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Abstract

We studya moduli spaceA Sq for Artin-Schreiercurvesof genusg over
analgebraicallyclosed eld k of characteristigp. We studythe strati cation
of ASqy by p-rankinto strataA Sy of Artin-Schreiercurvesof genusg with
p-rank exactly s. We enumeratethe irreduciblecomponentof ASgs and
nd their dimensions.As anapplicationwhenp = 2, we prove thatevery
irreducible componentf the moduli spaceof hyperelliptic k-curves with
genusg and2-ranks hasdimensiongj 1+ s. We alsodetermineall pairs
(p;g) for whichA Sy isirreducible.
keywords: Artin-Schreier hyperelliptic, curve, moduli, p-rank.
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1 Intr oduction

Let k be analgebraicallyclosed eld of characteristiqpo > 0. An Artin-Sdreier
k-curveis a smoothprojective connectedk-curve Y whichis a (Z=p)-cover of the
projectve line. The Riemann-HurwitZormulaimpliesthatthegenusg of Y is of
theformg= d(pj 1)=2for someintegerd, 0. The p-rankofY is theintegers
suchthatthe cardinalityof Ja€Y)[p](k) is p°. It iswell knovnthat0- s- g. By
the Deuring-Shadrevich formula,s= r(pj 1) for someintegerr , O.

In this paper we study a moduli spaceA Sy for Artin-Schreierk-curves of
genusg. We studyits strati cation by p-rankinto strataA Sgs whosepointscor
respondo Artin-Schreiercurvesof genusg with p-rank exactly s. Throughout,
we assume = d(pj 1)=2ands= r(pj 1) for someintegersd, 1andr, O
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sincethe problemis trivial otherwise. We denoteby b¢cand d¢ethe oor and
ceiling of arealnumberrespectrely. We prove:

Theorem1.1. Letg= d(pj 1)=2withd, lands= r(pj 1) withrk O.

1. Thesetof irreduciblecomponent®f ASys is in bijection with the set of
partitionsfes;:::e+19 of d+ 2 intor + 1 positiveintegers sud that each
ej 6°1 mod p.

2. Theirreduciblecomponenbdf A Sy for the partition feq;::: €+ 19 hasdi-

mension
r+1

di 1i § beji 1)=pc:
=1
Theproofusesdeasfrom [2, Section5.1],[7], and[12]. As anapplicationof

Theoreml.1,we determineall casesvhenA Sy is irreducible,usingthe factthat
everyirreduciblecomponendf A Sy hasdimensiond 1,[9, Cor. 3.16].

Corollary 1.2. The moduli spaceA Sy is irreduciblein exactly the following
cases (i) p= 2;or(ii) g=0org= (pi 1)=2; or (i) p= 3andg= 2;3;5.

Whenp = 2, the moduli spaceA Sy is the sameasHg, the moduli spaceof
hyperelliptick-curvesof genugy. By [8, Thm.4.1],H g isirreducibleof dimension
29 lwhenp= 2. LetHgs ¥ Hgy parametrizényperelliptick-curvesof genusgy
with 2-ranks. Theoreml.1 yields the following descriptionof Hgs. This also
generalizesheresultdim(Hgo) = gi 1whenp= 2from[13, Prop.4.1].

Corollary 1.3. Letp= 2andg, 1. Theirreduciblecomponent®fHgys are in
bijectionwith partitionsof g+ 1 into s+ 1 positiveintegers. Everycomponenhas
dimensiorgj 1+ s.

When p = 2, we alsogive a completecombinatorialdescriptionof how the
irreduciblecomponentsf Hgs t togethern Hg, Corollary4.6.

Thegeometryof A Sy is morecomplicatedvhenp, 3. Forexample,Theorem
1.1shaws that,for x edg ands, theirreduciblecomponent®f ASg.s canhave
differentdimensionsandthusA Sg;s is not purein generalwhenp , 3.

Hereis somemotivation for this paper which alsogivesanotherillustration
how thegeometryof A Sy is morecomplicatedvhenp , 3. Recallthatthe mod-
uli spaceAq of principally polarizedabelianvarietiesover k of dimensiong can
bestrati ed by p-rank. Let Vgs ¥2 Ag denotethe stratumof abelianvarietieswith
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p-ranks. By [11, 1.6], every componenbf Vg5 hascodimensiongj sin Ag.

SupposeM is a subspac®f M 4, the moduli spaceof k-curvesof genusg. One
canaskwhethertheimageT (M) of M underthe Torelli morphismis in general
positionrelative to the p-rank strati cation. A necessargonditionfor anafr -

mative answeris thatcodim(T(M)\ Vys; T(M)) = gi s. This hasbeenveri ed

whenM = Mg in [5, Thm.2.3]andwhenM = Hqfor p, 3in[6, Thm.1]. Corol-
lary 1.3 shaws thatthis necessargonditionis satis edfor M = Hg whenp = 2.
Corollary3.11shawvs thatit is notsatis edfor M = ASgwhenp, 3.

Hereis anoutlineof thepaper In Section2, we describehe p-ranksof Artin-
Schreiercurves andthe relationshipbetweenirreduciblecomponentsand parti-
tions. Section3 containsthe proof of the mainresult. One nds Theoreml.1in
Section3.4,Corollary1.2in Section3.5,andCorollary1.3in Section3.6.

In Section4, we considerhow the componentof ASgs t togetherinside
ASgy. OnecanaskwhetherA Sy (p; 1) is in the closureof ASgys in ASy. We
give an af rmati ve answerin somecasegin particular whenerer p = 2) anda
negative answerin others. This involvesdeformationof wildly rami ed covers
with non-constanbranchlocus.We concludewith someopenquestions.

2 Partitions and Artin-Schr eier curves

2.1 Partitions

Fix aprimep> O andanintegerd, 1,with d evenif p= 2. Let Wy bethesetof
partitionsof d+ 2 into positveintegersey; ey; ::: with eachej 61 mod p. Let W,
bethesubsebf Wy consistingof partitionsof lengthr + 1. If € 2 Wy, letr := r(E)

Thereis anaturalpartialordering< onWy sothatE < E°if £%is are nement
of E, in otherwords,if theentriesof E%canbedividedinto disjointsubsetsvhose
sumsarein bijectionwith the entriesof E. Using this partial ordering,onecan
constructa directedgraphGq. The verticesof the graphcorrespondo the parti-
tionsE in Wy. Thereis anedgefrom E to E%if andonly if € < E® andE 6 EC
andthereis no partition lying strictly in betweenthem(i.e., if € < EO%& EOfor
someE%n Wy thenE%%= E or E0C= EO),

An edgeE < EQlin thedirectedgraphGy canbe of two types. The rst type
hasr(E) = r(E9; 1. Inthiscasepneentryeof E splitsinto two entriese; ande,
of E%sothate= e; + e, andnoneof thethreeis congruento 1 modulop. Onecan
summarizehis by writing f eg 7! f e;; e,g. Thesecondypehasr(E) = r(E9; 2.



In this case,one entry e of E splits into threeentriese;, e, es of E? so that
e= e + ex+ ezandeachej " (p+ 1)=2 mod p. It follows thatnoneof thefour s
congruento 1 modulop. Onecansummarizehis by writing feg 7! f e1; e; e30.

Example2.1. Let p= 3 andd = 10. Hereis thegraphGso for Wp.

f2;2;8g f2;5;59 f3;3;69
N b b
f2;2;2;69 f2,2;3,59 13;3;3;3g
T~
f2;2;2;3;39
£2,2;2,2,2;29

We skip the proofsof someof the following straightforvard results.Lemma
2.2is usedin [1], while Lemmas2.3and2.4 areusedin Section3.5.

Lemma 2.2. ThesetWy.o is nonemptyf andonlyif p-(d+ 1). If p-(d+ 1), then
W0 containsonepartition f d+ 2g which is aninitial vertex of Gg. If pj (d+ 1),
thenWy:1 consistsof d(d+ 1)(pi 2)=2pe partitions, and every vertex of Gy is
larger thanoneof these

lengthd=2+ 1.

Lemma2.4. Letp, 3. Apartitionis maximalif andonly if its entriesall equal
two or three Everyintegerr+ 1 with (dj 1)=3- r - d=2 occurs exactly once
as the length of a maximalpartition. There are bd=2cj d(d; 4)=3e maximal
partitions. Thee is a uniqguemaximalpartition if andonlyif d 2 f 1; 2; 3; 5g.

Proof. The rst statemenis true sinceif e, 4 thentherearee;;e 2 Z-¢ S0
thate; 6" 1 mod p ande; + & = e. For the otherstatementdgt E bea maximal
partitionof d+ 2. Let b denoteghenumberof theentriesof E whichequal3. Note
thatO- b- (d+ 2)=3. Letr+ 1bethelengthof E. Thend+ 2= 2(r+ 1)+ band
(d+2)=3: r+ 1 (d+ 2)=2. Any choiceof r + 1in thisrangeyieldsa unique
choiceof b which determines uniquepatrtition £. O
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Remark 2.5. Whenp = 2, every pathin Gy from the partitionfd + 2g to the

G4 from aminimalto amaximalvertex hasthesamdength,whichis bd=3c. This
propertydoesnotholdin generafor p, 5.

2.2 Artin-Schr eier curves

Hereis areview of somebasicArtin-Schreiertheory LetY beanArtin-Schreier
k-curve. Thenthereis a Z=p-coverf :Y! P,% with an afne equationof the
formyPj y= f(x) for somenon-constantationalfunction f(x) 2 k(x). At each
rami cation point,thereis a Itration of theinertiagroupZ=p, calledthe Itration
of higherrami cation groupsin thelower numbering14, 1V].

d; bethe orderof the pole of f(x) at P;. Onemay assumehat p -d; by Artin-
Schreiertheory Thend;j is thelowerjumpatPj, i.e., thelastindex for whichthe
higherrami cation groupabove P; is nontrivial. Letej = dj+ 1. Thene;, 2and

€j 6°1 mod p. Therami cation divisorof f isD := éﬁ:iej Pj.
Lemma2.6. ThegenusofY isgy = ((éﬁﬁej)i 2)(pi 1)=2. Thep-rankofY is
sy = r(pi 1).

Proof. The rst statementollows from the Riemann-HurwitZormulausing[14,
IV, Prop.4] andthe secondrom the Deuring-Shadrevich formula[3, Cor. 1.8].
Seg[16, Remarkl.4] or [17, Section2] for detalils. O

2.3 The p-rank of Artin-Schr eier curvesand partitions

TheArtin-Schreiercurvesof genusg = d(pij 1)=2 with p-rankr(pj 1) areinti-
matelyrelatedto the partitionsets\Wy., asde nedin Section2.1.

Lemma 2.7. Ther existsan Artin-Sdreier k-curveof genusg with p-rankr(pi
1) if andonlyif d := 2g=(pi 1) is a nonn@ativeinteger andWg:, iS nonempty

Proof. SupposehereexistsanArtin-Schreierk-curve with genusg= d(pj 1)=2
andp-rankr(pj 1). By Lemma2.6,thisis equvalentto the existenceof f(x) 2

éﬁﬁej = d+ 2. Thisis equivalentto Wg.; beingnonempty O



Example 2.8. Let p= 2. Letg, Oand0- s- g. ThenWayys is non-empty
since2g+ 2 canbe partitionedinto s+ 1 evenintegers.Thereforethereexistsan
Artin-Schreierk-curve of genusg and p-ranksin characteristi@.

Example 2.9. Let p, 3. Thereexists an Artin-Schreierk-curve of genusg =
d(pi 1)=2 with p-rank0 if andonlyif p-(d+ 1) by LemmaZ2.2. Thereexists
an ordinary Artin-Schreierk-curve (i.e., with p-rank g) if andonly if 2j d. If
2 -d, thelargestp-rankwhich occursfor an Artin-Schreierk-curve of genusg is
s=4gi (pi D)=2byLemma2.4.

3 Moduli spacesof Artin-Schr eier curves

Considerx ed parameterp, g= d(pj 1)=2withd, 1,ands= r(pj 1) with
0- s- g. Inthissectionwede ne modulispace#\ Sy for Artin-Schreiercovers
of genusg and p-ranks. We shav the irreduciblecomponent®of ASgs arein
bijectionwith the elementof Wy, and nd thedimensionof thesecomponents.

3.1 Artin-Schr eier covers

Let Sbe ak-scheme.An S-curveis a proper at morphismY ! Swhosegeo-
metric bres aresmoothconnectecturves. An Artin-Sdreier curveY over Sis
an S-curve for which thereexists an (unspeci ed)inclusioni : Z=p ! Autg(Y)
so that the quotientY=i(Z=p) is a ruled scheme. This meansthat thereis an
(unspeci ed)isomorphismbetweeneachgeometric bre of Y=i(Z=p) and P&.
An Artin-Sdreier cover over Sis a Z=p-coverf : Y ! PL In otherwords, it
is an Artin-Schreiercurve Y over S alongwith the dataof a speci ed inclusion
i:Z=p) Auts(Y) andaspeci edisomorphisni¥=i(Z=p) ' Pé.

Considerthefollowing contravariantfunctorsfrom the cateyory of k-schemes
to sets:A Sy (resp.A Scovg) which associateso Sthe setof isomorphisnclasses
of Artin-Schreiercurves (resp.covers)over Swith genusg. As in [15, Lemma
1.4][9, Section2.1], onecanshow thatthereis an algebraicstackrepresenting
A Sg (resp.A Scovg) which we denoteagain by the symbolA Sy (resp.A Scovg).
It is well known thatthereis a forgetful mapfrom A Scovg to A Sy asfollows.

Lemma 3.1. Thee is a morphismF : AScovg! ASg andthe bre of F over
everygeometricpointof A Sq hasdimensiorS.



Proof. Thereis a functorial transformationA Scovg(S) ! ASy(S thattakesa
givenArtin-Schreiercover f : Y ! P% over Sto the Artin-Schreiercurve Y over
S ThisyieldsamorphismF : AScovg! ASg by Yonedaslemma.

Given an Artin-Schreierk-curve Y, by de nition there exists an inclusion
i :Z=p ) Aut(Y) andanisomorphisml : Y=i(Z=p) ! Pﬁ. ThusY is in the
imageof F. Thereareonly nitely mary choicesfor i sinceAut(Y) is nite [4,
Theoreml.11]. Thereis athree-dimensionathoicefor theisomorphism since
dim(Aut(P&)) = 3. Thusthe bre of F overY hasdimensiorthree. O

3.2 Therami cation divisor

This sectionis abouta morphismB from A Scovg to alinearsystem.

Let Sbe ak-scheme.Let Py be the sectionatin nity onPL. Forn2 Zso,
considerthe linear systemjnR¢j on Pé. Recallthat a horizontaldivisor D on
Pé isin jnRj if andonly if D is effective anddeg(D) = n. If D 2 jnPj then,
possiblyaftera nite extensionof S onecanwrite D = é'}:%ej Pj whereej, 1

andéﬁ“;%ej = nandwheref Pi;:::; P+ 19 is a setof distinct horizontalsections

er- ¢ ey
Thereis a naturalstrati cation jnPj of jnRj by partitionsE& of n (where

(i.e., all divisorsfor which eachej 6" 1 mod p). For x edE, let H 2 S+ be
the subgroupof the symmetricgroup generatedy all transpositiong j1; j2) for
whichej, = €j,.

Lemma 3.2. If E 2 W, thenj(d + 2)Pyje is irreduciblewith dimensiorr + 1.

Proof. Let D denotethe weak diagonalof (P1)"*1, consistingof (r + 1)-tuples
with atleasttwo coordinategqual.Considethequotientof (P1)*1; Dbytheac-
tion of He. Thereis anisomorphisnj(d+ 2)R¢je ' [(P)™ !} DJ=Hg in the nite

topology which takesD = éﬁ’;iej P;j to the equivalenceclassof (Py;:::;Pr+1).
Thusj(d+ 2)Pj isirreduciblewith dimensiorr + 1. O

Proposition 3.3. Letd = 2g=(pj 1). Thereis a morphismB:AScovg! j(d+
2)Pyj which surjectsontothek-pointsof j(d + 2)Pj°



Proof. Given an Artin-Schreiercover f over S its rami cation divisor D is a
relative Cartierdivisor of constandegreed + 2 by [2, 5.2.3]. Let B(f) = D.

After a nite extensionof S, thenD = &'!7e;P; whered'’jej = d+ 2 and

branchlocusof f. By [14, IV, Prop.4], dj = g listhelowerjumpoff above
thegeometriagenericpointof Pj. ThusD 2 j(d+ 2)P¥j°sinceeachej 6”1 mod p.

Suppose 2 j(d+ 2)P¢jqKk). ThenD = éﬁi%ej P;j for somesetf Py;:::P+10
of distinctpointsof P}. Considetthedivisor D%= éﬁi (eji 1)P;. Thereisanon-
constanfunction f (X) 2 k(x) with divy (f(X)) = D® Considethecoverf :Y! P}
givenby theafne equationy?j y= f(x). Thenf is anArtin-Schreiercoverwith
B(f) = D andY hasgenusg by Lemma2.6. ThusD 2 Im(B). O

Let ASg;E (resp.AScovg;E) denotethe locally closedreducedsubspaceof
A Sq (resp.A Scovg) whosegeometrigpointscorrespondo Artin-Schreiercovers
whoserami cation divisor haspartition E. The morphismsF andB respecthe
partitionE. Let . :ASCOVyg ! ASgg andBg :ASCOVye I j(d+ 2)Pj denote
thenaturalrestrictions.

3.3 Artin-Schr eier coverswith xed rami cation divisor

In this section,we x a partition E 2 Wy andadivisor D 2 j(d + 2)Pj. and
studythe bre of B over D. Using[2, Section5.1], we shawv thatthis bre is
irreducibleandcomputats dimension.This involvesdescribinghe equationgor
anArtin-Schreiercover with rami cation divisor D.

a x eddivisor D correspondingo ak-pointof j(d+ 2)Pyj.. HereD = éﬁiiej Pj
wheref P;:::P+ 19 is a x ed setof distinct points of P&. Let AScovgp bethe
bre of B¢ :AScovg;E I j(d+ 2)Pje overD.

Remark 3.5. In [7, Cor. 2.10],theauthorconstructsa schemeM whichis a ne

(whereY hasunboundedgenus). The subspaceA Scovgp of AScovg canbe
viewed asa closedsubspacef M . Recallfrom [7] thatM is a directlimit of
afne schemes.This direct limit arisesbecausaf S= Spe¢K) whereK is a
function eld over k thenK is not perfect;it follows that thereare non-trivial
Artin-Schreiercoversover Swhich becomerivial aftera nite extensionof S. In
[12], the authoraddressedhis issueusinga con guration spacewhosek-points
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arein bijection with coversde ned over k. In this paper we insteadfollow the
approactlof [2, Section5.1], wherethe authorswork directly over Spe¢k).

Notation 3.6. For1- j- r+ 1, let tJ = djj bdj=pc wheredj = g 1. Let
Ne = &53tj. LetCj= (AQN 1£ (A}i f0Og). LetC= £111Cj. Thereis an
actlononC by thesubgroufHg 2 S+ 1 generatedby all transposmon:sjl; j2) for
whichdj, = dj,. De ne Cp = C=Hc.

Proposition 3.7. The bre AScovgp of Bg over D is isomorphicto Cp over k.
ThusA Scovgp is irreduciblewith dimensiorNe overk.

Proposition3.7 implies that A Scov,, ¢ is a vectorbundleover j(d + 2)Pyje.
We notethatit is notatrivial bundle.

Proof. By thede nition of Cp, the rst claimimpliesthesecond.

For the rst claim, let h denotea labelingof ther + 1 pointsin the support
of D. LetAScovhg be the functor which associateso S the setof coversf in
the bre AScovgp(S) alongwith alabelingh of the branchlocus. It sufces to
shaw thatthe moduli spacefor A SCO\ISID is isomorphicto C overk. This follows
immediatelyfrom [2, pg. 229]. For the corvenienceof the readerwe includea
few detailsof the proof.

Let Sbeanirreducibleaf ne k-schemeSupposé 2 A Scovgp(S) isanArtin-
Schreiercover over Swith rami cation divisor D. Thenf hasanafne equation
yPi y= f(x) for somef(x) 2 O(9(x). The automorphisms = i(1) actsvia
s(y) = y+ zfor somez2 (Z=p)". Two suchcoversfi:yPj y= fi(x) andf,:
yPi y= fp(X) areisomorphidf andonlyif fo(x) = (z=z) f1(X) + dPj dfor some
d2 0(9(x), seee.qg.,[12, Lemma2.1.5]. After possiblychangingf(x), onecan
suppose = 1.

Thecoverf is in standad formif p-i for any monomialcix' in f(x) whose
coefcient ¢; is genericallynon-nilpotent.Givenan Artin-Schreiercover f , after
a nite extensions’! S thenf £ sShasanafne equationin standardorm. To
prove this, oneusesan étalecover Y4  Swith equationaPj a= cg to remove
a constantcoefcient cg 2 O(S) from f(x). If f(X) containsa monomialcxPV
with w2 Z. o, oneusesa purely inseparableover ! S%ith equationbP =
c to replacecx” with the monomialbx”. Thesetransformationsare uniquely
determinedanddo not changetheisomorphisntlassof f £ gS°

Sincef hasrami cation divisor D, then f(x) hasa partialfractiondecomposi-
tion f(x) = & j*%gj(x) whereg;j(x) 2 (xi Pj)i 1O0(9[(xi Pj)i }]isapolynomial
of degreed; in the variable(xj Pj)! L with no constantterm. (If Pj = P, let
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(xi Pj)i 1 denotex for consisteng of notation.)If f is in standardorm, onecan
write gj(x) = é?:lei;j(Xi P iwhereci-j = 0if pjiandcy;;j is neverzero.

De ne a : Hom(S,C) ! AScovh o(9 sothata(£21£; g

i=1; p-i
morphismclassof the Artin- Schrelercoveryp| y= éjﬂgj(x) (with theimplicit

labelingof f Py;:::; P+ 10). If T isin standardorm thenf is in theimageof a.
Thena givesanbijectionbetweernthek-pointsof C andA Scovg,D(k) O

Ci;j) is theiso-

3.4 Irr educiblecomponentsof the p-rank strata

Recallthatg = d(pj 1)=2 withd, 1 andd evenif p= 2 ands= r(pj 1)
with 0- s- g. The p-rankinducesa strati cation of ASy (resp.AScovg). Let
A Sg;s (resp.A Scovgs) denotethe locally closedreducedsubspacef A Sq (resp.
A Scovg) whosegeometrigpointshave p-ranks.

Theorem 3.8. Theirr edumblecomponentsf A Scovg s are the strata A Scov Ve

ponentASc we isd+ 2i a'I1b(eji 1)=pcoverk

Proof. Theimageof A Scovys underB is the unionof the strataj(d + 2)Pyje of
j(d+ 2)R¢jOwith r(E) = r, Proposition3.3. The stratumj(d + 2)Pyjg is irre-
ducibleof dimensiorr + 1, Lemma3.2.

For E 2 Wy, considethemorphismB, ASccr\/g I j(d+ 2)Pgje. The bre
of B overa x eddivisor D is irreducibleby Proposition3.7. By Zariski's main
theoremA Scovye is irreduciblesinceB, hasirreducible bres andimage.Thus

theirreduciblecomponent®f A Scovys arethestrataA Scovye with € 2 Wy..

Thedimensionof ASCOVy e is thesumof thedimensionsf j(d + 2)Pj. and

of the bres of B;. This equalsr + 1+ éT’ %(dj i bdj=pc) by Lemma3.2 and
Proposition3.7. Thissimplies tod + 2; éT’ %b(ej i 1)=pc. O

Theoreml.1in theintroductionfollows immediatelyfrom the next corollary.

Corollary 3.9. TheirreduciblecomponentsfA Sy s arethestrataA Sg e WIthE 2

Wyr. If E = feq;:i:;e+10, thenthedimensiondg of theirreduciblecomponent
ASg;E isdj 1j ajzlb(ej. 1)=pc overk.

Proof. Let W be an irreduciblecomponentof ASgs. By Lemma3.1, Fi }(w)
is a union of irreduciblecomponentsf AScovgs. By Theorem3.8, theseare
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indexedby partitionsE 2 Wy.,. ThemorphismF respectshepartitionE. In other
words, given an Artin-Schreiercurve Y, every Artin-Schreiercover f : Y ! Pﬁ
hasthe samepartition. Thusthereis a unique partition occurringfor pointsin
Fi }(W), andsoFi }(W) is irreducible. Sotheirreduciblecomponent®f A Sgs
arethestrataA Sge with E 2 Wy.r. Thesecondstatementollows sincedim(W) =

dim(Fi Y(W))i 3byLemmas3.1. O

Example 3.10. Let p= 3 andg = 10. Herearethe dimensionsde of theirre-
duciblecomponent®f A S1gs.

dimension

df 129 = 6
dizog= 7; dieeg= 7

df2;2;89 =1, d1‘2;5;59 =1, df3;3;69 =8

O 2.0:0.69 = 8; Gr20.3.5g = 8; Ur33.3.39= 9
o 2:2,2:3:39 = 9

10 df2;2;2;2;2;29 =9

O A~ N OOV

Thenext corollaryshavs thattheimageof A Sy underthe Torelli morphismis
notin generapositionrelatve to the p-rankstrati cation of Ag whenp, 3.

Corollary 3.11.1f p, 3, thencodimASgs;ASg) © gj s

Proof. Letd: 20=(pi 1) andr = s:(pi 1). Lete= mlné”lb(e“ 1)=pc
By Corollary3.9,codim(ASgs;ASg) = €. Sinceb(ejj 1)=pc- (eji 2)=p, one
seedhate- (dj 2r)=p= 2(gj 9=p(pi 1). Thuse© gj sif p, 3. O
3.5 Irr educibility of the Artin-Schr eier locus

As anapplicationof Theoreml.1, we determineall pairs(p;g) for whichASgy is
irreducible.

Corollary 1.2ThemodulispaceA Sy is irr educiblein exactlythefollowing cases:
(i) p= 2 or(ii)g=0o0rg= (pi 1)=2; or (i) p= 3andg= 2;3;5.

Proof. Letd = 2g=(pj 1). Recallthatd, is thedlmenS|onofAS . The rst
claimis thatthereis a bijectionbetweenrreduciblecomponent®f A Sg andpar

titionsE 2 Wy;r sothatd: = dj 1. Toseethis, notethat[9, Cor. 3.16]impliesthat
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every irreduciblecomponenbf A Sy hasdimensiond j 1. If Gis anirreducible
componenbf A Sg, thenthereis a partition& 2 Wy andanopensubset %2 Gso
thatU 1/zASg;E. Thende = dim(G) = dj 1. Corversely supposel: = dj 1 for
someE 2 Wy. ThentheirreduciblespaceA Sqe is openin a uniqueirreducible
componenGof ASg.

Thus,ASq is irreducibleif andonly if thereis exactly onepartition € 2 Wy

if andonlyif ej < p+ 1forl1- j- r+ 1.
If p= 2, only onepartition satis esthe conditione; < 3 for eachj, namely

For arbitrary p, if g= 0 (resp.g= (pi 1)=2) thend = 0 (resp.d = 1), and
thereis only onepartition satisfyinge; < p+ 1, namelythe partitionf 2g (resp.
f3g). ThusA Sy isirreduciblein thesecases.

If p= 3andd= 2(resp.3,5), only onepartitionsatis estheconditione;j < 4,
namelyf 2; 29, (resp.f 2,39, f 2;2;3g). ThusA Sy is irreduciblein thesecases.

Supposep, 3 andd, 2 andthatASg is irreducible. If E is a maximal
partition, thenits entriessatisfye; - 3< p+ 1. ThusWy hasa uniqguemaximal
partition. By Lemma2.4,thisimpliesd 2 f 2; 3;5g. If p, 5,thenthereareatleast
two partitionssatisfyingej < p+ 1: for example f 4g andf 2;2g whend = 2; f 5g
andf 2;3g whend = 3; f 2;5g andf 2;2;3g whend = 5. Thisis a contradiction
andsocaseg(i)-(iii) aretheonly casesvhenA Sy isirreducible. O

3.6 Hyperelliptic curvesin characteristic 2

Let Hy bethe moduli spaceof hyperelliptick-curvesof genusg. Let Hgs denote
the locally closedreducedsubspacef Hgy parametrizinghyperelliptic k-curves
of genusg with p-ranks. Whenp = 2, Hgq is the sameasA Sy. This yieldsthe
following result.

Corollary 1.3 Let p= 2. Theirreduciblecomponent®f Hy are in bijection
with partitionsof g+ 1 into s+ 1 positiveintegers. Everycomponenhasdimen-
siongj 1+ soverk.

Proof. By Corollary3.9,theirreduciblecomponent®f H 45 arein bijectionwith
the partitionsof d+ 2 = 2g+ 2 into s+ 1 even positive integers,which arein
bijectionwith the partitionsof g+ 1into s+ 1 positive integers.Thedimensiorof
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theirreduciblecomponenfor E = fey;:::;esr19is(dj 1) é?iib(eji 1)=2c.
Thissimpliestogj 1+ ssinceej isevenandb(eji 1)=2c= e;=2; 1. O

4 Deformation resultsand openquestions

In this section we give someresultson how theirreduciblecomponent®f A Sg:s
t togethewithin A Sg. Thisinvolvesdeformation®f wildly rami ed coverswith
non-constanbranchlocus.

4.1 A deformation resultfor wildly rami ed covers

Proposition4.1. Suppose | e; andpj e. Suppose - is anArtin-Sdreier cover
over k, branchedat a point b with lower jumpe; + ej 1. Let S= Speck][t]]).
Thenthere existsan Artin-Sdreier cover y s over S whosespecial br e is iso-
morphicto y +, whosegeneric br e is branchedat two pointsthat specializeto b
andwhich havelowerjumpse;j 1andexj 1, andwhoserami cation divisoris
otherwiseconstant.

Proof. Considerthe Artin-Schreiercovery 1 : Yz ! Z. whichis wildly rami ed
atthepointy: 2 Y: abore b whereit haslowerjumpe;+ ej 1.Lety+: Vel Zi
bethegermof y. atys. It is anArtin-Schreiercover of germsof curves. Using
formal patching,(seee.qg.,[7, Prop.2.7] or [2, Thm. 3.3.4]) deformationf y +
canbe constructedocally via deformationsof y .. With this technique pnecan
supposehatthe deformationof y 1, andthusthe rami cation divisor, is constant
away from b.

Lete= e+ e. Now Z.' Speck{[x 1]]). After achangeof variablespnecan
supposéhattherestrictionof y « to Speck((xi 1))) hasequationy?j y= x& 1.

Theequationy?j y= x& 1 is well-de ned away from xi 1 = 0. To construct
the deformation,one can consideran integral equationfor y .. Let a; = e;=p
anda; = ey=p anda= a; + ap. LetXx= 1=xandlety= X®y. A normalmodel
for y » above Speck[[xi 1]]) is givenby theequationy?; xPi Dy = % It hasan
automorphisns(y) = y+ x2 of orderp.

Considerthedeformationy s of y + over S= Speck][t]]) givenby thenormal
extensionof Speck[[xi *;t]]) with thefollowing equation:

ypi )—(al(pi 1)()—(i t)aZ(pi 1))7: X
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Thishasanautomorphisns () = y+ X3 (X;j t)2 of orderp. Awayfromxi 1= 0,
thedeformatiorhasequatiornyPj y= x& 1=(1;j xt)® wherey= x4 (Xj t)®y. On
thespecial bre, whent = 0, theny g is isomorphicto thegivencovery ..
Onthegeneric bre, whent 6 0, theny s is branchedabore x = 0 andabove
Xi t= 0. Also (xj t)2(Pi D is aunit whenx = 0 andx®(Pi 1) is a unit when
Xj t= 0. Thusthecovery s is rami ed above X with rami cation breakpa; j 1
andabove Xj t with rami cation breakpayj 1. Sothe generic bre of ysis
branchedat two pointsthat specializeto b and thesepoints have lower jumps
ei landeyj 1. O

4.2 Closuresof the p-rank strata

In this section,we shawv thatthe combinatorialdatain the graphGgy givespartial
informationabouthow the irreduciblecomponent®f ASys t togetherin ASg.
Furthermorewe shawv thatthe graphGy gives completeinformationaboutthis
guestionwhenp= 2.

Fori = 1,2, considera partition & 2 Wy,,. Lets = ri(pi 1). LetGE =
AS. e betheirreduciblecomponentof ASqq correspondingo E; asde ned
belcw Proposition3.3. Thereis a partialordering< onWj from Section2.1.

Lemma4.2. If GEl is in theclosure of GEZ in ASg, thenE; < Ep.

Proof. Let S= Speck[[t]]) and consideran Artin-Schreiercover f g so thatthe
generic bre yieldsak((t))-point of G, andthe special bre yields a k-point of
GEZ. This is only possibleif the branchpointsof f s coalescavhent = 0. Since

B(f 5) is a relative Cartierdivisor of constantdegree,the entriesof the partition
sumtogethemunderspecializatiorandthe partitiondecreasem size. O

The next exampleandlemmashawv thatthe conditionE; < E, is frequently
not sufcient for G, to bein theclosureof G, in ASgwhenp, 5.

Example4.3. Let p= 5andg= 4 andconsiderE; = f4gandE; = f2;2g. Then
GEl andGE2 arebothcomponentsf A S, with dimensiornone.AlthoughE; < Ep,
atmosta zero-dimensionaubvariety of GEl canbein theclosureof GEZ. In fact,

G, is thesupersingulafamily parametrizedy y° y= x>+ cx; while G, isthe
ordinaryfamily parametrizedy y°j y= x+ c=x.

Fora2 Zs o, letabetheintegersothata” amodpand0- a< p.
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Lemma4.4. SupposE; < E, with anedge fromEj to Es.

1. If theedgeisoftheformfeg7! fe;;exgwith2< g1+ & - p,thendimk(GEl) =
dimk(GEz) and GEl is notin theclosure of GEz in ASy.

2. Inall othercasesdimk(Gél) = dimk(GEz) i1

Proof. The dimensioncomparisonfollows from Theorem1.1. If dimk(GEl) =
dimk(GE),thenGE is notintheclosureofGE sinceA Sy is separated. O

It is sometimegpossibleto shov thatGE isin theclosureof G, . Forexample,
[10, Thm.6.5. 1]|mpI|esthatGE isin theclosureofGE for anedgeof theform
f2pi "+1g7' fp;pi "+ 19 aslongas j(pi D). Herelsanothersuchresult

Proposition4.5. LetE; < E, withanedg of theformfeg 7! fe;; eog fromgE; to
Eo. If pjerandpj ey, thenGEl isin theclosuee of GEz in ASg.

In otherwords, underthe hypothesisof Proposition4.5, if Y: is an Artin-
Schreiercurve with partition €; overk, thenthereexists an Artin-Schreiercurve
YsoverS= SpeckK][t]]) whosespecial bre isisomorphicto Y: andwhosegeneric
bre haspartitionE;.

Proof. Fori = 1;2, let GEi = ASg;E' Let Y. be the Artin-Schreiercurve corre-
spondingto a k-point of GEl. Thereexists an Artin-Schreiercover f + : Ys ! Pﬁ

overk. Theelemente in the partition E; determines branchpointb 2 P; sothat
thelowerjumpof f . aborebisej 1.

Let S= SpecK[[t]]). By Propositiord.1, thereexists an Artin-Schreiercover
f s over S whosespecial bre is isomorphicto f. and whosegeneric bre is
branchedht two pointsthatspecializeto b andthathave lower jumpse;j 1 and
e i 1. Furthermorethe rami cation divisor is otherwiseconstant. Thusthe
generic bre of f s haspartitionE,. ThusGEl isin the closureof G, iNASg. [

The next corollary shavs that the graphGy givesa completecombinatorial
descriptionof how theirreduciblecomponent®f ASys t togetherin ASgy when
p = 2. Thisresultis usedin [1].

Corollary 4.6. Suppose= 2. ThenGEl isin theclosure of C—)EZ in ASq if andonly
if 1 < Eo. Thus,everycomponenbfHgsisin theclosueof Hgs+1ifg> s, O.
Proof. Lemma4.2 implies the forward direction. For the corverse,onereduces

to the casethatthereis anedgefrom E; to E,. Sincep = 2, theedgehastheform
feg 7! fer;epgwheree; ande, areeven. ThenPropositiord.5applies. O]
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4.3 Openquestions

Question1: Whatarenecessanandsufcient conditionson the edgef eg 7!
fer;exgortheedgefeg 7! fe;; e;esgfor G, to bein theclosureof G, in AS,?
Partial resultson Questionl appeaiin Sectiord.2.

Question2: LetE 2 Wy.,. WhatNewton polygonsoccurfor pointsof ASg;E?
Whenp A d, theNewton polygonoccurringfor thegenericpointof AS E is

foundin [16]. Itslimit asp! ¥ hasslopesO and1 occurringwith multiplicity

r(pi 1) andslopesf —*+; :::'izgwith multiplicity pj 1foreachl- j- r+ 1.

eji 1’ Teji 1

Question3 If p, 3andg> s, 0,iseverycomponendfHgysin theclosureof
Hgs+1?

If p, 3,[6, Thm.1] impliesthatevery componenbdf H s is in the closureof
Hgg. An answerto Question3 would give moreinformationaboutthe geometry
of the p-rankstrati cation of Hg, thusgeneralizingCorollary4.6.
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