) tan) (@ tar)

B. Soliton parameters and solution degeneracy

It is useful to relate the solution parameters appearing in the solution via the operator formalism
to those appearing in the solution via inverse scattering transform (IST).
Starting from Eq. (2.7), noting that |a* + @|* = 4Re’a, the solution can be written as

ez(x,t) .
401 = TR = Rea €™ sech [Rez(x. 1) ~ n@Rea)].  (2.99)
Rez(x,t) =Rea x — 2Realma ¢ + Re g, (2.9b)
Imz(x, 1) = Ima x + (Re’e — Im?a) 1 + Im}B. (2.9¢)

One can compare the above expression for the one-soliton solution with the classical representation,”
namely, q(x, ) = q15(x, 1; A, V, &, ¢), where
gis(, 1A, V, €, ) = A sech[A(x — 2V1 — £)] e[V A Vel (2.10)

From Eq. (2.10), it is evident that A is the solution amplitude and inverse width, V is the soliton
velocity, £ and ¢ are the initial displacement and overall phase. Comparing Egs. (2.9) and (2.10), we
get

a=A+iV, B=In(2A) — A¢ + i¢.

Or, written in another way

A=Rea, V=Ima, &=[In(Rea)-ReB]/Rea), ¢=Imp. @2.11)
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Equation (2.11) provides the desired “translation table” between the soliton parameters appearing in
the IST formalism? and the operator formalism.'® Note that ia* = V + iA is (up to a possible factor
of 2 depending on the specific scaling chosen) the discrete eigenvalue of the scattering problem for
the focusing NLS equation. Also recall that, by assumption, A, >0Vn=1,...,N.

Remark 1. One can sort the discrete eigenvalues (or equivalently the «, ) so that the corresponding
soliton velocities are in non-decreasing order:

Vi<Va<---<Vy. 2.12)

Without loss of generality, we will assume that this has been done and that Eq. (2.12) holds throughout
this work.

Definition 2. We say that a soliton velocity V; is degenerate if V; =V, for somej=1,...,N—1.
Moreover, we say the degeneracy is of order mif Vi = Vi1 = - - = Vi1 Finally, we say that a soliton
solution is degenerate if some of the soliton velocities are degenerate.

Remark 3. In the literature, the label “degenerate” is occasionally used to denote solutions of
Eq. (2.1) obtained from higher-order zeros of the analytic scattering coefficients. Importantly, such
a definition of degenerate solutions is not equivalent to the one used in this work. In the formalism of
Ref. 20, such solutions are obtained by taking A in Egs. (2.3) and (2.4) to have a non-trivial Jordan
block structure. All the solutions discussed in this work originate from scattering data with simple
zeros, corresponding to diagonal matrices A with distinct entries.

C. Relation between soliton parameters, NLS invariances and conserved quantities

Recall that soliton interactions result in position and phase shifts for solutions with non-
degenerate velocities. In order to generalize those results to degenerate solutions, it will be useful to
determine exactly how the NLS invariances affect the parameters of any arbitrary N-soliton solution.
We do so in this section.

Throughout this section, it will be convenient to write down explicitly the dependence of the
solution g(x, ) on the parameters 31, .. ., By (or equivalently &, ..., &y and ¢y, . . ., ¢n). That is, we
write

q(x,t)ZQN(x,t,ﬁl,ﬁQ,"' ,ﬁN)qu(x’t’flaé:Z"" ’é‘:N’¢1,¢2,"' ’¢N)'

We also fix the following notations for future use:

L,(x, 1) = explz,(x, 1)] (X, 1) = apx + a2t + B, (2.13a)

@ =An+ iV,  Bu=InQA,) —Aé, + i, (2.13b)

Rez, =Aux = 2A, Vot +In24A, — Ané,  Img,=Vox + (A2 = Vi + ¢, (2.13¢c)
@ij=(@i—a)f(@i+a}?,  1<ij<N,  i#j (2.13d)

with A, >0,V,, &, ¢, R, foralln=1,2,--- ,N.

A. Phase rotations

Recall that, if g(x, r) solves the NLS equation, so does ei"q(x, t) for all c € R. We next show that
the following identity holds:

egn(x,t, B —ic, By —ic,- -, By — ic) = qn(x,t, B1, B2, 5 BN Vx, 7 €R. (2.14)

To prove this identity, we first notice that el (x, 1, B —ic)=1,(x,t, B,) ¥n=1,...,N. We also note
that:

(i) Every term in the numerator of Eq. (2.5) contains a product of k + 1 terms out of {/,(x, ¢, ,8,1)}2;1

and k terms out of {/;(x, 1, ,6’,1)}5=l for k=0,...,N — 1. This means that setting 3, — B, — ic
will produce a total phase translation of e™* in the numerator.
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(i) Every term in the denominator contains a product of k terms out of {/,(x,1, ﬁ,,)}ﬁ:’:l and k
terms out of {I;(x,1, ﬂn)}g:1 for k=0,1,...,N. Thus, the product is unaffected by setting
Bn> By —ic.

Thus, changing the phase of the whole solution by c is equivalent to add c to the phase parameter
¢, of every soliton (or equivalently adding ic to each 3,).

B. Space-time translations

If g(x, 1) solves the NLS equation, so does g(x — xg, t — to) for all xg, 7o € R. We want to show
that for any choice of (xg, #g) €R?, there exist constants ﬁo, e ﬁg, such that

q(x = xo0,t =10, B1 = B, B = B3, o By = BY) =q(x.t, B, B .. BN),  Vx,tER.

First, we prove a preliminary result. From the solution representation (2.5), the following should be
obvious:

Lemma4. Ifl,(x,t, B,) = L,(x—x0, t—to, B, — BY) forall 1 <n < N andfor all x,t € R, the equality
gy (X1, Bi, .. B) = an(x — xo,1 = 1o, B1 — BV, .., By — BY) holds for all x,1 € R.

The converse of Lemma 4 is nontrivial. On the other hand, using Lemma 4, in Subsection 1 of the
Appendix we prove the main result of this section:

Theorem 5. The equality

N8 &1y S EN B BN)
ZQN(x_xo’t_t()?fl _f?’“ng _é:l(\]/’(/’l _¢(1]9"'7¢N_¢](i1)

holds for all x,t € R and for all xo, ty, «f(l), e .f[%, ¢0, e ¢R,, if
Ts=0 (2.15)

where T and s are respectively the 2N X 2(N + 1) matrix and the 2(N + 1)-component vector

X0
T= 1y -2V —-Iy Oy s o
“\V C oy Iy )’ 1 E€L
¢
Iy and Oy are the N X N identity and zero matrices, 1y =(1,.. ., 1)T,

=@ .60 o=@
V=Vi,..,V7, C=A1-Vi,. . AL - V).
Obviously, rank(7) =2N. So we have 2 independent variables among the entries of s.
Theorem 5 shows that, in general, to obtain any N-soliton solution, we can choose arbitrarily
any two among the entries of s and assign them any values, then the others will be determined

automatically. For a special case, if one performs a spatio-temporal shift by x( and 7y, respectively,
the solution of the system (2.15) reduces simply to

§=1NX()—2VI() ¢=—VX()—CI(). (2.16)
In component form, the solution of the system (2.16) is
& =xy-2Vi 1, ¢ =—Vixg — (A2 = V)1 1<j<N
! j fos : X0 y i o SJ=N.

In particular, for degenerate eigenvalues (i.e., when V; =---=V,,,,) the above formula implies that
the position shifts of the soliton parameters are the same (i.e., fj(.) == gfm).
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C. Galilean transformations

If g(x, ) is a solution, so is ei(Vox - Vg’)q(x —2Vot, t) for Vy € R. One can show that this kind of
transformation is equivalentto I, (x, t,A,, V,,) = l,(x,t,A,, V,+ Vo) foralln=1,2, .. ., N, meaning that
it changes all solitons’ velocity parameters by V simultaneously. The proof uses similar arguments
as those used in the calculations about the phase rotations, so it is omitted for brevity.

D. Scaling transformations

If g(x, t) is a solution, so is cq(cx, ¢21) for ¢ e R. The relation between this transformation and
the soliton parameters is given by the following, which is proved in Subsection 1 of the Appendix:

Lemma 6. For all ¢ > 0, the identity cq(cx, 2t A,,V,, Ens dn) =qx, t,cAn, cVy, Enlc, ) holds.

E. Conserved quantities and center of mass

It will be useful to recall some well known results? for the solutions of the NLS equation. Recall
that the total mass 7z, momentum p, and the center of mass (CoM) & of a solution of the NLS equation
are defined respectively as

(o] 00 _ 1 00
= / lgCx, OI*dx,  p=2 / Im(g’g)dx, &= / xlq(x, 1) *dx. (2.17)

The total mass and momentum are conserved quantities of the motion, namely, dimn/dt =dp/dt = 0.
For the center of mass, instead, direct calculation shows d€/dt = p/m. Therefore, we can write CoM
£ as

&)= %t + &0). (2.18)

Notice that the right hand side of this law is linear in time. Also, for pure soliton solutions, the
quantities in Eq. (2.17) assume very simple expressions: The total mass, the total momentum, and
the CoM of an N-soliton solution of the focusing NLS equation are given by

. N — _o2yN oAV,
m=2) A p=A) AVe  E0==SREER i EO). (2.19)
n=1 n=1 n=14n

Note that the result holds for arbitrary N-soliton solutions, even for solutions having degenerate
soliton velocities.

lll. SOLITON SOLUTIONS WITH FULLY DEGENERATE VELOCITIES

We begin by characterizing 2-soliton solutions with degenerate velocities. This is the first step to
analyze N-soliton solutions with at most doubly degenerate velocities, since their asymptotic behavior
is simply the sum of that of several 1-soliton solutions and degenerate 2-soliton solutions. (This result
will be provided in Section IV.). After the characterization of degenerate 2-soliton solutions, we will
move on to the discussion of N-soliton solutions with degeneracy of order N (cf. Section III C). The
results in this section will allow us to characterize the asymptotics for arbitrary N-soliton solutions.

A. Degenerate 2-soliton solutions: Polar solution form

LetN=2and V| =V, =V, A #A,. Without loss of generality we take A; < A;. In Subsection 2
of the Appendix, we show that the general expression (2.8) for the 2-soliton solution can be written
in a more convenient form

Qars(x, 1) = A(x, 1) €00, (3.1
with A(x, t) and Z(x, t) given by
2 2
Az B Al
2|A; tanh L1 (x, 1) — A tanh Ly (x, t)|”

A(x, 1) = B(x, 1) sech[P(x, )], B(x,t)= (3.2a)
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P(x,t)=1In |E(x, )| + In2B(x, 1) — ln(A% - A%), Z(x,t)=arg[=E(x,1)], (3.2b)
where
Ay —A
Ln(x, 1) =Apx — 24,Vt — Ayén + In A? - A; . n=1,2, (3.3a)
E(x, 1) = A4V 01gech L (x, 1) + Arell A2V D402l gech o (x, 1) . (3.3b)

The expression (3.1) for the solution is similar to Eq. (2.10) for the 1-soliton solution, in the sense
that A(x, t) and Z(x, 1) are both real. Note that A(x, t) and Z(x, ¢) remain finite for all x, r € R.20

In the following section, we will use Eq. (3.1) to study the long-time asymptotics of doubly
degenerate soliton solutions. Before we do so, however, it is useful to characterize the solution.

B. Degenerate 2-soliton solutions: Parameter dependence

Now we start by discussing the parameter dependence of the degenerate 2-soliton solutions. In
Subsection 3 of the Appendix we prove the following:

Theorem 7. The CoM & of a degenerate 2-soliton solution with velocity V is given by

_ 1 Al +A;
£)=2Vi + (161 + Mg+ 21 ). 34
&) AT A 161+ A6 N LA (3.4)
Let us define the separation parameter w for a degenerate 2-soliton solution as
1 1 Ay — Ay
=& — &+ £, =(—-—]1 . 3.5
w=& -6 +én §12 (A2 A1) N TA, (3.5

The solution (3.1) depends on A,,, V, ¢,,, and &, for n =1, 2. Making use of the Galilean transformation,
we let V = 0 without loss of generality for the remainder of this section. Also, by making use of the
space translation invariance (cf. Section II C), without loss of generality we take £ and &; so that
Ay — A
AL+ Ay '
By Theorem 7, this ensures that £(¢) = 0. Finally, by making use of phase rotations, we take ¢ +¢> =0
without loss of generality. Then we introduce the parameter ¢ as

A€l + A6 =21n (3.6)

¢=¢1— ¢, (3.7)
Using Eqgs. (3.5)—(3.7) and the fact that ¢; + ¢» =0, we obtain
L Azl 1. Ay-A :
="yt —mZ— g=(-1)*1g2, (3.8)

w4+ —In———,
Al +Ar A j Al +Ar
for j = 1, 2. Therefore, the shape of the above solution to the NLS equation depends only on the

four real parameters Ay, A, w, and ¢ (instead of seven). We express this by writing the degenerate
2-soliton solution with zero overall phase and zero CoM as

Gaos(x, 1w, ) = A(x, 1w, @) P00, (3.9)
with A(x, t; w, ¢) and Z(x, t; w, ¢) given by
A3 -A7
2|A1 tanh L1 (x; w) — A, tanh Ly (x; w)|’
P(x,t;w, ¢)=In|2(x, t;w, )| + In2B(x; w) — In(A3 — AT),  Z(x,t;w, ¢) =arg [E(x,;; w, )],

Ex,tw, P) = A, AT DgechL, (x; w) + Are™@29/DsechLy(x; w),

Ax,t; w, @) =B(x; w) sech[P(x, t; w, d)], Bx;w)=

where
A1Ar

L,(x; =An -1)" s
(x; w) X+ ( )A1+A2w

n=1,2.

In particular,
|Z(x, 1; w, $)|* = A2sech’L; + A3sech’L, + 24 ApsechL;sechL, cos [(A2 — Ad)t + ¢).
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Remark 8. Note that the phase difference ¢ =¢| — ¢po only determines a temporal shift of
lga2s(x, t)l and does not affect its shape. Therefore, the shape of degenerate 2-soliton solutions
of the NLS equation is only determined by 3 real parameters: the soliton amplitudes A, and A, and
the additional separation parameter w.

Figure 1 shows 9 soliton solutions with different choices of soliton parameters. Recall that without
loss of generality we have taken V = 0 (which can always be done via a Galilean transformation).
Note that the spatial and temporal windows differ from one column to another.

We now further examine the temporal dependence of the degenerate solution (3.9). First, we give
the following lemma, which is proved in Subsection 3 of the Appendix:

Lemma 9. The following properties hold for the solution (3.9):
(1)  lgaos(x, H)l is a periodic function of t, with period
T =2m/(A5 - A}). (3.10)
(ii) For any fixed x, there are exactly two critical points for |qg24l in each time period:
n=-¢/(A7-A3) modT, h=(n—¢)/(Al - A3) mod T.

We should point out that Eq. (3.10) was first obtained in Ref. 17. Note that the solution g,o(x, )
with arbitrary parameters is not always periodic in time (cf. the discussion following Theorem 11).

FIG. 1. The absolute values of nine degenerate 2-soliton solutions with different solution parameters and zero velocities. The
left column: A| =1 and A, = 2. The center column: A; = 1 and A, = 1.1. The right column: A} = 1 and A = 1.01. The top
row: w = 1, ¢ =0. The center row: w = 0.2, ¢ =0. The bottom row: w = 0.2, ¢ = r/2. This figure shows how the parameters
affect the shape of the solution. It is easy to see that the period increases as the difference IA| — A,| decreases as shown in Eq.
(3.10) (Notice the different time windows in three columns.). The separation of the two peaks changes in one solution as w
changes (Notice the difference between the first two rows). Also, the parameter ¢ only determines a temporal shift.
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The first results in Lemma 9 are illustrated in Fig. 1. In light of these considerations, we can restrict
our attention to one time period.

The top row of Fig. 2 shows the contour plots of the absolute value of two degenerate 2-soliton
solutions. The red line and blue line indicate the two critical points, while the black line corresponds
to a generic value of time. The bottom row of Fig. 2 then shows the profile of lg;24(x, t)! for the
same two solutions at those values of time. From Fig. 2, one can also observe that: (i) When ¢ = f|
+ nT for neZ, the 2 peaks of the solution are furthest apart; (ii)) When ¢ = t, + nT for n€ Z, the
2 peaks are closest to each other (or, in extreme cases as in Fig. 2(right), they merge into a single
peak).

We now discuss the spatial locations of the peaks in a degenerate 2-soliton solution. Interestingly,
it is easy to show that the family of degenerate 2-soliton solutions of the NLS equation possesses an
extra symmetry

qazs(x, t; w, ) = qans(—x, 15 —w, ¢), Yw e R. (3.11)

This shows that we only need to consider the case w > 0. One should notice that, for general values
of w # 0, the two solutions appearing on either side of Eq. (3.11) are different but are mirror images
with each other with respect to x = 0 for any fixed time ¢ (cf. Fig. 3 left and right).

In the special case w = 0, the two solutions in Eq. (3.11) coincide. Thus this special solution is
even. In fact, the two peaks merge into one at certain values of time (cf. Fig. 3 center). One can also
easily show that the condition w = 0 is not only sufficient in order for the solution to be even but also
necessary. To see this, recall that, when w = 0, the function tanh L, (x, #) is odd with respect to x for
n =1, 2 and sechL,(x, t) is even with respect to x for n = 1, 2. Thus by inspecting solution (3.1), one
can show the expected result.

We now discuss the opposite case to that of an even solution, namely, the limit as w — co. We
will show that as w — oo (i.e., |£] — &>| — oo from Eq. (3.5)): (i) the degenerate 2-soliton solution can
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FIG. 2. Contour plots (top) and spatial profiles (bottom) of the absolute values of two degenerate 2-soliton solutions with
V =0. The leftcolumn: A} =1,A> =2, w=-1/21n3 and ¢ = 0. The right column: A symmetric solution [see text for details]
centered at the origin with A =1,A, = 1.1, w =0 and ¢ = 0. Colored lines correspond to different values of time: 7 =¢; (blue),
t= %tl + %12 (black) and ¢ = 1, (red). The bottom plots show the solution profiles at the corresponding values of time.
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FIG. 3. The absolute values of three degenerate 2-soliton solutions with V = 0 and same amplitude and phase parameters
(A1 =1, Ay =2 and ¢ =0), but different values of w, illustrating that symmetry (3.11). Left: w = —1. Center: w = 0. Right:
w = 1. The center solution is self-symmetric, while the solution on the left and the one on the right are mirror images of each
other with respect to the line x = 0.

be regarded as a sum of two 1-soliton solutions. (This statement is similar to the results of long-time
asymptotics of the non-degenerate 2-soliton solutions. Since in the latter case, as one takes t — +co
the two peaks get far away from each other, and the whole solution can be seen as a sum of two
1-soliton solutions.), (ii) the separation between 2 peaks is of order w.

Theorem 10. As w — oo, the solution q424(x, t) can be written as a sum of two 1-soliton solutions,

des(x’ t) = ql(-x7 t) + CIZ(X, t) + 0(1)7

with each soliton given by (n = 1,2)

Gn(x, 1) = Aysech [A, (x — x,)] e+ x,

_ (—1)”“( AiA

Al +Ar
+1 )
A g

3.12
A] +A2w Az—Al ( )

The proof of the above theorem is in Subsection 3 of the Appendix. From Eq. (3.12) it is easy to see
that the separation between two solitons, which is simply the difference between the displacements
of each soliton, is given by

| | N ( N 1 ) ! Al +Ar
x1—x|=w+|—+—|In——.

b Al Ay Ar-Ay
Notice that in the limit, the value of w itself is the separation between the two peaks. This is why we
called w the separation parameter.

C. Fully degenerate N-soliton solutions

We now generalize our characterization of 2-soliton solutions to N-soliton solutions with N
degenerate velocities (N > 3), i.e., Vi =---=Vy=V. We assume that A} <A, <---<Ay. We can
always do this by relabeling. The following two results concern the time dependence and the spatial
behavior of such solutions, respectively:

Theorem 11. Let g(x,t) be a fully degenerate N-soliton solution of the NLS equation. If the
squared soliton amplitudes Aj2 and the squared velocity V? are all commensurate, namely, if

Vi=cmg,  Ai=cmj,  j=1,...,N, (3.13)

for some constant ¢ >0, withm; €N for j=0, ..., N, the solution q(x + 2Vt, t) is periodic in time.

Several remarks are in order: (i) Even with Eq. (3.13) satisfied, the critical points in time of the
resulting periodic N-soliton solutions do not have simple expressions. (ii) The proof also holds for
the case N =2, meaning that degenerate 2-soliton solutions are not necessarily periodic, even though
their modulus are. (iii) Note that the condition in Theorem 11 is only a sufficient one. (iv) At the
same time, it is easy to find fully degenerate N-soliton solutions which are not periodic, not even in
modulus. For example, such a non-periodic solution can be obtained by taking A; = 1, Ay = 2, and
A3 =TT.
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e
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FIG. 4. Contour plots of the absolute values of one 3-soliton solution (left) and one 5-soliton solution (right). The red lines
denote integer multiples of the temporal period, while the blue vertical lines indicate the center of mass. Left: A; = j and
Vi=&=¢;=0, for j = 1, 2, 3, resulting in a temporal period of 2. Right: A; = 1 + (j — 1)/2 and V; =&;=¢; =0, for
j=1,...,5, resulting in a temporal period of 8x.

Theorem 12. The CoM & of a fully degenerate N-soliton solution is given by

N

- 1 Ay +Aj

E1)=2Vi + ( A +2 In —)
Zj]ilAj JZ 1Ssz<]:szv lAs — Al

The proofs of both theorems are in Subsection 4 of the Appendix. Two periodic solutions are shown
in Fig. 4 where the red lines separate different periods and the blue lines indicate the CoM of each
solution.

IV. LONG-TIME ASYMPTOTICS FOR SOLITON SOLUTIONS WITH ARBITRARY
VELOCITIES

‘We now use a similar approach to the one used in Refs. 5, 9, and 21 to characterize the long-time
asymptotics of general soliton solutions of the NLS equation. We first introduce the approach in a
simpler setting. Namely, in Section IV A we begin to discuss the case of non-degenerate solutions.
(Of course all the results of Section IV A are well-known.) Then we move on to degenerate N-soliton
solutions in Sections IV B and IV C. We will use the following:

Definition 13. Let M < N be the number of soliton groups in the solution, i.e., the number of
distinct soliton velocities among Vi, . . ., Vy. Also, let d,, be the degree of degeneracy of each soliton
group, namely, the total number of eigenvalues with identical velocities. Finally, let n,, be the index
of the first eigenvalue in the m-th soliton group.

According to Def. 13, the distinct velocities are identified by the set {V},, },,,=1.... as- The mth soliton
group moves as a whole with velocity V,, . That is, the soliton velocities are labeled as

V}’l[:"': n1+d1—l<Vn2="'= n2+d2—l<"'<VnM="'= ny+dy—1s

where n; =1, nyy +dy — 1 =N, and A, # A1y for s #s’. Note that the d,,’s satisfy the relation
di +---+dy =N. It is convenient to separate the solitons (or soliton groups if they are degenerate)
into 2 sets, corresponding to non-degenerate and degenerate velocities. Namely, with some abuse of
terminology, we will refer to the eigenvalue and velocity of a soliton as degenerate, if the soliton
belongs to a group with d,, > 1, and non-degenerate otherwise. The solitons (or soliton groups) in
each set are labeled, respectively, by the index sets S| = {n,ld,, = 1} and S, = {n,, | d, > 1}. In other
words, the set S| contains the indices of all non-degenerate solitons and set S, those of all degenerate
soliton groups. (For example, for a 5-soliton solution with V; =V, < V3 = V4 < Vs, there are 3 soliton
groups, withdy; =dp =2,d3z =1,n1 =1, ny =3, and n3 = 5. The distinct velocities are V,V3 and V5.
The index sets are S| = {5}, and S» = {1,3}.)
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A. Long-time asymptotics for non-degenerate soliton solutions

We first compute the long-time asymptotics for a 2-soliton solution (2.8) with non-degenerate
velocities. Let x = 2Vt + y where V and y are the arbitrary real parameters. Then for the function
[;(x, t) defined in Eq. (2.6b) we have

2Vt +y, D)l =exp [24;(V - V)t + Ajy + In4) - Ai&] . j=1,2,
implying
_ (oo, V£V, .
|Vt +y,0)| = {exp(Ajy +InQA) - Ajg), V =V, t—+00 j=1,2. 4.1)
Using the above expression, in Subsection 5 of the Appendix we prove the following:
Theorem 14. Ast — +oowithx =2Vt + yandy = O(1), forj = 1,2,
g, 1) = A ATV ech[A (v - 2Vt - €] +o(1), 1> oo, (4.22)
where the constants ¢Jf—' and g—‘ji are given in terms of the soliton parameters as
& “ 2 ¢7 245(Vy = Va)
1= - - 1] = -
(51_)_ gl—iln(Al A"+ (Vi = Vo) |, (qﬁf)_ 61 + 2arctan — i 1-V2 .
Al (A + A%+ (VI = V)? A=A+ (V1= V)
(4.2b)
RY ERTAY 2A{(V, =V
& & — 1 In @A A + (Vi - Vo) ¢} ¢ + 2 arctan > 12( 2 D 5
2= A AL+ AP+ (V=) | == AS-AT+ (V2= V)
?‘;:2 ¢2
& ¢2
(4.2¢)

Theorem 14 implies that the whole solution can be written asymptotically as

2
450 = ) quE AL VLE D) Ho(l), 1 koo,
j=1

where g5 was defined in Eq. (2.10). The interaction-induced soliton asymptotic positions £} and &5
are shown in Fig. 5 (left). Next we generalize the above results to arbitrary soliton solutions with
non-degenerate velocities.

Theorem 15. For any non-degenerate N-soliton solution q(x,t), the following asymptotic
behaviors hold:

N
qe,1)= " Aysech [A,(x = 2Vyt — £5)] el @iVl o o(1),

n=1

where & and ¢ are defined as

N 2 2
1 A, —A V.=V
5; :fn _ A_ Z In ( n s)2 + ( n 3)2’ (4'33)
ns—n+1 (An +As) + (Vn - Vs)
ul 2A4(Vy — Vi)
T=g +2 arctan LAREL L , 4.3b
G0 = b Zl JrR T (4.3b)
n—1 2 2
1 An _AY n— Vs
§I=é~‘n——zln( ) ¥ (Vo = Vi) (4.3¢)

A" s=1 (An +As)2 + (Vn - Vs)2 ’
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FIG. 5. Contour plot of the absolute values of three non-degenerate soliton solutions, together with straight lines (in red
or blue) denoting the asymptotic position of the center of mass of each soliton before and after the interaction. The left: A
2-soliton solution with parameters A} = 1,4, =2,V =0,V =1,&=In2 -1, & =In2, and ¢; = ¢, =0, The center: A
3-soliton solution with A1 =1.8,A2 =2,A3 =23,V =-1,V,=0,V3=1,&=10,£& =0, & =10, and ¢| = ¢ =3 =0.
The right: A 5-soliton solution with parameters: A} =A3 =As=1,Ap =1.1,A4 =12,V =-0.1, V, =-0.05, V3 =0, V4 =

0.05,V5=0.1,& =1In2,& =-2.01049, & =1n2 -1, &4, =-0.103776, &5 =In2 -1, ;=0 forj=1,. . .,4 and ¢5 = —6. One
can clearly see the position shifts of each soliton in one soliton solution after the interactions.
n—1
244V, =V
b =y +2 Z arctan — 52( n = Vs) 5 (4.3d)
s=1 An - As +(Va—Vs)

Note that if n = N or n = 1, the sum Z]SV: . 11 appeared in Theorem 15 is defined as zero

respectively. The proof is in Subsection 5 of the Appendix. The position shifts resulting from a
3-soliton interaction or a 5-soliton interaction are shown in Fig. 5 center or right respectively.

or "~

B. Long-time asymptotics for N-soliton solutions with at most double degeneracy

We are now ready to discuss the long-time asymptotics of degenerate solutions. We begin by
calculating the long-time asymptotics of an N-soliton solution (for NV > 2) that includes components
with doubly degenerate velocities. As before, we assume that the soliton velocities are ordered
according to Eq. (2.12). We will use the same notation as in Def. 13. Thus, in this section we have
dynef{l,2} forallm=1,...,M. In Subsection 6 of the Appendix we prove the following:

Theorem 16. The asymptotics of q(x, t) are given by

gr.n= Y Ay,sech [Ay, (v =2V, 1 - &5 )] e/l @ Vi i,

n, €Sy

+ DAL T 1 o(l), 1o o, (44)

ny €Sy

uniformly with respect to x, where the asymptotic parameters of the non-degenerate solitons are

f_ —f 1 i n (Anm _Aj)2 + (Vnm - VJ)2
m - Shm 5
" Any (A (A, + A7+ (Vy, = V)
§+ _é\: _ 1 "2 n (Anm _A])2 + (Vnm - ‘/])2
T A S (A, + A+ (V, = V)
N

by, = On,, +2 Z arctan

J=nm+1

ny—1

¢ = bn, +2 Z arctan
J=1

24V, = V)
A, = A+ (Vy, = V)

24/(Va, = V)
AR, = AT+ (Vy, = VP
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while those of the degenerate soliton groups are
A7, - A,

n,,,+1|

2|A,,, tanh Ly (x,1) = Ay, 41 tanh L (x,0)]

A% (x.1)=BE (x.nsech [PE (x.n)],  BE (x.1)=

PE (x,0)=In|EL (x,0)| +In2B% (x,1) —In|A; —A2 b Zy (x,0)=arg[Ex (x,1)],
£ (0 1) = Ay, e DsechLE (x,1) + Ay, e & YsechL? | (x.0),

where, for s =ny, n, + 1,

B 2A/(Vs = V)
— 2 _y2 Vs 1
Imz; (x,t)=Vax + (A; = V)t + ¢ +2 ,zngmu arctan 2 A12 Vo V1)2 R
! 2A/(V, = V)

2 _y2
Imz; (x,1)=Vex + (A = VOt + ¢s + 2 Z arctan 2

L — A2+ (V= V)

A, —A As— A V-V,
L (e, = A = 2Vt = £) + In o) p e Z A+ 02 Vi)
nm+Anm+1 e (A +A) + (Vs = V)
ny,—1
—Ap,+1| X Ay, =AY + (V- V))?
LI(x, 1) =Ag(x — 2Vt — &) + In | T In
s ' T An,,,+Anm+1 HAHA V-V

Corollary 17. As t — xoo, the CoM of the ny,-th 2-soliton group is given by:
Anm+1 + Anm

Er =2V, t+ e
thm Anm+l - Anm

)+0(1).

Im (Anmf:in + Anm+1§}i,+l +21In
As an example, Fig. 6 illustrates the asymptotic behavior of the center of mass for each soliton
group for various multi-soliton solutions with double degeneracy before and after the interaction,
confirming the results of Theorem 16. Note that the period of a degenerate 2-soliton group remains
the same before and after the interaction.
The total position shift for any soliton with a non-degenerate velocity is
N

1 / An = A+ (V,, — Vy)?
-’.:n_.f’;m:_z (—1)""‘ln( N s) (nm s)

Ay, S Ay, +As)? + (V,, = Vy)?
where the prime indicates that the term s = n,, is omitted, and oy =1 fors=1,...,n,—1and s =0 for
S =MHp+1, - .., N. This formula agrees with the usual expression obtained for non-degenerate solutions.

A similar result is found for the phase shift. Therefore, the interactions of a non-degenerate soliton
are unaffected by whether the other solitons velocities are degenerate.

A similar result also holds for the position shift for a degenerate soliton group, except that the
other eigenvalues in the same group are also excluded from the summation. The expressions for f,;—'m
are determined in Eq. (A8). Therefore the total position shift for the mth degenerate soliton group is

1

Zl Ay = A + (V,,, = Vi)?
(Apys1 + A + (V= VP

1 N
gt _ g - ” _1 O"J
gn”l é:nm Anm +Anm+1 ;zl ( )

where the double primes indicate that the terms s = n,, n, + 1 are omitted, and o;=1 for
s=1,..,n,—1,0;,=0fors=n,+2,...,N.By using the definition (3.5) of the separation parameter
w, we are able to calculate its asymptotic values w;, as t — +oo for each degenerate 2-soliton group

=0

1 =1 2 2
1y A s — A+ (Vi — Vi
Wy =Wy, — E i‘ ) In (A1 )2 W, = Vs )2 (4.52)
0 Amnts G (Apas A"+ Vi, = Vi)
1y Anpis — Ay + (Vy,, = Vi)
Wn,, = § (bl In ryrs ~Av)”+ Vi, = V) (4.5b)

2 2"
=0 "m‘H §'=ny+2 (Anm+v +A ) + (Vn - Vx’)
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FIG. 6. Contour plots of the absolute values of soliton solutions of the focusing NLS equation with double degeneracy,
together with straight lines (in red) denoting the asymptotic behavior of the CoM of each soliton group before and after
the interaction. Left: A degenerate 3-soliton solution with A} =1, A, = 1.1, A3 =2,V =V, =0,V3 =1, & =-In2l,
&= —% In21,& =In2-1/2, ¢ = ¢p2 = p3 =0. Center: Same for a degenerate 3-soliton solution withA; =1,4, =3,A3 =1,
Vi=Vy=0,V3=05,&=£&=In2, =4 =1In6/3, and ¢1 = ¢ = ¢3 =0. Each of these solutions has two soliton groups,
one of which is degenerate. Right: Same for a degenerate 5-soliton solution with A} = A3 =As5 =1,A, = 1.1, A4 = 1.2,V
=Vy=0,V3=V4=0.15V5=03,4 =-3.04452, & =-2.76775,&=In2 — 1, £, =-0.103776, £&5=1n2 - 1, ¢; =0 for
1 <j <4 and ¢s = —6. In this case the solution has three soliton groups, two of which are degenerate. These graphs show that
the soliton group in each soliton solution may change its shape, i.e., w changes, after the interactions. This is an essential
difference between the degenerate soliton solutions and normal soliton solutions. In the latter solutions, each soliton remains
its shape after interactions (only temporal and position shifts happens).

We therefore see that, for each 2-soliton group, the separation parameter is affected by the interaction
with all other solitons or soliton groups. In other words, the soliton interactions change not only the
overall phase and position of a degenerate two-soliton group but also its shape. This result clearly
differs from the case of non-degenerate solitons, since in that case the shape of any solitons is fully
determined by their amplitudes and velocities, which are invariant under soliton-interactions.

C. Long-time asymptotics for N-soliton solutions with arbitrary degeneracy

We are finally ready to discuss the asymptotics of general N-soliton solutions with arbitrary
degeneracy. We will again use the same notation as in Def. 13. Using this setup, in Subsection 7
of the Appendix we prove the main result of this paper, which generalizes Theorem 16 to arbitrary
simple pole soliton solutions of the focusing NLS equation:

Theorem 18. Let g(x,t) be an N-soliton solution of the focusing NLS equation with arbitrary
degeneracy. The long-time asymptotic behavior of the solution is given by

M
qr.0= ) gulen+o(l), 1 e, (4.6)
m=1
where q,(x,t) is a solution defined as in Eq. (2.5) describing a d,,-soliton group with degree
of degeneracy dy, soliton amplitudes A, .s, velocity V,, and parameters &; .. ¢ .o for
s=0,1,...,n, + dy — 1. The asymptotic parameters are given by

1 N

Enpts = Enpts — A s

1y At — Ay + (V, = Vo)?
(Anis + AP + (V= V)2

s’ =ny,+d,
Prpts = Prprs +2 i arctan 245 WV, = Vo)
Ny+s — Yhmts P 2 P
s’ =Ny +dy Anm"“Y - AS' + (Vnm - VS/)

1 o s = A + (Vi = Vo)’
Anes S0 (Apyas + AP + (Vy, = Vi)?

é:;m+s = g”m"'s -

ny—1
N 2As’(vn - Vs’)
Gy s =Pnes +2 ) arctan n
e ; Arzlmﬂ“ - A?' + (Vnm - Vs’)2
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FIG. 7. Contour plots of the absolute values of soliton solutions of the focusing NLS equation with higher degeneracy, together
with straight lines (in red) denoting the asymptotic behavior of the CoM of each soliton group before and after the interaction.
Left: A 5-soliton solution with degrees of degeneracy {2,3}, obtained for A} = 1, Ay = 1.1, A3 =1, A4 = 1.2, As = 1.4, V,
=Vy=-0.1,V3=V4=V5=0.15, & =-3.04452, & =-2.76775, &3 =—1, &4 =0 and & =2. Center: A 5-soliton solution
with degrees of degeneracy {1,4}, obtained for A} =1, A =1.1,A3=1,A4=12,A5 =14,V =-0.1,V,=V3=V4 = V5
=0.15, & =1, &=2,&=—1, & =0 and & =2. Right: A 7-soliton solution with degrees of degeneracy {2,2,3}, obtained
forAj=1,A2=1.1,A3=1,A4=12,A5=1,A6=1.1,A7=12,V; =V, =-0.1, V3=V, =0,V5=Vs=V7=0.15, & =1,
& =3,&=-1,£&,=0and & = & = & =2. All phase parameters ¢; are zeros in all of these solutions.

If the degenerate N-soliton solution contains some degenerate 2-soliton groups, a result of the asymp-
totic separation parameter w* of the 2-soliton groups will be obtained from the above theorem. It
turns out that the formulas are exactly the same as Eq. (4.5).

From Theorem 18 we have immediately:

Corollary 19. As t — xo0, the CoM of the m-th soliton group q=(x,t) is given by

M +dy— A +A
By =2Vt + ( > Asgs w2y mer )+0(1). @7
S=Nyy A S=Ny Ny <8<’ <Ny +dm—1 § s

(If d,, = 1, Eq. (4.7) simply yields &£ =2V, t + ££.) The shapes of any d,,-soliton groups will also
be changed by the interactions similar to the situation discussed in Section IV B, which is different
from the situation for non-degenerate solitons. Figure 7 illustrates the above results by showing three
degenerate soliton solutions with degree of degeneracy larger than two. As in Fig. 6, the red lines
indicate the CoM of each soliton group before and after the interactions. Importantly, from Theorem
18 we also have the following:

Theorem 20. For any N-soliton simple-pole solution of the NLS equation, the soliton shifts (i.e.,
the position shifts and the phase shifts) are independent of the collision order, no matter how high
the degree of degeneracy is.

The equivalent result of Theorem 20 for non-degenerate solutions was of course well-known and
follows from the formula (4.3) for the position and phase shifts.

V. CONCLUSIONS

We characterized the long time behavior of simple-pole N-soliton solutions of the focusing
NLS equation with arbitrary degeneracy in the soliton velocities. We first considered two-soliton
solutions with degenerate velocities (V; = V»); we expressed such solutions in a convenient polar
form, and we showed that such kind of solutions is completely determined (up to phase rotations,
spatio-temporal translations, and Galilean invariance) by four real parameters: the soliton amplitudes
A1 and A;, the “shape parameter” w, and a temporal offset ¢. We then characterized various aspects
of these solutions, including the behavior of the center of mass, the modulus of the solutions period
and critical points in time, mirror solutions, and special symmetric two-soliton solutions. We also
proved that the degenerate 2-soliton solutions decomposes into a sum of two 1-soliton solutions if the
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separation between the two peaks is large, which is a similar result to the one of long-time asymptotics
of non-degenerate 2-soliton solutions. We then considered N-soliton solutions with full degeneracy,
i.e., Vi =-.-=Vy, and we gave an exact formula for the center of mass of such solutions and gave
the conditions for periodicity.

We next considered the long-time asymptotics of N-soliton solutions with double degeneracy
and that of N-soliton solutions with arbitrary degeneracy respectively. In both cases, we obtained
exact formulae for the position and phase shifts for each soliton group (i.e., each portion of the
solution arising from eigenvalues with a degenerate velocity) and each soliton (i.e., each portion of
the solution arising from eigenvalues with a non-degenerate velocity) as t — *oo.

Importantly, we also showed that the shape parameter w of degenerate 2-soliton groups is affected
by the soliton interactions, implying that 2-soliton groups change their shapes as a result of their
interactions with other solitons or other soliton groups. We determined exactly the change of the
separation parameter w for 2-soliton groups in an arbitrary N-soliton solution.

Two questions arise from the above discussion: (i) How many independent shape parame-
ters determine the shape of a degenerate d-soliton group with d >37? (ii) How are the values
of these parameters affected by the interactions? A reasonable guess regarding the first ques-
tion is that one needs total 3d — 2 parameters to characterize a d-soliton group. However we
could not prove this result at the present time, and therefore we leave these questions for future
work.

We should point out that generically speaking, soliton solutions with degenerate velocities are
unlikely to be robust under random perturbations, since arbitrary perturbations are likely to cause
small changes in all of the soliton parameters (including the discrete eigenvalues) and thereby break
the degeneracy among the soliton velocities. Nonetheless, special classes of perturbations may exist
that preserve the soliton degeneracy. Whether such a class indeed exists, and whether it can be
characterized, is a further interesting question.

It would also be interesting to see whether the results of this work can be combined with those
of Refs. 20 and 23 to generalize them to multi-pole solutions of the focusing NLS equation. One
possible way to do so could be to consider a suitable limit of a degenerate soliton solution to the
case in which some or all of the amplitudes also coincide, which produces a multi-pole solution.
We suspect, however, that, as in the case of non-degenerate solutions, such limiting procedures
would be prohibitively complicated except in the simplest of cases, and that a more fruitful approach
would be to start from the beginning with a non-trivial Jordan block structure for the matrix A in the
formalism of Ref. 20 in the case in which some of the soliton parameters @; have the same imaginary
part.
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APPENDIX: PROOFS

In this appendix, we give the proofs of the results presented in the main text. We will take the
principal branch of the complex logarithm, mapping following identities, which will be used in some
of the calculations

(A; = AD* +(V; = V))?
(Ai +A) + (Vi = V)P
2A;(V;i = V)

A? - A+ (Vi - V)2

RelnaiJ=1n|aiJ|=ln

ImIn«;;=arga;; =2 arctan

with a;; as in Eq. (2.13d).
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1. NLS invariances and soliton parameters

Proof of Theorem 5. By Lemma 4, it is sufficient to require the following identity to hold, (Recall
that [, is defined in Eq. (2.13b).):

a,(x —xp) + ia',%(t — o)+ Bn — ﬂg =@,x + ia,zlt + Bn + 2ik,m, Vi<n<N,k,eZ.

After separating the real and imaginary parts, a system of 2N linear equations in the 2N + 2 unknowns
(i.e., xo, to, &1, - - -, €N, and @1, . . ., @) is obtained as

Anxo — 24, Vato + Re 2 =0, Voxo + (A2 = VIi1o + Imp° =2k,  k,€Z.
Writing the system in terms of £0 and ¢!, where 80 = —A,£0 + i¢?, we have
X0 — 2Vto — €2 =0, Vixo + (A2 = VDitg + ¢0 =2k, ky€Z.

Since that V,,xg + (A% - Vnz)to + ¢2 only appears in the exponential function exp[i(V,xo + (A% - V,%)to
+¢9)], we choose k,, = 0 for simplicity and write this system in matrix form as follows:

Ts=0,
where s and T are defined in Eq. (2.15). O
Proof of Lemma 6. The solution cq(cx, c*t) is
N o

z cli(ex, ) + z z Y cp (it ) (ex.c?o)

J=1 k=L it ik =115 fis1 =1 T
i<< < <Jis

cq(cx, Czt) — = 1 ik 1 Jk+1 )

1+ X Z p(;‘ """ ’)(cxczt)
k=1ip,....ig=1]j1,.-- k=1
<o <ig ji<--<jk

k A k A kA
il,- _ * ® kN2 . 2
pGt) =L o | @ -l [ ] @, -/ [] ] [, +e0?].
u=1 v=1 uy=1 ny=1 pn=1v=1
Hu<v H<v

li(x, 1) = exp(ajcx + ia/jzct +B)).

e AL 2 P AR TN 2 ~ (i1,
Now, there are three parts we need to examine: clj(cx, ¢°t), cp Q]’"_Jm) (ex,c°t), and p (il,...,/‘k)

(cx, c*t).
(i) For clj(cx, c2t), we can rewrite it as clj(cx, ¢*t) = exp[(ca;)x + i(ca;)*t + B; + In c]. Notice that
ca;j =cAj +icVj, Bi +Inc=In2cA; — cAj(&j/c) + ig; .
Therefore cl;(cx, 2, Ap V&L d) =i, t, cAj, eV, &ife, ¢)), forj=1,2,. . .,N

(ii)  For the part cp (I” """ ik ) (cx, 1),

k1
k+1 k+1 k  k+1
~~~~~ *
(it e o=l 16 [To [T, - [T, 0?1 o +o0?
v=1 uy=1 uy=1 pu=1v=
u<v u<v
k k+1 k k+1 k k+1
_ * . ® o *\2 2 2
_l_[diu clj, 1_[ (caiﬂ ca; ) l_[ (caj, —caj,) / nn(ca/ +caj,) ]
pu=1 v=1 py=1 py=1 pu=1v=
U<V U<V

Thus by using the result from the case (i), we know that in the parts cll’f‘# and cl;,, ¢ can be absorbed
into the [{ and [;, respectively. Therefore, the following identity holds:
i

cp (103 ) (ex, 2t A, Vi £0) =P (0755 ) (1, cAwy iy £ €)

(iii) Lastly let us consider the term p (j:;: ) (cx, ¢21),
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k k
Pl (ex. = ﬂl*]_[lvl_[(a ~a )2]_[(a, ~a, [ ] ], +e)?]

v=1 uv=1 uyv=1 u=1v=1
H<v u<v
k k k k k k
_ * . * 2 _
= 1_[ cliy 1—[ clj, l_[ (cal-# caiv) l_[ (caj# cajv 1_[ l_[(ca + caj,) ] .
u=1 v=1 =1 uyv=1 u=1v=1
u<v U<V

B (i) (ex, 2, A, Vi &) = (17 ’k)(xrcAn,cvn,fn/o

The proof is therefore completed. O

2. Simplified expression for doubly-degenerate soliton solutions

In this case V| = V3, the general expression (2.8) for the 2-soliton solution reduces to

(A1 —A)? 2 (A1 —Ay)* 2
Lh+h+ AT AT 117 + A2, A i1l

2 Fh+01 2 _A A !
14 Il 4o%hh b1 (A1-Ar) 1112102

qazs(x, 1) =

442 T (Aj+Ar) T 4AZ T 16A2AZ(A +Ap)

First we perform the following change of variables:

1 1
_ b _ e(z‘”””’ T (l_l)2 [42 _ e A2
‘VA[AZ A1A2 lz Al Al

where ljl/ = exp (Zj / 2) (cf. Eq. (2.6b)), so that
I, =A,ST, L =A,S/T.

We can then rewrite the solution as follows:

AL ST + AyS)T + 224142 o207 | AvAIZAY)? g2 /s

4(A+A)? 4(A1+A)?
Ga2s(, 1) = 11972 TYT+T/T* g2, 11812 4 (A=An* g4
R LU S12 4 Witdy) g
L+ ISTP + A1 TS + 41512 + (822 S|

After dividing every term in the fraction by ISI?, denoting A = (A> — A1)/[2(A| + Az)] and noticing
that S/T* = eReaa+imai /4, g7 = gReai+ilmzz 14| “the solution reduces to

AjAe™z1 cosh Ly + AyAe™22 cosh L
A2 cosh(L; + Ly) + % cosh(L — L) + (3 — A?) cos(Imz; — Imz,)
3 AjAe™2igechl + AyAe™2gechl,
(A2 + D+ (A2 - Hytanh Ly tanh L, + (3 — A?) cos(Imz; — Imzy)sechL;sechL, |

qazs(x,1) =

(AD)

One should notice that the last term in the denominator can be written as

(% - Az) cos(Imz; — Imzp)sechLsechl,

3 1

241 + 4y
Plugging this into the denominator of Eq. (A1), it reduces to

4 . 2
(|Ale’lmz‘ sechL; + A,em? sechL2| + A%tanthl + A%tanthg - A% - A%) .

(A2 + 4—11) + (A2 - %) tanh L tanh L, + (% - A2> cos(Imz; — Imzp)sechL sechl;

(A tanh L, — A, tanh L,)* + |Aje™ 1 sechL; + Apem? sechL2|2 .

T 2(A; +Ar)? 2(A1 + Ar)?
After combining all the parts, the solution g 4(x, ) is
Aje™igechl + Are™2gechl,
(A tanh Ly — A, tanh L»)? + |Aje™21sechL| + Ajeilmasechl,|?

qars(x, 1) = (A3 — AD)
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Finally, by rearranging terms in the above expression, one obtains the expression (3.1) for the solution,
with A(x, 1), P(x, t), and Z(x, t) defined in Eq. (3.2).

3. Degenerate 2-soliton solutions

Proof of Theorem 7. First, let g(x, t) be a degenerate solution with soliton parameters A < A»,
V1 =V,=0, and &, ¢; given for j = 1, 2. Let ¢’(x, ¢) be another, non-degenerate 2-soliton solution
with soliton parameters Ajf =Aj, fj’ =§j, ¢]’, = ¢, Vl’ =—1/n, and Vé =A/(nA,),forj=1,2and n e N.
In other words, all the parameters of solution ¢’ are the same as those of g except for the soliton
velocities, which are nonzero. (Primes do not denote differentiation here.)

From Eq. (2.19), both g and ¢’ have zero momentum, so by Eq. (2.18) their CoMs (£ and &’,
respectively) are constant in time. Therefore, one can evaluate their CoMs at special values of time:
t — oo and ¢ = 0. We will first compute £’, and then show that £ = lim,,_,«, &’.

Since ¢’ is a non-degenerate solution, the well-known result about the asymptotics of non-
degenerate N-soliton solutions (see Theorem 15) applies

q'(x, 1) =q1(x, 1) + g5(x, 1) + o(1), 1 — oo,

where, for j =1, 2, q]f(x, 1) is a 1-soliton solution with soliton parameters A;, V;, (fj')+, and (¢]f)+.
Therefore as t — oo, the solution ¢’ can be regarded as a well-separated 2-body system with 2 solitons
placed at Ej’ with masses 2A; for j = 1, 2, where (¢7)" and (£5)* are given by

I (A=A + (V] - V3
N\t = Nt = - _1 )
E)=a (@) =a-n (AL +A)* + (V] = V3)?

The centers of mass for q; and qé, computed using definition (2.17), are fj’ = 2Vj’t + (g—‘j’)ij =1,2.
One concludes that CoM for this solution ¢’ is

Er) = 2A1E] + 2458 _AE +HAS 1 | (A =A% +(1 + %)z/nz

= - n .
241 +24; A+ Ay Al+Ar A +A)?+(+ 2‘—;)2/112

(Alternatively, one can compute lim;_,., &(¢) directly from the definition (2.17), by using the fact
that g{ (x, 1)g}(x, t) = o(1) as t — oo for all x e R.)
To obtain the CoM &(¢) of g(x, 1), we consider the difference between the two centers of mass,

which is proportional to
-W W 00
s(/ +/ +/)|x|-||q'(x,0>|2—|q<x,0)|2|dx.
—00 -w w

Itis easy to show using Eq. (2.5) that xlg’(x, 0)I? and xlg(x, 0)I* are both O (x exp(~2A1 |x|)) as x — oo
(recall that Ay <Aj). Notice that this estimate is independent of both soliton velocities V; and V]f .
Thus, for any given € > 0, there exists large enough W > 0 such that the first and third integrals on the
right hand side are less than €. Moreover, for any finite fixed value of W, the second integral on the
right hand side can also be made less than e for large enough n because ¢’(x, 0) converges uniformly
to g(x, 0) as n — oo on [-W,W]. In summary, the above difference tends to zero as n — oo, yielding
the CoM of a 2-soliton solution with degenerate velocities V| =V, =0 as

‘ /]R x(1¢'(x, 0)]* = |g(x, 0)|?) dx

E0=E0)= [ gt 0Pax=lim [ a0 = lim £10).

Now, let ¢”’(x, 1) be a degenerate 2-soliton solution with the same soliton parameters as g except for
an arbitrary velocity V. Let its CoM be £”(t). By using Galilean transformation (cf. Section II C), the
relation g (x, 1) = e/(V*=V20g(x — 2Vt, t) holds. By using the definition of CoM (2.17), the following
relation between &(¢) and £”(¢) is obtained:

E'M)=E®1) +2Vt.

Therefore Eq. (3.4) is obtained, which completes the proof for Theorem 7. O
Proof of Lemma 9. The only time-dependent part in the modulus of the solution (3.9) is
|ZE(x, t; w, ¢)|. Also, L1 and L, are independent of z. Notice that from the assumption V = 0, the
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only part of lg24(x, t)l depending on 7 is cos [(A% - A%)t + ¢] . As aresult, g 24(x, 1)l is periodic with
period T given by Eq. (3.10).
After differentiating lgso5(x, t)I with respect to 7, we get 0;|qaas(x + 2Vt,1)|=C(x, 1) sin[(A%
- A%)t + @], where C(x,t) =AA;B(x, t) tanh P(x, t)sechP(x, t)sechL;(x)sechl,(x)/|E(x, N2 In gen-
eral, C(x, ) has no roots in time variable ¢ for all spatial variable x. Therefore there always exist 2
critical points in one period for any fixed x,
¢ T—¢

————+mT th=
2 2 > 2 2
A1_A2 A1_A2

with m € Z. The lemma is thus proved. O
Proof of Theorem 10. By using the same notations as before and the calculation in Subsection 2
of the Appendix, the degenerate 2-soliton solution can be rewritten as

(A3 — A2)(A e™ 1 sechL + Aze/™2sechL,)

Hh= + mT,

a2s(x, 1) = , , , (A2)
Adzs (A; tanh L; — A, tanh Ly)? + |A el sechL| + Ayeilm2gechl, |?
with AA AA
142 1A2 2
Li=Ax— , Ly =Ayx + s n=At+ ¢y .
! 1 A1 +A2w 2 2 A1 +A2w o ' ¢n

Letting x = A w/(A; + A2) + ywe have Ly = A1y and Ly = Ay + Aow. We then look at the asymptotics
of the solution as w — oo with y = O(1). It is easy to show that L; = O(1) and L, = O(w). As w — oo
the solution (A2) simplifies to

Ai(A] - AD
A2 + A2 - 2A,A; tanh(A,y)

Simplifying the above expression further results in

sech (Ay) e 19D 4 o(1).

qazs(y, 1) =

qa2s(y, 1) =Ajsech (Aly —In fﬁ
Notice that the right hand side of the above expression is a 1-soliton solution (cf. Eq. (2.10)) with
amplitude A1, zero velocity, displacement (1/A;) In(A| +A2)/(A2 —A}), and initial phase ¢;. A similar
result is obtained by taking x = —Ajw/(A; + A2) + y and again looking at the asymptotic behavior of
the solution as w — oo with y = O(1). Finally, by looking at the asymptotic behavior as w — co away
from x = (=1)"*! As_,w/(A; + A2) +y with y = O(1), it is easy to show that g4o5(x, t) = o(1) there.
Combining these results, one finally obtains Eq. (3.12). O

)e"(A?”‘ﬁl) +o(l).

4. Fully degenerate soliton solutions

Proof of Theorem 11. Since in this proof we are only interested in the time dependence of the
N-soliton solution, after substituting x = 2Vt + y into Eq. (2.6b) we will only consider the parts of
the solution that are dependent on ¢. With the above substitution, the function /;(x, t) becomes

2V +y, ) =exp [i(A? + V)t + Apy + iVy + ] . (A3)

Next, let us look at the component p(+) in the solution (2.5). We separate the real and imaginary parts
and write it as

A k
p(iy=c (k) expi[( ZA}V - ZTA%” +(4 - k)Vz)t +(A=k)Vy+D () ] (A4)
v= u=

where C(-) and D(-) are real. Their explicit expressions are omitted for brevity since they are rather
complicated. Notice, however, that C(-) is independent of #, and D(:) is independent of both y and 7.
Then, using the representation (2.5) of the solution from the operator formalism, we notice that every
term in the solution expression (2.5) is either in the form (A3) or (A4). Thus the solution g(x, 7) is
periodic if all the periods of all the exponential functions appearing in the solution are commensurate.
In that case, the period T€ R* of g(x, 1) is the least common multiple of all the periods. It is obvious
from Egs. (A3) and (A4) that if V and all A; satisfy Eq. (3.13), such number T exists, which implies
that the solution g(x, t) is periodic along the line x =2Vt + y. O
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Proof of Theorem 12. Here we will use the same idea as the one used in the proof of Theorem 7.
The only difference is the start settings.

Let g(x, ¢) be a fully degenerate N-soliton solution with zero velocity V = 0 and other parameters
A;j, & and ¢; givenforj=1,...,N. Let n be an integer and denote that ¢’(x, ¢) is an N-soliton solution
with non-degenerate soliton velocities ij = Cj/n, where C; satisfies the following properties: (i)
C; #0; (i) C; are distinct and are in the increasing order; (iii) the relation Zjl\i 1 A;C; =0 holds. The
other parameters of ¢’(x, t) are the same as those appeared in g(x, t). Immediately, we get that for
fixed integer n, {V]’ }j’i , are distinct and in increasing order, and satisfy the relation Zjl\i L Aj V]/ =0.So
the momentum of both g and ¢’ are zeros and the CoMs for both solutions are constants.

Then by using a similar approach to the one used in Subsection 3 of the Appendix and by using
Theorem 15 (which is the well-known result of the asymptotic behaviors of non-degenerate N-soliton
solutions), it is easy to prove the desired results. Moreover, one can generalize the result to non-zero
velocities cases by using Galilean transformation (cf. Section II C) and the definition of CoM (2.17).
This completes our proof of Theorem 12. O

5. Long-time asymptotics of non-degenerate soliton solutions

Proof of Theorem 14. We first show that along the line x = 2Vt + y with V # V|, V, the solution
(2.8) satisfies lim;_, .+ g(x, f) =0. There are three different ranges for V:

(i) V<Vi.ByEq. 4.1),lim;, [j(x,1) =0 for j = 1, 2. Therefore lim;_, g(x, t) = 0. On the other
hand, lim,, o [;(x, ) = o0 for j = 1, 2. Dividing numerator and denominator of Eq. (2.8) by
1,151, we again obtain lim,_,, g(x, ) =0.

(i) Vi<V <V,. In the limit ¢t — co, we have lim;_, [;(x,1) =co0 and lim,;_, I (x, ) =0. Thus,
proceeding as before, we obtain lim,_,« g(x, ) = 0. By similar arguments, one can achieve the
same result when t — —co.

(iii)) Vo < V. The result follows via similar arguments from the case (ii).

Now we look at the limits as t — +oo along the line x = 2V r + y. After using Eq. (4.1), we
immediately have lim;, |/2| =0. Thus solution (2.8) becomes
I (x, 1))
q(x,t)z[ll(x,t)+0(1)]/[1+L)'z+o(l) , t— o0,
(] +a1)

which when simplified yields Eq. (4.2a). Also, by Eq. (4.1) we have lim,_,_, || = +00. After dividing
numerator and denominator of Eq. (2.8) by 1512, we have,

aipli(x, 1)

q(x,1) = +o(1)
ey 2Pl )P
= AV AV sech [Ay(x - 2Vit = €D)] +0(1), 1 —c0.
The asymptotics for g(x, ¢) along the line x = 2Vt + y is obtained in a similar way. O

To prove the Theorem 15, we will need the following two results, both of which are verified by
direct calculation:

Proposition 21. Let 1 <n <N and x =2Vt +y for any V,y € R. Then, as t — *co,

O V=V, V£V,

2V +y, 0l = {exp (Any +10(24,) = Au&y) + o(1), V=V,

Lemma 22. Let 1 <k,A <N and x =2Vt + y forany V,yeR. Let 1 <ij <ip <---<ix <N and
1 <ji <ja<---<jy<N. Denoting F =} (I*)"? where t1, t, € {0, 1}.

(1) IfV=V,for1<n<N andt— —oo, then the following identity holds:

koo N e N X

(1o 116/ 1] Foif Wy b, Thzy b = F T 1 DP,
li# l‘v/ |75 (x, t)|2={ ¥ H“*l i Hlv=171 [Ts=pir 15

[l=1 v=1

s=n+1 o(1), otherwise .
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@) IfV=V,forl<n<N andt— oo, then the following identity holds:
k A n-1 # 2
F, if X l =FII; |ls(X, Dl
l* l l Jt 2 — u=1 Jv
B iy D V/l;[ s, D) {0(1) otherwzse

Note that, above and below forn =1 and n=N, we define [1"Z] |;(x,))|> = Land [TV | |L(x, D> =1,

respectively. o

Proof of Theorem 15. Using Proposition 21 and Lemma 22, and similar ideas as in the proof of
Theorem 14, it is easy to show that lim,_,. q(x, f) =0 along the line x = 2Vt + y for VV,y € R with
V£V, forn=1,2,...,N.

To prove the second part of Theorem 15, i.e., the asymptotics along the line x = 2V ¢ + y with
n=1,.. ,N,letx =2V, t + yforn=1,...,N and y€R, as before. For all n=1,...,N, dividing
numerator and denominator of solution (2. 5) simultaneously by H 1 s, 2, by using Lemma
22 we get

s=n+

p (HZ,lnﬁ,z..., )/H o LG D+ o(1)
n,....N

Pliiy) by
Hf::jllllx(xl,vt)\z * Hﬁ’n: heear T

N
[T5=ps1 @nisl
= s=ntl IR 5 +o(l), t — —oo.

1 N
I+ [Tz @nsln

(@ +ay)?
As a result, asymptotic soliton parameters are Sy = By as well as 8,/ = 8, + Z?’: arq I @y s for all
n=1,...,N -1, implying &, =&y and ¢, = ¢y as well as

qlx,1)=

N
_ 1 (An —Ag)? + (V, = Vy)?
&=b— ) In - -
" s=n+1 (A +A ) + (V V)
N
- 2AS(VVL - Vs)
=¢,+2 arctan ,
¢n ¢n ‘=nz+1 A% B A% + (Vn B V‘)z
foralln=1,...,N — 1. The asymptotics as ¢t — oo is calculated in a similar way. One then obtains

By =pB1as well as B =, + Z;‘;I] Ina, foralln=2,...,N, implying £] =& and ¢] = ¢; as well
as

n—1

1 (Ap — Ay + (V,, = V)?
— > In
An; (Ap + Ag)? + (Vy = V)

f;zfn_

2As(vn - VY)
— A3+ (V= V)Y

n—1
+_
¢, = +2 Z arctan =
s=1 n
forall n=2,...,N. This completes the calculation of the asymptotics. O

6. Long-time asymptotics of doubly degenerate soliton solutions

The goal of this section is to prove Theorem 16. First, the following two lemmas are needed,
which are obtained by direct calculation:

Lemma 23. Letm=1,....M,s=0,...,d, —1,andx =2Vt + ywith V,yeR. As t = +oo,

O(GZAnm +s(V=Viy, +s)l)’ V£ Vnm s

l 2Vt +y,0)| =
| n,,,+s( Y ) {CXP (Anm+sy + ln(zAnm+s) _Anm+s§nm+s) +o(1), V= Vnm+s .

Lemma 24. Let 1 <k,A<N and x = 2Vt + y for V,yeR. Let 1 <ij<ip<---<iy <N and
I<ji<jp<--<ja<N.Lets=0,....dy -1, 11, t;2 €{0, 1} and define

F=[ |5 (AS)
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i) Ifv=V,, form=1,... .M andt— —oo, the following asymptotics holds:

k Pl " ) y X
I—[ L I_l lj 1—1 | “|2 = F’ lf‘ l_['u 1y v=l jv F HS =M +dm |lS| ’
pel ye ! o(1). otherwise.

S=Npy+dpy,

(i) IfV=V,, form=1,...,M andt — oo, the following asymptotics holds:
k A nm—1 2 3 1 5
1—[1* l_[l/l—[”S'Z: F, lfn,ult vllv an lLs]=,
u=1 ” v=1 Y =1 o(1), otherwise.

Note that, above and below for m = 1 and m = M, we denote [T Y2 =1 and e L v, s |2=
respectively.

Proof of Theorem 16. Letx =2Vt +yforV,ye R. If V£V, forallm=1,2,...,M,using Lemma
23 it is easy to show lim,_,. g(x,7) =0.

Next, we compute the asymptotics for the N-soliton solutions along the line x = 2V, t + y for
m=1,...M
First, let us consider the r — —oo case. There are two subcases depending on the soliton groups:

() Ifd, =1, by dividing every term by HN,, 1 |I51* Gf m = M, defining l'[Nn 117 =1) and
using Lemma 24, the solution (2.5) reduces to

N

N
1
q(x,t)= 1_[ an,,,,slnm/[l + . 1_[ |a'nm,slnm|2] +o(1), I——00.

2
s=np,+1 (a,"m + C}',"lm) s=np,+1

As a result, the parameter is Bn, = Bn, + Z?/: w +1 In @y, s. In other words,

N 2 2
1 (Anm - As) + (Vnm - Vv)
S = Sy~ Z In 2 2’
"im s=ny+1 (Anm + AS) + (Vnm - VS)
N
2A,(V, =V,
by =n, +2 Z arctan — 2( = Vs) .
s=np+1 Anm — A+ (Vnm -V

(i) Ifd,, =2, the corresponding soliton group contains two eigenvalues with indices n,,, and n,,, + 1.
Let us define

N
= 1_[ Anys | s nm+1 l—l Wn,ris | lnet - (A6)

S=ny,+2 S=Nyp+2

(If m = M, we define ]_[s 42 @nys =1 and ]—[S 42

solution (2.5) by HN 2 |I;|? and using the Lemma 24 and definition (A6), as t — —co the solution
(2.5) rewrites to

ap,+1,s = 1.) By dividing every term in the

q(x, 1) = gnum(x, t)/qdenom(x’ 1) +o(1), (A7)
where
(@, = @n, )L, P 7 o |

(@, + @ (@, + @nye)? (@, |+ g, @]

Grnum(x, 1) = 7;,” + 7;m+1

2 9
Tyt +anm+l)

- P T [

m “ny,+1 Nyp+1"m

d x, =1+ - +
ddenom @y + Oy P (@i + 1) (@ Ly +

Il (@, = @, @, = P T P

+
(@ o+ @n)? (@, + @ @ |+ @Rl + a0l
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This is similar to Eq. (2.8). Let us define

N N
B =Bun+ D, Man, B =But+ Y My

$=rin+2 S=Rp+2
We rewrite the solution (A7) in the polar solution form [cf. Eq. (3.1)] as t — —co along x =2V, +,
q(x, t):A;m(.x, [)e ’1m(x t) + 0(1)

where A, (x,1),Z, (x,t) €R are given in Theorem 16. Thus, the asymptotic period and CoM of the
soliton group are

N 1 2 2
_ =z 1 (An,+1 = A"+ Vst = Vi)
Tnm = Tnm’ gnn, :é—'nm - A—A n It = ) 't ! 3 - (ASa)
ny T A+l s=npu+2 1=0 (An,,,+l +AS) + (Vnm+l - Vs)
The following results with # — co are obtained similarly
n—1 1 2 2
£ _z A+t =As)" + Vet = Vi)
T =Toe &=~ D D I s (ABD)
Nm + Ny +1 s=1 =0 (Anerl +A ) + (Vllm+l - V)
This completes the calculation of the long-time asymptotics. O

7. Long-time asymptotics of arbitrarily degenerate soliton solutions

The goal of this section is to prove Theorem 18. We will need the following result which is
obtained by direct calculation.

Lemma 25. Let us consider the m-th soliton group in an N-soliton solution. This soliton group has
degree of degeneracy dp,. Let 1 <k,A<N andx =2Vt + yfor V,yeR. Let | <ij <ip <---<iy <N
and 1 <j; <ja<---<ja<N. Let F be given by Eq. (A5) as before.

i) Ifv=V,, form=1,...,M. Letting t — —oo, the following asymptotics holds:

k 4 F, lfﬂ ,H Fl—lsn+ |l‘f|2’
U 1_[ / 1—[ I51* = {0(1), othe;lellse "

v=1 S=Npy+dy

(i) Ifv=V,, form=1,... M, letting t — oo, the following asymptotics holds:
=1 * ny—1 2
F, i =FIT2 0 161°
I I I 2 p=1 z v=1 jv
n l_[ ]V/ l_[ 4 {0(1), otherwme

Above and below, for m =1 and m = M we denote H""’_l II{>=1and HN rtdy |I5]? = 1, respectively,
similarly to Subsection 6 of the Appendix.

Proof of Theorem 18. Using Lemma 25, it is easy to show that along the line x = 2Vt + y with
V£V, form=1,...,M and y € R, the solution satisfies lim,_, s g(x, ) =0.

Next, we compute the asymptotics of this N-soliton solution along the line x = 2Vt + y with
V=V, .Letx=2V, t+ywherem=1,...,M and y € R. By dividing numerator and denominator
in the solution (2.5) by HN ntdy |ls |2, applying Lemma 25 and performing simple calculation, as
t — —oo, the solution rewrites to
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qx, )=
d, dn—1 +dpy—1 +dy—1
3 i?( ot N N) /i? (nmjx) + 5 ftm Z”‘ m 5" p(lu, lk,nm+dZi,,--.,NN) /ﬁ (n+zm%)
k=1 Npk—1m+dpms - s Nty K=1 ityei= nm]h Jk+1—nm ki1 Mmtdn,- s Mm+dms---s
i<-<ig J1<-<jks1
1+ dzm nm+§:m—1 Np+dy,—1 i) l:l,..-yl:k’nm+d’n""’N> /~ (nm+dm,...,N)
o P Lyee o+ dmse. N Np+dpy,....N
= seeslk=Nm J1s5-«-oJk=Nm

f<eee<ip ji<e-<Ji

+o(1),

where the expression p(”’ ”k) is defined similarly to Eq. (2.6a) with [ instead of [ with
=1 [1n, +4, <v<n @iy Recall that the parameter a;; is defined in Eq. (2.13d).

Next, let us examine the quotient term p (J’ b ;"l Z’;:‘;’; IX,) / p (;’::Z::%) where n,, <i; <---<
i <ny+d,—landn, <j < --<ji<n, +d,—1with 1 <k, /l<d — 1. By the definition (2.6a),
it is easy to show that p Cl’ Jﬁﬁf;:if,: - ) / D (Z’;I%%) =p (1’1‘ ) Thus the solution is (with x =
2V t+y)

dy dp—1 ny+dpy—1 nm+dm i
i+ XL P
j=1 k=1 i1,...,ig=np ji,-.- Jk+1 =N

<-<ip  j1<--<jrsl

goen=—— S AT +o()=gp(x.0) +o(l). 1 —o,
R i T (i)
k=101, =np 1 5o oJk=Nm

i<-<ip  j1<-—-<ji
where g,,”(x, t) is a d,,-soliton solution with soliton amplitudes A,,,, . . ., Apn, +4,—1, Velocity V,, and

ﬁ;m’ e ﬂl;m#-dm—]’
N
:877”,-” = Burs t+ Z In Anpyts,s -

8’ =y +dpy
The argument is similar when ¢ — co. Notice that n,, + d,;, = n,,,+1, thus the formulas for the soliton
parameters stated in Theorem 18 are obtained. O
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