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Abstract The properties of various numerical methods for the study of the perturbed sine-Gordon (sG) equation
with impulsive forcing are investigated. In particular, finite difference and pseudo-spectral methods for discretizing
the equation are considered. Different methods of discretizing the Dirac delta are discussed. Various combinations
of these methods are then used to model the soliton—defect interaction. A comprehensive study of convergence
of all these combinations is presented. Detailed explanations are provided of various numerical issues that should
be carefully considered when the sG equation with impulsive forcing is solved numerically. The properties of
each method depend heavily on the specific representation chosen for the Dirac delta—and vice versa. Useful
comparisons are provided that can be used for the design of the numerical scheme to study the singularly perturbed
sG equation. Some interesting results are found. For example, the Gaussian approximation yields the worst results,
while the domain decomposition method yields the best results, for both finite difference and spectral methods.
These findings are corroborated by extensive numerical simulations.

Keywords Finite difference methods - Impulsive forcing - Sine-Gordon equation - Spectral methods

1 Introduction

The sine-Gordon (sG) equation is a ubiquitous physical model that describes nonlinear oscillations in various settings
such as Josephson junctions, self-induced transparency, crystal dislocations, Bloch wall motion of magnetic crystals,
and beyond (see [1] for references). The sG equation is also an important theoretical model as it is a completely
integrable system [2]. Many nonintegrable, nonlinear models also bear solitary wave solutions. In the specific case
of the sG equation, these traveling wave solutions take the form of “kinks.” Because various physical effects often
result in the presence of localized defects or impurities, the interaction of such solutions with defects has been
extensively studied in the literature [3—18]. In particular, the perturbed sG equation with the localized, nonlinear
impulsive forcing, such as

Uy — gy +sinu =eS(xX)sinu, u:RTxR—>R, eeRT, (D)
also has been considered [3,7,9,10]. Henceforth, subscripts x and ¢ denote partial differentiation with respect to
space and time, respectively, § (x) is the Dirac delta distribution [19], and € is the forcing strength. Specifically, the
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Dirac delta forcing in (1) models the action of an attractive defect [5] for € > 0. To the best of our knowledge,
the numerical treatment of (1) has not been adequately discussed in the literature. The issue is relevant because the
Dirac delta is, of course, a distribution, and it is well known that the product of distributions is not, in general, a
well-defined quantity. Even when one can show that the equation admits a unique (weak) solution, the presence of
the impulsive forcing seriously affects the convergence of any numerical method used.

The purpose of this work is to address these issues by investigating and comparing the convergence properties of
various numerical methods. Convergence is checked by determining the critical initial soliton velocity. Due to the
singular property of the potential term of é (x) and the critical solution behaviors of the sG equation, the convergence
depends strongly on the representation of the Dirac delta. We provide in this paper a detailed explanation of
various numerical issues that should be carefully considered when the sG equation with impulsive forcing is solved
numerically.

In particular, we consider (1) finite-difference methods, both in time and space, and (2) spectral collocation meth-
ods (in space). In the nonlinear optics community, finite-difference methods have been most commonly used due to
the simplicity and ease of handling the singular potential term. Spectral methods employ a global approximation,
which may not be suitable for dealing with a singular term such as the Dirac delta. It is well known that, in the
presence of such singularities, spectral methods yield oscillatory solutions. However, when appropriate regulariza-
tion methods are adopted, spectral methods can be implemented efficiently and accurately, even for a singularly
perturbed equation such as (1).

We have found that no single discretization method for the sG equation is the best in all cases. Instead, the
properties of each method depend heavily on the specific representation chosen for the Dirac delta—and vice versa.
For all cases, high resolution is required to capture the proper behavior of the critical soliton behaviors due to the
singular potential. Spectral methods yield slightly better results than finite-difference methods when the domain
decomposition method is used, but the overall convergence seems close to algebraic rather than exponential. The
specific advantages and disadvantages of each method will be discussed.

Several different ways of representing the Dirac delta will be compared:

(a) Gaussian delta representation:

1 ( x2)
35 (x) = expl—>—]- 2

o2 202

which is the most commonly used regularization method in the existing literature to solve (1) and the nonlinear
Schrodinger equation with a singular potential [9]. The idea is simply that if one chooses 0 — 0 and N — oo
(where N + 1 is the number of spatial grid points, as discussed in Sect. 3), 8, (x) converges to 6(x) in the
distribution sense. This approach is popular because of its simplicity. However, due to the nonzero value of o,
the potential term always has a nonzero width, which affects the soliton dynamics. This results in a rather slow
convergence for both the finite-difference and spectral methods, as discussed later.

(b) Point source:

0 x#0,
5PS(X):[5O xiO

with &g chosen appropriately. The main advantage of this approach is that it is the simplest to implement, and
such a definition yields a delta function of zero width on a discrete grid. By choosing the value of §( for the given
number of grid points properly, one can satisfy the normalization condition of the Dirac delta and mimic the
local singularity on the grid. Due to these properties, our numerical results show that this crude regularization
yields a good approximation, and even better results than the Gaussian regularization for both finite-difference
and spectral methods. It is interesting to observe that spectral methods yield reasonable results with this point
source approximation.

(c) Self-consistent delta representation. This approach is based on the fact that §(x) = d[H (x)]/dx in the distrib-
ution sense, where H (x) is the Heaviside step function [i.e., H(x) = 0 forall x < 0, H(x) = 1/2 for x = 0,
and H(x) = 1 forall x > 0].

3)
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sine-Gordon with impulsive forcing 169

Numerically, this choice is realized by taking
3o (x) = D Hy (x),

where D is the numerical differentiation operator consistent with the spatial discretization of (1), and H, (x) is
a discrete representation of the step function. [For example, H, (x) = Oforallx < —o, Hy(x) = (1+x/0)/2
for all |x| < o, and H,(x) = 1 for all x > o.] The discrete representation of 3, (x) based on this approach
is oscillatory, but the resulting solution is without oscillations if the problem is linear. This approach is simple
and consistent with the discretization method. Moreover, it is flexible enough that one can even choose a value
of o = 0. We will show that this approach yields better results than the Gaussian regularization.

(d) Domain decomposition. Using the continuity of u(x, ¢) at x = 0 [namely, u(0", ) = u(07,1),Vt > 0], (1)
yields the following jump condition at x = 0:

Uy (07, 1) —u (07, 1) = —e sin[u(0, )]. 4)

One then splits the domain [—L, L] into two subdomains, [—L, 0) and (0, L], and solves numerically (1) with
€ = 0 in each subdomain, together with the jump condition (4). Thus, the domain decomposition approach
does not involve a regularization of the Dirac delta, and the solutions in each subdomain are continuous in their
derivatives. Thus one can expect that spectral methods will yield the most accurate result. However, compared
to the previous discretization methods, this approach requires one to solve the additional Eq. (4). Moreover,
when the kink is located near or at the interface, correctly reproducing the sharp transition in the kink profile
may require a high resolution in order to avoid Gibbs oscillations. When the kink is trapped (i.e., localized near
the defect), these spurious oscillations also affect the soliton behavior. As a result, even though this method has
better accuracy, its overall convergence is not superior to that of other methods.

All of these representations are further discussed in Sect. 3. Note that (a) was used in [9] and (b) in [3], but neither
discussed the numerical treatment of the partial differential equation (PDE). This paper will provide some useful
guidelines on implementing numerically the singularly perturbed sG equation to study the critical behavior of its
soliton solutions.

The outline of this paper is as follows. In Sects. 2 and 3 we discuss some mathematical and numerical prelim-
inaries. In Sect. 4 we discuss finite-difference methods with the Gaussian delta, self-consistent delta, and point
source methods. In Sect. 5 we do the same for the spectral collocation method. In Sect. 6 we discuss the domain
decomposition method. Finally, in Sect. 7 we compare the results and offer some final remarks.

2 Mathematical preliminaries
2.1 Well-posedness

Equation (1) is posed with the boundary conditions (BCs) u,(£o0, t) = 0 for r > 0. Before attempting to solve
it numerically, one must first address the issue of whether the problem is well-posed, namely, whether a unique
solution exists that depends continuously on the initial condition (IC). A necessary requirement for well-posedness
is to be able to assign an unambiguous meaning to the right-hand side of (1). This requires one to show that the
product term of §(x) sin[u(x, )] is well defined, at least in the distribution sense. In turn, this requires one to
show that the preceding product, when multiplied by a test function and integrated over x from —oo to 0o, has
a well-defined value. This last task is easily accomplished using any of the common representations of the Dirac
delta, such as the box representation,

5 () — [ 1/Qo) Ix| <o,

0 |x| > o,
or the Gaussian delta representation (2). In both cases one has

®)

ol_i>n3+ / 8o (0) f(x) dx = 3 [£(0F) + £(07)]
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for all functions f in a suitable functional class [19], where f 0%) = lim, _, o= f(x). Also, forall o > 0,
o0
/ do(x)dx = 1. (6)
—o0
Replacing & (x) with §, (x) in (1), one obtains a forced nonlinear PDE that is easily shown to be well-posed. Denote
its solution by u, (x, t), and let u(x, t) = lim,_, o+ us (x, t). Next one shows that for ¢t > 0

o]

11%1+ 8o (x) sinfuq (x, O] f (x) dx = 3 {sin[u(0T, )] £(O) + sin[u(0~, H1£ (07},

in the same functional class, and that u(x, t) solves the unperturbed sG equation

Uy — Uyy +Sinu =0 (N
for all x # 0, together with the continuity condition

ut0,8) = u=(0,1) =: u(0,1) 8)

and the jump condition (4). That is, u(x, ) is continuous at x = 0, but u, (x, t) is discontinuous at x = 0, and (1)
is well-posed in the sense that it admits a weak solution, albeit not a classical solution.

In this work we will represent the Dirac delta using the Gaussian delta representation, a point source, the self-
consistent representation, or the domain decomposition method (see Sect. 3.3 for further details). One could use
other representations, such as the “sinc” function: §, (x) = sin(x/o)/(;rx). This representation is not as convenient,
however, because §, (x) decays only weakly as x — o0 [i.e., §;(x) = O(1/x) as x — Fo00], and lim, _, o+ 84 (x)
does not exist for all finite x # 0. As aresult, this representation applies in a much smaller functional class compared
to the previous ones. For this reason we decided not to use it.

2.2 Behavior of perturbed solutions

The unperturbed sG equation [namely, (1) with € = 0] admits the well-known kink solution
uy(x, t) = 4arctan{exp[vmo(x — X (¢))]}, )

where X (1) = Vot + X, is the kink position, V, is its velocity, v = =1 is the kink polarity, X, is the initial position
of the kink, and m, = 1/4/1 — VZ. Without loss of generality we take v = 1.
When € # 0, we take the IC to be the value of the kink solution (9) at ¢ = 0, that is,

u(x,0) = uo(x,0), (10)
with u,(x, t) as previously. Since (1) is second-order in time, a second IC must be chosen. We then take

ui(x,0) = up(x,0), (11)
where

i (x, 0) = 38”; L = imoVoarcan(explmo(x = Xol) expl—2mo(x — Xo)) (12)

There are then three possible outcomes: (a) particle pass, (b) particle reflection, and (c) particle capture [3], as
illustrated schematically in Fig. la. That is, respectively: (a) the kink may either go through the impurity at x = 0
and continue to propagate, (b) it may bounce back — possibly after oscillating around the origin for a while — or (c) it
may remain trapped forever in the region near the origin. Figure 2 shows the contour levels of the kink solution
profiles as a function of time for a typical particle pass (a) and particle capture (b). The red region is the front of
the kink solution [in which u(x, t) >~ 2], whereas the blue is the back of the kink solution [where u(x, t) >~ 0].
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Fig. 1 a Particle coordinate X (r) versus time for ¢ = 0.5, showing the phenomena of particle pass, particle capture, and particle
reflection. b Final kink velocity V; as a function of the initial kink velocity V, (the value V; = 0 means that the kink is captured) as
computed using the finite-difference method and a Gaussian delta representation, with discretization parameters N = 2000, L = 80,
At =0.002, and 0 = 0.1
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Fig. 2 Contour levels of solution as function of time, computed as Fig. 1 with N = 1000. (a): particle pass (V, = 0.2). (b): particle
capture (V, = 0.16)

Denote by V; the “final” velocity of the kink. In the case of particle pass or particle reflection, one may define
the final velocity V¢ = lim;_.» V (¢), where

vin=% x@p=t 7 d (13)
T Tog )
—00

are the velocity of the kink and its mean position, respectively. The preceding definition, however, fails when the
kink is trapped in a neighborhood of the origin, in which case there may be no limit value of V (¢). One can then
give a more general definition of the final velocity as

T
1
Vi = lim T/V(t)dtz lim

X(T)—X(O). (14)
T—o00 T—o0 T
0

This definition agrees with the previous one when the kink either passes through the impurity or is reflected by
it. Note that the effect of the finite time interval in which the kink velocity is equal or approximately equal to V,
vanishes in the limit 7 — oo. Moreover, when the kink remains trapped, (14) yields V; = 0.

The particular value of Vi obtained in each particular situation depends on the input velocity V,, as shown in
Fig. 1b, where the output velocity of the kink is plotted as a function of the input velocity. As is evident from Fig. 1b,
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the forced PDE (1) is characterized by a critical velocity Vi = Vi (€), which is the smallest value such that each
IC with V,, > V,; experiences particle pass.

3 Numerical preliminaries
3.1 Spatial and temporal discretizations

For all the numerical methods considered in this work, the solution of (1) will be computed by appropriately
choosing N + 1 spatial grid points x, ..., xy in [—L, L], with

—L=Xxp<x1<---<xy—1<xy=0L.

Letting At be the temporal step size and 7, = kAt, with K = T /At and T = 600, we take uﬁ = y/(mum) (xp, 1) for

n=0,...,Nandk =0, ..., K. The superscript “(num)” denotes the numerical solution. Explicitly, for the finite-
difference method, x, = —L 4+ nAx, with Ax = 2L /N, while for the Chebyshev pseudo-spectral methods, x,, are
the Chebyshev Gauss—Lobatto nodes, x,, = —L cos(nmt/N) forn =0, ..., N. Note that in all the simulations we

will use even values of N, resulting in an odd number of spatial grid points, so that the point x = 0 is always part of
the spatial grid: x> = 0. As will be clear in Sect. 3.3, this is essential in ensuring a good numerical representation
of the Dirac delta.

Since the goal is to compare the various methods with regard to the treatment of the space-dependent impulsive
perturbation, the treatment of the spatial part is critically important [20]. Hence, for all the numerical methods we
simply use finite differences to discretize the time derivative in (1). Specifically, we use the second-order centered
difference stencil
3%uy uk+l — 2k 4 k=1 5
o . = AL + O(At9). (15)
The foregoing choice results in a leap-frog integration scheme, which is second-order with respect to time. After
performing numerical tests, we verified that choosing Az < 2 x 10~* produced an error of less than 10~ on the
critical velocity in all cases (see below for details), except when required by stability requirements resulting from
the value of spatial step size Ax, in which case appropriately smaller values of At were chosen (see Sects. 4 and 5
for details).

3.2 Initial and boundary conditions

The aforementioned leap-frog method requires one to supply two starting values. Consistently with (10), for each
numerical method we then impose

Uy = uo(xn, 0), 1y = o(xn, 0) + At 1y (x,, 0) (16)

n

foralln = 0,..., N. The value of X, in (10) should be large enough to ensure that the results are not affected
by the proximity of the kink to the origin at time = 0. [Note that the value X, = —6 used in [3] was not large
enough to satisfy this criterion.] On the other hand, X, = —16 (used in all the simulations presented in this work)
was sufficiently large that the simulation results were unaffected by it. This was verified by checking that taking
X, = —26 did not change the results to a level of accuracy of 10™*. Similarly, as we show later in more detail, the
value L = 80 ensured that no boundary effects affected the solution at the specified level of accuracy, 10~%, in any
of the numerical methods used.

Recall that the PDE (1) is posed with the BCs u,(£o0,t) = 0. Numerically, at the left boundary of the
computational domain (i.e., at x = —L) we impose the exact incoming BC

u(—L,t) = 4darctan{moexp(—L — Xo — Vot)}, O0<t <T. (17)

At the right boundary of the computational domain (i.e., at x = L) one has several choices. Here we impose the
outflow BC

u(L,t) +uc(L,t)=0, 0<t<T, (18)

@ Springer



sine-Gordon with impulsive forcing 173

so that if the kink propagates up to the edge of the computational domain, it continues to propagate, leaving the
domain. Note that (18) is not a perfect outflow BC [21] because the final velocity of the kink (which is unknown
a priori) is always different from 1 [which is the value that would result in a perfect transmission according to (18)].
As a result, if the kink reaches x = L, a small portion of it is reflected into the domain. This, however, does not
affect the numerical results because in all the simulations described below, the output value of the kink is measured
before the kink reaches the right edge of the computational domain.

3.3 Dirac delta discretization

As mentioned in Sect. 1, we consider several different ways to treat the Dirac delta numerically. We now provide
further details for each method.

(a) Gaussian representation In this case, numerically one replaces §(x) with representation (2), evaluated at the
spatial grid points. It is useful to define two special subcases, which we denote as the three-point Gaussian
and the five-point Gaussian. These are obtained by choosing o such that the values obtained from (2) are
nonnegligible at only three or five grid points, respectively. For finite differences, one can do this by taking
o =Ax/2oro = Ax/ V2, respectively. In both cases, one has §, (0) = 1/ («/E o). In the first case, however,
one has 8, (£Ax) /85 (0) = e =2 ~ 0.14 and 8, (£2Ax) /8, (0) = e =8 ~ 3.4x 10~*. In the second case, instead,
one has 8, (£Ax)/8,(0) = e~! ~ 0.37, 8, (£2Ax)/85(0) = e ~ 0.018 and 8, (£2Ax)/8,(0) = e ~
1.2 x 10~*, The choice of o for pseudo-spectral methods follows similar considerations, except that one needs
to take into account that in that case the grid spacing is nonuniform and is largest at the origin. Specifically,
AXN/2 = XNj241 — XNj2 = XNj2 — XNj2—1 = Lsin(wr/N) >~ Lz /N is the grid spacing on either side of the
origin. Therefore, in this case we define the three- and five-point Gaussians as those obtained respectively with
o =nL/2N)ando = 7L/(~/2N).

(b) Point source This is a special limit of the box representation (5) in which 4 (x,) # 0 only at the central grid

point, xy,2 = 0. Specifically, one uses (5), with 0 = Axy/2/2, where again Axy; is the grid spacing to the

left and the right of the origin. All the spatial discretizations used in this work result in spatial grids that are

symmetric around the origin. In this way one has §, (x,) = 0 for all n = N /2 and &, (x,) = §g forn = N/2.

The value of §y is then chosen so that the perturbation is properly normalized, §o = 1/Axy /2, which ensures

that (6) is satisfied.

Self-consistent representation Mathematically one writes §, (x) = d[H, (x)]/dx, where H, (x) is a represen-

tation of the Heaviside step function: H(x) = O for all x > 0, H(x) = 1/2 for x = 0, and H(x) = 1 for all

x > 0. Numerically, this choice is realized by taking §, (x) = D H,; (x), where D is the numerical differentiation

operator consistent with the spatial discretization and H, (x) is a discrete representation of the step function.

Explicitly,

(c

~

N
85 (xy) = Z Dn,mHms 19)
m=0
where H, = H,(x,) forn =0, 1, ..., N. We use the “tanh” representation for H,
Hy(x) = (1 + tanh(x/0)). (20

As o0 — 0, it is obvious that H, (x) — H(x).

(d) Domain decomposition As explained earlier, (1) is equivalent to (7) for all x # 0, together with the jump
condition (4). Numerically, one solves (7) on the two spatial domains [—L, 0) and (0, L], and the jump con-
dition (4) becomes a BC for each domain. The jump condition has two effects: (1) it couples the solutions in
the two domains; (2) it provides an implicit equation for (0, t), which allows one to update the value of the
solution at the origin, ull‘v n= u(0, #;). The precise way in which this second step is realized will be discussed
in Sect. 6.
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Note that the Gaussian delta representation and the self-consistent delta introduce the additional discretization
parameter o, while the point source model and the domain decomposition have no such free parameter.

3.4 Critical velocity and validation

Each numerical method will produce an estimate of the critical velocity that in general depends on the values of
the discretization parameters. For example, if the finite difference method is used in conjunction with the Gaussian
representation, one has Vc(rnum) = Vu(e; L, N, At, o). A similar situation arises for all other numerical methods.
An obvious and important question is then whether, for each method, Vc(rnum) converges to V,, as the discretization
parameters 1/N, At, o tend to 0, and, if so, how quickly. In this work we compare the various numerical methods
with respect to this criterion.

Let us discuss the algorithm used to numerically reconstruct the kink position X (#) as a function of time.
Numerically, we define X () as the position of the half-value of the kink. In order to determine X (¢) at time 7, we
consider the maximum value umax (f) = maxye(—r, 74 (x, t) and the minimum value umin (f) = minye[—z, pju(x, t)
of the solution. We calculate the average of these values, uyyg = (Umin + Umax)/2. We then find the numerical
solution value closest to the average value, and we take the corresponding x-coordinate of this closest value to be
the kink position X (#). While one could obviously use much more sophisticated procedures, the above-described
algorithm is very fast, and, in most cases, it captures the kink position quite well. The algorithm fails occasionally
when large amounts of dispersive radiation are generated. However, this only happens when the kink is reflected,
and therefore the failure of the algorithm does not affect the results about the value of the critical velocity. Other
options were also tried, such as the numerical evaluation of (13), but the corresponding results had a comparable
level of accuracy to those with the above method.

Finally, from the kink position X () we obtain the output velocity V. Specifically, we define V; as the average
velocity for the last 50 measured values of X (#). We then repeat the simulations for many, finely spaced values of
Vo, and we take the numerically determined V. to be the greatest lower bound of the set of the initial velocities such
that X (T") = 6. We use the value of Vc(rn M) obtained from the most accurate simulations—namely, those with the
largest number of grid points—to be our estimate for V.. This results in the previously quoted value V,; = 0.1657.

The last issue that must be discussed is the uncertainty in the preceding value of V... We should emphasize
that the accuracy of V, is not affected by the uncertainty in the measurement of V; because the critical velocity
is an input velocity, not an output one. Here input velocity means the input velocity of the kink before the kink
reaches the impurity, whereas output velocity means the velocity of the kink after the kink has interacted with the
impurity. In other words, note from Fig. 1b that dV;/dV, — oo as V, — V., from the right. Thus, the uncertainty
in the value of V¢, is simply determined by how accurately one can measure input velocities. Accordingly, the
uncertainty in the estimate of V., was taken to be the upper limit of the difference between the input velocity of
a kink and its measured velocity when € = 0. As discussed in more detail in the following sections, for each
numerical method the parameters L, N, Az, and X, were chosen such that this uncertainty was always less than
104, implying that the simulations allow one to estimate the critical velocity with four significant digits after the
decimal point. Correspondingly, the input velocities used in the simulations were chosen such that the difference
between consecutive values of V, was AV, ~ 107%.

4 Finite-difference methods

4.1 Implementation

As mentioned earlier, we use a spatial grid size Ax = 2L /N, and we take the grid points to be x, = —L + nAx
forn = 0,1,..., N. Taking uﬁ = @ (v ), discretizing (1), and utilizing the three-point, second-order
centered stencil for the second spatial derivative, we obtain, forallk > landn =1,2,..., N — 1,
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sine-Gordon with impulsive forcing 175

k+1 k k—1 k _ 9,k k

u —2uf +u u 2uy +u’ .

v ntl " L [1 — €8y (xp)]sinuk = 0. 1)
The IC and the left BC are specified by simply imposing (16) and (17), as discussed in Sect. 3. At the right

boundary, we discretize (18) with the explicit scheme

1k k k
— U — U
Uy Uy LIy N-L _ 22)

At Ax

The Courant-Friedrichs-Lewy stability criterion for the foregoing schemeis At < Ax = 2L/N. A more stringent
requirement on the temporal step size, however, is provided by the need to preserve accuracy, as we discuss in the
following sections. As mentioned earlier, one can obtain an upper bound for the error in the determination of
the critical velocity by simply taking the difference between the numerically determined velocity of a kink in the
case € = 0 and that of the exact analytical solution. When applying the foregoing finite-difference scheme to the
unperturbed sG equation, we find that the error in the numerically determined kink velocity is 10~* or less when
L =80, At =2x 1074, and N > 4,000. With these constraints, we then proceed to test the various representations
of the Dirac delta.

4.2 Perturbed kink behavior with finite differences

We first test the finite-difference method with the Gaussian delta. As explained in Sect. 3.3, when using the Gaussian
representation of the Dirac delta one simply replaces §(x) with 84 (x,), as given by (2). Figure 4a shows the
numerically determined critical velocity as a function of N and o when all other discretization parameters are
sufficiently small that the corresponding numerical errors are smaller than 10~#, which can therefore be neglected.
Figure 4b shows the dependence of the absolute error £ = |Vc(rnum) — V| on N and o. The continuum limit
corresponds to the limit (1/N, o) — 0, which is the point at infinity in the direction of the lower left corner of
either plot. The error should therefore vanish in this limit. Indeed, Fig. 4b shows that, if one takes the limit N — oo
while o is fixed, then Vc(rnum) converges to a finite value, which in turn converges to V. as 0 — 0. On the other
hand, if one decreases o while N is fixed, then Vc(rn um) increases, and no finite critical velocity emerges, in the
sense that eventually Vc(rnum) — 1, and the system ceases to display any particle passes. This behavior can be easily
explained by recalling that Ax = 2L/N. Thus, when o « L/N, the perturbing term in the numerical method
becomes effectively a point source because the Gaussian has nonnegligible values only at the central grid point. In
that case, however, the source term is not normalized correctly because when o < Ax, itis

T Nl Ax
So(x)dx ~ S (Xp)Ax >~ —— # 1.
/ ) ; ¢ o2 #

—00

In fact, the right-hand side of the preceding equation tends to infinity as o — 0, with Ax fixed, meaning that in
this limit the perturbation to the sG equation grows to an infinite strength.

The foregoing discussion demonstrates that, as with the limit (Ax, At) — 0, one must be careful when taking the
limit (1/N, o) — Otorecover the correct PDE behavior. In particular, when using the Gaussian delta representation,
we see that the three-point Gaussian is not convergent, and one needs to take at least the five-point Gaussian to
recover the correct behavior in the limit N — oo.

Next we test the finite-difference method with the self-consistent delta. As discussed earlier, this choice is realized
by replacing 6 (x) in (21) with (19). In particular, the differentiation matrix obtained from the second-order centered
difference stencil yields

(Hy (x1) — Hy (x0))/ Ax n =0,
3o (xn) = 1 (Ho (xp41) — Hy (xy-1))/2Ax n=1,...,N —1,
(Hy (xN) — Hy (xn-1))/Ax n=N.

@ Springer



176 D. Wang et al.

Note that, even though the first and last values in the preceding equation are obtained from a one-sided stencil, these
values are not used in (21) since the solution at the first and last grid points are updated using the BCs.

As before, Fig. 5 shows the dependence on N and o of the numerical critical velocity and the absolute error.
Again, if o is fixed while N is increased, Vc(rnum) converges to a finite value, which in turn converges to Vy aso — 0.
Contrary to the case of the Gaussian delta, however, if o is decreased while N is fixed, Vc(rnum) still converges to a
finite value. This is related to the fact that, unlike the Gaussian delta, even when ¢ = 0, the perturbation is not a
point source, as can be seen in Fig. 3, and it is still normalized correctly. The error floor at the bottom left corner
of Fig. 5b is due to the fact that we only keep four significant digits for the value of critical velocity.

Finally, we use the point source representation of the Dirac delta, taking o = Ax /2 in (5). Recall from Sect. 3.3
that in this case there is no extra Dirac delta discretization parameter. Hence, in this case Fig. 6 simply shows the
dependence on N of the numerical critical velocity Vc(rnum) and the absolute error E = |Vc(rﬂum) — Verl. In this case
we find that Vc(rnum) already converges to the correct value when N = 4,000. As in the case of the self-consistent
delta, the error floor at 10~ is a consequence of the fact that we only have four significant digits.

As shown in Figs. 4-6, the point source and self-consistent approximation approaches yield better performance
than the Gaussian approach. In particular, it is interesting that the point source works well. The overall order of
convergence from Fig. 6 is approximately 2.3.
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1.2 1 1.2 °
1 : 1 1 A
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Fig. 3 Numerical representations of Dirac delta on finite interval [—L, L] with L = 80 and N = 300 with an equally spaced grid
(a) and on a grid of Gauss—Lobatto nodes x,, = —L cos(nz/N) (b): five-point Gaussian (magenta), three-point Gaussian (red), point
source (black), self-consistent with o = 0 (blue) with second-order centered differences (a) or Chebyshev differentiation matrix (b).
(Color figure online)
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Fig. 4 Numerical critical velocity V™™ (a) and absolute error E = |
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Fig. 5 Same as Fig. 4, but for the finite-difference method with self-consistent delta
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Fig. 6 Numerical critical velocity Vc(rnum) (a) and absolute error £ = |Vc(rn"m) — Vir| (b) for finite-difference method with point source

as a function of N

5 Pseudo-spectral method
5.1 Implementation

We use the Chebyshev spectral collocation method, taking the x;, to be the Gauss—Lobatto quadrature points and
using the Lagrange interpolation polynomial to approximate the solution of the perturbed sG equation (1):

N

u™™ (1) =" ity (O (x), (23)
n=0

where ¢o(x), ..., ¢y (x) are the Chebyshev polynomials [22-26]:

n(x) = T, (5(x)), n=0,...,N,

where £(x) = x/L maps the interval [—L, L] to [—1, 1], and

Ti11(8) = 28T, () —T,1(5) VneN,

with Tp(§) = 1 and T1(§) = &. The value of the solution at all spatial grid points at the kth time step forms the
column vector
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b=k, uk)T, (24)

with u],‘l = UM (a0,
We then discretize (1) in both time and space using the Chebyshev differentiation matrix for the spatial derivative
and central differences for the time discretization,

wkHl ok 4 gkl
At?

Here I is the (N+1) x (N+1) identity matrix, 5 = diag(ds(x0), - .-, 85 (xn)), and D%V isthe (N+1) x (N+1)
second-order Chebyshev differentiation matrix, which allows one to express the values of u,, (x, 7) at the spectral
collocation points as a function of ul(‘), e, ”]1{\/ [22-26].

As with the finite-difference method, the IC is specified by assigning ug and u ,]1 according to (10), and the left BC
is specified by assigning u’(‘) according to (17). Finally, for the right boundary, similarly to (22), we discretize (18)
with the explicit scheme

— D3 uf + (Iy — € 8y) sinu® = 0. (25)

k1 k ko ok
uy —uN+uN uy_y P
At XN — XN—1

To avoid blow-up, one needs At < Ax. The grid spacing is nonuniform, and one should take
2

Ax = n:Ti.?’N{xn —Xp—1} =xN —xny—1 =x1 —x0 = L (1 —cos(w/N)) ~ —2;2- (26)
Hence, in this case At = O(1/N 2). Note that the coefficients 7ig(7), . .., in(t) of the Chebyshev polynomials

in (23) are never used in practice in the numerical solution of the PDE.

As before, we test the Chebyshev spectral collocation method on the unperturbed sG equation (7) to quantify the
numerical error of the numerically measured velocity of the kink solution. We find that the error is less than 10~
when L = 80 and N = 500. As before, with these constraints we then proceed to test the various discretizations of
the Dirac delta.

Recall that the Chebyshev polynomials on the Gauss—Lobatto points, x; = —cos(jnm/N) for j =0, ..., N, are
basically cosine functions. That is,

Ti(x;) = cos(l cosfl(x)) = cos(/ cosfl(cos(jrr/N))) =cos(ljm/N).

Thus the derivative of u(x, t) for any derivative order based on the matrix vector multiplication can be efficiently
implemented via the fast Fourier transformation (FFT).

Equivalently, one can also implement a spectral Galerkin method using a Galerkin projection. The difference is
that the Galerkin projection can directly project the Dirac delta, which is computed easily using the definition of
the §-function for the one-domain approach. If the computational domain is split into two subdomains, the Galerkin
procedure is applied in each domain, and the jump condition is incorporated into the Galerkin procedure. This will
be explained in Sect. 6.

5.2 Perturbed kink behavior with pseudo-spectral method

We first test the Gaussian representation (2) of the Dirac delta. In (25), § becomes the diagonal matrix

Sy = diag (85 (x0), - - ., 85 (XN)) - 27

Figure 7 shows the numerically determined critical velocity V™™ and the absolute error E = |V™™ — |
as a function of N and o. As in Fig. 4, the continuum limit corresponds to the limit (1/N, o) — 0 (the point at
infinity in the lower left corner of the plots), and the error should therefore vanish in this limit. Indeed, as with
finite differences, if one increases N while o is fixed, Vc(rnum) converges to a finite value, which in turn converges
to Vor as 0 — 0. As with finite differences, however, if one decreases o while N is fixed, eventually one reaches a
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Fig. 7 Numerical critical velocity (a) and absolute error £ = |VC(,“"m) — V| in value of critical velocity (b) for Chebyshev spectral
collocation method with Gaussian delta function as a function of N and o
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Fig. 8 Same as Fig. 7, but for the Chebyshev spectral collocation method with self-consistent delta

value at which the perturbing term becomes effectively a point source — again with the wrong normalization. If o
is further decreased with N fixed, no limit behavior emerges for the critical velocity, in the sense that V; — 1, and
the system ceases to display any particle passes. More specifically, one needs to use at least a five-point Gaussian
to recover the correct behavior in the limit N — oo.

Note that the need to have enough spatial resolution to resolve the Gaussian delta adequately imposes a much
heavier burden for the pseudo-spectral method than for the finite difference method, since the computational cost of
implementing pseudo-spectral methods is O (N?) compared to O(N) for finite differences, and therefore pseudo-
spectral methods are typically advantageous when one can use a much smaller number of points compared to what
is necessary with finite differences. This problem is further compounded by the fact that the grid spacing in the
pseudo-spectral method is nonuniform and is largest near the origin, where the delta is localized.

We next consider the pseudo-spectral method with the self-consistent representation (19) of the Dirac delta. That
is, we take

Sy = diag(Dy (Hy (x0), ..., Hy(xy)) '),
where again Dy is the Chebyshev differentiation matrix, and H, (x) is as in (20).

As before, Fig. 8 shows the dependence on N and o of the numerical velocity Vc(rn "™ and the absolute error
E = |Vc(rn um) _ Verl. As with the finite-difference method, this case is very different from that of the Gaussian
representation. That is, a critical velocity is obtained even when taking o = 0, and the correct limit is recovered
as N — o0o. Again, this is related to the fact that, even when o = 0, the perturbing term is not a point source.
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Fig. 9 Numerical critical velocity (a) and absolute error (b) for Chebyshev spectral collocation method with point source as a function
of N

Comparing Figs. 5 and 8, however, one sees that, in order for the error to reach the error floor of 1074, one should
take comparable numbers of spatial grid points in the finite-difference and pseudo-spectral methods, again voiding
the advantage of the latter over the former.

Finally, we study perturbed behavior with pseudo-spectral methods when the Dirac delta is modeled by a point
source using (5), witho = Axn/2/2 = (xn/241—xn/2-1)/4. Figure 9 shows the dependence on N of the numerical
critical velocity and absolute error. As N increases, Vc(rnum) converges to the correct value. Note, however, that the
convergence rate is only linear with N, negating the spectral convergence of the method for the unperturbed
equation.

From Figs. 7-9 we see that the self-consistent approach and the point source approach are superior to the Gaussian
approximation method. It is also interesting that the point source approach with the spectral method still yields
stable and accurate results. Among these three approaches, the self-consistent approach yields the best performance.
The overall order of convergence for the self-consistent method is approximately 2.78 when ¢ ~ 1073, and that
for the point source approach is approximately 1.2.

6 Domain decomposition methods

As discussed earlier, when using domain decomposition methods one divides the original domain into two subdo-
mains, [—L, 0] and [0, L], and solves the unperturbed sG equation in each domain. That is, the solutions in the left
subdomain and the right subdomain, denoted respectively as uT (x, ¢), satisfy

u,; —uy, +sinu” =0, —L<x<0, (28)
ul —ul +sinut =0, 0<x<L. (29)
At the intersection of the two subdomains, one has the continuity condition (8) together with the jump condition (4).
At the outer boundaries of the two subdomains, one has the right and left BCs (17) and (18), and the ICs in

each subdomain are simply the restrictions of (10). In each subdomain, either the finite-difference method or the
Chebyshev spectral collocation method can be used to solve (28) and (29).

6.1 Domain decomposition with finite-difference method

We use the same uniform spatial grid size Ax = 2L /N in each interval [-L, 0] and [0, L], obtaining N /2 4 1 grid

points in each subdomain. Explicitly, one has x,7 = —L +nAx forn =0,..., N/2 on [—L, 0] and x;," = nAx
forn = 0,...,N/2 on [0, L]. The corresponding representations for the solutions in the two subdomains are
ufﬁk = y/(um) (xff, 1) Note that there are only N+1 spatial points (not N+2) since x n= xg' =0.
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Discretizing the equation at the kth time step and utilizing the three-point centered stencil for the second deriv-
atives we obtain, fork > landn =1,2,..., N/2 — 1,

& k+1 +k k-1 +.k .k, ik
tn 2t RS 2t +sinuFk =0
=0.

Ar? Ax?
The initial and left BCs are imposed in a straightforward way. For the right boundary we use the explicit scheme,
similarly to what was done in Sect. 4:
+.k+1 +.k +.k +.k

u —u u —Uph
N/2 N/2 N2 T UNRL (30)
At Ax
From the continuity condition (8) we have
k —
g = ”N/kz Gb

Moreover, the jump condition (4) needs to be discretized as well. For this purpose, we use a higher-order
approximation for the derivative term using Lagrange interpolation polynomials. For example, for the solution near
X =xy /2 in the left domain, u™ (x, 7), the Lagrange interpolation based on p > 1 points including u~ (07, #) is
given by

N/2 N/2 ‘o
T(x, 1) = “ (i, Ol (x) = “(xi,t = .
u(x, 1) _Z ™ (xi, Dl (x) _Z w”(x, 1) I1 o
i=N/2—p i=N/2—p N/2—p<m<N /2, m#i
The derivative of u™ (x, 1) at x = xy P is then given by
_ N/2
du=(x,1) _ _
d— = z u (xi»t)l,{(xjv/z)-
. X=XN; o i=N/2—p
For example, if we choose p = 2, which yields second-order accuracy, we get
du_(x,t) _ 1 3 —k P —k 1 —k
Tdr —s = Ay | 24Nz T ANy TSN |
Similarly,
du (x, 1) _ 1 —§u+’k+2u+’k 1k
dr e Ax[ 270 ! 272 |
Using ug,/kz = ug * with the jump condition (4), we then have
1 _
Ax [—3u3“k+] + 4uf‘k+] - u;“kH] = —€Ax sin u(J{’Hl = —€Ax sin uN’/k2+]. (32)
X
The last condition provides a nonlinear equation for the unknown value u(J)“k o u;,’/k;rl, which we solve using

Newton’s method to obtain the updated value of the solution at x = 0, i.e., u(0, 7).

As before, we first test the domain decomposition method on the unperturbed sG equation (7). We find that
the error in the numerically measured velocity of a kink is less than 10~* when L = 80, At =2 x 10_4, and
N > 8,000. We then compute the numerical critical velocity Vc(rnum) and the absolute error £ = |Vc(rn um) _ Vel as a
function of N. The results are shown in Fig. 10. It appears that the numerical critical velocity converges to the PDE
value with an overall convergence order of approximately 2.9, which is a better order than the single-domain case.

6.2 Domain decomposition with Chebyshev spectral collocation method

We introduce the spectral collocation points in each subdomain [—L, 0] and [0, L] as follows: forn =0, ..., N/2
_ L . L
X, = —E[1+cos(2nﬂ/N)], X, = 5[1 — cos(2nm/N)].
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Fig. 10 Numerical critical velocity Vc(r"

of N

um) (a) and absolute error (b) for domain decomposition with finite differences as a function

Again, x n= xar = 0. Hence, there is a total of (N + 1) collocation points on [—L, L], as before. We then define
the corresponding Chebyshev polynomials:

¢y () =Ty~ (X)), ¢ () =TT (x), n=0,...,N/2

where £ (x) map the intervals [0, L] and [—L, 0] into [—1, 1], and 7, (§) is defined as before. Explicitly, £~ (x) =
2x/L +1,E%(x) = 2x/L — 1. The approximations to the solution in the two subdomains are then represented by

N/2 N/2
ue )= d, (0¢, (1) and  w(x ) = DAk (0 (x).
n=0 n=0

From (1) we then obtain

ui,k+1 _ 2uj:,k + ui,k—l

2tk Y
A —Dyu™" 4+ sinu™" =0,
where uF* = (uf)t’k, R uﬁ’k)T, with u,jf’k = y(num) (x,ﬂf, tr). As with domain decomposition using the finite-

difference method, the IC and the BC at x = —L are imposed in a straightforward way. For the right BC, similarly
to Sect. 5, we use the explicit scheme (30), where now Ax = x;\; n= x;\; /21
The discretization of the jump condition (4) with the Chebyshev method is given by

DNu+’k . DNu_’k = —esin (u""k(xar)) .
0 N2
I X Ry 5| . - : -
Letv =uy =1 . Then, using the elements of the derivative matrix D, we obtain

N/2—1 N/2
. —.k k
(D(),() — DN/Z,N/Q)U + e sin(v) = Z DN/Q’jI/tj’ +_ Z Do,.ju;.L’ +1 =0,
j=0 j=1

where D; ; denote the entries of Dy. We solve the preceding equation using Newton’s method for v, as was done
for the finite-difference method.

Again, we first test the method on the unperturbed sG equation (7). We find that the error in the numerically
measured velocity is less than 10~% for L = 80, N > 500, and At = 2 x 10~*. We then compute the dependence
on N of the numerical critical velocity Vc(rn M) and the absolute error E = |Vc(rnum) — Vir|. The results, shown in
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Fig. 11 Same as Fig. 10, but for domain decomposition with Chebyshev pseudo-spectral method

Fig. 11, demonstrate that the numerical critical velocity converges to that of the PDE value with a convergence
order of approximately 2.

6.3 Domain decomposition with semi-implicit methods

The domain decomposition method (as well as the one-domain approach with the Galerkin projection of the Dirac
delta) can be more efficiently implemented using a semi-implicit scheme. For this purpose, consider the Legendre
approximation of the solution, uy (x, t), as a polynomial of degree at most N such that

N

(e, 1) = D" a(OLiEX),

=0

where L;(§) is the Legendre polynomial of degree / and & is the linear mapping & : x — [—1, 1], i.e.,, x = L&.
Using this expression in (1) yields

. d2iy () LA .
g ;‘t’z Ll(E(X))=ﬁ§MI(I)L1 (E(x)) — sin(u(x. 1)),

where the prime denotes derivative with respect to &, and where we used dé/dx = 1/L. Using the Galerkin
projection onto Ly (&) and the orthogonality of L;(x) and Ly (x) for I # I’ we obtain

1 1

42 1 Y 20+ 1 p 2I'+1
T = 5> a0 S [ e -2 [ e
=0

-1 -1

Define the column vector @ = (o, . . ., iy)T, as well as the matrix A = (Ay 1), and the column vector b = (by) as

2U+1 20 +

Al’,l =

1 1
" 1 .
/L, (E)Ly()dE, by =— /Sln(u(x, D)Ly (§)dE.
—1 —1
The semi-implicit scheme employs an implicit scheme for the linear part of the equation and an explicit scheme for

the nonlinear part of the equation as follows:

ﬁn+1 — 20" _i_ﬁnfl B LAﬁIH»l L
Ar? L2 '
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Fig. 12 Critical velocity 0.17
versus N with explicit and 016
implicit methods. Red
stars: Gaussian with three
points (explicit); blue 0.14
triangles: Gaussian with 0.13 1
five points (explicit
scheme); black 0.12¢
asterisks: Gaussian with five 011
points (implicit scheme). 01l
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Thus, &"*! can be obtained as 4"*! = U~ (2" — "' + Ar?b"), where U = I — (At/L)*A. The complexity
of computing U~ can be reduced using the structure of A so that the actual algorithm is implemented efficiently.

Figure 12 shows the critical velocity versus N with different methods: the three- (red) and five-point (blue)
Gaussian approximation for the explicit scheme and the five-point Gaussian (black) approximation for the implicit
scheme. Here we note that, although the implicit scheme can be computed efficiently with a lower computational
complexity, the overall performance is similar to that of the explicit scheme when N is large. We also note that the
explicit (collocation) method is also implemented efficiently via FFT.

7 Comparisons and discussion

We have investigated the convergence properties of different combinations of numerical methods for the perturbed
sG equation (1) with Dirac delta forcing. The numerical results show that (1) in general, when one has a parameter
o governing the representation of the Dirac delta, one must be careful when taking the limit 1/N, ¢ — 0 to recover
the correct PDE behavior. This is similar to the situation with the limit Ax, At — 0; (2) in particular, when using
the Gaussian delta, for both the finite-difference and pseudo-spectral methods, one must make sure that the support
of the delta is nonzero on at least five grid points; otherwise the results do not converge to the correct continuum
limit; (3) spectral methods over the whole domain with the Gaussian and self-consistent delta representations are
not advantageous due to the large number of points that are needed anyway to resolve the delta.

Further insight can be obtained by combining the results of the previous sections. Figure 13 shows the depen-
dence of the absolute error £ on N for the finite-difference method (Figure 13a) and the pseudo-spectral method
(Figure 13b) in combination with the various representations of the Dirac delta. The results show that all methods
require a significant number of grid points to properly resolve the critical behavior of the kink solutions. Among all
the combinations, domain decomposition methods, in conjunction with both finite-difference methods and spectral
methods, seem best. For both finite-difference and spectral methods, the Gaussian approximation method (which
is the most commonly used method in the optics community) is inferior, in the sense that it requires significantly
higher grid resolutions than other methods to attain the same level of accuracy. It is interesting to see that, even
though the point source approach generates a Gibbs phenomenon in the solution, it yields accurate results for the
critical velocity with both finite-difference and spectral methods. The self-consistent method yields results similar
to those of the Gaussian method, but its convergence rate is slightly higher and its performance improves compared
to other methods as N gets large. Overall, the Gaussian representation and the self-consistent representation yield
similar results for both the finite-difference and spectral methods.
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Fig. 13 Absolute error in value of critical velocity with finite-difference methods (a) or pseudo-spectral methods (b) as a function of
N for different representations of the Dirac delta. Red: Gaussian with five points; green: point source; blue: self-consistent with o = 0;
magenta: domain decomposition. (Color figure online)

We should note that an accurate and efficient method of finding the critical velocity with high precision was
recently proposed for the sG equation in [27] and for the nonlinear Schrédinger equation in [28] using the generalized
polynomial chaos method. Also, other methods are of course available to integrate the sG equation numerically, for
example, completely integrable schemes [20,29] and Galerkin methods [23-25]. Here we chose to limit ourselves
to the most widely used spatial discretization methods: the finite-difference and pseudo-spectral methods. The study
of other methods remains a subject for future work.
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