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Geophysicalmassflows—debris flows, avalanches, landslides—cancontainO (106–1010) m3

or more of material, often a mixture of soil and rocks with a significant quantity of
interstitial fluid. These flows can be tens of meters in depth and hundreds of meters in
length. The range of scales and the rheology of this mixture presents significant
modelling and computational challenges. This paper describes a depth-averaged ‘thin
layer’ model of geophysical mass flows containing a mixture of solid material and fluid.
The model is derived from a ‘two-phase’ or ‘two-fluid’ system of equations commonly
used in engineering research. Phenomenological modelling and depth averaging combine
to yield a tractable set of equations, a hyperbolic system that describes the motion of the
two constituent phases. If the fluid inertia is small, a reduced model system that is easier
to solve may be derived.
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On
1. Introduction

The risk of volcanic eruption is one that public safety officials throughout the
world face several times each year (Tiling 1989). The US Geological Survey
reports that globally there are about 50 volcanoes that erupt every year. Across
the world, in the 1980s, approximately 30 000 people were killed and almost a
half million were forced from their homes because of volcanic activity (see
National Research Council 1991, 1994).

Consequent to an eruption can be hazards, including passive gas emission or
the slow effusion of lava, or violent explosions accompanied by stratospheric
plumes and pyroclastic flows of red-hot ash, rock and gas that race along the
surface of the mountain at speeds of up to hundreds of meters per second. These
flows can melt snow, creating a muddy mixture of ash, rock and water. Other
potential hazardous activity includes giant debris flows, coarse block and ash
flows, and avalanches.

A different kind of geophysical mass flow is caused by intense rainfall on
hillsides that are devoid of vegetation, generating massive mudslides. The 1998
mudflow at Casita Volcano in Nicaragua caused thousands of deaths. In the San
Bernardino area of California during December 2003, hills that were scorched by
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summertime wildfires gave way in massive mudslide destroying homes and
businesses.

In these flows, constituent particles are typically centimetre to metre sized,
and the flows, sometimes as fast as tens of meters per second, propagate distances
of tens of kilometres. As these flows slow, the particle mass sediments out,
yielding deposits that can be tens to 100 meters deep and many kilometres in
length (Legros 2002). These flows can contain O(106–1010) m3 or more of
material, often including a significant amount of water.

The range of scales and the complexity of the rheology for geological materials,
coupled with the mathematical problem of describing a free surface flow, makes
modelling and computing geophysical mass flows a significant challenge. We lack
a full understanding of how these flows are initiated, but there is a growing
understanding of processes governing flow, once that motion has been initiated.
This paper describes one effort in modelling geophysical mass flows. Our efforts
try to strike a balance between fidelity to physics on the one hand and
mathematical and computational tractability on the other.

The modelling effort here has its origins in two distinct traditions of science.
The first is the pioneering modelling of Savage & Hutter (1989). They began with
mass and momentum balance laws based on a Coulomb constitutive description
of dry granular material. Making use of the small aspect ratio of typical flows—
flows are far longer than they are deep—Savage & Hutter developed a ‘thin layer’
model for granular flows down inclines. This work was later extended to two
dimensions (Hutter et al. 1993), and to flows over more general topography
(Gray et al. 1999; Pudasaini & Hutter 2003; Patra et al. 2005). An effort to
relate thin layer model results to historic flows is presented in Sheridan et al.
(2005). Hutter et al. (2005) examine the appropriateness of these thin layer
models for several different types of geophysical flows. Iverson (1997) and Iverson &
Denlinger (2001) argue that the presence of interstitial fluid alters the behaviour
of flows and should be included in the constitutive behaviour of the flowing
material. Starting with equations of mixture theory (Bedford & Drumheller
1983) and through a careful examination of experiments, these papers developed
a system of mass and momentum balance laws for the mixture. Unfortunately, an
equation for the motion of pore fluid was not readily available. Based on
experimental data, a transport equation for the fluid was postulated. The two
papers, Iverson (1997) and Iverson & Denlinger (2001), propose two different
equations for this pore fluid motion. Computed solutions to the model equations
have been compared with flume experiment results (Denlinger & Iverson 2001).
A different approach to modelling mixtures may be found inWang&Hutter (1999),
inwhicha thermodynamically consistentmodel for solidandfluid flows is developed,
and the resulting equations are applied to special flows on inclines. Related
contributions can be found in Hutter & Kirchner (2003).

The second point of departure is the mathematical and engineering work on
fluid–particle flows (Anderson & Jackson 1967; Drew 1983; Anderson et al.
1995; Jackson 2000). These so-called ‘two-phase’ or ‘two-fluid’ models are
based on an averaging of mass and momentum balance laws for fluid and solid
constituents. Interaction terms are modelled in one of two ways: either flow is
assumed to have certain characteristics and particle motion is determined
accordingly (e.g. particle motion in a potential flow), or experimental results
suggest phenomenological interaction effects (Jackson 2000). In the chemical
Phil. Trans. R. Soc. A (2005)
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engineering literature, these models have achieved notable success in providing
insight into the physics of fluidization, and in particular, into the stability and
bifurcation of fluidized beds (Anderson et al. 1995; Glasser et al. 1996).
Mixture theory and the phase-averaged theory are two distinct approaches to
the problem of describing the movement of interacting materials. Historically,
mixture theory largely grew out of solid mechanics, while phase averaging has
its origins in fluid mechanics. Not surprisingly, these approaches to multiphase
flow represent the constituent stresses and interaction forces in different ways.
Indeed, what is meant by the constituent stresses is different in the two
theories, and care must be exercised in describing and contrasting model
systems. The interested reader may consult Joseph & Lundgren (1990) for a
comparison of the mixture theory and phase-averaged formulations for a model
flow composed of particles and fluid.

The modelling in the present paper begins with the two-fluid equations of
Anderson & Jackson (1967), which contain phase interactions that are modelled
phenomenologically; we follow Anderson et al. (1995) and include only the
simplest of these interactions. Nevertheless, the model equations provide a rich
enough description of solids and fluid flow and interaction while still being
amenable to mathematical analysis. In particular, momentum equations for both
fluid and solid phases are retained, providing equations for the velocities of both
phases. After a brief review of the Savage–Hutter theory and the model of
Iverson, §3 describes the two-phase equations. Through a combination of depth
averaging and ad hoc modelling, a ‘thin-layer’ model is developed for the solid–
fluid mixture. To arrive at a tractable system of equations, several assumptions
are made. These modelling assumptions may later be subject to experimental
validation. The resulting equations constitute a system of hyperbolic equations,
as demonstrated in §4. If one assumes fluid inertia effects are small, a Darcy-like
reduced system can be derived, and may be easier to solve computationally.
Section 5 briefly discusses this reduced model. The paper concludes with remarks
regarding computational solutions to the model equations, and the appropriate-
ness of the models to real flows. We mention that our thin-layer, two-phase
model may apply equally well to slush-snow avalanches (Bozhinskiy & Nazarov
1998).
2. Modelling flows

We begin by briefly summarizing the derivation of the original Savage & Hutter
(1989) equations and the mixture model of Iverson (1997) and Iverson &
Denlinger (2001). This summary is contained in two subsections. These
subsections address several issues that will be revisited in §3, where the two-
fluid model system is developed. Several mathematical issues that require care in
their application are merely stated in this section; these issues are addressed
more fully in the derivation of the two-fluid model. Savage & Hutter (1989)
introduced a depth-averaging paradigm to model geophysical mass flows.
Although they considered only dry granular flows, the subsequent modelling
by Iverson examined debris flows containing a mixture of fluid and solids.

A note on sign convention: in soil mechanics, it is common to consider
compressive stresses as positive, introducing a minus sign into the stress terms.
Phil. Trans. R. Soc. A (2005)
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This is the convention we follow in §3, and which Savage & Hutter use. Iverson
follows the usual convention of denoting compressive stresses as negative. We
caution the reader to observe the different conventions.
(a) The Savage–Hutter model

Savage & Hutter (1989) considered an incompressible granular mass of
constant density rs in two dimensions flowing down an incline. They assumed the
granular material could be described as frictional and modelled as a Coulomb
continuum. By noting that typical flows tend to be much longer than deep, a
scaling suggested omitting several terms in the governing mass and momentum
balance laws. Depth averaging offered further simplifications, yielding a tractable
model of hyperbolic equations describing granular mass flows. We briefly
highlight this derivation now and refer the interested reader to the original paper
for details.

The governing balance laws for mass and momentum may be written

V$ðrsvÞZ 0;

rsðvtvCðv$VÞvÞZKV$TsCrsg:

)
(2.1)

Here v is the velocity of the granular material down a slowly varying incline. The
incline is described by Fb(x)Z0, where xZ(x, z) is a two-dimensional coordinate
system with x the downslope direction and z normal to the incline, and t is time.
Ts is the solids stress tensor.

Several steps are required to complete the model. First, boundary conditions
must be specified. The upper surface of the flowing mass at Fh(x, t)Z0 is assumed
to be a material surface and stress free. At the base of the mass, material is
assumed to flow tangent to the basal surface FbZ0, and to satisfy a sliding
friction law. This friction relation specifies that the shear traction and the normal
stress are proportional: SjFb

ZKsgnðvÞN jFb
tanðfbedÞ; where fbed is the basal

friction angle and the Ksgn(v) specifies that the shear traction opposes motion.
Second, a Coulomb constitutive relation is postulated for the material. The

Coulomb law is a nonlinear relation among the components of Ts, and may be
expressed by two relations.
(i)
Phil.
Material deforms when the total stress reaches yield, kdevðTsÞkZk trðTsÞ,
where devðTsÞZTsKð1=2ÞtrðTsÞI is the stress deviator, tr(Ts) is the trace of
the stress (the sum of the diagonal components), I is the identity tensor and k
is a material parameter.
(ii)
 As material deforms, the stress and strain-rate tensors are aligned:
devðTsÞZl devðV Þ, where the strain-rate VZKð1=2ÞðVvCVv†Þ and †
denotes the transpose.
Implicit here is the assumption that the flowing material is everywhere in plastic
yield. It is important to recognize that the mass and momentum balance laws
(2.1) with a Coulomb constitutive relation are linearly ill-posed (Schaeffer 1987).
Nevertheless, the Coulomb theory and variations of it are widely used in
engineering practice.
Trans. R. Soc. A (2005)
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The full Coulomb relations are too complex to be used in the Savage–Hutter
derivation. Two simplifications are proposed. First, the proportionality
(and alignment) of the tangential and normal forces that is imposed as a
basal boundary condition is assumed to hold throughout the thin flowing layer
of material. Written in components with superscripts denoting the tensor
element, this implies TsxzZnTszz where the proportionality constant n is a
function of fbed. Second, following Rankine (1857) and later Terzaghi (1936),
an earth pressure relation is assumed for the diagonal stress components,
TsxxZkapT

szz, where

kap Z 2
1G½1Kcos2ðfintÞ½1Ctan2ðfbedÞ��1=2

cos2ðfintÞ
K1:

fint is the internal friction angle—a measure of material roughness—and the
choice of the plus or minus sign depends on whether flow is locally expanding
(the active state, with vxv

xO0, and the K sign) or contracting (the passive
state, with vxv

x!0, and the C sign). (Note: these simplifications partially
regularize the governing equations. More specifically, with these assumptions
the governing equation (2.1) are no longer ill-posed, but rather are degenerate.)

The third step to specify the Savage–Hutter model is a scaling of the
equations. The characteristic thickness of the flowing granular material is H and
the characteristic length L. Scale x by L and z by H, time by the scale of free fall
potential

ffiffiffiffiffiffiffiffi
L=g

p
, and the x and z velocities by

ffiffiffiffiffiffi
Lg

p
and ðH=LÞ

ffiffiffiffiffiffi
Lg

p
, respectively.

Stresses are scaled by rsgH. The resulting equations contain the factor eZH/L,
which is small; ez0.001 is not uncommon (Iverson 1997). The scaled equations
may be written in component form as

vxv
x Cvzv

z Z 0;

vtv
x Cvxvxv

x Cvzvzv
x ZKevxT

sxx KvzT
sxz CsinðqÞ;

eðvtvz Cvxvxv
z Cvzvzv

zÞZKevxT
sxz KvzT

szz KcosðqÞ:

9>=
>; (2.2)

In these equations, cos(q), sin(q) are the local components of gravity, where q is
the angle that the basal surface FbZ0 makes with the horizontal. The limit e/0
reduces the z-momentum equation to an expression of lithostatic equilibrium
vzT

szzZKcosðqÞ, and suggests ignoring the normal velocity vz.
Taking e/0 in the x -momentum equation yields an equation too simple to

describe mass flow; the term evxT
sxx must be retained. We refer the reader to

Savage & Hutter (1989) for a more detailed examination of this term.
The final step in deriving the Savage–Hutter model is a depth averaging of the

incompressibility and x -momentum equations. That is, the equations are integ-
rated in z, from the basal surface zZb(x) to the upper free surface zZh(x, t).
Repeated use of the Leibnitz rule is made to interchange integration and diffe-
rentiation, and boundary conditions are employed to evaluate terms at b and h.
One additional approximation is required during this depth averaging.
Specifically, if ĥZhKb and the depth averaged velocity ĥvxZ

Ð h
b vxdz, the

inertia term ð1=ĥÞ
Ð h
b vxvxdzsðvx Þ2. Nonetheless, equality is assumed, recogni-

zing that deviation from equality is due to non-uniformity of downstream
velocity and is probably small.
Phil. Trans. R. Soc. A (2005)
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Combining the four steps yields the thin layer equations

vthCvxhv
x Z 0;

vthv
x Cvx hvxvx C

1

2
ekapcosðqÞh2

� �
ZKh sgnðvxÞtanðfbedÞcosðqÞKekaphvxbCh sinðqÞ:

9>>>>=
>>>>;

(2.3)

In writing these equations, we have dropped the overbar and overhat for
simplicity of notation.

It is worth examining the various terms especially in the momentum equation,
to appreciate the essential physics of model system. On the left-hand side of the
equation are inertial terms and a pressure-like term ekaph

2 whose factors arise
from: (i) scaling; (ii) the earth pressure assumption; (iii) depth averaging Tsxx,
which is proportional to h owing to lithostatic equilibrium in the z-direction. On
the right of the equation is a basal frictional term, an acceleration due to changes
in the topography of the basal surface b(x), and the driving force of gravity. It is
also worth noting that, in the normal direction, TszzZð1=2Þh cosðqÞ. Steps
similar to those outlined here will be employed in our two-fluid derivation below.
Before that derivation, however, a brief summary of the mixture model of Iverson
is presented.

(b) The Iverson model

In an extensive review of debris flows, Iverson (1997) presented a thin layer
model for a mixture of granular material and interstitial fluid in one spatial
dimension. Later, Iverson & Denlinger (2001) extended the modelling to two
dimensions, and included several refinements to the equations. We summarize
Iverson’s review and comment on the extensions of Iverson & Denlinger (2001).

Neglecting any generation of mass, the mixture theory equations of motion read

vtr
s4CV$ðrs4vÞZ 0;

vtr
fð1K4ÞCV$ðrfð1K4ÞuÞZ 0;

rs4ðvtvCðv$VÞvÞZV$TsCf Crs4g;

rfð1K4ÞðvtuCðu$VÞuÞZV$Tf Kf Crfð1K4Þg:

9>>>>>=
>>>>>;

(2.4)

In writing this system, f is the volume fraction of the solid phase, u is the fluid
velocity, Tf the fluid stress, and f is a force density that includes all phase
interactions. (See the two-fluid model derivation in appendix A, where buoyance
effects are separated from other interaction terms.)

By adding together the species mass and momentum equations, Iverson
derives conservation laws for the mixture. Guided by experimental results,
several approximations are then made. Important for our purposes are the
following.
(i)
Phil. T
The specific discharge q can be estimated, and it is found that

q=ð1K4ÞZuKv/v:
rans. R. Soc. A (2005)
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Phil. T
To this end, the solid velocity can be substituted for the fluid velocity,
simplifying the mixture momentum equation, and providing a simplified
continuity equation

V$v Z 0:
(ii)
 The mixture stress is taken to be the sum TsCTf.

(iii)
 When comparing with experiments, the viscous components of the fluid

stress are often ignored compared with the solid stress contributions.
Through depth averaging, Iverson derives a system of equations similar to
equation (2.3)

vthCvxhv
x Z 0;

vtv
x Cvxvxv

x CevxðcosðqÞkapðhKPÞCPÞ

ZKsgnðvxÞ 1K
P

h

� �
tanðfbedÞcosðqÞK4mh

vx

h2

� �
CsinðqÞ:

9>>>>=
>>>>;

(2.5)

Several modifications to the Savage–Hutter equations are present, including an
intergranular shearing force, proportional to the fluid viscosity m and a
parameter h that is a function the flow profile; this term is sometimes dropped
when comparing predictions of the theory to experimental results. P is the pore
fluid pressure, and is proportional to hgz which is the hydrostatic pressure.
Unfortunately, in using the solid velocity as an estimate of the fluid velocity, the
fluid is constrained to move in lockstep with the solid material, and no change of
the fluid pressure distribution is possible. That is, the fluid stress contribution is
constant in time in Iverson (1997). The two-dimensional theory of Iverson &
Denlinger (2001) postulates an advection–diffusion equation for the fluid
pressure, allowing for changes in the pressure in response to the movement of
solid. This paper also includes an intergranular shearing term that is important
for flows over rapidly changing topography. Both papers provide comparisons
with experiments and support for the validity of the proposed model.
3. The two-fluid model

We now turn to the derivation of a system of equations based on the two-fluid
model. In three space dimensions, consider a thin layer of granular material and
interstitial fluid, each of constant specific density rs and rf, respectively, flowing
over a smooth basal surface. Neglect any erosion of the base. At any location,
consider a Cartesian coordinate system Oxyz, with origin O defined so the plane
Oxy is tangent to the basal surface and Oz the normal direction. As noted in
Iverson & Denlinger (2001), in considering flow over variable terrain, there
should be no preferential direction in the xy-plane. We do assume a globally
consistent orientation of this plane. Again, write v, u for the velocities of the
solid and fluid constituents (now with three components), respectively, and f for
the solid volume fraction. When writing equations in component form, we use
superscripts to denote the component.
rans. R. Soc. A (2005)
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From Anderson & Jackson (1967), mass conservation for the two constituent
phases may be written as

vtr
s4CV$ðrs4vÞZ 0;

vtr
fð1K4ÞCV$ðrfð1K4ÞuÞZ 0:

)
(3.1)

The momentum equations for the two species explicitly account for buoyance
effects, and take the form

rs4ðvtvCðv$VÞvÞZKV$TsK4V$Tf Cf Crs4g;

rfð1K4ÞðvtuCðu$VÞuÞZKð1K4ÞV$Tf Kf Crfð1K4Þg:

)
(3.2)

We note the difference between these two-fluid equations and the mixture
model (2.4). See appendix A for a discussion of the phase-averaged equations
and how the non-standard form of equation (3.2) accounts for buoyance, and
Jackson (2000) and Joseph & Lundgren (1990) for a comparison of mixture
theory and phase-averaged theory. Here f includes all non-buoyancy
interaction forces of the fluid on the particle. The reader is referred to
appendix A and Jackson (2000) for a discussion. We follow Anderson et al.
(1995) and Glasser et al. (1996) and adopt a simple drag interaction (see also
the discussion in Iverson 1997)

f Z ð1K4ÞbðuKvÞ;
where the leading factor of (1K4) accounts for the volume of the fluid acting
on the entire particle phase,

bZ
ðrsKrfÞ4g
vTð1K4Þm

is a phenomenological function based on the experimental results of
Richardson & Zaki (1954), vT is the terminal velocity of a typical solid
particle falling in the fluid under gravity, g is the magnitude of the
gravitational force and m is related to the Reynold number of the flow.
Appendix A provides details regarding these parameters.

In writing these equations, no a priori assumptions are made about the
constitutive behaviour of the material, and specification of the stresses is still
required. See appendix A for typical forms used in the context of fluidized
beds. The solid is assumed to be an incompressible Coulomb granular
material. Much of the derivation below could be generalized to a viscous
Newtonian fluid, but, as Iverson (1997) argues, removing viscosity sometimes
allows for a more direct comparison of theory with experiment and may not
require as much fitting of parameters to data. Thus we consider the only fluid
stress to be a pressure.

Finally, at several junctures in the derivation below, it is necessary to depth
average a product of terms. In particular, for some function f we have occasion
to calculate a term such as 4f . We will assume this may be approximated as
�4�f . Certainly, this is not justified mathematically. In some instances, it is
possible to quantify the error made in the approximation. For example, in the

Savage–Hutter theory sketched above, it is possible to say that vx2Zgð�vxÞ2 and
Phil. Trans. R. Soc. A (2005)
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g can be determined for certain flows (e.g. gZ6/5 if the flow has a parabolic
profile). In other cases, it is not possible to provide such quantification.
However, in appendix B, we provide an estimate of the error k4f K �4�f k. This
estimate provides a basis for judging whether the interchange of multiplication
and depth averaging is justifiable.
(a) Scaling

To proceed, we scale the equations in a manner similar to the Savage–Hutter
development. The characteristic length in the z-direction is H, and in x, y it is L.
The time-scale is taken to be t2ZL/g. Typical stresses are on the order of the
weight of the material, so scale the solid stresses by rsgH and the fluid stress by
rfgH. After clearing the coefficients, the continuity equations for the solid and
fluid are unchanged. Several terms in the momentum equations are multiplied by
eZH/L which is small. Specifically, the solid momentum balances in the x, y and
z directions become

4ðvtvx Cvxvxv
x Cvyvyv

x Cvzvzv
xÞ

ZKðevxTsxx CevyT
sxy CvzT

sxzÞK rf

rs
4ðevxTfxx CevyT

fxy CvzT
fxzÞ

C
1K rf

rs

� �
ð1K4Þ4

vTð1K4Þm ðux KvxÞC4gx ; (3.3)

4ðvtvy Cvxvxv
y Cvyvyv

y Cvzvzv
yÞ

ZKðevxTsxy CevyT
syy CvzT

syzÞK rf

rs
4ðevxTfxy CevyT

fyy CvzT
fyzÞ

C
1K rf

rs

� �
ð1K4Þ4

vTð1K4Þm ðuy KvyÞC4gy; (3.4)

34ðvtvz Cvxvxv
z Cvyvyv

z Cvzvzv
zÞ

ZKð3vxTsxz C3vyT
syz CvzT

szzÞK rf

rs
4ð3vxTfxz C3vyT

fyz CvzT
fzzÞ

C
3 1K rf

rs

� �
ð1K4Þ4

vTð1K4Þm ðuz KvzÞC4gz : (3.5)

In writing these equations, we have explicitly scaled the momentum interaction
force, leaving a scaled parameter vT in the drag coefficient. Also, we note that
components of gravity have been scaled by the magnitude g, so (gx, gy, gz) is a
unit vector. Usually, one would drop all terms of order e; again we refer the
Phil. Trans. R. Soc. A (2005)
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reader to Savage & Hutter (1989) for a discussion of the need to retain
the diagonal stress contributions. Because no preferential downslope direction is
prescribed, and the flow direction may change during a flow, we retain all the
stress terms in both the x - and y -directions, dropping only O(e) terms in the
z -direction; see the discussion in Iverson & Denlinger (2001).

The fluid equations are likewise scaled, and the common factor (1K4)
removed

vtu
x Cuxvxu

x Cuyvyu
x Cuzvzu

x

ZKðevxTfxx CevyT
fxy CvzT

fxzÞK
1K rf

rs

� �
rf=rs

4

vTð1K4Þm ðux KvxÞCgx ; (3.6)

vtu
y Cuxvxu

y Cuyvyu
y Cuzvzu

y

ZKðevxTfxy CevyT
fyy CvzT

fyzÞK
1K rf

rs

� �
rf=rs

4

vTð1K4Þm ðuy KvyÞCgy;

(3.7)

eðvtuzCuxvxu
zCuyvyu

zCuzvzu
zÞ

ZKðevxTfxzCevyT
fyzCvzT

fzzÞKe
1K rf

rs

� �
rf=rs

4

vTð1K4Þm ðuzKvzÞCgz : (3.8)

We note that the different scaling for the solid and fluid momentum equations
has produced phase interaction terms with different coefficients. Thus, adding the
component momentum equations will not result in the force terms cancelling
each other.
(b) Mass balance

Divide the mass conservation equations for the solid and fluid phase by the
constant specific density rs and rf, respectively, and add the two equations
together to find

V$ð4vCð1K4ÞuÞZ 0:

(Observe for the time derivatives vt4Cvtð1K4ÞZ0.) That is, the volume-
weighted mixture flow is divergence free. This equation is not an assumption, but
rather a direct consequence of mass balance. That the mixture is isochoric allows
us to depth average, ðh

b
V$ð4vCð1K4ÞuÞdz Z 0: (3.9)

Use the Leibniz rule to interchange differentiation and integration. The upper
free surface Fh(x, t)Z0 is assumed to be a material surface for the
Phil. Trans. R. Soc. A (2005)
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mixture, so at zZh(x, y, t)

vtð4hCð1K4ÞhÞCð4vx Cð1K4ÞuxÞvxh

Cð4vy Cð1K4ÞuyÞvyhKð4vz Cð1K4ÞuzÞZ 0:
(3.10)

Likewise, at the basal surface, Fb(x)Z0, the flow is tangent to the fixed bed,
so at zZb(x, y)

ð4vx Cð1K4ÞuxÞvxbCð4vy Cð1K4ÞuyÞvybKð4vz Cð1K4ÞuzÞZ 0: (3.11)

In arriving at these equations, we have ignored sedimentation, entrainment
and infiltration of fluid into the bed.

After algebraic manipulation, we find an equation for the total mass of the
solid and fluid

vtĥCvxðĥð�4vx Cð1K �4Þux ÞÞCvyðĥð�4vy Cð1K �4ÞuyÞÞZ 0: (3.12)

In writing this equation, the depth-averaged velocities ĥvxZ
Ð h
b vxdz, with a

similar expression for the components vy , ux , uy , where again ĥZhKb, and
ĥ�4Z

Ð h
b 4 dz is the depth-averaged volume fraction.

We need to follow the evolution of the depth-averaged volume fraction �4, but
there is no obvious candidate equation to which we could appeal. We turn to the
mass balance law for the solid phase and depth average. The lack of phase-
specific basal and free surface conditions would seem to preclude such an
integration, but reasonable assumptions allow us to proceed. More specifically,
beginning with the integrationðh

b
ðvt4CV$4vÞdz Z 0; (3.13)

we find

vt

ðh
b
4 dzCvx

ðh
b
4vxdzCvy

ðh
b
4vydzC4vz jh K4vx jhvxh

K4vyjhvyhK4jhvthK4vz jbC4vx jbvxbC4vyjbvybZ 0:

(3.14)

In order for the boundary terms to vanish here, the solid and fluid phases must
separately satisfy material-free surface and basal surface conditions, just as the
mixture does ((3.10) and (3.11)). If no erosion or infiltration occurs, it is
reasonable to assume the motion of each species is tangent to the basal surface.
Imposing the material surface condition on the upper free surface is less justified.
If the fluid and solid velocities do not differ by much, consideration of flows for
which the x - or y -velocity is zero suggest special conditions under which each
phase does in fact satisfy a material-free surface condition. We make the
assumption, recognizing it is subject to error: at zZh,

4vthCð4vxÞvxhCð4vyÞvyhKð4vzÞZ 0; (3.15)
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ð1K4ÞvthCðð1K4ÞuxÞvxhCðð1K4ÞuyÞvyhKðð1K4ÞuzÞZ 0: (3.16)

With this assumption, we arrive at a solids mass balance equation

vtðĥ�4ÞCvxðĥ�4vx ÞCvyðĥ�4vyÞZ 0: (3.17)

To be sure, the imposition of individual phase mass balance requires
experimental validation. The justification offered here breaks down when the
difference vKu is not small—such as at the time of final deposition, where
interesting phase separation occurs.
(c) z-Momentum

Observe that, upon setting e to zero in the fluid z-momentum equation, we
find the fluid to be hydrostatic,

vzT
fzz Z gz :

Integrating and imposing boundary conditions, we find

Tfzzðx; y; zÞZKgz ½hKz�; (3.18)

and the average

�T
fzzðx; yÞZK

1

2
gzĥ: (3.19)

In the same manner, for the solid z -momentum (3.5) we find an equation for an
effective stress,

vzT
szz C

rf

rs
4vzT

fzz Z4gz :

Substituting,

vzT
szz Z 1K

rf

rs

� �
gz4Z 1K

rf

rs

� �
4vzT

fzz :

Thus, the normal solid stress in the z -direction at any height is equal to the
(buoyancy) reduced weight of the solid material overburden.

Observe that, owing to scaling, the z-velocities have been dropped from the
z -momentum equations. Of course, neglecting accelerations in the z -direction is
a central component of the thin layer theory.
(d) x- and y-Momentum

We now must depth average the remaining momentum equations. In several
steps of the derivation that follows, we will use the approximation 4f z �4�f , and
we do not indicate every place at which this is performed. Again, we refer the
reader to appendix B.

First, consider an equation for the motion of the solid phase. The left-hand
side of the x -momentum equation (3.3) can be written

LHSZ vt4v
x Cvx4v

xvx Cvy4v
xvy Cvz4v

xvz :
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Depth averaging and using boundary conditions yieldsðh
b
LHS dz Z vt

ðh
b
4vxdzCvx

ðh
b
4vx2dzCvy

ðh
b
4vxvydz: (3.20)

Now, depth averaging the right-hand side of equation (3.3) yieldsðh
b
RHS dz ZK

ðh
b
ðevxTsxx CevyT

sxy CvzT
sxzÞdz

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
ðiÞ

K
rf

rs

ðh
b
e4vxT

fxxdz

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
ðiiÞ

C

ðh
b

1K
rf

rs

� �
ð1K4Þ4

vTð1K4Þm ðux KvxÞdz

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
ðiiiÞ

C

ðh
b
4gxdz:

(3.21)

In order to proceed, several assumptions are made, namely
(i)
1 In st
the
post

Phil. T
A free surface condition for the individual species is specified, as above.

(ii)
 The drag term ð1Kðrf=rsÞÞðð1K4Þ4=vTð1K4ÞmÞðuKvÞ is phenomenolo-

gical and highly nonlinear, and expressing the depth-averaged function
ð1K4ÞbðuKvÞ in terms of �4, �u, �v is all but impossible. However, it is
reasonable to expect that experiments could fit a different phenomeno-
logical-averaged drag of a similar form:1 ð1K �4Þ�bð�uK �vÞ. This provides
term (iii).
(iii)
 The earth pressure relation for the solid phase is employed. To this end, basal
shear stresses are assumed to be proportional to the normal stress,

Ts�z ZK
v�

kvk tanðfbedÞTszzha�zT
szz ;

where * can be either x or y, and the velocity ratio determines the force
opposing the motion in the *-direction, to the extent that force is mobilized
(Hutter et al. 1993;Patra et al. 2005) in that direction.Thus, slidingvelocity and
basal traction are collinear. Theanotationwill provide a convenient shorthand.
Likewise, the diagonal stresses are taken to be proportional to the normal solid
stress

Ts�� Z kapT
szzha��T

szz ;

where the same index x or y is used in both *s. Finally, following Iverson &
Denlinger (2001), xy shear stresses are determined by a Coulomb relation

Tsxy ZKsgnðvyvxÞsinðfintÞkapTszzhaxyT
szz ;

where the sgn function ensures that friction opposes straining in the (x, y)-plane.
udies of fluidized beds in a cylinder using one-dimensional ‘slice analysis’—that is, averaging
model equations over the cross-section of the cylinder—such an averaged drag is often
ulated; see Jackson (2000).
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Phil. T
Observe thatðh
b
vxT

fxxdz Z vx

ðh
b
TfxxdzKTfxx jzZhvxhCTfxx jzZbvxb:
From the assumptions above and the formulae for the fluid and solid normal
stresses, we find

ðiiÞZKe
rf

rs

ðh
b
4vxT

fxxdz ZKe
rf

rs

ðh
b
4 dz

ðh
b
vxT

fxxdz

� �

ZKe
rf

rs
�4 vx

ĥ
2

2
ðKgzÞ

 !
C ĥðKgzÞvxb

" #
: (3.22)

Finally, using the fluid and solid stress relation �T
szzZð1Kðrf=rsÞÞ�4 �T

fzz
, term (i)

is approximated as

ðiÞZKe

ðh
b
vxaxxT

szzdzKe

ðh
b
vyaxyT

szzdzK

ðh
b
vzaxzT

szzdz

ZKe vx

ðh
b
axxT

szzdzKaxxT
szz jzZhvxhCaxxT

szz jzZbvxb

� �

Ke vy

ðh
b
axyT

szzdzKaxyT
szz jzZhvyhCaxyT

szz jzZbvyb

� �

Kaxz ½Tszz jzZh KTszz jzZb�: (3.23)

Because the upper free surface is stress free, all terms T szzjzZh vanish. This
provides the expression

ðiÞZKe 1K
rf

rs

� �
vxðĥaxx �4 �T

fzzÞKe 1K
rf

rs

� �
vyðĥaxy �4 �T

fzzÞ

C 1K
rf

rs

� �
ðKeaxxvxbKeaxyvybCaxzÞðKgzÞĥ�4: (3.24)

The (Kgz) factor appears here and below, originating in the evaluation and
depth averaging of the fluid stress. In typical flows, this factor is positive.
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Combining all terms yields the solids x -momentum equation

vtðĥ�4vx ÞCvxðĥ�4vxvx ÞCvyðĥ�4vxvyÞ

ZK
e

2
1K

rf

rs

� �
vxðaxx ĥ

2
�4ðKgzÞÞK e

2
1K

rf

rs

� �
vyðaxyĥ

2
�4ðKgzÞÞ

C 1K
rf

rs

� �
ðKeaxxvxbKeaxyvybCaxzÞĥ�4ðKgzÞK e

2

rf

rs
�4vxðĥ

2ðKgzÞÞ

Ke
rf

rs
ĥ�4ðKgzÞvxbC 1K

rf

rs

� �
ĥð1K �4Þ�4
vTð1K �4Þm ðux Kvx ÞC ĥ�4gx : (3.25)

The y -solid momentum equation can be derived in a similar fashion and yields

vtðĥ�4vyÞCvxðĥ�4vxvyÞCvyðĥ�4vyvyÞ

ZK
e

2
1K

rf

rs

� �
vxðaxyĥ

2
�4ðKgzÞÞK e

2
1K

rf

rs

� �
vyðayyĥ

2
�4ðKgzÞÞ

C 1K
rf

rs

� �
ðKeaxyvxbKeayyvybCayzÞĥ�4ðKgzÞK e

2

rf

rs
�4vyðĥ

2ðKgzÞÞ

Ke
rf

rs
ĥ�4ðKgzÞvybC 1K

rf

rs

� �
ĥð1K �4Þ�4
vTð1K �4Þm ðuy KvyÞC ĥ�4gy: (3.26)

We now proceed to derive an equation for the fluid motion. Depth averaging
for the fluid presents fewer difficulties than in the solid equations. The
x-momentum equation takes the form

vtðĥux ÞCvxðĥuxux ÞCvyðĥuxuyÞ

ZK
1

2
evx ĥ

2ðKgzÞK
1K rf

rs

rf=rs

 !
ĥ�4

vTð1K �4Þm ðux Kvx ÞC ĥgx : (3.27)

The fluid y -momentum equation is similar,

vtðĥuyÞCvxðĥuxuyÞCvyðĥuyuyÞ

ZK
1

2
evyĥ

2ðKgzÞK
1K rf

rs

rf=rs

 !
ĥ�4

vTð1K �4Þm ðuy KvyÞC ĥgy: (3.28)
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(e) The full model equations

The complete set of model equations are rewritten here. To simplify notation,
hats and overbars are dropped.

vthCvxðhð4vx Cð1K4ÞuxÞÞCvyðhð4vy Cð1K4ÞuyÞÞZ 0;

vtðh4ÞCvxðh4vxÞCvyðh4vyÞZ 0;

vtðh4vxÞCvxðh4vx2ÞCvyðh4vxvyÞ

ZK
1

2
e 1K

rf

rs

� �
vxðaxxh

24ðKgzÞÞK 1

2
e 1K

rf

rs

� �
vyðaxyh

24ðKgzÞÞ

K
1

2
e
rf

rs
4vxðh2ðKgzÞÞC 1K

rf

rs

� �
ðKeaxxvxbKeaxyvybCaxzÞh4ðKgzÞ

Ke
rf

rs
h4ðKgzÞvxbC 1K

rf

rs

� �
hð1K4Þ4
vTð1K4Þm ðux KvxÞCh4gx ;

vtðh4vyÞCvxðh4vxvyÞCvyðh4vy2Þ

ZK
1

2
e 1K

rf

rs

� �
vxðaxyh

24ðKgzÞÞK 1

2
e 1K

rf

rs

� �
vyðayyh

24ðKgzÞÞ

K
1

2
e
rf

rs
4vyðh2ðKgzÞÞC 1K

rf

rs

� �
ðKeaxyvxbKeayyvybCayzÞh4ðKgzÞ

Ke
rf

rs
h4ðKgzÞvybC 1K

rf

rs

� �
hð1K4Þ4
vTð1K4Þm ðuy KvyÞCh4gy;

vtðhuxÞCvxðhuxuxÞCvyðhuxuyÞ

ZK
1

2
evxh

2ðKgzÞK
1K

rf

rs

rf=rs

0
BB@

1
CCA h4

vTð1K4Þm ðux KvxÞChgx ;

vtðhuyÞCvxðhuxuyÞCvyðhuyuyÞ

ZK
1

2
evyh

2ðKgzÞK
1K

rf

rs

rf=rs

0
BB@

1
CCA h4

vTð1K4Þm ðuy KvyÞChgy;

Tszz Z 1K
rf

rs

� �
4ðKgzÞ h

2
;

Tfzz Z ðKgzÞ h
2
:

9>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;
(3.29)
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The model equation (3.29) constitutes a system of six equations in the variables
h, hf and the four momenta h4~v and h ~u (thew denoting the x - and y - components
of the vector only). Because of the buoyancy term in the solid momentum balance,
the equations cannot be put in conservation form. The structure of the equations is
symmetric upon interchange of the x - and y -coordinates. Of course, it is possible to
derive other forms of the solid or fluid momentum equations by algebraic
manipulations of the equations presented here. In §4, we show this system is
hyperbolic, under common conditions. Together with initial and boundary
conditions, the system constitutes a well-posed set of equations describing a two-
fluid thin layer system.

Exact solutions to this system are difficult to find.We refer the reader to Savage
& Hutter (1989) and Chugunov et al. (2003) for a discussion of solutions to the
model equations for dry flows, and to Iverson (1997) and Iverson&Denlinger (2001)
for solutions to the mixture equations. For purposes here, note the special case of
flow in one space dimension. That is, consider themodel equation (3.29) confined so
that all motion is in the x -direction only, and set all y -derivatives, y -stress terms
and y-velocities to zero. Further assume the basal surface has constant derivative in
the x -direction. Physically, one might imagine flow in a narrow channel with a
rectangular cross-section, or flowdown an infinite planewith uniform cross-section.
Under such assumptions, a constant solution may exist, depending on prescribed
quantities such as the fluid–solid density ratio, the components of gravity (which
are determined by the basal surface), and the thickness ratio e. Examining the
equations, the volume fraction satisfies

rf

rs
1K4

4

� �
C1

� �
gx ZKgz e

rf

rs
C 1K

rf

rs

� �
axx

� �
vxbCaxz 1K

rf

rs

� �� �
;

and the species velocities are related through the drag term. The value of h is not
specified by the equations. This constant solution ceases to exist if the right-hand
side is negative.

4. Hyperbolicity

The analysis of hyperbolicity is most familiar in one space dimension, and we show
that analysis here. The full two-dimensional equations share this hyperbolicity, but
the algebra required to demonstrate it is significantly more complicated than what
follows.

In this section, consider the model equation (3.29) confined so that all motion
is in the x -direction only. Because the motion is in one direction, we drop the
superscripts that denote the components of velocity. The one-dimensional
equations may be written in non-conservative form as

AVt CBVx ZFðV Þ;
where

AZ

1 0 0 0

4 h 0 0

4v hv h4 0

ð1K4Þu Khu 0 hð1K4Þ

0
BBBB@

1
CCCCA;
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B Z

4vCð1K4Þu hvKhu h4 hð1K4Þ
4v hv h4 0�

4v2C3
rf

rs
4gzh

�
hv2 2h4v 0

C3 1K
rf

rs

� �
4axxg

zh

�
C

1

2
3axx 1K

rf

rs

� �
gzh2

�
ð1K4Þu2 C3ð1K4Þgzh Khu2 K

1

2
3gzh2 0 2hð1K4Þu

0
BBBBBBBBBBBB@

1
CCCCCCCCCCCCA
;

V Z ðh;4; v; uÞt:
To analyse the hyperbolicity of the system, we must compute det(BKlA) for the
eigenvalue l. After tedious algebra, we find the characteristic polynomial

4ð1K4Þh3½ðlKvÞ2ðlKuÞ2KeaðlKuÞ2 KebðlKvÞ2 Ce2c�Z 0;

where

a Z
h

2
gz

rf

rs
4Caxx 1K

rf

rs

� �
ð1C4Þ

� �
;

bZ
h

2
gzð2K4Þ; cZ

h2

2
ðgzÞ2 rf

rs
4Caxx 1K

rf

rs

� �� �
:

Certainly if h/0 or if f/1 or f/0, the determinant vanishes and hyperbolicity
is lost. Away from these degeneracies, we claim the system is hyperbolic. One
can show that a, b and c are all positive away from hZ0 (or the unphysical
case gzZ0). Observe that when e is zero, there are two pairs of double real
roots; the roots remain real, and thus the system is hyperbolic, at least for
e sufficiently small (one can appeal to Descartes’ rule of signs). However, except
under special conditions, deriving the roots explicitly is non-trivial. Knowing the
roots are real, we will appeal to a perturbation argument to find their
approximate values.
(a) Case uZv

The case uZv is special and requires separate consideration. One has a quartic
equation, say

ðlKvÞ4KeðaCbÞðlKvÞ2 Ce2cZ 0:

The quadratic formula can be applied,

ðlKvÞ2 Z e

2
ðaCbÞG

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðaCbÞ2K4c

q� �
:
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The discriminant is

ðaCbÞ2 K4cZ
h

2
gz

� �2 rf

rs
4Caxx 1K

rf

rs

� �
ð1C4ÞCð2K4Þ

� �2

K2ðhgzÞ2 rf

rs
4Caxx 1K

rf

rs

� �� �
:

By considering this as a quadratic formula in f, the discriminant can be shown to
be positive, at least for physically relevant values of axx and rf/rs,2 and the
square root gives real values. Because cO0, this root is less than (aCb), and
another square root can be taken to find

lKv ZG

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e

2
½ðaCbÞG

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðaCbÞ2K4c

q
�

r
:

Thus the system is hyperbolic in this special case.
(b) Case usv

More generally, we find a perturbation expansion for l when usv. An order of
magnitude analysis suggests the expansion of l in terms of

ffiffi
e

p
, so let

lZl0C
ffiffi
e

p
l1Cel2Ce

ffiffi
e

p
l3C/.

O(1) problem: ðl0KvÞ2ðl0KuÞ2Z0, which implies l0Zv or l0Zu.

Oð
ffiffi
e

p
Þ problem: 2ðl0KvÞ2ðl0KuÞl1C2ðl0KuÞ2ðl0KvÞl1Z0. Because l0 is

either u or v, this equation gives no information about l1.

O(e) problem: ðl0KvÞ2½2ðl0KuÞl2Cl21�C4ðl0KvÞl21ðl0KuÞC ½2ðl0KvÞl2Cl21�
ðl0KuÞ2Kaðl0KuÞ2Kbðl0KvÞ2Z0. When l0Zu, the equation becomes

ðuKvÞ2l21KbðuKvÞ2Z0, which implies l1ZGb. Similarly, if l0Zv, l1ZGa.

Further terms may be computed: up to Oðe
ffiffi
e

p
Þ, the eigenvalues are

lZ uG
ffiffi
e

p ffiffiffi
b

p
Ge

ffiffi
e

p baKc

2
ffiffiffi
b

p
ðuKvÞ2

; lZ vG
ffiffi
e

p ffiffiffi
a

p
Ge

ffiffi
e

p baKc

2
ffiffiffi
a

p
ðuKvÞ2

: (4.1)

5. Reduced model

The two-fluid model, described in §2, assumes the interstitial fluid is inviscid, the
only stress being a pressure. The model does include inertial effects in the fluid
momentum equations. We now present an alternative model system, one that
simplifies the effort required to compute solutions numerically.

If the fluid motion relative to the solid motion is not large (Iverson 1997), and
if the pressure is the only fluid stress, one might consider a Darcy-like
approximation and ignore the fluid acceleration. The fluid momentum equations
2One can demonstrate that the discriminant is positive for special cases (e.g. axxZ1 and rf/rsZ1/2,
and show there is no sign change as axx changes while remaining O(1) and while 1Orf/rsO0.
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in the x - and y - directions reduce to the pair

1K rf

rs

rf=rs

 !
h4

vTð1K4Þm ð~uK ~vÞZK
1

2
eVh2gz Ch~g: (5.1)

This pair of equations replaces the fluid momentum equation (3.29)5,6, and one
should view this reduced system (consisting of (3.29)1,2,3,4,7,8 and (5.1)) as a set of
evolution equations for h, hf and h4~v. Given ~v, (5.1) is an equation for ~u.

Equation (5.1) for ~u contains derivatives of h, a remnant of the gradient of the
fluid pressure. When substituting ~u back into the total mass conservation
equation (3.29)1, a derivative of ~u appears, leading to second derivatives of h.
Other equations contain only first derivative terms. Calculations indicate that
the coefficient matrices of the first-order derivative terms retain a hyperbolic
structure. Thus the reduced model is degenerate parabolic—that is, the
coefficient matrices for second derivatives have zero eigenvalues. Nonetheless,
the reduced model system is a well-posed evolution system once appropriate
initial and boundary conditions are assigned.

This Darcy model is clearly a consequence of the modelling assumption that
drag is the principal (non-buoyancy) contribution to interphase momentum
transfer. As mentioned earlier, and as noted in appendix A, the precise form of
the permeability coefficient—borrowed from the Richardson–Zaki theory—
presents difficulties in the limiting cases of pure fluid and pure granular material.
Other forms of the coefficient may be better suited to these special cases.

Numerical computations with the reduced Darcy model demonstrate how the
presence of a fluid increases the length of the flow runout, relative to the no-fluid
case. In the model, this occurs primarily because the effective solid stresses are
lower, relative to the stress without pore liquid, generating a smaller overburden.
Basal friction, proportional to this overburden, is then applied only to the solid
volume fraction. Figure 1 illustrates this longer runout, showing the computed
solution to the reduced model equations for two cases of initial volume fraction.
The mass flows down an incline that is divided into three sections. The upper
part of the incline (from xZ0 to 60 in figure 1) makes an angle of 308 with the
horizontal, the middle part an angle of 158 and the third section (from xZ80
onwards) is horizontal. In the computations, a slight smoothing of the corners
was performed. The granular material was relatively free-flowing, with an
internal friction angle of 358 and a basal friction angle of 208.3 The initial pile was
a parabola of horizontal extent 10 and maximum height 6 (thus a relatively large
pile on the scale of this numerical experiment). The computational domain is
sufficiently large that the pile never approaches the edges during the simulation,
allowing us to set boundary conditions to zero for these simulations. (Of course,
other boundary conditions could be applied, for example, absorbing conditions
would mimic the pile flowing out of the computational domain.) The plots show
the total pile height at the beginning, intermediate and long times. In the plot on
the left, the initial solid fraction was 1.0; for the plot on the right, the initial
3 Note a very thin pile of granular material without pore fluid released on the middle section would
not flow. In these computations, momentum generated on the steeper first section carries the pile
through the middle section.
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Figure 1. Computed solution to the reduced Darcy model equation (3.29)1,2,3,4,7,8 and equation
(5.1), showing the increased runout of a pile in the presence of interstitial fluid. Shown is the pile
height at the times indicated; the pile height has simply been added to the elevation of the incline
in these plots. On the left is the solution for fZ1 initially (no fluid), on the right fZ0.6 initially. In
the figure on the left, the pile had essentially stopped by the time TZ40. In the figure on the right,
at time TZ10, not only had the pile travelled further than in the left figure at TZ40, but it also
retained about 40% of its maximum velocity at TZ10 and would continue to move for some time.
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solids fraction was uniform in x with a value of 0.6. We see that a mixture flow
travels much further in a fraction of the time, compared with a solids-only flow.
Indeed in these simulations, the fZ1 pile had essentially stopped at xz96 by
the time TZ40; the fZ0.6 pile had propagated to xz140 by the time TZ10,
and was still travelling at a non-negligible rate (approximately 40% of its
maximum velocity) when we stopped the simulation.
6. Conclusion

Wehave presented a ‘thin layer’ system of equationsmodelling the depth-averaged
flow of granular material coupled to interstitial fluid, as the two-fluid mix moves
over smooth topography. Several assumptions are made to develop these
equations. A detailed comparison with experiments is needed to demonstrate
whether the assumptions and the resulting model equations adequately describe
the physical flows. Using reasonable parameters, the model equations constitute a
hyperbolic system. We have also presented a reduced model that ignores inertial
terms in the fluid phase, much like Darcy’s law. Computations with the reduced
system show that the presence of a pore fluid greatly increases the runout of a pile
of fluid–solid material, relative to the runout for a pure granular material. Both the
full model equations and the Darcy system can be integrated into numerical
software (Denlinger & Iverson 2001; Patra et al. 2005), allowing simulation of flows
over realistic terrain. This computational framework will allow for careful
comparison with experimental flows both in the laboratory and in large flumes,
and with geologically important flows.

Relative to earlier models of mixture flow, the two-fluid model equations
developed here (as well as the reduced model equations) offer one significant
advantage: velocities for both solid and fluid phases are determined from
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physically proper momentum balance relations. Certainly, approximations are
made to derive a tractable system. However, the momentum balance laws in the
two-fluid theory can be traced back to balance laws that are well accepted in
fluid mechanics.

The reader may ask whether the two-fluid model (3.2) is an appropriate place
to begin development of a thin layer model. Appendix A offers a summary of the
origins of this form of momentum balance. As that appendix shows, there is an
alternative form that replaces the non-conservative product fV$Tf in the solid
momentum balance with a convective derivative 4ðvtuCðu$VÞuÞ. Further
algebraic manipulations can bring this alternative formulation into a more
benign looking form. However the additional convective derivative presents
computational challenges. Algebraic operations to remove the derivative
introduces other complicating terms. Thus, we content ourselves with the non-
conservative form in equation (3.2). It is interesting to note that a formal
mathematical derivation of two-phase equations is given by Drew (1983) and
yields essentially the same non-conservative system (3.2).

There are several forces present in equation (3.2) acting on the constituent
phases, including solid and fluid stresses, gravity, buoyance and drag. In the
original derivation of the equations by Anderson & Jackson (1967), the fluid
stress that appears in equation (3.2) is not the simple Newtonian fluid stress,
but rather it is the usual fluid stress at every point weighted by a solid phase
indicator function and integrated. The solid stress in equation (3.2) is the sum
of point contact forces exerted on a specified particle, again weighted by a solid
phase indicator function and averaged. In both cases, the stress Tf and Ts that
appears in equation (3.2) are not the usual Cauchy stresses of the pure phase
constituents. Nevertheless, after postulating the equations, it is common to
identify the stress terms that appear with their pure phase analogues and to
postulate pure phase constitutive relations for those terms. Such an
identification is a modelling assumption.

In the exposition, we assume pressure is the only fluid stress. This fact,
coupled with the presence of the buoyancy term in the basic equations of motion,
introduces a net force akin to Terzaghi’s original postulate of an effective stress—
that is, the net force is the solid stress minus a pore fluid pressure,
KV$TsK4V$Tf . It is the buoyance effect that produces the long runout
demonstrated in the reduced model calculations—the normal force of the solid
is reduced, causing a reduction in energy dissipation by basal friction (which is
active only on the solid phase, whereas the fluid phase does not contribute at all
to basal friction in the model here). This buoyancy effect is not present in earlier
models of solid–fluid avalanche and debris flows.

This work has been supported by NSF grants ITR 0121254 and EHR 0087665. Computing sup-
port from the Center for Computational Research at the University at Buffalo is gratefully
acknowledged. For their diligent reading of this manuscript, and for their suggestions which led to
improvements in the paper, we gratefully acknowledge the assistance of the referees.
Appendix A. Governing equations

This appendix discusses the basic two-fluid model equations used in this paper.
In addition to the equations, interesting limits are examined, and constitutive
Phil. Trans. R. Soc. A (2005)
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relations used for fluidized beds are discussed. These equations are derived in
Anderson & Jackson (1967) by phase averaging of model quantities such as
particle number density or velocity or stress. The discussion follows the
exposition presented in several sections of Jackson’s (2000) book.

(a) Formulation of equations

Again, consider a fluid of constant specific density rf, local velocity u and a
local volume fraction 1K4, and solids particles of constant specific density rs,
local velocity v and local volume fraction 4.

Mass conservation for the two phases takes the standard form

vtr
s4CV$rsð4vÞZ 0;

vtr
fð1K4ÞCV$rfðð1K4ÞuÞZ 0:

)

Deciding on useful forms of the momentum equations for two-phase flows often
generates consternation. To derive the form used in equation (3.2), we begin with
well-accepted conservative forms for the balance of total forces. We follow
Jackson (2000) who considers a particle (or collection of particles) in a fluid and
derives the governing equations by a detailed phase-averaging process. We do
not reproduce those lengthy calculations here. Instead, we focus on under-
standing the interphase forces acting on the fluid and the particles. Through a
series of thought experiments, Jackson isolates standard fluid stresses, buoyancy
effects and other forces (we will include only drag).

A classical, conservative form of force balance may be written (note the stress
convention)

rs4ðvtvCðv$VÞvÞZV$Ss CnFCrs4g; (A 1)

rfð1K4ÞðvtuCðu$VÞuÞZV$Sf KnFCrfð1K4Þg: (A 2)

Here, Ss,f is regarded as the averaged stress tensor associated with the appropriate
phase; its precise description depends on the detailed interaction of particles and
fluid, and it is not appropriate at this time to identify these stresses with well-
accepted stress forms from classical continuum mechanics. We use a different
notation for these stress terms in this appendix, to preclude confusion. At the end of
this appendix, wemake the connection between the different notations. The termF
represents the phase average of all forces exerted by the fluid on a particle, and n is
the number density (the average number of particles per unit volume).

We now decompose the force term F in a consistent fashion. Buoyancy has a
large effect on interphase momentum transfer, and there is a great deal of
confusion regarding the form which buoyancy and drag (and other interphase
forces) might take. We review a series of examples identified in Jackson (2000)
that clarify the issue.
(i)
Phil. T
Simple hydrostatics describes the force exerted by a fluid at rest on a body
at rest. This force may be written in two ways:

FZKnVpZKrfng:

In this equation, p denotes the fluid pressure and n the volume of the body.
That equality holds between these expressions results from the expression
rans. R. Soc. A (2005)
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Phil. T
for the pressure in hydrostatics, VpZrfg. Of course, if both fluid and
particle are moving with constant velocity, Galilean invariance asserts that
equality remains true.
(ii)
 If the fluid is moving with a constant velocity u0 at all points sufficiently far
from the particle, but the particle may be in arbitrary motion relative to the
fluid, there is a local force due to the particle’s motion, resulting in an
expression

FZFaKnVp0 ZFb Krfng:

Here, p0 is the pressure field far from the particle. Looking at these two
equations, the pressure gradient and the gravity term again define the
buoyancy, and the two ways of writing the forces are equivalent because the
balance, applied far from the particle, gives Vp0Zrfg. As a consequence,
FaZFb.
(iii)
 If the velocity of the distant fluid u0 is not constant but has a uniformly
acceleration a0Zdu0=dt, momentum balance implies Vp0ZrfðgKa0Þ.
Decomposing F as above demonstrates that FasFb, implying the two
equations above define a different buoyancy force. However, an obvious
modification can provide for a consistent definition

FZF1 KnVp0 ZF2 KrfnðgKa0Þ:
Then F1ZF2, and KnVp0 and Krfn(gKa0) provide equivalent expressions
for buoyancy.
(iv)
 Now consider fluid motion through a spatially uniform array of particles
with void fraction e, and average local fluid velocity u0 and acceleration
a0Zdu0=dt. The momentum equation from (A 1) above would now read

rfea0 ZKVp0KnFCrfeg:

Using the fact that nnZ1Ke one finds that, in terms of F1, this equation
may be written

rfa0 ZKVp0Kn
F1

e
Crfg:

In terms of F2, we have

rfa0 ZKVp0 KnF2 Crfg:

Therefore, in this case F1ZeF2, and KnVp0 and Krfn(gKa0) give different
interpretations of the buoyancy.
To quote Jackson (2000, p. 28),
When a fluid flows through an assembly of particles there is a contribution to its
local average pressure gradient from the relative motion. However, this
contribution, in turn, exerts a force on the immersed particles that may be
attributed either to buoyance or to the other term in the decomposition. In the
case of the first form of the contribution. it is attributed to the buoyance term,
since this is proportional to the gradient of the local average pressure. For the
second form, however, it is attributed to the term F2, and this is the reason why
F2 is larger than F1 by the factor 1/e.
rans. R. Soc. A (2005)
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Thus, there is no unambiguous way of defining the buoyance. Either form above
may be correct, provided the additional force terms F2 and F1 are defined in an
appropriate fashion.

We can now generalize the terms of item (iv) for a general momentum balance
law. The first alternative can be written

nFZ4V$Sf CnF1:

Substituting this into the conservation form of equations (A 1) and recalling that
eZ1K4 allows us to write the fluid momentum equation as

rfð1K4ÞðvtuCðu$VÞuÞZ ð1K4ÞV$Sf KnF1Crfð1K4Þg: (A 3)

The particle equation then takes the form

rs4ðvtvCðv$VÞvÞZV$Ss C4V$Sf CnF1 Crs4g: (A 4)

The generalization of the second alternative can be written

nFZKrf4ðgKðvtuCðu$VÞuÞÞCnF2:

After some algebra, the corresponding fluid and solid momentum equations
can be written as

rfðvtuCðu$VÞuÞZV$Sf KnF2 Crfg;

rs4ðvtvCðv$VÞvÞZV$Ss Crf4ðvtuCðu$VÞuÞCnF2 Cðrs KrfÞ4g:

We choose the first alternative for our formulation (3.2), preferring to deal with
the non-conservative stress term rather than the additional convective
derivative. We emphasize that, in this latter form, the convective term
ðvtuCðu$VÞuÞ is not connected to virtual mass effects; its origin is buoyancy.

Jackson poses one other Gedankenexperiment that illuminates the formulation
of balance laws for two-phase flows. Consider a uniform distribution of particles
initially at rest in a fluid which is itself at rest in a container. The container, fluid
and particles are situated in a uniform gravitational field. At time zero, the
container is allowed to fall freely under gravity, and at the same time, the
constraints keeping the particles in perfectly uniform distribution are removed.
Thus, fluid and particles move with the same acceleration. Any formulation of
momentum balance laws must allow this motion as a solution. It is clear that the
formulations presented above do indeed allow for this uniform acceleration as a
solution.
(b) Modelling non-buoyant forces

Given the formulation of the momentum equations in the preceding
subsection, additional force terms may be included in the term F1. We choose
to include only one other force, namely drag. We assume the simplest form in
which drag is linearly proportional to the velocity difference uKv. Specifically,
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we write the drag as

nF1 Z ð1K4ÞbðuKvÞ:
Here, b is a phenomenological function of 4. In experiments, Richardson & Zaki
(1954) found a relationship between the sedimentation velocity vS of a dispersion
of particles in a fluid and vT, the terminal velocity of an isolated representative
solid particle falling in the fluid. They find

vS Z ð1K4ÞMvT;

where M has a weak dependence on the Reynolds number (based on the particle
radius) and varies from about 4.65 to 2.4 as the Reynolds number increases from
zero to infinity. Writing momentum balance for the case of steady sedimentation,
with no particle phase stress and a fluid stress consisting only of a pressure pI,
the one-dimensional equations of motion reduce to

0ZKð1K4Þ dp
dz

KbðuKvÞKrfð1K4Þg;

0ZK4
dp

dz
CbðuKvÞKrs4g:

Here, z is the vertical direction and u, v are the z -components of the fluid and
solid velocities. Because the net volume flux must vanish, ð1K4ÞuC4vZ0.
Eliminating u and dp/dz from these equations, and noting that vSZKv, one finds

bvS

ð1K4Þ2
Z ðrs KrfÞ4g:

Combining this with the Richardson–Zaki result, gives

bZ
ðrs KrfÞ4g

vTð1K4ÞMK2
:

In the main text, we set mZMK2.
Two issues are worthy of mention. First, the arguments just outlined yield a

net drag force of FdragZbðuKvÞ. Of course, more complicated forms are
possible. One often used is bjuKvj(uKv), a quadratic dependence on the
velocity difference. Such dependence may be appropriate at high Reynolds
number. The second issue to bear in mind is that the development of b envisions
a collection of particles falling in a fluid with both phases always present. In the
original motivation of b, there was never a consideration of the limiting case
when 4/1 (although 4/0 is appropriate), and its meaning is ambiguous,
depending on the Reynolds number of the fluid flow in the limit (and therefore on
the exponent M). One may reasonably postulate a cut-off at very high particle
volume fraction, where the Richardson–Zaki result ceases to have meaning.

(c) Constitutive assumptions

Because they are derived by the phase averaging of (the usual) point stresses and
tractions, it is not proper to refer toSf andSs as Cauchy stresses. Nevertheless, it is
natural to identify these phase-averaged stresses by well-accepted ‘pure phase’
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stresses,whichwedenote in themain text byTf andTs.Wenote, however, theminus
sign appearing in front of Tf,s in the main text.

In the literature of fluidized beds the solids and fluid stresses are often
modelled as Newtonian or Newtonian-like (Anderson et al. 1995)

Sf ZPfI Kmf VuCðVuÞ†K 2

3
ðV$uÞI

� �
;

Ss ZPsI Kms VvCðVvÞ† K 2

3
ðV$vÞI

� �
:

The fluid pressure P f and viscosity mf are identified as their pure fluid
equivalents. Constitutive relations are postulated for the solid properties, with
appropriate limit behaviour. Typical relations are

P s ZC14
3exp

r4

4pK4

� �
; ms Z

C24

1K 4
4p

� �1=3 :
Here, r, C1, C2 are positive constants, and fp is the maximum volume fraction of
particles at random close packing.4 That is, the void space of the granular
material is assumed to be always present and filled with interstitial fluid, and the
fluid phase contribution to the total stress can be substantial. Such
considerations must inform any study of the pure fluid and pure solid limits of b.

It is now appropriate to discuss the two distinguished limits of the model
equations in the main text. As 4/0, three equations remain

V$u Z 0;

rfðvtuCðu$VÞuÞZKV$Tf Crfg;

0ZKV$Ts:

The fluid equations are independent of the solid equilibrium equation. Using the
constitutive properties for the solid phase just presented, the third equation is
trivial.

In the context of fluidized beds it is not appropriate to speak of the limit
f/1—the high solid volume fraction is not consistent with the assumptions used
in the derivation of the equations. Rather, the maximum solid fraction is f/fp

at which point the solid pressure and solid viscosity blow up. In this limit, the
interstitial space remains available for the fluid phase, and the fluid influences
the motion through an effective stress. In order to recover equations for just the
solid phase requires a careful examination of rf/0.

For application to debris and avalanche flows with a Coulomb-like
constitutive relation for the solid phase, the constitutive theory used in §§2
and 3, standard model equations with no fluid effects can be deduced by
examining the scaled solid equations (3.3), (3.4), (3.5) and the fluid equation
4These constitutive relations for the granular phase are similar to the granular kinetic theory
relations of Jenkins & Savage (1983).

Phil. Trans. R. Soc. A (2005)



E. B. Pitman and L. Le1600
(3.6) before the factor (1K4) is cancelled, with eZ1, 2.4%M!3, and
simultaneously sending both 4/1 and rf/0. One finds (note the density rs

has been scaled out of the system)

V$v Z 0; vtvCðv$VÞv ZKV$Ts Cg:

Appendix B. Errors in averaging

In this appendix, we quantify the error made in approximating the depth average
of nonlinear terms as the product of depth-averaged terms. We examine the
general relation

Ð h
b 4f dz. Let

Ð h
b fZ ĥ�f , where ĥZhKb. Integration then

suggests

jĥf4K ĥ�f �4jZ
				
ðh
b
4f dzK

1

ĥ

ðh
b
4

ðh
b
f dz

				Z
				
ðh
b
4f dzK

ðh
b

1

ĥ

ðh
b
4

� �
f dz

				
Z

				
ðh
b
f 4K

1

ĥ

ðh
b
4

� �
dz

				Z
				
ðh
b
f ð4K �4Þdz

				%
ðh
b
jf j j4K �4jdz

% ĥkf kpk4K �4kq;

where ð1=pÞCð1=qÞZ1. Of course, ĥO0 can be cancelled on both sides of the
inequality. Thus, the error in using the product of the depth-averaged terms is
small if k4K �4kq is small.

More specifically, assume both f and some specific variable are square
integrable. Then, if the solid particles are well distributed throughout the flowing
layer, the deviation of the volume fraction from its mean

k4K �4k2 Z
ðh
b
ð4K �4Þ2dz

� �1=2
is small, and the error in approximating f4 by the product �f �4 will also be small
(and can be quantified) in the L2 sense.
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