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Abstract

Westudyamoduli spaceA Sg for Artin-Schreiercurvesof genusg over
analgebraicallyclosed�eld k of characteristicp. Westudythestrati�cation
of A Sg by p-rankinto strataA Sg:s of Artin-Schreiercurvesof genusg with
p-rank exactly s. We enumeratethe irreduciblecomponentsof A Sg;s and
�nd their dimensions.As anapplication,when p = 2, we prove thatevery
irreduciblecomponentof the moduli spaceof hyperelliptic k-curves with
genusg and2-ranks hasdimensiong¡ 1+ s. We alsodetermineall pairs
(p;g) for which A Sg is irreducible.
keywords:Artin-Schreier, hyperelliptic,curve,moduli, p-rank.
subjclass[2000]11G15,14H40,14K15

1 Intr oduction

Let k be an algebraicallyclosed�eld of characteristicp > 0. An Artin-Schreier
k-curveis asmoothprojectiveconnectedk-curveY which is a (Z=p)-coverof the
projective line. TheRiemann-Hurwitzformulaimpliesthatthegenusg of Y is of
theform g = d(p¡ 1)=2 for someintegerd ¸ 0. The p-rankof Y is theintegers
suchthatthecardinalityof Jac(Y)[p](k) is ps. It is well known that0 · s· g. By
theDeuring-Shafarevich formula,s= r(p¡ 1) for someintegerr ¸ 0.

In this paper, we study a moduli spaceA Sg for Artin-Schreierk-curves of
genusg. We studyits strati�cation by p-rankinto strataA Sg;s whosepointscor-
respondto Artin-Schreiercurvesof genusg with p-rankexactly s. Throughout,
we assumeg = d(p¡ 1)=2 ands = r(p¡ 1) for someintegersd ¸ 1 andr ¸ 0
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sincethe problemis trivial otherwise. We denoteby b¢cand d¢ethe �oor and
ceilingof a realnumber, respectively. Weprove:

Theorem1.1. Letg = d(p¡ 1)=2 with d ¸ 1 ands= r(p¡ 1) with r ¸ 0.

1. Thesetof irreduciblecomponentsof A Sg;s is in bijection with the setof
partitions f e1; : : :er+ 1g of d + 2 into r + 1 positiveintegers such that each
ej 6´1 mod p.

2. Theirreduciblecomponentof A Sg;s for the partition f e1; : : :er+ 1g hasdi-
mension

d ¡ 1¡
r+ 1

å
j= 1

b(ej ¡ 1)=pc:

Theproofusesideasfrom [2, Section5.1], [7], and[12]. As anapplicationof
Theorem1.1,we determineall caseswhenA Sg is irreducible,usingthefactthat
every irreduciblecomponentof A Sg hasdimensiond ¡ 1, [9, Cor. 3.16].

Corollary 1.2. The moduli spaceA Sg is irreduciblein exactly the following
cases:(i) p = 2; or (ii) g = 0 or g = (p¡ 1)=2; or (iii) p = 3 andg = 2;3;5.

When p = 2, the moduli spaceA Sg is the sameasHg, the moduli spaceof
hyperelliptick-curvesof genusg. By [8, Thm.4.1],H g is irreducibleof dimension
2g¡ 1 whenp = 2. Let Hg;s ½ Hg parametrizehyperelliptick-curvesof genusg
with 2-ranks. Theorem1.1 yields the following descriptionof H g;s. This also
generalizestheresultdim(Hg;0) = g¡ 1 whenp = 2 from [13, Prop.4.1].

Corollary 1.3. Let p = 2 andg ¸ 1. Theirreduciblecomponentsof H g;s are in
bijectionwith partitionsof g+ 1 into s+ 1 positiveintegers. Everycomponenthas
dimensiong¡ 1+ s.

When p = 2, we alsogive a completecombinatorialdescriptionof how the
irreduciblecomponentsof Hg;s �t togetherin Hg, Corollary4.6.

Thegeometryof A Sg ismorecomplicatedwhenp¸ 3. Forexample,Theorem
1.1 shows that, for �x ed g ands, the irreduciblecomponentsof A Sg;s canhave
differentdimensionsandthusA Sg;s is notpurein generalwhenp ¸ 3.

Hereis somemotivation for this paper, which alsogivesanotherillustration
how thegeometryof A Sg is morecomplicatedwhenp ¸ 3. Recallthatthemod-
uli spaceAg of principally polarizedabelianvarietiesover k of dimensiong can
bestrati�ed by p-rank. Let Vg;s ½ Ag denotethestratumof abelianvarietieswith
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p-rank s. By [11, 1.6], every componentof Vg;s hascodimensiong¡ s in Ag.
SupposeM is a subspaceof M g, the moduli spaceof k-curvesof genusg. One
canaskwhetherthe imageT(M) of M undertheTorelli morphismis in general
positionrelative to the p-rank strati�cation. A necessaryconditionfor an af�r -
mative answeris thatcodim(T(M) \ Vg;s;T(M)) = g¡ s. This hasbeenveri�ed
whenM = M g in [5, Thm.2.3]andwhenM = Hg for p ¸ 3 in [6, Thm.1]. Corol-
lary 1.3 shows that this necessaryconditionis satis�ed for M = H g whenp = 2.
Corollary3.11shows thatit is not satis�edfor M = A Sg whenp ¸ 3.

Hereis anoutlineof thepaper. In Section2, wedescribethep-ranksof Artin-
Schreiercurvesandthe relationshipbetweenirreduciblecomponentsandparti-
tions. Section3 containstheproof of themainresult. One�nds Theorem1.1 in
Section3.4,Corollary1.2 in Section3.5,andCorollary1.3 in Section3.6.

In Section4, we considerhow the componentsof A Sg;s �t togetherinside
A Sg. OnecanaskwhetherA Sg;s¡ (p¡ 1) is in the closureof A Sg;s in A Sg. We
give an af�rmati ve answerin somecases(in particular, whenever p = 2) anda
negative answerin others.This involvesdeformationsof wildly rami�ed covers
with non-constantbranchlocus.Weconcludewith someopenquestions.

2 Partitions and Artin-Schr eier curves

2.1 Partitions

Fix aprime p > 0 andanintegerd ¸ 1, with d evenif p = 2. Let Wd bethesetof
partitionsof d+ 2 intopositiveintegerse1;e2; : : : with eachej 6´1 mod p. LetWd;r

bethesubsetof Wd consistingof partitionsof lengthr + 1. If ~E 2 Wd, let r := r(~E)
betheintegersothat~E 2 Wd;r . Write ~E = f e1; : : : ;er+ 1g with e1 · ¢¢¢· er+ 1.

Thereis anaturalpartialordering< onWd sothat~E < ~E0if ~E0is a re�nement
of ~E, in otherwords,if theentriesof ~E0canbedividedinto disjointsubsetswhose
sumsarein bijection with the entriesof ~E. Using this partial ordering,onecan
constructa directedgraphGd. Theverticesof thegraphcorrespondto theparti-
tions~E in Wd. Thereis anedgefrom ~E to ~E0 if andonly if ~E < ~E0, and~E 6= ~E0,
andthereis no partition lying strictly in betweenthem(i.e., if ~E < ~E00< ~E0 for
some~E00in Wd then ~E00= ~E or ~E00= ~E0).

An edge~E < ~E0 in thedirectedgraphGd canbeof two types.The �rst type
hasr(~E) = r(~E0) ¡ 1. In thiscase,oneentryeof ~E splitsinto two entriese1 ande2
of ~E0sothate= e1+ e2 andnoneof thethreeis congruentto 1 modulop. Onecan
summarizethisby writing f eg 7! f e1;e2g. Thesecondtypehasr(~E) = r(~E0) ¡ 2.
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In this case,one entry e of ~E splits into threeentriese1, e2, e3 of ~E0 so that
e= e1+ e2+ e3 andeachej ´ (p+ 1)=2 mod p. It followsthatnoneof thefour is
congruentto 1 modulop. Onecansummarizethisby writing f eg 7! f e1;e2;e3g.

Example2.1. Let p = 3 andd = 10. Hereis thegraphG10 for W10.

f 12g

f 3;9gf 6;6g

f 2;2;8g f 2;5;5g f 3;3;6g

f 2;2;2;6g f 2;2;3;5g f 3;3;3;3g

f 2;2;2;3;3g

f 2;2;2;2;2;2g

We skip theproofsof someof the following straightforwardresults.Lemma
2.2is usedin [1], while Lemmas2.3and2.4areusedin Section3.5.

Lemma 2.2. ThesetWd;0 is nonemptyif andonly if p - (d+ 1). If p - (d+ 1), then
Wd;0 containsonepartition f d+ 2g which is an initial vertex of Gd. If p j (d+ 1),
thenWd;1 consistsof d(d + 1)(p¡ 2)=2pe partitions, and every vertex of Gd is
larger thanoneof these.

Lemma 2.3. If p = 2, there is a uniquemaximalpartition f 2; : : : ;2g in Wd with
lengthd=2+ 1.

Lemma 2.4. Let p ¸ 3. A partition is maximalif andonly if its entriesall equal
two or three. Everyinteger r + 1 with (d ¡ 1)=3 · r · d=2 occurs exactlyonce
as the lengthof a maximalpartition. There are bd=2c¡ d(d ¡ 4)=3e maximal
partitions.There is a uniquemaximalpartition if andonly if d 2 f 1;2;3;5g.

Proof. The �rst statementis true sinceif e ¸ 4 then thereare e1;e2 2 Z> 0 so
thatej 6´1 mod p ande1 + e2 = e. For theotherstatements,let ~E bea maximal
partitionof d+ 2. Let b denotethenumberof theentriesof ~E whichequal3. Note
that0 · b · (d+ 2)=3. Let r + 1 bethelengthof ~E. Thend+ 2= 2(r + 1) + b and
(d + 2)=3 · r + 1 · (d + 2)=2. Any choiceof r + 1 in this rangeyieldsa unique
choiceof b whichdeterminesauniquepartition~E.
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Remark 2.5. When p = 2, every path in Gd from the partition f d + 2g to the
partitionf 2; : : : ;2g hasthesamelength,which is d=2. Whenp = 3, everypathin
Gd from aminimal to amaximalvertex hasthesamelength,which is bd=3c. This
propertydoesnothold in generalfor p ¸ 5.

2.2 Artin-Schr eier curves

Hereis a review of somebasicArtin-Schreiertheory. Let Y beanArtin-Schreier
k-curve. Then thereis a Z=p-cover f : Y ! P1

k with an af�ne equationof the
form yp ¡ y = f (x) for somenon-constantrationalfunction f (x) 2 k(x). At each
rami�cation point,thereis a�ltration of theinertiagroupZ=p, calledthe�ltration
of higherrami�cation groupsin thelowernumbering[14, IV].

Let f P1; : : : ;Pr+ 1g be the setof polesof f (x) on the projective line P1
k. Let

d j be the orderof the pole of f (x) at Pj . Onemay assumethat p - d j by Artin-
Schreiertheory. Thend j is thelower jumpat Pj , i.e., thelast index for which the
higherrami�cation groupabovePj is nontrivial. Let ej = d j + 1. Thenej ¸ 2 and
ej 6´1 mod p. Therami�cation divisorof f is D := å r+ 1

j= 1ejPj .

Lemma 2.6. ThegenusofY is gY = ((å r+ 1
j= 1ej ) ¡ 2)(p¡ 1)=2. Thep-rankofY is

sY = r(p¡ 1).

Proof. The�rst statementfollows from theRiemann-Hurwitzformulausing[14,
IV, Prop.4] andthesecondfrom theDeuring-Shafarevich formula [3, Cor. 1.8].
See[16, Remark1.4] or [17, Section2] for details.

2.3 The p-rank of Artin-Schr eier curvesand partitions

TheArtin-Schreiercurvesof genusg = d(p¡ 1)=2 with p-rankr(p¡ 1) areinti-
matelyrelatedto thepartitionsetsWd;r asde�ned in Section2.1.

Lemma 2.7. ThereexistsanArtin-Schreier k-curveof genusg with p-rankr(p¡
1) if andonly if d := 2g=(p¡ 1) is a nonnegativeinteger andWd;r is nonempty.

Proof. SupposethereexistsanArtin-Schreierk-curvewith genusg = d(p¡ 1)=2
andp-rankr(p¡ 1). By Lemma2.6, this is equivalentto theexistenceof f (x) 2
k(x) whosepoleshaveordersf e1 ¡ 1; : : : ;er+ 1 ¡ 1g whereeachej 6´1 mod p and
å r+ 1

j= 1ej = d+ 2. This is equivalentto Wd;r beingnonempty.
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Example 2.8. Let p = 2. Let g ¸ 0 and0 · s · g. ThenW2g;s is non-empty
since2g+ 2 canbepartitionedinto s+ 1 evenintegers.Therefore,thereexistsan
Artin-Schreierk-curveof genusg andp-ranks in characteristic2.

Example 2.9. Let p ¸ 3. Thereexists an Artin-Schreierk-curve of genusg =
d(p¡ 1)=2 with p-rank0 if andonly if p - (d + 1) by Lemma2.2. Thereexists
an ordinaryArtin-Schreierk-curve (i.e., with p-rank g) if andonly if 2 j d. If
2 - d, thelargestp-rankwhich occursfor anArtin-Schreierk-curve of genusg is
s= g¡ (p¡ 1)=2 by Lemma2.4.

3 Moduli spacesof Artin-Schr eier curves

Consider�x edparametersp, g = d(p¡ 1)=2 with d ¸ 1, ands = r(p¡ 1) with
0 · s· g. In thissection,wede�ne modulispacesA Sg;s for Artin-Schreiercovers
of genusg and p-rank s. We show the irreduciblecomponentsof A Sg;s are in
bijectionwith theelementsof Wd;r and�nd thedimensionof thesecomponents.

3.1 Artin-Schr eier covers

Let S be a k-scheme.An S-curveis a proper�at morphismY ! S whosegeo-
metric �bres aresmoothconnectedcurves. An Artin-Schreier curveY over S is
an S-curve for which thereexists an (unspeci�ed)inclusioni : Z=p ,! AutS(Y)
so that the quotientY=i(Z=p) is a ruled scheme. This meansthat thereis an
(unspeci�ed) isomorphismbetweeneachgeometric�bre of Y=i(Z=p) and P1

k.
An Artin-Schreier cover over S is a Z=p-cover f : Y ! P1

S. In otherwords, it
is an Artin-Schreiercurve Y over S alongwith the dataof a speci�ed inclusion
i : Z=p ,! AutS(Y) andaspeci�edisomorphismY=i(Z=p) ' P1

S.
Considerthefollowing contravariantfunctorsfrom thecategoryof k-schemes

to sets:A Sg (resp.A Scovg) which associatesto Sthesetof isomorphismclasses
of Artin-Schreiercurves(resp.covers)over S with genusg. As in [15, Lemma
1.4] [9, Section2.1], onecanshow that thereis an algebraicstackrepresenting
A Sg (resp.A Scovg) which we denoteagain by thesymbolA Sg (resp.A Scovg).
It is well known thatthereis a forgetfulmapfrom A Scovg to A Sg asfollows.

Lemma 3.1. There is a morphismF : A Scovg ! A Sg and the �br e of F over
everygeometricpointof A Sg hasdimension3.
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Proof. There is a functorial transformationA Scovg(S) ! A Sg(S) that takes a
givenArtin-Schreiercover f : Y ! P1

S over S to theArtin-SchreiercurveY over
S. ThisyieldsamorphismF : A Scovg ! A Sg by Yoneda's lemma.

Given an Artin-Schreierk-curve Y, by de�nition there exists an inclusion
i : Z=p ,! Aut(Y) and an isomorphismI : Y=i(Z=p) ! P1

k. ThusY is in the
imageof F. Thereareonly �nitely many choicesfor i sinceAut(Y) is �nite [4,
Theorem1.11]. Thereis a three-dimensionalchoicefor the isomorphismI since
dim(Aut(P1

k)) = 3. Thusthe�bre of F overY hasdimensionthree.

3.2 The rami�cation divisor

Thissectionis aboutamorphismB from A Scovg to a linearsystem.
Let S be a k-scheme.Let P¥ be the sectionat in�nity on P1

S. For n 2 Z> 0,
considerthe linear systemjnP¥ j on P1

S. Recall that a horizontaldivisor D on
P1

S is in jnP¥ j if andonly if D is effective anddeg(D) = n. If D 2 jnP¥ j then,
possiblyaftera �nite extensionof S, onecanwrite D = å r+ 1

j= 1ejPj whereej ¸ 1

andå r+ 1
j= 1ej = n andwheref P1; : : : ;Pr+ 1g is a setof distinct horizontalsections

of P1
S. Let r + 1 bethenumberof sectionsandwrite ~E(D) = f e1; : : : ;er+ 1g with

e1 · ¢¢¢· er+ 1.
Thereis a naturalstrati�cation jnP¥ j~E of jnP¥ j by partitions~E of n (where

thesectionsf P1; : : : ;Pr+ 1g canvary). Note thatD 2 jnP¥ j~E(D) exactly whenthe
horizontalsectionsf P1; : : : ;Pr+ 1g do not intersect.Let jnP¥ j0= [ ~E2Wn¡ 2

jnP¥ j~E
(i.e., all divisors for which eachej 6´ 1 mod p). For �x ed ~E, let H~E ½ Sr+ 1 be
the subgroupof the symmetricgroupgeneratedby all transpositions( j1; j2) for
whichej1 = ej2.

Lemma 3.2. If ~E 2 Wd;r , thenj(d+ 2)P¥ j~E is irreduciblewith dimensionr + 1.

Proof. Let D denotethe weakdiagonalof (P1)r+ 1, consistingof (r + 1)-tuples
with atleasttwocoordinatesequal.Considerthequotientof (P1)r+ 1¡ Dby theac-
tion of H~E. Thereis anisomorphismj(d+ 2)P¥ j~E ' [(P1)r+ 1 ¡ D]=H~E in the�nite
topology, which takesD = å r+ 1

j= 1ejPj to the equivalenceclassof (P1; : : : ;Pr+ 1).
Thusj(d+ 2)P¥ j~E is irreduciblewith dimensionr + 1.

Proposition 3.3. Let d = 2g=(p¡ 1). There is a morphismB : A Scovg ! j(d +
2)P¥ j which surjectsontothek-pointsof j(d+ 2)P¥ j0.
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Proof. Given an Artin-Schreiercover f over S, its rami�cation divisor D is a
relativeCartierdivisorof constantdegreed+ 2 by [2, 5.2.3].Let B(f ) = D.

After a �nite extensionof S, thenD = å r+ 1
j= 1ejPj whereå r+ 1

j= 1ej = d + 2 and
wheref P1; : : : ;Pr+ 1g is a setof distincthorizontalsectionsof P1

S constitutingthe
branchlocusof f . By [14, IV, Prop.4], d j = ej ¡ 1 is thelower jump of f above
thegeometricgenericpointof Pj . ThusD 2 j(d+ 2)P¥ j0sinceeachej 6´1 mod p.

SupposeD 2 j(d+ 2)P¥ j0(k). ThenD = å r+ 1
j= 1ejPj for somesetf P1; : : :Pr+ 1g

of distinctpointsof P1
k. ConsiderthedivisorD0= å r+ 1

j= 1(ej ¡ 1)Pj . Thereis anon-
constantfunction f (x) 2 k(x) with div¥ ( f (x)) = D0. Considerthecoverf :Y ! P1

k
givenby theaf�ne equationyp ¡ y = f (x). Thenf is anArtin-Schreiercoverwith
B(f ) = D andY hasgenusg by Lemma2.6.ThusD 2 Im(B).

Let A Sg;~E (resp.A Scovg;~E) denotethe locally closedreducedsubspaceof
A Sg (resp.A Scovg) whosegeometricpointscorrespondto Artin-Schreiercovers
whoserami�cation divisor haspartition ~E. The morphismsF andB respectthe
partition~E. LetF~E : A Scovg;~E ! A Sg;~E andB~E : A Scovg;~E ! j(d+ 2)P¥ j~E denote
thenaturalrestrictions.

3.3 Artin-Schr eier coverswith �xed rami�cation divisor

In this section,we �x a partition ~E 2 Wg;r anda divisor D 2 j(d + 2)P¥ j~E and
study the �bre of B over D. Using [2, Section5.1], we show that this �bre is
irreducibleandcomputeits dimension.This involvesdescribingtheequationsfor
anArtin-Schreiercoverwith rami�cation divisorD.

Notation 3.4. Let ~E 2 Wd;r bea �x edpartitionf e1; : : : ;er+ 1g of d + 2. Consider
a �x eddivisor D correspondingto a k-pointof j(d+ 2)P¥ j~E. HereD = å r+ 1

j+ 1ejPj

wheref P1; : : :Pr+ 1g is a �x ed setof distinct pointsof P1
k. Let A Scovg;D be the

�bre of B~E : A Scovg;~E ! j(d+ 2)P¥ j~E overD.

Remark 3.5. In [7, Cor. 2.10],theauthorconstructsa schemeM which is a �ne
moduli spacefor coversY ! P1

k with groupZ=p andbranchlocusf P1; : : : ;Pr+ 1g
(whereY hasunboundedgenus). The subspaceA Scovg;D of A Scovg can be
viewed asa closedsubspaceof M . Recall from [7] that M is a direct limit of
af�ne schemes.This direct limit arisesbecauseif S = Spec(K) whereK is a
function �eld over k then K is not perfect; it follows that thereare non-trivial
Artin-Schreiercoversover Swhich becometrivial aftera �nite extensionof S. In
[12], theauthoraddressedthis issueusinga con�guration spacewhosek-points
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arein bijection with coversde�ned over k. In this paper, we insteadfollow the
approachof [2, Section5.1],wheretheauthorswork directlyoverSpec(k).

Notation 3.6. For 1 · j · r + 1, let t j = d j ¡ bd j=pc whered j = ej ¡ 1. Let
N~E = å r+ 1

j= 1 t j . Let Cj = (A1
k)t j ¡ 1 £ (A1

k ¡ f 0g). Let C = £ r+ 1
j= 1Cj . Thereis an

actiononC by thesubgroupH~E ½ Sr+ 1 generatedby all transpositions( j1; j2) for
whichd j1 = d j2. De�ne CD = C=H~E.

Proposition 3.7. The�br e A Scovg;D of B~E over D is isomorphicto CD over k.
ThusA Scovg;D is irreduciblewith dimensionN~E overk.

Proposition3.7 implies that A Scovg;~E is a vectorbundleover j(d + 2)P¥ j~E.
Wenotethatit is nota trivial bundle.

Proof. By thede�nition of CD, the�rst claim impliesthesecond.
For the �rst claim, let h denotea labelingof the r + 1 points in the support

of D. Let A Scovh
g;D be the functor which associatesto S the setof coversf in

the �bre A Scovg;D(S) alongwith a labelingh of thebranchlocus. It suf�ces to
show thatthemoduli spacefor A Scovh

g;D is isomorphicto C over k. This follows
immediatelyfrom [2, pg. 229]. For the convenienceof the reader, we includea
few detailsof theproof.

Let Sbeanirreducibleaf�ne k-scheme.Supposef 2 A Scovg;D(S) is anArtin-
Schreiercover over Swith rami�cation divisor D. Thenf hasanaf�ne equation
yp ¡ y = f (x) for some f (x) 2 O(S)(x). The automorphisms = i(1) actsvia
s(y) = y+ z for somez2 (Z=p)¤. Two suchcoversf 1 : yp ¡ y = f1(x) andf 2 :
yp¡ y= f2(x) areisomorphicif andonly if f2(x) = (z2=z1) f1(x) + dp¡ d for some
d 2 O(S)(x), seee.g.,[12, Lemma2.1.5]. After possiblychangingf (x), onecan
supposez= 1.

Thecover f is in standard form if p - i for any monomialcixi in f (x) whose
coef�cient ci is genericallynon-nilpotent.GivenanArtin-Schreiercover f , after
a �nite extensionS0! S, thenf £ SS0hasanaf�ne equationin standardform. To
prove this, oneusesan étalecover S00! S with equationap ¡ a = c0 to remove
a constantcoef�cient c0 2 O(S) from f (x). If f (x) containsa monomialcxpw

with w 2 Z> 0, oneusesa purely inseparablecover S0 ! S00with equationbp =
c to replacecxpw with the monomialbxw. Thesetransformationsare uniquely
determinedanddonotchangetheisomorphismclassof f £ SS0.

Sincef hasrami�cation divisorD, then f (x) hasapartialfractiondecomposi-
tion f (x) = å r+ 1

j= 1g j (x) whereg j (x) 2 (x¡ Pj )¡ 1O(S)[(x¡ Pj )¡ 1] is apolynomial
of degreed j in the variable(x ¡ Pj )¡ 1 with no constantterm. (If Pj = P¥ , let
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(x¡ Pj )¡ 1 denotex for consistency of notation.)If f is in standardform, onecan

write g j (x) = å
d j
i= 1ci; j (x¡ Pj )¡ i whereci; j = 0 if p j i andcd j ; j is neverzero.

De�ne a : Hom(S;C) ! A Scovh
g;D(S) sothata(£ r+ 1

j= 1 £
d j

i= 1; p-i ci; j ) is theiso-

morphismclassof theArtin-Schreiercoveryp ¡ y = å r+ 1
j= 1g j (x) (with theimplicit

labelingof f P1; : : : ;Pr+ 1g). If f is in standardform thenf is in the imageof a.
Thena givesanbijectionbetweenthek-pointsof C andA Scovh

g;D(k).

3.4 Irr educiblecomponentsof the p-rank strata

Recall that g = d(p ¡ 1)=2 with d ¸ 1 and d even if p = 2 and s = r(p ¡ 1)
with 0 · s · g. The p-rank inducesa strati�cation of A Sg (resp.A Scovg). Let
A Sg;s (resp.A Scovg;s) denotethelocally closedreducedsubspaceof A Sg (resp.
A Scovg) whosegeometricpointshave p-ranks.

Theorem 3.8. Theirreduciblecomponentsof A Scovg;s are thestrata A Scovg;~E

with ~E 2 Wd;r . If ~E = f e1; : : : ;er+ 1g, thenthedimensionof the irreduciblecom-
ponentA Scovg;~E is d+ 2¡ å r+ 1

j= 1b(ej ¡ 1)=pc overk.

Proof. The imageof A Scovg;s underB is theunionof thestrataj(d + 2)P¥ j~E of
j(d + 2)P¥ j0 with r(~E) = r, Proposition3.3. The stratumj(d + 2)P¥ j~E is irre-
ducibleof dimensionr + 1, Lemma3.2.

For ~E 2 Wd;r , considerthemorphismB~E : A Scovg;~E ! j(d+ 2)P¥ j~E. The�bre
of B~E over a �x eddivisor D is irreducibleby Proposition3.7. By Zariski's main
theorem,A Scovg;~E is irreduciblesinceB~E hasirreducible�bres andimage.Thus

theirreduciblecomponentsof A Scovg;s arethestrataA Scovg;~E with ~E 2 Wd;r .
Thedimensionof A Scovg;~E is thesumof thedimensionsof j(d+ 2)P¥ j~E and

of the �bres of B~E. This equalsr + 1+ å r+ 1
j= 1(d j ¡ bd j=pc) by Lemma3.2 and

Proposition3.7.Thissimpli�es to d+ 2¡ å r+ 1
j= 1b(ej ¡ 1)=pc.

Theorem1.1in theintroductionfollows immediatelyfrom thenext corollary.

Corollary 3.9. Theirreduciblecomponentsof A Sg;s arethestrataA Sg;~E with~E 2

Wd;r . If ~E = f e1; : : : ;er+ 1g, thenthedimensiond~E of the irreduciblecomponent
A Sg;~E is d ¡ 1¡ å r+ 1

j= 1b(ej ¡ 1)=pc overk.

Proof. Let W be an irreduciblecomponentof A Sg;s. By Lemma3.1, F ¡ 1(W)
is a union of irreduciblecomponentsof A Scovg;s. By Theorem3.8, theseare
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indexedby partitions~E 2 Wd;r . ThemorphismF respectsthepartition~E. In other
words,given an Artin-Schreiercurve Y, every Artin-Schreiercover f : Y ! P1

k
hasthe samepartition. Thus thereis a uniquepartition occurringfor points in
F ¡ 1(W), andsoF ¡ 1(W) is irreducible.Sothe irreduciblecomponentsof A Sg;s

arethestrataA Sg;~E with ~E 2 Wd;r . Thesecondstatementfollowssincedim(W) =
dim(F ¡ 1(W)) ¡ 3 by Lemma3.1.

Example 3.10. Let p = 3 andg = 10. Herearethe dimensionsd~E of the irre-
duciblecomponentsof A S10;s.

s dimension
0 df 12g = 6
2 df 3;9g = 7; df 6;6g = 7
4 df 2;2;8g = 7; df 2;5;5g = 7; df 3;3;6g = 8
6 df 2;2;2;6g = 8; df 2;2;3;5g = 8; df 3;3;3;3g = 9
8 df 2;2;2;3;3g = 9
10 df 2;2;2;2;2;2g = 9

Thenext corollaryshowsthattheimageof A Sg undertheTorelli morphismis
not in generalpositionrelative to the p-rankstrati�cation of Ag whenp ¸ 3.

Corollary 3.11. If p ¸ 3, thencodim(A Sg;s;A Sg) © g¡ s.

Proof. Let d = 2g=(p ¡ 1) and r = s=(p ¡ 1). Let e = minå r+ 1
j= 1b(ej ¡ 1)=pc

wheretheminimumrangesoverall partitionsf e1; : : : ;er+ 1g with �x edsumd+ 2.
By Corollary3.9,codim(A Sg;s;A Sg) = e. Sinceb(ej ¡ 1)=pc · (ej ¡ 2)=p, one
seesthate· (d ¡ 2r)=p = 2(g¡ s)=p(p¡ 1). Thuse© g¡ s if p ¸ 3.

3.5 Irr educibility of the Artin-Schr eier locus

As anapplicationof Theorem1.1,we determineall pairs(p;g) for which A Sg is
irreducible.

Corollary 1.2ThemodulispaceA Sg is irreduciblein exactlythefollowingcases:
(i) p = 2; or (ii) g = 0 or g = (p¡ 1)=2; or (iii) p = 3 andg = 2;3;5.

Proof. Let d = 2g=(p¡ 1). Recallthatd~E is the dimensionof A Sg;~E. The �rst
claim is thatthereis a bijectionbetweenirreduciblecomponentsof A Sg andpar-
titions~E 2 Wd;r sothatd~E = d¡ 1. To seethis,notethat[9, Cor. 3.16]impliesthat
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every irreduciblecomponentof A Sg hasdimensiond ¡ 1. If G is an irreducible
componentof A Sg, thenthereis a partition~E 2 Wd andanopensubsetU ½ Gso
thatU ½ A Sg;~E. Thend~E = dim(G) = d ¡ 1. Conversely, supposed~E = d¡ 1 for

some~E 2 Wd. Thenthe irreduciblespaceA Sg;~E is openin a uniqueirreducible
componentGof A Sg.

Thus,A Sg is irreducibleif andonly if thereis exactly onepartition ~E 2 Wd

with dimensiond~E = d¡ 1. Write~E = f e1; : : : ;er+ 1g. By Theorem1.1,d~E = d¡ 1
if andonly if ej < p+ 1 for 1 · j · r + 1.

If p = 2, only onepartitionsatis�estheconditionej < 3 for each j, namely
thepartitionf 2; : : : ;2g, Lemma2.3.ThusAg is irreduciblefor all g whenp = 2.

For arbitrary p, if g = 0 (resp.g = (p¡ 1)=2) thend = 0 (resp.d = 1), and
thereis only onepartition satisfyingej < p+ 1, namelythe partition f 2g (resp.
f 3g). ThusA Sg is irreduciblein thesecases.

If p= 3 andd = 2 (resp.3, 5), only onepartitionsatis�estheconditionej < 4,
namelyf 2;2g, (resp.f 2;3g, f 2;2;3g). ThusA Sg is irreduciblein thesecases.

Supposep ¸ 3 and d ¸ 2 and that A Sg is irreducible. If ~E is a maximal
partition, thenits entriessatisfyej · 3 < p+ 1. ThusWd hasa uniquemaximal
partition.By Lemma2.4,this impliesd 2 f 2;3;5g. If p ¸ 5, thenthereareat least
two partitionssatisfyingej < p+ 1: for example,f 4g andf 2;2g whend = 2; f 5g
andf 2;3g whend = 3; f 2;5g andf 2;2;3g whend = 5. This is a contradiction
andsocases(i)-(iii) aretheonly caseswhenA Sg is irreducible.

3.6 Hyperelliptic curvesin characteristic 2

Let Hg bethemoduli spaceof hyperelliptick-curvesof genusg. Let H g;s denote
the locally closedreducedsubspaceof Hg parametrizinghyperelliptic k-curves
of genusg with p-ranks. When p = 2, Hg is thesameasA Sg. This yields the
following result.

Corollary 1.3 Let p = 2. Theirreduciblecomponentsof Hg;s are in bijection
with partitionsof g+ 1 into s+ 1 positiveintegers. Everycomponenthasdimen-
siong¡ 1+ soverk.

Proof. By Corollary3.9,theirreduciblecomponentsof H g;s arein bijectionwith
the partitionsof d + 2 = 2g+ 2 into s+ 1 even positive integers,which are in
bijectionwith thepartitionsof g+ 1 into s+ 1 positive integers.Thedimensionof
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the irreduciblecomponentfor ~E = f e1; : : : ;es+ 1g is (d ¡ 1) ¡ å s+ 1
j= 1b(ej ¡ 1)=2c.

Thissimpli�es to g¡ 1+ ssinceej is evenandb(ej ¡ 1)=2c = ej=2¡ 1.

4 Deformation resultsand openquestions

In this section,we give someresultson how theirreduciblecomponentsof A Sg;s
�t togetherwithin A Sg. Thisinvolvesdeformationsof wildly rami�ed coverswith
non-constantbranchlocus.

4.1 A deformation result for wildly rami�ed covers

Proposition4.1. Supposep j e1 andp j e2. Supposey ± is anArtin-Schreiercover
over k, branchedat a point b with lower jumpe1 + e2 ¡ 1. Let S= Spec(k[[t]]).
Thenthere existsan Artin-Schreier cover y S over S whosespecial�br e is iso-
morphicto y ±, whosegeneric�br e is branchedat two pointsthat specializeto b
andwhich havelower jumpse1 ¡ 1 ande2 ¡ 1, andwhoserami�cation divisor is
otherwiseconstant.

Proof. Considerthe Artin-Schreiercover y ± : Y± ! Z± which is wildly rami�ed
at thepointy± 2 Y± aboveb whereit haslower jumpe1 + e2 ¡ 1. Let ŷ ± : Ŷ± ! Ẑ±
bethegermof y ± at y±. It is anArtin-Schreiercover of germsof curves. Using
formal patching,(seee.g.,[7, Prop.2.7] or [2, Thm. 3.3.4])deformationsof y ±
canbeconstructedlocally via deformationsof ŷ ±. With this technique,onecan
supposethat thedeformationof y ±, andthustherami�cation divisor, is constant
away from b.

Let e= e1+ e2. Now Ẑ± ' Spec(k[[x¡ 1]]). After achangeof variables,onecan
supposethattherestrictionof ŷ ± to Spec(k((x¡ 1))) hasequationyp ¡ y = xe¡ 1.

Theequationyp ¡ y = xe¡ 1 is well-de�ned away from x¡ 1 = 0. To construct
the deformation,one can consideran integral equationfor ŷ ±. Let a1 = e1=p
anda2 = e2=p anda = a1 + a2. Let x = 1=x andlet y = xay. A normalmodel
for ŷ ± above Spec(k[[x¡ 1]]) is givenby theequationyp ¡ xa(p¡ 1)y = x. It hasan
automorphisms(y) = y+ xa of orderp.

Considerthedeformationŷ S of ŷ ± over S= Spec(k[[t]]) givenby thenormal
extensionof Spec(k[[x¡ 1; t]]) with thefollowing equation:

yp ¡ xa1(p¡ 1)(x¡ t)a2(p¡ 1)y = x:
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Thishasanautomorphisms(y) = y+ xa1(x¡ t)a2 of orderp. Awayfrom x¡ 1 = 0,
thedeformationhasequationyp ¡ y= xe¡ 1=(1¡ xt)e2 wherey= xa1(x¡ t)a2y. On
thespecial�bre, whent = 0, thenŷ 0 is isomorphicto thegivencover ŷ ±.

On thegeneric�bre, whent 6= 0, thenŷ S is branchedabove x = 0 andabove
x¡ t = 0. Also (x ¡ t)a2(p¡ 1) is a unit whenx = 0 andxa1(p¡ 1) is a unit when
x¡ t = 0. Thusthecover ŷ S is rami�ed above x with rami�cation breakpa1 ¡ 1
andabove x¡ t with rami�cation break pa2 ¡ 1. So the generic�bre of ŷ S is
branchedat two points that specializeto b and thesepoints have lower jumps
e1 ¡ 1 ande2 ¡ 1.

4.2 Closuresof the p-rank strata

In this section,we show that thecombinatorialdatain thegraphGd givespartial
informationabouthow the irreduciblecomponentsof A Sg;s �t togetherin A Sg.
Furthermore,we show that the graphGd givescompleteinformationaboutthis
questionwhenp = 2.

For i = 1;2, considera partition ~Ei 2 Wd;r i . Let si = r i(p ¡ 1). Let G~Ei
:=

A Sg;~Ei
be the irreduciblecomponentof A Sg;si correspondingto ~Ei as de�ned

below Proposition3.3.Thereis apartialordering< onWd from Section2.1.

Lemma 4.2. If G~E1
is in theclosureof G~E2

in A Sg, then~E1 < ~E2.

Proof. Let S= Spec(k[[t]]) andconsideran Artin-Schreiercover f S so that the
generic�bre yieldsa k((t))-point of G~E1

andthespecial�bre yieldsa k-point of
G~E2

. This is only possibleif thebranchpointsof f S coalescewhent = 0. Since
B(f S) is a relative Cartierdivisor of constantdegree,the entriesof the partition
sumtogetherunderspecializationandthepartitiondecreasesin size.

The next exampleandlemmashow that the condition~E1 < ~E2 is frequently
not suf�cient for G~E1

to bein theclosureof G~E2
in A Sg whenp ¸ 5.

Example4.3. Let p = 5 andg = 4 andconsider~E1 = f 4g and~E2 = f 2;2g. Then
G~E1

andG~E2
arebothcomponentsof A S4 with dimensionone.Although~E1 < ~E2,

atmostazero-dimensionalsubvarietyof G~E1
canbein theclosureof G~E2

. In fact,
G~E1

is thesupersingularfamily parametrizedby y5 ¡ y = x3+ cx2; while G~E2
is the

ordinaryfamily parametrizedby y5 ¡ y = x+ c=x.

For a 2 Z> 0, let a betheintegersothata ´ a mod p and0 · a < p.
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Lemma 4.4. Suppose~E1 < ~E2 with anedge from~E1 to ~E2.

1. If theedgeisof theformf eg7! f e1;e2gwith2< e1+ e2 · p, thendimk(G~E1
) =

dimk(G~E2
) andG~E1

is not in theclosureof G~E2
in A Sg.

2. In all othercases,dimk(G~E1
) = dimk(G~E2

) ¡ 1.

Proof. The dimensioncomparisonfollows from Theorem1.1. If dimk(G~E1
) =

dimk(G~E2
), thenG~E1

is not in theclosureof G~E2
sinceA Sg is separated.

It is sometimespossibleto show thatG~E1
is in theclosureof G~E2

. For example,
[10, Thm.6.5.1] impliesthatG~E1

is in theclosureof G~E2
for anedgeof theform

f 2p¡ ` + 1g 7! f p; p¡ ` + 1g aslongas` j (p¡ 1). Hereis anothersuchresult.

Proposition4.5. Let~E1 < ~E2 with anedgeof theform f eg 7! f e1;e2g from~E1 to
~E2. If p j e1 and p j e2, thenG~E1

is in theclosureof G~E2
in A Sg.

In other words, under the hypothesisof Proposition4.5, if Y± is an Artin-
Schreiercurve with partition~E1 over k, thenthereexistsanArtin-Schreiercurve
YS overS= Spec(k[[t]]) whosespecial�bre is isomorphictoY± andwhosegeneric
�bre haspartition~E2.

Proof. For i = 1;2, let G~Ei
= A Sg;~E. Let Y± be the Artin-Schreiercurve corre-

spondingto a k-point of G~E1
. Thereexists an Artin-Schreiercover f ± : Y± ! P1

k

overk. Theelemente in thepartition~E1 determinesabranchpointb 2 P1
k sothat

thelower jumpof f ± aboveb is e¡ 1.
Let S= Spec(k[[t]]). By Proposition4.1, thereexistsanArtin-Schreiercover

f S over S whosespecial�bre is isomorphicto f ± and whosegeneric�bre is
branchedat two pointsthatspecializeto b andthathave lower jumpse1 ¡ 1 and
e2 ¡ 1. Furthermore,the rami�cation divisor is otherwiseconstant. Thus the
generic�bre of f S haspartition~E2. ThusG~E1

is in theclosureof G~E2
in A Sg.

The next corollary shows that the graphGd givesa completecombinatorial
descriptionof how theirreduciblecomponentsof A Sg;s �t togetherin A Sg when
p = 2. This resultis usedin [1].

Corollary 4.6. Supposep= 2. ThenG~E1
is in theclosureof G~E2

in A Sg if andonly

if ~E1 < ~E2. Thus,everycomponentof Hg;s is in theclosureof Hg;s+ 1 if g > s¸ 0.

Proof. Lemma4.2 implies the forwarddirection. For theconverse,onereduces
to thecasethatthereis anedgefrom ~E1 to ~E2. Sincep = 2, theedgehastheform
f eg 7! f e1;e2g wheree1 ande2 areeven.ThenProposition4.5applies.
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4.3 Openquestions

Question 1: What arenecessaryandsuf�cient conditionson the edgef eg 7!
f e1;e2g or theedgef eg 7! f e1;e2;e3g for G~E1

to bein theclosureof G~E2
in ASg?

Partial resultsonQuestion1 appearin Section4.2.

Question2: Let ~E 2 Wd;r . WhatNewtonpolygonsoccurfor pointsof A Sg;~E?

Whenp À d, theNewtonpolygonoccurringfor thegenericpointof A Sg;~E is
found in [16]. Its limit as p ! ¥ hasslopes0 and1 occurringwith multiplicity
r(p¡ 1) andslopesf 1

ej ¡ 1; : : : ; ej ¡ 2
ej ¡ 1g with multiplicity p¡ 1 for each1 · j · r + 1.

Question3 If p ¸ 3 andg > s¸ 0, is everycomponentof Hg;s in theclosureof
Hg;s+ 1?

If p ¸ 3, [6, Thm.1] impliesthateverycomponentof Hg;s is in theclosureof
Hg;g. An answerto Question3 would give moreinformationaboutthegeometry
of the p-rankstrati�cation of Hg, thusgeneralizingCorollary4.6.
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