THE CONLEY INDEX OVER THE CIRCLE

Marian Mrozek^� Instytut Informatyki Uniwersytet Jagielloński 30-072 Kraków Poland mrozek@ii.uj.edu.pl

James F. Reineck Department of Mathematics SUNY at Buffalo Buffalo, NY 14214-3093 USA reineck@newton.math.buffalo.edu

Roman Srzednicki^y Instytut Matematyki Uniwersytet Jagielloński 30-059 Kraków Poland srzednic@im.uj.edu.pl

September 8, 1997

�Supported by KBN, Grant 0449/P3/94/06. ySupported by KBN, Grant 2 P03A 040 10.

Abstract

We study the Conley index over a base in the case when the base is the circle. Such an index arises in a natural way when the considered flow admits a Poincaré section. In that case the fiberwise pointed spaces over the circle generated by index pairs are semibundles, i.e. admit a special structure similar to locally trivial bundles. We define a homotopy invariant of semibundles, the monodromy class. We use the monodromy class to prove that the Conley index of the Poincaré map may be expressed in terms of the Conley index over the circle.

Classifications: Primary 34C35; Secondary 58F25, 34A34

Keywords: Conley index, Poincaré map, fiberwise pointed space

1 Introduction

Poincaré section is a frequently used tool in the study of dynamical systems. It lets one translate certain problems in the continuous dynamics of flows to their counterparts in the discrete dynamics of the associated Poincaré map. One of the advantages of such an approach is that the dimension of phase space is reduced by one. The main disadvantage lies in the fact that often very little is known about the Poincaré map beyond its existence. The development of the discrete counterpart of the Conley index (see [9, 5, 13]) raised hopes that the interaction between the dynamics of a flow with a Poincaré section and the dynamics of the Poincaré map may be fruitfully observed and applied on the level of the Conley index theory. It is fairly easy to show that the cohomological Conley index of the Poincaré map completely determines the cohomological Conley index of the flow. This is achieved via the index suspension sequence (see [4]). However the more interesting question goes in the reverse direction: Is it possible to reconstruct the Conley index for the Poincaré map from the Conley index for flow? This is because on one hand the Conley index of the Poincaré map carries a lot of useful information, in particular information about periodic orbits of the flow of arbitrary periods, on the other hand the computation of the Conley index for flows requires only local knowledge of flow and consequently is much easier than the computation of the Conley index of the Poincaré map. Unfortunately it turns out that such a reconstruction is not possible. Perhaps the only thing which may be regained from the classical Conley index for flows is the one-eigenspace of the Conley index of the Poincaré map (see [4]).

In an earlier paper by the same authors a generalization of the Conley index for flows, the Conley index over a base was introduced (see [7]). In the case of flows with a Poincaré section there is a natural choice of the base space: the circle. The aim of the present paper is to show that the Conley index over the circle carries all the information necessary to compute the Conley index of the Poincaré map. Since the computation of the Conley index over the circle requires, as in the case of the classical Conley index for flows, only the local knowledge of flow, replacing the classical Conley index by the Conley index over the circle seems to solve completely the problem.

In order to describe in more detail the contents of this paper let us recall that, in the case of semiflows, the classical index of an isolated invariant set S takes the form of the homotopy type of a pointed topological space. The space is obtained by starting with an isolating neighborhood N of S, and collapsing the exit set L of N to a point. The homotopy type of the quotient is independent of the choice of N (provided the exit set L is closed). In the case of maps, the homotopy type of the quotient is not independent of the choice of N, so one must get rid of some unnecessary information. This is achieved by applying the Leray functor as described in [5] or some its generalizations (see [6] and [13]). In the simplest setting, if f denotes the map which defines the dynamical system, then f induces a map f^∗ on the cohomology H^∗(N, L). If we let CH^∗ denote the generalized image of f^∗ mod the generalized kernel of f^∗ (which corresponds to applying the Leray functor to H^∗(N, L)), then f^∗ induces an isomorphism χ^∗ on CH^∗. The resulting pair (CH^∗, χ^∗) is independent of the choice of N, and is the discrete Conley index of S. In this paper we actually use a universal replacement of the Leray functor due to Szymczak (see [13]) which in particular enables one to study the discrete Conley index on the homotopy level.

Let N be an isolating neighborhood in a semiflow π, which admits Σ, a Poincaré section for N. Then there is an associated discrete dynamical system, namely the Poincaré map Π on Σ. If S denotes the maximal invariant set in N, then K := S ∩ Σ is an isolated invariant set for Π. To obtain the discrete Conley index of K with respect to Π from looking at the flow in N we first consider the index of S over the base S^1 as introduced in [7]. To briefly recall its definition, assume ξ : N → S^1 is a fixed continuous map such that the semiflow π is ξ-preserving, i.e. ξ(π(x, t)) = e^{2πit}ξ(x). Let (P_1, P_2) be a regular index pair for S. Roughly speaking this means that the exit time from the closure of P_1 \ P_2 is continuous. The pair consisting of an isolating block and its exit set is an example of regular index pair. To define h_ξ(S), the Conley index of S over S^1, we use the adjunction P_1 ∪_{ξ|P2} S^1, i.e. we glue P_2 to S^1 via ξ. This results in a fiberwise pointed space (see [3]). If one chooses two regular index pairs, the resulting spaces are not equivalent as fiberwise pointed spaces, but they do have the same fiberwise deforming homotopy type (see [7]). By definition, h_ξ(S) is equal to the fiberwise deforming homotopy type of P_1 ∪_{ξ|P2} S^1. The index turns out to have all important properties of the classical Conley index, including the continuation (homotopy) property. There is an essential advantage with respect to the classical approach: P_1 ∪_{ξ|P2} S^1 is a fiberwise pointed space over S^1 and it carries an additional structure similar in spirit to a locally trivial bundle. We call this the semibundle structure. Roughly speaking, any ξpreserving semiflow on P_1 ∪_{ξ|P2} S^1 defines the same semibundle structure. The homotopy class of the map induced by the semiflow on every fiber leads, via the universal functor defined by Szymczak (see [13]), to an invariant of fiberwise deforming homotopy types of semibundles called the monodromy class. All this makes the Conley index over the circle an invariant of isolating neighborhoods which is much stronger then the classical Conley index. An important manifestation of this fact is the main result of this paper, i.e. Theorem 8.3. It states that the Conley index of K with respect to the Poincaré map Π is completely determined by the Conley index of S over S^1, namely it is the monodromy class of h_ξ(S).

We want to emphasize that the Conley index over the circle in principle is not more difficult to compute then the classical Conley index. Moreover, although one way to find the semibundle structure on P_1 ∪_{ξ|P2} S^1 is via the semiflow induced from the original flow, any other ξ-preserving semiflow on P_1 ∪_{ξ|P2} S^1 defines the same semibundle structure. Therefore in practice only the knowledge of the topology of a regular index pair and the map ξ is needed to compute both the index over S^1 and its monodromy class. Though not in a setting of the Conley index, computations in this spirit were successfully performed for concrete differential equations in [10, 11] and [12]. The reader familiar with [10] will notice that the ideas developed in that paper constitute a natural inspiration to write the present paper and are its main tools.

At least one important question remains unsolved. By using the extension of the classical index to the index over S^1, we are able to determine the index for the Poincaré map. However, we do not know if the correspondence is 1-1, i.e. if different indices over S^1 necessarily give different indices for the Poincaré map.

To keep things as simple as possible in the present paper we restricted our attention to ξ-preserving flows. This is a satisfactory setting for ODE’s with periodic forcing but things become technically significantly more complicated if one wants to consider an autonomous differential equation with a Poincaré section. Therefore the machinery needed in that case will be presented in a separate paper.

The paper is organized as follows. Section 2 contains preliminaries, in particular a brief introduction to fiberwise pointed spaces and fiberwise deforming maps. In section 3 we introduce semibundles and study their properties. In the next section we introduce Szymczak category, the main tool to define the monodromy class of a semibundle presented in Section 5. In Section 6 we recall some basic notions and theorems concerning isolated invariant sets, index pairs and the Conley index. Section 7 is devoted to Poincaré maps in the context of our paper. The main result of the paper, Theorem 8.3, is proved in Section 8. In Section 9 we study the suspension operation in the context of the Conley index theory. A result on calculation of the index in the case of the flow determined by the suspension of a homeomorphism is presented in Section 10. That result is illustrated by examples based on Smale’s horshoes in Section 11.

2 Preliminaries

We denote the sets of natural numbers by N, the set of all integers by Z and the set of all real numbers by R. For a given topological space X and A ⊂ X, we denote the closure of A by cl A, its interior by int A and its boundary by bd A. The unit circle in the complex plane will be denoted by S^1. Recall that R ∋ τ → e^{2πiτ} ∈ S^1 is a covering map.

Lemma 2.1 Let X be a compact space and Y ⊂ X. If f ≃ g : X → S^1 rel Y then there exists a continuous map t : X → R^+ such that g(x) = e^{2πit(x)}f(x) for every x ∈ X and there exists an n ∈ N such that t(y) = n for every y ∈ Y . Proof: Let h : X × [0, 1] → S^1 be such that f = h(·, 0), g = h(·, 1) and h(y, t) = f(y) for every y ∈ Y and t ∈ [0, 1]. For x ∈ X let ω_x : [0, 1] → R be the lift of the path f(x)^{−1}h(x, ·) : [0, 1] → S^1 such that ω_x(0) = 0. Define

s : X ∋ x → ω_x(1) ∈ R

It is easy to see that s is continuous. Let n be a nonnegative integer such that n ≥ − min{s(x) : x ∈ X}. The map t : X ∋ x → s(x) + n ∈ R satisfies the required properties. 2

We briefly recall the basic concepts of the theory of fiberwise pointed spaces over a base as considered in [7] in the special case when the base is S^1. A triple U = (U, r_U , s_U ) is called a fiberwise pointed (topological) space over S^1 if U is a topological space, r_U : U → S^1 and s_U : S^1 → U are continuous maps, and r_U ∘ s_U = id_S1 (compare also [3]). We refer to r_U as the projection, and to s_U as the section of U. In the sequel, we will often drop the subscript U in r_U and s_U unless it leads to confusion. For a ∈ S^1 the pointed topological space U_a := (r^{−1}_U (a), s_U (a)) is the fibre at a.

Let V = (V, r_V , s_V ) be another fiberwise pointed space over S^1. We define a fiberwise deforming map (shortly: an f.d. map) f : U → V as a continuous map f : (U, s_U (S^1)) → (V, s_V (S^1)) such that

r_V ∘ f ≃ r_U rel s_U (S^1).

Note that every f.d. map f satisfies

r_V ∘ f ∘ s_U = id_S1 .

One can easily verify that the identity map is an f.d. map and the composition of f.d. maps is an f.d. map. Thus fiberwise pointed spaces over S^1 together with f.d. maps constitute a category. We call it the fiberwise deforming category and we denote it by Fib_S1 or briefly by Fib. If F_t : U → V, t ∈ [0, 1] is a collection of f.d. maps such that the map F : U × [0, 1] ∋ (x, t) → F_t(x) ∈ V is continuous, then both, the map F and the collection F_t will be referred to as a homotopy in the category Fib. We say that two f.d. maps f, g : U → V are homotopic in Fib if there exists a homotopy F_t : U → V, t ∈ [0, 1], in Fib such that F_0 = f, F_1 = g. Obviously, the homotopy in the category Fib induces an equivalence relation between the f.d. maps. Taking equivalence classes of f.d. maps as a new collection of morphisms we obtain another category, which we call the fiberwise deforming homotopy category. We will denote it by HtpFib_S1 or briefly by HtpFib. Obviously we have also the homotopy functor Htp : Fib → HtpFib sending each f.d. map to its equivalence class. An f.d. map f will be called a fiberwise deforming homotopy equivalence if Htp(f) is an isomorphism in HtpFib.

We say that two fiberwise pointed spaces U and V over S^1 have the same fiberwise deforming homotopy type over S^1 if there exists a fiberwise deforming homotopy equivalence between them. The equivalence class of spaces with the same fiberwise deforming homotopy type as U is denoted by [U]_S1.

A very special case of an f.d. map is a fiberwise pointed map (see [3]), i.e. an f.d. map f : U → V which satisfies a significantly stronger condition r_V ∘ f = r_U . Unlike an f.d. map, for every a ∈ S^1 a fibrewise pointed map f : U → V induces a map of fibers f_a : U_a → V_a. A homotopy F in Fib such that each F_t is a fiberwise pointed map will be called fiber preserving. (The notion of fiber preserving homotopy leads to the notion of fiberwise pointed homotopy type (see [3]), which is essentially more restrictive then the fiberwise deforming homotopy type considered in this paper.) Observe that if F_t : U → V, t ∈ [0, 1] is a fiber preserving homotopy then the restriction (F_t)_a : U_a → V_a, t ∈ [0, 1] is a homotopy in Top_∗.

If π is a semiflow on a topological space X and t ∈ R^+ then we write π_t := π(·, t) for the t-translation operator of π. If ξ : X → S^1 is a continuous map then we say that π is ξ-preserving if for all x ∈ X and all t ∈ R^+ ξ(π(x, t)) = e^{2πit}ξ(x).

3 Semibundles

A fiberwise pointed space U = (U, r, s) is called a semibundle if there exists an r-preserving semiflow φ : U × R^+ → U such that φ(s(a), t) = s(e^{2πit}a) for any a ∈ S^1 and t ∈ R^+. Such a semiflow is called a semibundle carrier on U. The name semibundle is justified by the fact that if U admits a semibundle carrier which is a flow then r : U → S^1 is a locally trivial bundle. Note that the semibundle carrier is not unique in general.

The 1-translation operator or the time-one map φ_1 of the semibundle carrier φ on U plays a special role in the sequel. Let us denote it by Φ.

Proposition 3.1 The time-one map Φ : U → U is a fiberwise pointed map. For every a ∈ S^1 the homotopy class of Φ_a in Top_∗ is independent of the choice of a semibundle carrier φ.

Proof: The first assertion is obvious. If φ^′ is another semibundle carrier on U then the required homotopy is φ^′_{1−t}φ_t. 2

In the sequel we assume that U = (U, r_U , s_V ) and V = (V, r_V , s_V ) are semibundles. Fix a semibundle carrier ψ on V and let Ψ := ψ_1 be the corresponding time-one map. Let α : U → V be an f.d. map and t : U → R^+ be a continuous function. Define a map ᾱ : U → V by ᾱ(x) := ψ(α(x), t(x)) for x ∈ U.

Proposition 3.2 The following conditions are equivalent:

(a) ᾱ is an f.d. map.

(b) t|_{s(S}1_) = n for some n ∈ N.

Moreover, if (b) is satisfied then ᾱ is homotopic to Ψ^n ∘ α in Fib.

Proof: If ᾱ is an f.d. map then for any a ∈ S^1 we have

a = r_V (ᾱ(s_U (a))) = r_V (ψ(α(s_U (a)), t(s_U (a)))) = e^{2πit(sU (a))}a

which implies that t(s_U (a)) is an integer. Since t is continuous and s(S^1) is connected, t|_{s(S}1_) must be an integer constant.

Assume now that t|_{s(S}1_) = n. For x ∈ U and λ ∈ [0, 1] put H(x, λ) = ψ(α(x), λn + (1 − λ)t(x)) One easily verifies that H is a homotopy relative to s(S^1) joining ᾱ and Ψ^n ∘α, hence the conclusion follows from Proposition 3.2 in [7]. 2

If t satisfies the condition (b) in Proposition 3.2 then we say that the map ᾱ : U → V is a t-push-forward of α of rank n or briefly a push-forward of α.

If ᾱ is also a fiberwise pointed map, then it is called a t-normalization of α or briefly a normalization of α.

Theorem 3.3 Let U be compact. Then every f.d. map U → V admits at least one normalization.

Proof: Let α : U → V be an f.d. map. Since r_U ≃ r_V ∘ α rel s(S^1), then, by Lemma 2.1 (with X = U, Y = s_U (S^1), f = r_V ∘ α and g = r_U ), there exists a continuous map t : U → R^+ such that r_U (u) = e^{2πit(u)}r_V α(u) for every u ∈ U and there exists an n ∈ N such that t(s_U (a)) = n for any a ∈ S^1. The map ᾱ(u) := ψ(α(u), t(u)) has the required properties. 2

If H : U × [0, 1] → V is a homotopy in Fib, t : U × [0, 1] → R^+ is a continuous map such that t|_{sU (S}1_{)×[0,1]} = n for some n ∈ N and H̄ : U × [0, 1] ∋ (x, λ) → ψ(H(x, λ), t(x, λ)) ∈ V is a fiber preserving homotopy then H̄ is called a t-normalization of the homotopy H or briefly a normalization of H. Notice that if H̄ is a normalization of H then for each λ ∈ [0, 1] the map H̄_λ := H̄(·, λ) is a normalization of H_λ := H(·, λ). Theorem 3.4 Let U be compact and let H : U × [0, 1] → V be a homotopy in the category Fib. Then there exists a normalization H̄ : U × [0, 1] → V.

Proof: Let R : U × [0, 1] → S^1 be a homotopy joining r_U and r_V ∘ H_0, i.e. R(·, 0) = r_U , R(·, 1) = r_V ∘ H_0, and R(s_U (a), τ ) = a for every a ∈ S^1 and τ ∈ [0, 1]. Define B : U × [0, 1] × [0, 1] → S^1 by B(u, λ, τ ) := { R(u, 2τ ) if τ ∈ [0,^1_2 ], r_V H(u, (2τ − 1)λ) if τ ∈ [^1_2 , 1].

It follows that B is continuous and B(·, λ, 0) = r_U , B(·, λ, 1) = r_V ∘ H_λ, B(s_U (·), λ, τ ) = id_S1

for every λ, τ ∈ [0, 1]. By Lemma 2.1 (with X = U ×[0, 1], Y = s_U (S^1)×[0, 1], f = B(·, ·, 1), and g = B(·, ·, 0)) there exists a continuous map t : U ×[0, 1] → R^+ such that r_U (u) = e^{2πit(u,λ)}r_V (H_λ(u)) for every u ∈ U and λ ∈ [0, 1], and there exists an n ∈ N such that t(s_U (a), λ) = n for every λ ∈ [0, 1] and a ∈ S^1. Define H̄(u, λ) := ψ(H(u, λ), t(u, λ)). It is easy to verify that H̄ satisfies the required properties. 2 One can easily check the following proposition.

Proposition 3.5 Let U be compact and t : U → R^+ be a continuous function. Assume α : U → V is a fiberwise pointed map and ᾱ is the tnormalization of α. Then t(U) is a finite subset of N. In particular, t is constant on connected components of U. If U_0 ⊂ U and t|_{U0} = k then

ᾱ|_{U0} = Ψ^k ∘ α|_{U0} . 2

4 The Szymczak category

Let E be a category. The category of endomorphisms of E, denoted by Endo(E), is defined as follows. The objects of Endo(E) are pairs (A, a), where A ∈ E and a ∈ E(A, A) is an endomorphism of A. The set of morphisms from (A, a) ∈ Endo(E) to (B, b) ∈ Endo(E) is the subset of E(A, B) consisting of exactly those morphisms f ∈ E(A, B) for which b ∘ f = f ∘ a. We write f : (A, a) → (B, b) to denote that f is a morphism from (A, a) to (B, b) in Endo(E). Note that if (A, a) ∈ Endo(E) then a ∈ Endo(E)((A, a), (A, a)).

The definition of the Szymczak category of E (see [13]), denoted by Szym(E), is slightly more complicated. The objects in Szym(E) coincide with the objects in Endo(E), i.e. the pairs (A, a) such that a is an endomorphism of A. To define morphisms we first introduce the following relation for (f, m), (g, n) ∈ Endo(E)((A, a), (B, b)) × N (f, m) ≡ (g, n) :⇐⇒ ∃k ∈ N f ∘ a^{n+k} = g ∘ a^{m+k}. One easily verifies that the relation is an equivalence relation and (f, m) ≡ (g, n) :⇐⇒ ∃k ∈ N b^{n+k} ∘ f = b^{m+k} ∘ g. The morphisms in the Szymczak category are now defined as the equivalence classes of the relation ≡:

Szym(E)((A, a), (B, b)) := [ Endo(E)((A, a), (B, b)) × N ] / ≡ . Let [f, m] ∈ Szym(E)((A, a), (B, b)) and [g, n] ∈ Szym(E)((B, b), (C, c)). It is straightforward to check that [id_A, 0] is the identity on (A, a) in Szym(E) and [g ∘f, m+n] is a well defined morphism in Szym(E)((A, a), (C, c)), which by definition is the composition of morphisms [f, m] and [g, n] (denoted by [g, n] ∘ [f, m]). There is a canonical functor from Endo(E) to Szym(E) which is equal to the identity on the objects of Endo(E) and which transforms every morphism f in Endo(E) to [f, 0] in Szym(E). We note for future reference the following straightforward proposition.

Proposition 4.1 If (A, a) is an object in Szym(E) then (a) [a^n, n] = [id_A, 0] for each n ∈ N.

(b) [a^p, q] is an isomorphism for every p, q ∈ N; its inverse is equal to [id_A, p − q] if p ≥ q and [a^{q−p}, 0] if p ≤ q.

The reason to introduce the Szymczak category is the following theorem. Theorem 4.2 Assume that (A, a), (B, b) ∈ Endo(E). Let f and g be morphisms in E be such that the diagram a A −−→ A f ↗ g f B −−→ B b commutes. Then f ∈ Endo(E)((A, a), (B, b)), g ∈ Endo(E)((B, b), (A, a)) and we have the commutative diagram [a, 0] (A, a) −−→ (A, a) [f, 0] ↗ [g, 0] [f, 0] (B, b) −−→ (B, b) [b, 0] in Szym(E), in which all morphisms are isomorphisms.

Proof: By Proposition 4.1 [a, 0] and [b, 0] are isomorphisms. It is now a standard categorial argument to show that also [f, 0] and [g, 0] are isomorphisms.

2_{For A ∈ E and a ∈ E(A, A) the equivalence class}

[A, a]_{Szym} := { (B, b) | (B, b) is isomorphic to (A, a) in Szym(E) } will be called the Szymczak class of (A, a) in E.

5 The monodromy class

Proposition 5.1 Assume α : U → V is an f.d. map. Then α ∘ Φ and Ψ ∘ α are homotopic in Fib. Moreover, if α is a fiberwise pointed map then for any a ∈ S^1 the maps α_a ∘ Φ_a and Ψ_a ∘ α_a are homotopic in Top_∗. Proof: One easily checks that the required homotopies are F : U × [0, 1] ∋ (x, t) → ψ(α(φ(x, t)), 1 − t) ∈ V and G : U_a × [0, 1] ∋ (x, t) → ψ(α_{a+t}(φ(x, t)), 1 − t) ∈ V_a. 2 Proposition 5.2 For any a, b ∈ S^1 the pairs (U_a, [Φ_a]), (U_b, [Φ_b]) are isomorphic in Szym(HtpTop_∗).

Proof: Actually, the proposition is true even for the pairs (U_a, Φ_a) and (U_b, Φ_b) in Szym(Top_∗). It is obvious if a = b, thus assume that a ≠ b. Let t ∈ (0, 1) be such that b = e^{2πit}a. Define Φ_{ba} : U_a ∋ x → φ(x, t) ∈ U_b and Φ_{ab} : U_b ∋ x → φ(x, 1 − t) ∈ U_a. Then Φ_a = Φ_{ba} ∘ Φ_{ab} and Φ_b = Φ_{ab} ∘ Φ_{ba} and the assertion follows immediately from Theorem 4.2. 2

The Szymczak class of (U_a, [Φ_a]) in Szym(HtpTop_∗) does not depend on a ∈ S^1. By Proposition 3.1, it is also independent of the choice of Φ as the time-one map of some r_U -preserving semiflow. It will be called the monodromy class of U and denoted by M(U).

The crucial role in this paper is played by the following result:

Theorem 5.3 Assume U, V are two compact semibundles over S^1. If U and V have the same fiberwise deforming homotopy type then their monodromy classes are equal.

Proof: It is enough to show that for a fixed a ∈ S^1 the objects (U_a, [Φ_a]) and (V_a, [Ψ_a]) are isomorphic in the category Szym(HtpTop_∗). Let α : U → V and β : V → U be mutually inverse fiberwise deforming homotopy equivalencies. Let ᾱ and β̄ be normalizations of α and β of rank m and n respectively. It follows from Proposition 5.1 that [ᾱ_a] and [β̄_a] commute with [Φ_a] and [Ψ_a]. We will show that [[ᾱ_a], 0] and [[β̄_a], 0] are isomorphisms in Szym(HtpTop_∗). First observe that by Proposition 3.2 ᾱ is homotopic to Ψ^n ∘ α and β̄ is homotopic to Φ^m ∘ β in Fib, hence, by Proposition 5.1, the fiberwise pointed map γ := β̄ ∘ ᾱ is homotopic to Φ^{n+m} in Fib. Let H : U × [0, 1] → U be a homotopy in Fib such that H_0 = γ and H_1 = Φ^{n+m}. By Theorem 3.4 we can take H̄ : U × [0, 1] → U, a t-normalization of H, where t : U × [0, 1] → R^+ is a continuous map. Let t_i := t(·, i) for i = 0, 1. It follows from Proposition 3.5 that there exists a partition U_1 ∪ U_2 ∪ . . . ∪ U_d of U consisting of closed and open subsets of U such that t_i|_{Uj} = const ∈ N for i = 0, 1, and j = 1, 2, . . . , d. We assume that U_1 contains s_U (S^1) (which implies, for example, that t_0|_{U1} = t_1|_{U1} ). One easily verifies that Φ, and consequently also γ, map each connected component of U into itself. Define Φ_i, γ_i : U_i → U_i as the restrictions of Φ and, respectively, γ. Then

Φ = Φ_1 ∪ Φ_2 ∪ . . . ∪ Φ_d, γ = γ_1 ∪ γ_2 ∪ . . . ∪ γ_d.

Let k^i_j ∈ N be the value of the constant map t_i|_{Uj} . It follows from Proposition 3.5 that H̄_0|_{Uj} = Φ^{k0j}_j ∘ γ_j , H̄_1|_{Uj} = Φ^{k1j +m+n}_j .

Since H̄ is fibre preserving, we conclude that [(Φ^{k0j}_j )_a ∘ (γ_j)_a] = [(Φ^{k1j +m+n}_j )_a], (1) where the homotopy classes are taken in Top_∗ if j = 1 and in Top in the other cases. Put p := m + n + max { k^1_j | j = 1, 2, . . . , d }.

Then q_j := p + k^0_j − k^1_j − m − n ≥ k^0_j .

Let γ^∗ := Φ^{q1}_1 ∪ Φ^{q2}_2 ∪ . . . ∪ Φ^{qd}_d . It follows from (1) that

[[γ^∗_a], p] ∘ [[γ_a], 0] =

[[(Φ^{q1−k01}_1 )_a ∘ (Φ^{k01}_1 )_a ∘ (γ_1)_a ∪ . . . ∪ (Φ^{qd−k0d}_d )_a ∘ (Φ^{k0d}_d )_a ∘ (γ_d)_a], p] = [[(Φ^p_1)_a ∪ (Φ^p_2)_a ∪ . . . ∪ (Φ^p_d)_a], p] = [[Φ^p_a], p] = [[id_{Ua} ], 0].

Notice that by Proposition 5.1, we have the following sequence of homotopies in Top_∗

γ_a ∘ Φ_a = β̄_a ∘ ᾱ_a ∘ Φ_a ≃ ᾱ_a ∘ Ψ_a ∘ β̄_a ≃ Φ_a ∘ β̄_a ∘ ᾱ_a = Φ_a ∘ γ_a and obviously all homotopies break down to (U_j )_a so that [(γ_j)_a ∘ (Φ_j)_a] = [(Φ_j)_a ∘ (γ_j )_a] for j = 1, 2, . . . , d. Hence we also get [[γ_a], 0] ∘ [[γ^∗_a], p] = [[id_{Ua} ], 0].

It follows that the composition [[β̄_a], 0] ∘ [[ᾱ_a], 0] = [[γ_a], 0] is an isomorphism in Szym(HtpTop_∗). An analogous argument shows that also [[ᾱ_a], 0] ∘ [[β̄_a], 0] is an isomorphism in Szym(HtpTop_∗). Thus, by a standard categorial argument, both [[ᾱ_a], 0] and [[β̄_a], 0] establish the required isomorphism. 2

6 Isolating neighborhoods and isolated invariant sets

Assume X is a locally compact metric space. Let π : X × R → X be a flow on X. In the sequel we will usually use the group action notation x · t for π(x, t). Let N ⊂ X be a compact set. The invariant part of N with respect to π is defined by

Inv(N, π) := Inv N := { x ∈ N | x · t ∈ N for all t ∈ R }

N is called an isolating neighborhood for π if Inv N ⊂ int N. For an isolating neighborhood N we define the function σ_N : N ∋ x → sup { t ≥ 0 | x · [0, t] ⊂ N }. (2) Proposition 6.1 For every T > 0 there exists an open neighborhood U of Inv N such that x ∈ U implies σ_N (x) ≥ T .

Proof: Assume the contrary. Then there exists a sequence {x_n} ⊂ N such that x_n → x ∈ Inv N and σ_N (x_n) =: t_n → t ∈ [0, T ]. Since x_n · t_n ∈ bd N, it follows that x·t ∈ bd N, which contradicts the fact that x·t ∈ Inv N ⊂ int N.

2_{Let S ⊂ X be compact. S is called invariant if S = Inv S. S is called an}

isolated invariant set if there exists an isolating neighborhood N such that S = Inv N. The set N is then called an isolating neighborhood for S.

Let N be an isolating neighborhood for π. A pair P = (P_1, P_2) of compact subsets P_2 ⊂ P_1 ⊂ N is called an index pair in N if the following conditions are satisfied: x ∈ P_i, t > 0, x · [0, t] ⊂ N ⇒ x · [0, t] ⊂ P_i (3) x ∈ P_1, t > 0, x · t ∉ N ⇒ ∃t^′ ∈ [0, t] x · t^′ ∈ P_2, x · [0, t^′] ⊂ N (4) Inv N ⊂ int(P_1 \ P_2) (5)

Note that it is possible to have P_1 = N in the above definition. Therefore whenever P = (P_1, P_2) is mentioned in the sequel without indicating what is the corresponding isolating neighborhood, this means that we consider P as an index pair in P_1.

We call the index pair P regular if σ_{cl(P1 \ P2)} is continuous (note that in case of a semiflow the definition is more complicated , cf [7]).

Theorem 6.2 ([7]) For every open neighborhood U of Inv N there exists a regular index pair P = (P_1, P_2) in N which satisfies P_1\P_2 ⊂ U.

Let B be a compact subset of X. Define B^+ =: {x ∈ B : ∃ϵ_n > 0, ϵ_n → 0 : x.(−ϵ_n) /∈ B}, B^− =: {x ∈ B : ∃ϵ_n > 0, ϵ_n → 0 : x.ϵ_n /∈ B}. We call B an isolating block for the flow π if both B^+ and B^− are compact and ∂B = B^+ ∪ B^−.

The sets B^+ and B^− are called the entrance set and the exit set, respectively. As a consequence of the proof of Ważewski Theorem in [1, section II.2], the pair (B, B^−) consisting of an isolating block and its exit set is an example of a regular index pair.

Let ξ : X → S^1 be a fixed continuous map. In the sequel we assume that π : X × R → X is a ξ-preserving flow on X. Note that in this situation ξ is necessarily a surjection.

We recall (see [7]) that for P = (P_1, P_2) a pair of closed spaces, U_ξ(P ) is defined as the adjunction P_1 ∪_{ξ|P2} S^1, i.e.

U_ξ(P ) := S^1 × 0 ∪ P_1 × 1/ ∼,

where ∼ denotes the minimal equivalence relation such that (u, 1) ∼ (ξ(u), 0) for every u ∈ P_2. For (u, i) ∈ S^1 × 0 ∪ P_1 × 1 denote by [u, i] the equivalence class of (u, i) in the relation ∼. One easily checks that

U_ξ(P ) := (U_ξ(P ), r_{Uξ(P )}, s_{Uξ(P )}),

where r_{Uξ(P )}([x, i]) := ξ(x), s_{Uξ(P )}(a) := [a, 0], is a fiberwise pointed space.

Theorem 6.3 ([7]) Let S be an isolated invariant set. Then h_ξ(S, π) := [U_ξ(P )]_S1 (i.e. the fiberwise deforming homotopy type of U_ξ(P ) over S^1) is independent of the choice of an isolating neighborhood N of S and of a regular index pair P in N.

The homotopy type h_ξ(S, π) given by the above theorem (denoted shortly by h_ξ(S) if π is clear from the context) is called the Conley index of S over base S^1 with base map ξ or just the Conley index of S over S^1 if ξ is clear from context.

Now we briefly recall the Conley index theory in the discrete case (see [13], [5]). By a discrete dynamical system on X we mean a homeomorphism f : X → X. For a compact set N ⊂ X we define the invariant part of N (with respect to f) by

Inv(N, f) := Inv N := { x ∈ N | f^n(x) ∈ N for all n ∈ Z }

The set K is said to be invariant if f(K) = K. This is easily seen to be equivalent to K = Inv(K, f).

A closed set N ⊂ X is called an isolating neighborhood for f if Inv(N, f) ⊂ int N.

A compact set K is called an isolated invariant set for f, if there exists an isolating neighborhood N such that K = Inv N. The neighborhood N is then called an isolating neighborhood of K.

The pair P = (P_1, P_2) of closed subsets of an isolating neighborhood N will be called an index pair of K in N (with respect to f) if the following three conditions are satisfied.

P_i ∩ f^{−1}(N) ⊂ f^{−1}(P_i) for i = 0, 1, (6) P_1\P_2 ⊂ f^{−1}(N), (7) K ⊂ int(P_1\P_2). (8)

With every index pair P one associates an object (P_∗, [f_P ]) ∈ Endo(HtpTop_∗) as follows. P_∗ is a pointed topological space P_1/P_2 with the distinguished point [P_2] being the set P_2 collapsed to a point. The morphism [f_P ] is the pointed homotopy class of the induced map f_P : P_1/P_2 → P_1/P_2 given by

f_P ([x]) :=

[f(x)] if f(x) ∈ P_1 [P_2] otherwise.

The following two theorems let us define the Conley index in the discrete case.

Theorem 6.4 ([8]) Every isolating neighborhood for f admits an index pair.

Theorem 6.5 ([13]) Assume K is an isolated invariant set with respect to f. Let N be an isolating neighborhood for K and P an index pair in N. Then the Szymczak class of (P_∗, [f_P ]) in Szym(HtpTop_∗) does not depend on the particular choice of N and P .

Now we define the Conley index of K by

h(K, f) := h(K) := [P_∗, [f_P ]]_{Szym}

for an arbitrarily chosen index pair P for K.

7 Poincaré maps

Again we assume that π is a flow on a locally compact space. Let Π := π_1 be the time-one map of π. For a ∈ S^1 we put X_a := ξ^{−1}(a) and Π_a : X_a ∋ x → Π(x) ∈ X_a. Recall that the map Π_a is called the Poincaré map.

Theorem 7.1 Any isolated invariant set S for π admits an isolating neighborhood N and a regular index pair P in N such that the pair Q := X_a ∩ P is an index pair in N_a := X_a ∩ N for Π_a.

Proof: Let N̄ be an isolating neighborhood for S. First observe that S admits another isolating neighborhood N such that x, x · 1 ∈ N ⇒ x · [0, 1] ⊂ N. (9) Indeed, by Proposition 6.1 there exists an open set U^{′′} ⊃ S such that x ∈ U^{′′} implies x · [0, 1] ⊂ N̄. Let U^′ be an open neighborhood of S such that cl U^′ ⊂ U^{′′}. By Theorem 6.2 we can find a regular index pair P̄ in N̄ such that P̄_1 \ P̄_2 ⊂ U^′. One easily verifies that N := cl(P̄_1 \ P̄_2) satisfies (9). Now select again an open set U ⊃ S such that x ∈ U ⇒ x · [0, 1] ⊂ N (10) and an index pair P in N such that P_1 \ P_2 ⊂ U. We will show that Q := P ∩ X_a is an index pair for Π_a in N_a.

Let x ∈ Q_i ∩ Π^{−1}_a (N_a). Then x, x · 1 ∈ N and by (9) x · [0, 1] ⊂ N. Since x ∈ P_i, we get Π_a(x) = x·1 ∈ P_i ∩N_a, hence Π_a(x) ∈ Q_i. This proves (6). To prove (7) assume the contrary. Then there exists an x ∈ Q_1 \ Q_2 \ Π^{−1}_a (N_a). In particular Π_a(x) = x · 1 ∉ N. However x ∈ Q_1 \ Q_2 = (P_1 \ P_2) ∩ X_a ⊂ U and property (10) implies x · [0, 1] ⊂ N, a contradiction.

Finally we have

Inv(N_a, Π_a) = Inv(N, π) ∩ X_a ⊂ int(P_1 \ P_2) ∩ X_a = int_{Xa} ((P_1 \ P_2) ∩ X_a) = int_{Xa} (Q_1 \ Q_2),

which proves (8). 2

8 The monodromy class of the Conley index over S^1 and the Conley index of the Poincaré map

Let N be an isolating neighborhood for π and let P be a regular index pair in N. For [x, i] ∈ U_ξ(P ) and t ∈ R^+ put

π^P ([x, i], t) := [e^{2πit}x, 0] if i = 0 [e^{2πit}ξ(x), 0] if i = 1 and t ≥ σ_{cl(P1 \ P2)}(x) [π(x, t), 1] if i = 1 and t ≤ σ_{cl(P1 \ P2)}(x) (11)

One easily verifies the following proposition.

Proposition 8.1 π^P given by formula (11) is an r_{Uξ(P )}-preserving semiflow on U_ξ(P ).

We call it a semiflow on U_ξ(P ) induced by π. The semiflow turns U_ξ(P ) into a semibundle.

Theorem 8.2 The monodromy class of U_ξ(P ) does not depend on the choice of a particular regular index pair P for a given isolated invariant set S.

Proof: Let P and Q be two regular index pairs for S. By Theorem 6.3 in [7] U_ξ(P ) and U_ξ(Q) have the same fiberwise deforming homotopy type. Moreover, the spaces U_ξ(P ) and U_ξ(Q) are compact. Thus the conclusion follows from Theorem 5.3. 2

The above theorem lets us introduce the notation M(h_ξ(S, π)) := M(U_ξ(P )) for any regular index pair of S.

Theorem 8.3 For any isolated invariant set S with respect to π we have M(h_ξ(S, π)) = h(S_a, Π_a) for any a ∈ S^1.

Proof: Fix an a ∈ S^1. By Theorem 7.1 we can select an isolating neighborhood N for π and a regular index pair P in N such that Q := X_a ∩ P is an index pair for Π_a in N_a := X_a ∩ N. Let Π^P denote the time-one map of π^P . It follows easily from (11) that the its restriction to the fiber U_ξ(P )_a is given by Π^P_a ([x, i]) :=

[a, 0] if i = 0 or σ_{cl(P1 \ P2)}(x) ≤ 1 [Π(x), 1] if σ_{cl(P1 \ P2)}(x) ≥ 1.

(12)

Now it is a straightforward observation that the map ι : (U_ξ(P )_a, s_{Uξ(P )}(a)) → (Q_1/Q_2, [Q_2]) given by ι([x, i]) := [Q_2] if i = 0 or x ∈ Q_2 [x] otherwise is a homeomorphism which conjugates Π^P_a with the index map of Π_a in Q. Thus we obtain

M(h_ξ(S, π)) = [((U_ξ(P ))_a, Π^P_a )]_{Szym} = [(Q_1/Q_2, (Π_a)_Q)]_{Szym} = h(S_a, Π_a) 2

9 Suspension and the discrete Conley index

Let X be a locally compact space and let f : X → X be a proper map of a pointed topological space into itself. The suspension of f is a topological space Σ_f defined by Σ_f := X × R^+/ ≡, where ≡ is the smallest equivalence relation such that for any x ∈ X and any τ ∈ R^+ (x, τ + 1) ≡ (f(x), τ ). (Equivalently, Σ_f can be defined as the quotient space of X × [0, 1] by the relation identifying (x, 1) with (f(x), 0). In the sequel we will also use that approach.) There is an associated projection r_f : Σ_f ∋ [x, b] → e^{2πib} ∈ S^1 and an r_f -preserving semiflow φ_f : Σ_f × R^+ → Σ_f given by φ_f ([x, τ ], t) := [x, τ + t]. If f preserves a point x_0 ∈ X, i.e. f is a map of the pointed space (X, x_0) into itself, then there is a natural embedding s_f : S^1 ∋ e^{2πia} → [x_0, a] ∈ Σ_f , where a ≥ 0. This makes (Σ_f , r_f , s_f ) a fiberwise pointed space over S^1 and consequently (Σ_f , r_f , s_f ) is a semibundle. The set

Σ^0_f := { [x_0, b] | b ∈ [0, 1] }

is obviously invariant under φ_f .

For A ⊂ X put Σ_f (A) := { [x, b] | x ∈ A, b ∈ [0, 1] }. Let K be an isolated invariant set for f. The set Σ_f (K) is an isolated invariant set of φ_f hence we can consider h_{rf} (Σ_f (K), φ_f ) as the Conley-type index of K. As a trivial consequence of Theorem 8.3 we get:

Theorem 9.1 If K is an isolated invariant set for the homeomorphism f then h(K, f) = M(h_{rf} (Σ_f (K), φ_f )).

It follows that h_{rf} (Σ_f (K), φ_f ) delivers no less information than the discrete Conley index h(K, f).

We conclude this section by a few results which facilitate calculation of the fiberwise deforming homotopy type of suspensions. Let (X, x_0) be a wellpointed space, i.e. X × 0 ∪ {x_0} × I is a retract of X × I or, equivalently, if (X, x_0) admits a Strøm structure, i.e. a pair (G, a) of continuous maps a : X → I and G : X × I ∋ (x, t) → G_t(x) ∈ X such that a^{−1}(0) = {x_0} and

G_0 = id_X, G_t(x_0) = x_0 if t ∈ I, G_1(x) = x_0 if a(x) < 1

(compare [2, Ch. 6]). In the sequel we assume that (G, a) is a fixed Strøm structure for (X, x_0).

Proposition 9.2 If f, g : (X, x_0) → (X, x_0), f ≃ g rel x_0 then

[Σ_f ]_S1 = [Σ_g]_S1

Proof: Let F : (X, x_0) × [0, 1] → (X, x_0), a homotopy such that f = F (·, 0) and g = F (·, 1). The maps A : (Σ_f , Σ^0_f ) → (Σ_g, Σ^0_g) and B : (Σ_g, Σ^0_g) → (Σ_f , Σ^0_f ) given by

A([x, t]_{Σf} ) :=

[x, (1 −^{a(x)}_2 )^{−1}t]_{Σg} if t ∈ [0, 1 −^{a(x)}_2 ], [F (x,^{2(1−t)}_{a(x)} ), 0]_{Σg} if t ∈ [1 −^{a(x)}_2 , 1], x ≠ x_0, [x_0, 0]_{Σg} if x = x_0,

B([x, t]_{Σg} ) :=

[x, (1 −^{a(x)}_2 )^{−1}t]_{Σf} if t ∈ [0, 1 −^{a(x)}_2 ], [F (x,^{2(t−1)}_{a(x)} + 1), 0]_{Σf} if t ∈ [1 −^{a(x)}_2 , 1], x ≠ x_0, [x_0, 0]_{Σf} if x = x_0.

are mutually inverse fiberwise deforming homotopy equivalencies. 2 Let c_{x0} denote the constant map x → x_0. Recall that the fiberwise deforming homotopy type of the triple (S^1, id_S1 , id_S1 ) is called trivial.

Proposition 9.3 Σ_{cx0} has the trivial fiberwise deforming homotopy type over S^1.

Proof: Put r := r_{cx0} and s := s_{cx0} . We will prove that r : Σ_{cx0} → S^1 and s : S^1 → Σ_{cx0} are mutually inverse fiberwise deforming homotopy equivalencies. Since r ∘ s = id_S1 , it suffices to prove that s ∘ r : Σ_{cx0} ∋ [x, t] −→ [x_0, t] ∈ Σ_{cx0} is homotopic to the identity relative to Σ^0_{cx0} . The required homotopy is composed from the following two homotopies H and J:

H : Σ_{cx0} × [0, 1] ∋ ([x, t], s) → [G_s(x), t + sa(x)(1 − t)] ∈ Σ_{cx0} ,

J : Σ_{cx0} × [0, 1] ∋ ([x, t], s) → [x_0, t + sa(x)(1 − t)] ∈ Σ_{cx0} .

Since H(·, 0) = id, H(·, 1) = J(·, 1), and J(·, 0) = s ∘ r, the result follows. 2

Proposition 9.4 Let x_0 ∈ A ⊂ X. Assume that A is a strong deformation retract of X. Then [Σ_f ]_S1 = [Σ_{r∘f ∘i}]_S1

where r : X → A is a strong deformation retraction and i : A → X is the inclusion.

Proof: By Proposition 9.2 the fiberwise deforming homotopy types of the suspensions of f and i ∘ r ∘ f are equal. It is elementary to prove that the suspensions of i ∘ r ∘ f and r ∘ f ∘ i have the same fiberwise pointed (hence also deforming) homotopy type. 2

10 On calculation of the index

Let f : X → X be a homeomorphism. Our aim is to present a possible way of calculation of the index h_{rf} (Σ_f (K), φ_f ) (see Section 9) for some isolated invariant set K for f. Recall that the definition of isolating block was given in Section 6. Note that if B is an isolating block with the exit set B^− then (B/B^−, [B^−]) is a well-pointed space (see [7, Prop. 6.1]). For a reason which will be made clear in the proof of the following theorem, we impose an additional condition for isolating blocks considered in the sequel. An isolating block B is called proper if there exists a δ > 0 such that x.[−δ, 0) ⊂ X \ B for every x ∈ B^+ (or, equivalently, x.(0, δ] ⊂ X \ B for every x ∈ B^−).

Theorem 10.1 Let B be a proper isolating block for some (continuous-time) flow on X, B^+ and B^− denote its entrance and exit sets, respectively. If

f(B) ∩ B^+ = ∅, f(B^−) ∩ B = ∅ (13) then K := {x ∈ X : f^n(x) ∈ B ∀n ∈ Z} is an isolated invariant set for f and h_{rf} (Σ_f (K), φ_f ) = [Σ_{f#} ]_S1 , where f_# : (B/B^−, [B^−]) → (B/B^−, [B^−]) is given by

f_#([x]) := { [f(x)] if f(x) ∈ B, [B^−] if f(x) /∈ B. Proof: K is an isolated invariant set by the assumption (13) and the map f_# is continuous because cl(f(B) \ B) ∩ B ⊂ B^−. Let ψ denote an auxiliary flow on X for which B is an isolating block. Let ϵ > 0 and t ∈ [0, 1]. Put B_t := ψ_{−tϵ}(B), B^±_t := ψ_{−tϵ}(B^±), Define W := {[x, t] ∈ Σ_f : x ∈ B_t}. Let ϵ be so small that

f(B_t) ∩ B^+ = ∅, f(B^−_t ) ∩ B = ∅

for any t ∈ [0, 1] and ψ(B^+ × [−ϵ, 0)) ∩ B = ∅. (The latter condition follows by the definition of proper isolating block.) It follows that W is an isolating block for the flow π_f , Σ_f (K) = Inv W , and its entrance and exit sets is are given by

W^+ = {[x, t] ∈ Σ_f : x ∈ B^+_t } ∪ {[x, 0] ∈ Σ_f : x ∈ B \ f(B_1)}, W^− = {[x, t] ∈ Σ_f : x ∈ B^−_t } ∪ {[x, 0] ∈ Σ_f : x ∈ f(B_1) \ B},

respectively. For t ∈ [0, 1] define f_{t#} : (B/B^−, [B^−]) → (B/B^−, [B^−]) by

f_{t#}([x]) := { [f(ψ_{−tϵ}(x))] if f(ψ_{−tϵ}(x)) ∈ B, [B^−] if f(ψ_{−tϵ}(x)) /∈ B. It follows that f_{t#} is a homotopy relative to [B^−] joining f_# with f_{1#}. Up to an obvious homeomorphism, the adjunction W ∪_{rf |W} � S^1 is equal to the suspension Σ_{f1#} , hence, by Proposition 9.2, W ∪_{rf |W} � S^1 has the same fiberwise deforming homotopy type as Σ_{f#} , hence the result is proved. 2

Remark 10.2 The reader familiar with [14] will easily notice that under the assumptions of Theorem 10.1 the pair (B, B^−) is an index pair in the sense of [14] for the discrete dynamical system generated by the homeomorphism f and f_# is the associated index map (cf also [9]).

The assumption on an isolating block structure of the set B in the Theorem 10.1 is satisfied in reasonable situations as the following result shows:

Theorem 10.3 Let X be a smooth manifold (without boundary) and B be a C^1-class compact submanifold-with-corners of X, dim B = dim X, such that

∂B = B_1 ∪ B_2,

where B_1 and B_2 are codimension-one C^1-class submanifolds-with-boundary of X, ∂B_1 = ∂B_2 = B_1 ∩ B_2.

Then there exists a flow on X such that B is its proper isolating block, B^+ = B_1 and B^− = B_2. In particular, if (13) is satisfied then the conclusion of Theorem 10.1 holds.

Proof: Let dim X = n. By definition, if x ∈ X there exists an open neighborhood V^x of x and a diffeomorphsm α^x : V^x → R^n, α^x(x) = 0, such that: if x ∈ X \ ∂B then V^x ⊂ X \ ∂B, if x ∈ B_i \ ∂B_i (i = 1, 2) then V^x ⊂ X \ B_j, j ≠ i, and

α^x(B ∩ V^x) = [0, ∞) × R^{n−1}, α^x(B_i ∩ V^x) = {0} × R^{n−1},

if x ∈ B_1 ∩ B_2 then

α^x(B ∩ V^x) = [0, ∞) × [0, ∞) × R^{n−2}, α^x(B_1 ∩ V^x) = {0} × [0, ∞) × R^{n−2}, α^x(B_2 ∩ V^x) = [0, ∞) × {0} × R^{n−2}.

For each x ∈ X we define a smooth vector-field v^x : V^x → T X as follows. Let c_w : R^n → R^n denote the constant vector-field with the value w ∈ R^n. Define

v^x := 0 if x ∈ X \ ∂B, α^x_∗ (c_{(1,0,...,0)}) if x ∈ B_1 \ B_2, α^x_∗ (c_{(−1,0,... ,0)}) if x ∈ B_2 \ B_1, α^x_∗ (c_{(1,−1,0,...,0)}) if x ∈ B_1 ∩ B_2.

Using a smooth partition of unity subordinate to the covering {V^x}_{x∈X} we connect the vector-fields v^x to a vector-field v : X → T X. The flow generated by v has the required properties. 2

11 Examples

As examples of the computation of the Conley index over S^1 we study the suspension flows of the G- and U-horseshoes.

Figure 1: U- and G-horseshoe.

26

Let us recall that the G- and U-horseshoes are homeomorphisms of the plane which transform a rectangle to the shape of U and G, respectively, as depicted in Figure 1. The rectangle B := ABCD is a submanifold-with-corners, its boundary is the union of B_1 and B_2 where B_1 := AD ∪ BC, the union of the sides, and B_2 := AB ∪ CD, the union of the bases. By Theorem 10.3, B is a proper isolating block for some planar flow, B^+ = B_1 and B^− = B_2. It is clear from the picture that the condition (13) is satisfied, hence, by Theorem 10.1, in both cases the index h_{rf} (Σ_f (K), π_f ) of the suspension of the isolated invariant set K determined by a horseshoe f is equal to the fiberwise deforming homotopy type of Σ_{f#} . After collapsing of B/B_1 to a circle, by Proposition 9.4, the latter type can be expressed as [Σ_D]_S1 in the case of U-horseshoe and as [Σ_E]_S1 in the case of G-horseshoe, where D, E : (S^1, 1) → (S^1, 1) are defined by D(e^{2πit}) := { e^{4πit} if t ∈ [0,^1_2 ], e^{4πi(1−t)} if t ∈ [^1_2 , 1]

and by E(z) := z^2. Since (S^1, 1) is a well-pointed space and D is homotopic to the constant map c_1, one easily concludes from Propositions 9.2 and 9.3 that the Conley index over S^1 of the suspension of the isolated invariant set determined by the U-horseshoe is trivial.

References

[1] C. C. Conley, Isolated Invariant Sets and the Morse Index. CBMS Lecture Notes 38 A.M.S. Providence, R.I. 1978.

[2] I. M. James, General Topology and Homotopy Theory, Springer-Verlag, New York Berlin Heidelberg Tokyo 1984.

[3] I. M. James, Fiberwise Topology, Cambridge University Press, Cambridge 1989.

[4] Ch. McCord, K. Mischaikow, and M. Mrozek, Zeta functions, periodic trajectories and the Conley index, J. Differential Equations 121 (1995), 258-292.

[5] M. Mrozek, Leray functor and cohomological index for discrete dynamical systems, Trans. Amer. Math. Soc. 318 (1990), 149-178.

[6] M. Mrozek, Normal functors and retractors in categories of endomorphisms, Univ. Iag. Acta Math. 29 (1992), 181-198.

[7] M. Mrozek, J. F. Reineck, and R. Srzednicki, The Conley index over a base, to appear in Trans. Amer. Math. Soc.

[8] M. Mrozek, K. P. Rybakowski, A cohomological Conley index for maps on metric spaces, J. Differential Equations 90 (1991), 143-171.

[9] J. W. Robbin and D. Salamon, Dynamical systems, shape theory and the Conley index, Ergodic Theory Dynamical Systems 8* (1988), 375-393.

[10] R. Srzednicki, Periodic and bounded solutions in blocks for time-periodic non-autonomous ordinary differential equations, Nonlinear Anal. – Theory Meth. Appl. 22 (1994), 707-737.

[11] R. Srzednicki, On periodic solutions of planar polynomial differential equations with periodic coefficients, J. Differential Equations 114 (1994), 77-100.

[12] R. Srzednicki, K. Wójcik, A geometric method for detecting chaotic dynamics, to appear in J. Differential Equations.

[13] A. Szymczak, The Conley index for discrete semidynamical systems, Top. & Appl. 66 (1995), 215-240.

[14] A. Szymczak, A combinatorial procedure for finding isolating neighborhoods and index pairs, Proc. Royal Soc. Edinburgh, to appear.