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Abstract

We show that the distance between a finite filling slope and reducible filling slope
on the boundary of a hyperbolic knot manifold is 1.

Let M be a knot manifold, i.e. a connected, compact, orientable 3-manifold whose
boundary is a torus. A knot manifold is said to be hyperbolic if its interior admits a
complete hyperbolic metric of finite volume. Let M («) denote the manifold obtained by
Dehn filling M with slope a and let A(a,3) denote the distance between two slopes «
and # on OM. When M is hyperbolic but M(«) isn’t, we call the corresponding filling
(slope) an exceptional filling (slope). Perelman’s recent proof of Thurston’s geometrisation
conjecture implies that a filling is exceptional if and only if it is either reducible, toroidal,
or Seifert fibred. These include all manifolds whose fundamental groups are either cyclic,
finite, or very small (i.e. contain no non-abelian free subgroup). Sharp upper bounds on the
distance between exceptional filling slopes of various types have been established in many
cases, including:

a,3) < 1if both a and 8 are reducible filling slopes [GL2]

< 1if both « and 3 are cyclic filling slopes [CGLS]

< 1if a is a cyclic filling slope and (3 is a reducible filling slope [BZ2]

< 2if a is a cyclic filling slope and ( is a finite filling slope [BZ1]
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< 2 if a is a reducible filling slope and [ is a very small filling slope [BCSZ2]
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A( < 3 if both « and 3 are finite filling slopes [BZ3]

e A(a, ) < 3if « is a reducible filling slope and 3 is a toroidal filling slope [Wu| [Oh]
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o A(a,8) <8if both @ and 8 are toroidal filling slopes [Go]

In this paper we give the sharp upper bound on the distance between a reducible filling
slope and finite filling slope.

Theorem 1 Let M be a hyperbolic knot manifold. If M(a) has a finite fundamental group
and M () is a reducible manifold, then A(a, 3) < 1.

Example 7.8 of [BZ2] describes a hyperbolic knot manifold M and slopes aq, as, 3 on OM
such that M (/) is reducible, 71 (M (ay)) is finite cyclic, 71 (M (az)) is finite non-cyclic, and
Aoy, B) = Aag, 8) = 1. In fact there are hyperbolic knot manifolds with reducible and
finite fillings for every finite type: cyclic, dihedral, tetrahedral, octahedral and icosahedral,
in the terminology of [BZ1]; see [K].

A significant reduction of Theorem 1 was obtained in [BCSZ2]. Before describing this
work, we need to introduce some notation and terminology.

Denote the octahedral group by O, the binary octahedral group by O*, and let ¢ :
O*—0 be the usual surjection. We say that « is an O(k)-type filling slope if 1 (M (o)) =
O* x Z/j for some integer j coprime to 6 and the image of 71 (0M) under the composition
m1(M)—mi(M(a)) =, 0% x 2/ 22 0* 25 0is Z/k. Clearly k € {1,2,3,4}. It is shown
in §3 of [BZ3] that k is independent of the choice of isomorphism 7 (M (v)) = 0" %7 /j.

A lens space whose fundamental group has order p > 2 will be denoted by L.

Theorem 2 Let M be a hyperbolic knot manifold. If M(a) has a finite fundamental group
and M (0) is a reducible manifold, then A(a, 3) < 2. Further, if Ala, 3) = 2, then Hy(M) =
Z®Z)2, M(B) = Lo#Ls, and o is an O(k)-type filling slope for some k € {1,2,3}.

Proof. This is Theorem 1.1 of [BCSZ2] except that that theorem only claimed that « is
an O(k)-type filling slope for some k € {1,2,3,4}. Since Hi(M) contains 2-torsion, the
argument of the last paragraph of the proof of Theorem 2.3 of [BZ1] (see page 1026 of that
article) shows that k € {1,2,3}. ¢

Thus, in order to prove Theorem 1, we are reduced to considering the case where Hy (M) =
Z®7Z)2, M(B) = Lo#Ls, and « is an O(k) type filling slope for some k € {1,2,3}. We do
this below. We also assume that A(a, 3) = 2 in order to derive a contradiction.

An essential surface in M is a compact, connected, orientable, incompressible, and non-
boundary parallel, properly embedded 2-submanifold of M. A slope 8 on OM is called



a boundary slope if there is an essential surface F' in M with non-empty boundary of the
given slope 5. A boundary slope ( is called strict if there is an essential surface F' in M of
boundary slope (8 such that F' is neither a fiber nor a semi-fiber. The latter means that F’
does not split M into the union of two twisted I-bundles. When M has a closed essential
surface S, let C(S) be the set of slopes v on M such that S is compressible in M (y). A
slope 7 is called a singular slope for S if n € C(S) and A(n,~) <1 for each v € C(S5).

Since 71 (M («)) is finite, the first Betti number of M is 1, M(«) is irreducible by [GL2],
and neither o nor 3 is a singular slope by Theorem 1.5 of [BGZ]. As M (/3) is reducible,
[ is a boundary slope. Further, by Proposition 3.3 of [BCSZ2] we may assume that up to
isotopy, there is a unique essential surface P in M with boundary slope §. This surface is
necessarily planar. It is also separating as M (/3) is a rational homology 3-sphere, and so has
an even number of boundary components. This number is at least 4 since M is hyperbolic.

Lemma 3 If A(«, 3) =2, then « is of type O(2).

Proof. According to Theorem 2, we must show that o does not have type O(k) for k = 1, 3.

Let Xo C X(M(B))) C X(M) be the unique non-trivial curve. (We refer the reader to §6
of [BCSZ2] for notation, background results, and further references on PSLy(C) character
varieties.) Since (3 is not a singular slope, Proposition 4.10 of [BZ2] implies that the regular
function f, : Xo—C,x, — (trace(p(a)))?® — 4, has a pole at each ideal point of Xy. (We
have identified o € H{(OM) with its image in m(0M) C 7 (M) under the Hurewicz
homomorphism.) In particular, the Culler-Shalen seminorm || - || x, : H1(OM;R)—[0,00) is
non-zero. Hence there is a non-zero integer so such that for all v € Hy(OM) we have

7l xo = |- Blso

where 7 - § is the algebraic intersection number of the two classes (c.f. Identity 6.1.2 of
[BCSZ2]). Fix a class f* € H1(OM) satisfying (- §* = £1, so in particular ||5*||x, = So-
We can always find such a §* so that

a=p0F+28

According to Proposition 8.1 of [BCSZ2], if £ # v € H1(OM) is a slope satisfying
A(a,y) = 0 (mod k), then 2sy = |laflx, < [[7llx, = A(y,8)s0. Hence A(v,5) > 2.
Consideration of v = 8* and v = 8 — §* then shows that k£ # 1,3. ¢

Lemma 4 If A(a, ) =2, then P has exactly four boundary components.

Proof. We continue to use the notation developed in the proof of the previous lemma.



By Case 1 of §8 of [BCSZ2] we have 2 < 1+ % < 3 and so sg is either 2 or 3. We claim
that sy = 2. To prove this, we shall suppose that sy = 3 and derive a contradiction.

It follows from the method of proof of Lemma 5.6 of [BZ1] that w1 (M («)) = O* xZ/j has
exactly two irreducible characters with values in PSLy(C) corresponding to a representation
p1 with image O and a representation p, with image D3 (the dihedral group of order 6).
Further, po is the composition of p; with the quotient of O by its unique normal subgroup
isomorphic to Z/2 @ Z/2. Tt follows from Proposition 7.6 of [BCSZ2] that if sy = 3, the
characters of p; and p» lie on Xy and provide jumps in the multiplicity of zero of f, over
fg+. Lemma 4.1 of [BZ1] then implies that both p(5*) and pa(5*) are non-trivial. By the
previous lemma, « is a slope of type O(2). Thus p;(8*) has order 2. Since pa(5*) # £I
and py factors through pi1, p2(5*) also has order 2.

Next we claim that §* lies in the kernel of the composition of po with the abelianisation
Ds—H,(D3;Z/2). To see this, note first that § is non-zero in Hy(M;Z/2) = Z/2 & Z/2
since Hy(M(B);Z/2) = Hi(Lo#Ls3;7Z/2) = Z/2. Thus exactly one of * and 5* 4 ( is zero
in Hi(M;Z/2). (Recall that duality implies that the image of H1(0M;Z/2) in Hi(M;Z/2)
is Z/2.) Since [ lies in the kernel of pa, it follows that pa(5*) is sent to zero in Hi(Ds;Z/2).
But then py(5*) has order 3 in D3, contrary to what we deduced in the previous paragraph.
Thus sp = 2. Now apply the argument at the end of the proof of Proposition 6.6 of [BCSZ2]
to see that 4 = 2s¢g > |0P| > 4. Hence P has four boundary components. <

The four-punctured 2-sphere P cuts M into two components X; and Xs. If P; denotes
the copy of P in 0X; then M is the union of X; and X5 with P; and P, identified by a
homeomorphism f : Pj—P,. The boundary of P cuts 9M into four annuli Aq1, Aoq, A12, Ao
listed in the order they appear around OM, where A1, A2 are contained in X7 and Asq, Ago
are contained in Xy. The arguments given in the proof of Lemma 4.5 of [BCSZ2] show that
for each i, the two annuli A;; and A;» in X; are unknotted and unlinked. This means that
there is a neighbourhood of A;; U A;2 in X; which is homeomorphic to F; x I, where F; is
a thrice-punctured 2-sphere and I is the interval [0, 1], such that (E; x I) N P; = (E; x 0I),
and the exterior of F; x I in X; is a solid torus V;. We label the boundary components of
E; as 0;E; (j =1,2,3) so that 0;E; x I = A;j for j =1,2.

Let P be the two sphere in M (8) obtained from P by capping off 9P with four meridian
disks from the filling solid torus V. These disks cut Vj into four 2-handles H;; (i,7 = 1,2)
such that the attaching annulus of H;; is A;; for each i,j. Let X;(8) be the manifold
obtained by attaching H;; to X; along A;; (j = 1,2). Then X;(f) is a once-punctured
L(2,1) and X2(f) a once-punctured L(3,1).

It follows from the description above that X is obtained from F; x I and V; by iden-
tifying 057 x I with an annulus A; in dV; whose core curve is a (2,1) curve in 9V;. We
can assume that A is invariant under the standard involution of V; whose fixed point set



is a pair of arcs contained in disjoint meridian disks of V;. Note that the two boundary
components of Ay are interchanged under this map. Similarly, X5 is obtained from Fo x I
and V3 by identifying 93 Fy x I with an annulus As in 9V, whose core curve is a (3,1) curve
in 0V5. Again we can suppose that As is invariant under the standard involution of V5
which interchanges the two boundary components of As. See Figures 1 and 2.

The map f|: dPi—0P, is constrained in several ways by our hypotheses. For instance,
the fact that OM is connected implies that f(01E1 x {i}) = 02F2 x {j} for some 4, j. Other
conditions are imposed by the homology of M.

Lemma 5 We can assume that either

(a) f(alEl X {0}) = 81E2 X {0}, f(agEl X {0}) = (92E2 X {0}, f(alEl X {1}) = (92E2 X {1},
and f(02Ey x {1}) = 01Ey x {1}, or

(b) f(81E1 X {0}) = 81E2 X {0}, f(82E1 X {0}) = 81E2 X {1}, f(81E1 X {1}) = 82E2 X {1},
and f(agEl X {1}) = (92E2 X {O}

Proof. Without loss of generality we can suppose that f(01E; x {0}) = 01 E2 x {0}. Hence,
as OM is connected, one of the following four possibilities arises:

(a) f(O2Er x {0}) = OoEy x {0}, f(O1E1 x {1}) = OaFp x {1}, and f(02E1 x {1}) =
01E5 x {1}

(b) f(O2Er x {0}) = O1Ey x {1}, f(O1En x {1}) = OaF x {1}, and f(O2E1 x {1}) =
02 Ey x {0}

(c) f(OEr x {0}) = O1By x {1}, f(O1En x {1}) = OaF x {0}, and f(O2E1 x {1}) =
82E2 X {1}, or

(d) f(O2B1 x {0}) = O2Fp x {1}, f(O1E1 x {1}) = O2F x {0}, and f(0:E x {1}) =
015 x {1}

Let a;, b, x; € H1(X;) be represented, respectively, by 01E;, 02E;, and a core of V;,
i =1,2. Then Hy(X;) is the abelian group generated by a;, b;, x;, subject to the relation
2x1 = a1+ by, 1=1 (1)
3xo = as + by 1=2 (ii)
Since f(01E1 x {0}) = 01F2 x {0}, we may orient 0F1, 0Fy so that in Hy(M) we have

a; = ag. Then Hy(M) is the quotient of Hy(X7) @ H;(X2) by this relation together with
the additional relations corresponding to the four possible gluings:

(a) bl = bg, bl = a



(b) by = —ag, by = —by
(C) b1 = —ay, b1 = b2

(d) bl = —bg, bl = a

Taking Z/3 coefficients, equation (i) allows us to eliminate z1, while (ii) gives a2 + bo = 0.
Hence Hy(M;Z/3) = Z/3® A, where the Z/3 summand is generated by x2 and A is defined
by generators by, ag,be, and relations as + by = 0 plus those listed in (a), (b), (c) and
(d) above. Thus A = 0 in cases (a) and (b), and A = Z/3 in cases (c¢) and (d). Since
H,(M)=Z® Z/2, we conclude that cases (c) and (d) are impossible. <

1 The proof of Theorem 1 when case (a) of Lemma 5 arises

Figure 1 depicts an involution 7 on Eq x I under which 93 F4 x I is invariant, has its boundary
components interchanged, and 71(A11) = Aj2. Then 71 extends to an involution of X since
its restriction to 031 x I = Aj coincides with the restriction to A; of the standard involution
of ‘/1 Evidently 7-1(81E1 X {0}) = 82E1 X {1} and ’7’1(62E1 X {0}) = 81E1 X {1}

Figure 2 depicts an involution 75 on E9 x I under which each of the annuli 059 x I, Aoy,
and Agy are invariant. Further, it interchanges the components of Es x 91 and as in the
previous paragraph, 7 extends to an involution of Xy. Note that 75(0; E2x{0}) = 0;Eax {1}
for j =1,2.

Next consider the orientation preserving involution 75 = f(71|P1)f~! on P». By con-
struction we have 75(0;E2 x {0}) = 9;E2 x {1} for j = 1,2, and therefore 75 = g(2|P)g "
where g : Po— P> is a homeomorphism whose restriction to P, is isotopic to 1gp,. The
latter fact implies that g is isotopic to a homeomorphism ¢’ : Po— P, which commutes with
72| Py. Hence, 74 is isotopic to 7o P» through orientation preserving involutions whose fixed
point sets consist of two points. In particular, 71 and 7 can be pieced together to form an
orientation preserving involution 7: M—M.

For each slope v on OM, 7 extends to an involution 7, of the associated Dehn filling
M(v) = M UV, where V, is the filling solid torus. Thurston’s orbifold theorem applies to
our situation and implies that M(vy) has a geometric decomposition. In particular, M («a)
is a Seifert fibred manifold whose base orbifold is of the form $2%(2,3,4), a 2-sphere with
three cone points of orders 2, 3,4 respectively.

It follows immediately from our constructions that X (5)/7g and X2(5)/7s are 3-balls.
Thus M(8)/75 = (X1(8)/75) U (X2(B)/75) = S* and since OM/7 = S2, it follows that
M/7 is a 3-ball. More precisely, M /7 is an orbifold (N, L%), where N is a 3-ball, LY is a
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Figure 1: X3 and the involution 7

properly embedded 1-manifold in N that meets ON in four points, and M is the double
branched cover of (N, L°). We will call (N, L°) a tangle, and if we choose some identification
of (ON, L") with a standard model of (S2, four points), then (N, L") becomes a marked
tangle. Capping off 9N with a 3-ball B gives N Uy B = S3. Then, if v is a slope on M,
we have V, /7, = (B, T,), where T, is the rational tangle in B corresponding to the slope
v. Hence

M(’Y)/T’y = (M/T)U (V'y/T'y)
— (NI U (B,T;)
= (S37L0(7)) >

where L°(7) is the link in S? obtained by capping off L° with the rational tangle T,.
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Figure 2: X5 and the involution 79

We now give a more detailed description of the tangle (N, L°). For i = 1,2, let B; =
Vi/Ti, Wi = E; x I /7, Y; = X;/7;, and Q; = P;/7;. Figure 3 gives a detailed description
of the branch sets in B;, W;, Y; with respect to the corresponding branched covering maps.
Note that IV is the union of Y7, Y2, and a product region R 22 Q1 x I from @)1 to Q2 which
intersects the branch set L? of the cover M—N in a 2-braid. In fact, it is clear from our
constructions that we can think of the union (L° N R)U (ON N R) as a “4-braid” in R with
two “fat strands” formed by ON N R. See Figure 4(a). By an isotopy of R fixing @2, and
which keeps R, 1, and Y; invariant, we may untwist the crossings between the two fat
strands in Figure 4(a) so that the pair (IV, L?) is as depicted in Figure 4(b).

The slope (8 is the boundary slope of the planar surface P, and hence the rational
tangle Tj3 appears in Figure 4(b) as two short horizontal arcs in B lying entirely in Y5(5) =



Figure 3: The branch sets in B;, W;, and Y;

X2(B)/73. Since A(a, B) = 2, Ty, is a tangle of the form shown in Figure 6(a). Recall that
M () is a Seifert fibred manifold with base orbifold of type S%(2,3,4), and is the double
branched cover of (S3, L%(«)). Write L = L(a).

Lemma 6 L is a Montesinos link of type (5,4, 7).

Proof. By Thurston’s orbifold theorem, the Seifert fibering of M (a)) can be isotoped to be
invariant under 7,. Hence the quotient orbifold is Seifert fibered in the sense of Bonahon-
Siebenmann, and so either L is a Montesinos link or S3 \ L is Seifert fibred. From Figure
6(a) we see that L is a 2-component link with an unknotted component and linking number
+1. But the only link L with this property such that S3\ L is Seifert fibred is the Hopf link
(see [BM]), whose 2-fold cover is P3. Thus L must be a Montesinos link. Since the base
orbifold of M () is S%(2,3,4), L has type (5,4,%) (c.f §12.D of [BuZi]). ¢

It’s easy to check that any Montesinos link L of the type described in the Lemma 6
has two components, one of which, say K, is a trivial knot, and the other, K5, a trefoil
knot. Our goal is to use the particular nature of our situation to show that the branch set
L cannot be a Montesinos link of type (5,4, %), and thus derive a contradiction.

From Figure 4, we see that L% has a closed, unknotted component, which must be the
component K of the Montesinos link of type (£, %, 7) described above. Then L\ K| =
K5 N N, which we denote by KJ.

Now delete K7 from N and let U be the double branched cover of N branched over KJ.
Then U is a compact, connected, orientable 3-manifold with boundary a torus which can
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Figure 4: The branch set L% in N

be identified with OM. In particular, if we consider o and § as slopes on OU, then both
U(a) and U(B) are the lens space L(3,1), since they are 2-fold covers of S® branched over
a trefoil knot. Hence the cyclic surgery theorem of [CGLS] implies that U is either a Seifert
fibred space or a reducible manifold.

Lemma 7 U is not a Seifert fibred space.

Proof. Suppose U is a Seifert fibred space, with base surface F' and n > 0 exceptional
fibres. If F' is non-orientable then U contains a Klein bottle, hence U(a) = L(3,1) does
also. But since non-orientable surfaces in L(3,1) are non-separating, this implies that
H,(L(3,1);Z/2) % 0, which is clearly false. Thus F is orientable.

If U is a solid torus then clearly U(a) = U(8) = L(3,1) implies A(a, 5) = 0 (mod 3),
contradicting the fact that A(a, ) = 2. Thus we assume that U is not a solid torus, and
take ¢ € H1(OU) to be the slope on OU of a Seifert fibre. Then U(¢) is reducible [HI] so
d=A(a,¢) >0, and U(a) is a Seifert fibred space with base surface F' capped off with a
disk, and n or n + 1 exceptional fibres, according as d = 1 or d > 1. Since U(«) is a lens
space and U isn’t a solid torus, we must have that F' is a disk, n = 2, and d = 1. Similarly
A(B,¢) = 1. In particular, without loss of generality § = a + 2¢ in H;(9U).

The base orbifold of U is of the form D?(p,q), with p,q > 1. Then Hy(U) is the abelian
group defined by generators x,y and the single relation px + qy = 0. Suppose « — ax + by
p
q

in Hy(U). Then H;(U(«)) is presented by the matrix . Similarly, since ¢ — px in

10



p a+2p

H,(U), Hi(U(B)) is presented by . But the determinants of these matrices

differ by 2pg > 8, so they cannot both be 3 in absolute value. This completes the proof of
the lemma. <

Thus U is reducible, say U = V#W where 0V = 0U and W 2 S2 is closed. Consider-
ation of U(a) and U(B3) shows that W = L(3,1) and V() = V(3) & S3, and so Theorem
2 of [GL1] implies that V = S x D?. Tt follows that any simple closed curve in U which
represents either a or (3 is isotopic to the core curve of V. Let A € H{(OU) denote the
meridional slope of V. Then {3, A} is a basis of H1(0U) and up to changing the sign of «
we have o = 3 £ 2.

Since U 22 (S* x D?) # L(3,1), we can find a homeomorphism between the pair (N, KY)
and the tangle shown in Figure 5(a), with the 3, «, and A fillings shown in Figures 5(b), (c)
and (d) respectively. (We show the case @ = 3 + 2); the other possibility can be handled
similarly.)

K® T

(K O,
N /Q

CY (b) © (d)

Figure 5:

Recall that in Figure 4(b), the slope 3 corresponds to the rational tangle consisting of
two short “horizontal” arcs in the filling ball B. It follows that under the homeomorphism
from the tangle shown in Figure 5(a) to (N, KY) shown in Figure 4(b), the tangle T,, (resp.
T)) is sent to a rational tangle of the form shown in Figure 6(a) (resp. 6(b)). From
Figure 5(d) we see that L°()\) is a link of three components K; U O; U K3, where Oy is a
trivial knot which bounds a disk D disjoint from K3 and which intersects N in a single
arc; see Figure 6(b). Push the arc O; N B with its two endpoints fixed into 0B along D,
and let OF be the resulting knot (see part (c) of Figure 6). Then there is a disk D, (which
is a subdisk of D) satisfying the following conditions:

(1) oD, = O5.
(2) D, is disjoint from Kj.

(3) The interior of D, is disjoint from B.

Perusal of Figure 6 (c) shows that the following condition is also achievable.

11
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Figure 6: The tangle fillings N(«) and N ().

(4) D.NQ2 has a single arc component, and this arc component connects the two boundary
components of ()3 and is outermost in D, amongst the components of D, N Qs.

Among all disks in S which satisfy conditions (1)-(4), we may assume that D, has been
chosen so that

(5) Dy N Q2 has the minimal number of components.

Claim 8 Suppose that D, N Q2 has circle components. Then each such circle separates

K3N Qs from 0Q2 in Q.

Proof. Let 0 be a circle component of D,NQ2. Then ¢ is essential in Q2 \ (Q2N K3), for if it
bounds a disk Dy in @2\ (Q2N K3), then an innermost component of D, N Dy C D, NQ2 will
bound a disk D1 C Dy. We can surger D, using D; to get a new disk satisfying conditions
(1)-(4) above, but with fewer components of intersection with Q2 than D,, contrary to
assumption (5).

Next since the arc component of D, NQ2 connects the two boundary components of @9,
0 cannot separate the two boundary components of ()9 from each other.

Lastly suppose that § separates the two points of Q2 N K3. Then 0 is isotopic to a
meridian curve of K3 in S®. But this is impossible since § also bounds a disk in D, and is
therefore null-homologous in S? \ K3. The claim follows. <

12
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Figure 7: Capping off the 4-braid to obtain a trivial link

It follows from Claim 8 that there are disjoint arcs in ()2, one, say o1, which connects
the two points of @2 N K3 and is disjoint from D, and o9 = D, N Q2 the other. Hence we
obtain a “2-bridge link” of two components — one fat, one thin — in S3 by capping off the
“4-braid” in R with o1 and o9 in Y5 C Y2(8) and with K5NY; C Y3 and ON NY; C Y7 in
the 3-ball Y7 () (see Figure 7(a)). Furthermore, since the disk D, gives a disk bounded by
the “fat knot” which is disjoint from the “thin knot”, the link is a trivial link.

Now it follows from the standard presentation of a 2-bridge link as a 4-plat (see §12.B of
[BuZi]), that there is an isotopy of R, fixed on the ends @1, Q2 and on the two fat strands,
taking the “4-braid” to one of the form shown in Figure 7(b). Hence (N, L°) has the form
shown in Figure 8(a). The filling rational tangle T, is of the form shown in Figure 8(b).
Since the component K9(a) of L?(a) = L has to be a trefoil, there are only two possibilities
for the number of twists in 7,; see Figure 9. The two corresponding possibilities for L are
shown in Figure 10. But these are Montesinos links of the form (%, %3, %) and (%, %5, ),
respectively.

This final contradiction completes the proof of Theorem 1 under the assumptions of case
(a) of Lemma 5. ¢

13
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Figure 8: The pair (N, L°) and the filling tangle T,

() ()

Figure 9: The two possible T},

2 The proof of Theorem 1 when case (b) of Lemma 5 arises

In this case we choose an involution 71 on E; X I as shown in Figure 11. Then 71 (93FE; x
{j}) = O3E1 x {j}, m(01E1 x {j}) = 2E1 x {j} (j = 0,1), and the restriction of 7, on
03F1 x I extends to an involution of V7 whose fixed point set is a core circle of this solid torus.
Thus we obtain an involution 71 on X;. The quotient of V; by 77 is a solid torus By whose
core circle is the branch set. Further, A;/7 is a longitudinal annulus of B;. The quotient of
Ey x I by 71 is also solid torus W7 in which (935E; x I)/1 is a longitudinal annulus. Figure
11 depicts W; and its branch set. It follows that the pair (Y7 = X3 /7, branch set of 1) is
identical to the analogous pair in Section 1 (see Figure 3).
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— | \) |
|
‘) ‘
| . /
| some vertical tWIStS/\
\ \

\ W |

\_Q_J
\f,//\v/

/ / K, \

/ \ w
by an isotopy J/ / ‘
“ some vertical thStS\/:‘ ‘

/ |
\ O
N

Figure 10: L as a Montesinos link of the type (%, %3, ) or (%, —%

(b)

Next we take 1 to be the same involution on X5 as that used in Section 1. An argument
similar to the one used in that section shows that 7 and 75 can be pieced together to form
an involution 7 on M. From the previous paragraph we see that the quotient N = M/r
and its branch set are the same as those in Section 1. Hence the argument of that section

can be used from here on to obtain a contradiction. This completes the proof of Theorem
1 in case (b). ¢
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0,E {0 0,E {0}

involution

T Ca o

A A1z
Elx I fixed point set of the involution W1 branch set
Figure 11: Involution on E; x [
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