ORDER-UNIT QUANTUM GROMOV-HAUSDORFF DISTANCE

HANFENG LI

ABSTRACT. We introduce a new distance distoq between compact quantum
metric spaces. We show that distoq is Lipschitz equivalent to Rieffel’s distance
distq, and give criteria for when a parameterized family of compact quantum
metric spaces is continuous with respect to distoq. As applications, we show
that the continuity of a parameterized family of quantum metric spaces induced
by ergodic actions of a fixed compact group is determined by the multiplicities
of the actions, generalizing Rieffel’s work on noncommutative tori and integral
coadjoint orbits of semisimple compact connected Lie groups; we also show
that the -deformations of Connes and Landi are continuous in the parameter

0.

1. INTRODUCTION

In [9] Connes initiated the study of metric spaces in noncommutative setting in
the framework of his spectral triple [10]. The main ingredient of a spectral triple is a
Dirac operator D. On the one hand, it captures the differential structure by setting
df =[D, f]. On the other hand, it enables us to recover the Lipschitz seminorm L,
which is usually defined as

) L) = sup( O I0o

where p is the geodesic metric on the Riemannian manifold, instead by means of
L(f) = ||[D, f]l|, and then one recovers the metric p by

(2) plx,y) = sup |f(z)— f(y)l.
L(f)<1

In Section 2 of [9] Connes went further by considering the (possibly +oo-valued)
metric on the state space of the algebra defined by (2). Motivated by what happens
to ordinary compact metric spaces, in [35, 36, 38] Rieffel introduced “compact
quantum metric spaces” which requires the metric on the state space to induce the
weak-* topology. Many interesting examples of compact quantum metric spaces
have been constructed [35, 37, 30, 27]. Rieffel’s theory of compact quantum metric
space does not require C*-algebras, and is set up on more general spaces, namely
order-unit spaces. Also, one does not need Dirac operators, but only the seminorm
L.

Motivated by questions in string theory, in [38] Rieffel also introduced a notion
of quantum Gromov-Hausdorff distance for compact quantum metric spaces, as
an analogue of the Gromov-Hausdorff distance distgy [17] for ordinary compact
metric spaces. This is defined as a modified ordinary Gromov-Hausdorff distance
for the state-spaces. This distance dist, is a metric on the set CQM of all isometry
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classes of compact quantum metric spaces, and has many nice properties. Two
nontrivial examples of convergence with respect to distq have been established by
Rieffel. One is that the n-dimensional noncommutative tori Ty’s equipped with
the quantum metrics induced from the canonical action of T™ are continuous, with
the parameter 6 as n x n real skew-symmetric matrices [38, Theorem 9.2]. The
other one is that some natural matrices related to representations of a semisimple
compact connected Lie group converge to integral coadjoint orbits of this group [39,
Theorem 3.2]. In general, it is not easy to show the continuity of a parameterized
family of compact quantum metric spaces. In particular, the methods used in these
two examples are quite different.

In view of the principle of noncommutative geometry, it may be more natural
to define the quantum distance as a modified Gromov-Hausdorff distance for the
order-unit spaces (or C*-algebras) directly. Under this guidance, we define an order-
unit quantum Gromov-Hausdorff distance, distoq, as a modified ordinary Gromov-
Hausdorff distance for certain balls in the order-unit spaces (Definition 4.2). We
also introduce a variant dis‘cfq for the compact quantum metric spaces with radii

bounded above by R. Denote by CQM¥ the set of all isometry classes of these com-
pact quantum metric spaces. It turns out that these order-unit quantum distances
are Lipschitz equivalent to Rieffel’s quantum distance.

Theorem 1.1. disty and distoq are Lipschitz equivalent metrics on CQM, that is
1
gdis‘cOq < distq < bdistog;
while distq and distfq1 are Lipschitz equivalent metrics on CQM?%, that is
1 ., R . 5 - R
§d18toq < distq < §d18toq.

As an advantage of our approach, we can give criteria for when a parameterized
family of compact quantum metric spaces is continuous with respect to the order-
unit quantum distance. We introduce a notion of continuous fields of compact
quantum metric spaces (Definition 6.4), as a concrete way of saying “a parameter-
ized family”. This is an analogue of continuous fields of Banach spaces [15, Section
10.1]. Roughly speaking, these criteria say that the family is continuous under
quantum distances if and only if continuous sections are uniformly dense in the
balls (the set D(A;) in below) we use to define the order-unit quantum distance.

Theorem 1.2. Let ({(As, Ly)},T') be a continuous field of compact quantum metric
spaces over a locally compact Hausdorff space T. Let to € T, and let {f, }nen be
a sequence in T', the space of continuous sections, such that (f,):, € D(As,) for
each n € N and the set {(f5)t, : » € N} is dense in D(Ay,). Then the following are
equivalent:

(i) distoq(As, Asy) — 0 as t — to;

(ii) distgu(D(A:), D(As,)) — 0 as t — to;

(iii) for any € > 0, there is an N such that the open e-balls in A; centered at
(f1)¢, -+, (fn)e cover D(Ay) for all ¢ in some neighborhood U of t.

Similar criteria are also given for convergence with respect to distf‘01 (Theo-
rem 7.1), which is useful when the radii of the compact quantum metric spaces
are known to be bounded above by R.
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An important class of compact quantum metric spaces come from ergodic actions
of compact groups [35]. Let G be a compact group with a fixed length function
[ given by l(x) = d(z,eq), where z € G and d is a left-invariant metric on G
and eg is the identity. For an ergodic action o of G on a unital C*-algebra A
(i.e. the only a-invariant elements are the scalar multiples of the identity of .A),
Rieffel proved that the seminorm L(a) = sup{W cx € G,z # eg} makes
A into a compact quantum metric space [35, Theorem 2.3]. This includes the
examples of noncommutative tori and coadjoint integral orbits mentioned above.
In general, one can talk about ergodic actions of G on complete order-unit spaces
A. When the action « is finite in the sense that the multiplicity mul(ZC, ~) of every
equivalence class of irreducible representations v € G in the induced action a®I on
A° =A@ C is finite (which is always true in C*-algebra case [19, Proposition 2.1]),
the same construction also makes A into a compact quantum metric spaces. Using
our criteria for quantum distance convergence (Theorem 7.1) we give a unified
proof for the two examples above about continuity of noncommutative tori and
convergence of matrix algebras to integral coadjoint orbits, and show in general
that a parameterized family of compact quantum metric spaces induced by ergodic
finite actions of G is continuous with respect to distq if and only if the multiplicities
of the actions are locally constant:

Theorem 1.3. Let {c;} be a continuous field of strongly continuous finite ergodic
actions of G on a continuous field of order-unit spaces ({4;},T) over a locally
compact Hausdorff space T. Then the induced field ({(As, L;)},T) (for a fixed I) is
a continuous field of compact quantum metric spaces. For any tg € T the following
are equivalent:

(1) limg_y, mul(KtC7 v) = mul(TmC,y) for all v € G:

(ii) limsup,_,, mul(KtC, v) < mul(fmc,y) for all v € G,

(ili) distoq(A¢, Azy) — 0 as t — 2.

In [13] Connes and Landi introduced a one-parameter deformation Sj of the
4-sphere with the property that the Hochschild dimension of Sg equals that of S*.
They also considered general §-deformations, which was studied further by Connes
and Dubois-Violette in [12] (see also [44]). In general, the 6-deformation My of
a manifold M equipped with a smooth action of the n-torus 7" is determined
by defining the algebra of smooth functions C°°(My) as the invariant subalgebra
(under the diagonal action of T™) of the algebra C™°(M x Ty) := O (M)@RC>(Tp)
of smooth functions on M X Ty; here 0 is a real skew-symmetric n X n matrix
and Tj is the corresponding noncommutative n-torus. When M is a compact spin
manifold, Connes and Landi showed that the canonical Dirac operator (D, H) on M
and a deformed anti-unitary operator Jy together give a spectral triple for C*°(My),
fitting it into Connes’ noncommutative Riemannian geometry framework [10, 11].

Intuitively, the 6-deformations are continuous in the parameter 6. Quantum
distances provide a concrete way for us to express the continuity. In [27] we showed
that when M is connected, (C°°(Mjy))sa equipped with the seminorm Ly determined
by the Dirac operator D is a compact quantum metric space. Denote by © the space
of all n x n real skew-symmetric matrices. In Section 11 we shall see that there is
a natural continuous field of C*-algebras over © with fibres C(Mp). Denote by IT'M
the space of continuous sections of this field. As another application of our criteria
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for quantum distance convergence, we show that 6-deformations are continuous
with respect to disteg:

Theorem 1.4. Let M be a connected compact spin manifold with a smooth action
of T". Then the field ({((C*°(Mp))sa, Lo)}, (TM)sa) is a continuous field of compact
quantum metric spaces over ©. And disteq((C*°(Ms))sa, (C(Mpgy))sa) — 0 as
0 — 90.

This paper is organized as follows. In Section 2 we review briefly the Gromov-
Hausdorff distance for compact metric spaces and Rieffel’s quantum distance for
compact quantum metric spaces. Via a characterization of state-spaces of compact
quantum metric spaces, a formula for Rieffel’s distance disty is given in Section 3.

In Section 4 we define the order-unit Gromov-Hausdorff distance distoq and
prove Theorem 1.1. One important aspect of the theory of (quantum) Gromov-
Hausdorff distance is the (quantum) compactness theorem. In Section 5 we give a
reformulation of Rieffel’s quantum compactness theorem in terms of the balls we
use to define the order-unit distance. The notion of continuous fields of compact
quantum metric spaces is introduced in Section 6. In Section 7 we prove our criteria
for quantum distance convergence.

The sections 8-10 are devoted to an extensive study of compact quantum metric
spaces induced by ergodic compact group actions, where we show how multiplicities
of the actions dominate the metric aspect of such spaces. In Section 8 we show that
an ergodic action induces a compact quantum metric space only when the action
is finite. In Section 9 we investigate when a family of compact quantum metric
spaces induced from ergodic actions of a fixed compact group is totally bounded.
Theorem 1.3 is proved in Section 10.

Finally, we prove Theorem 1.4 in Section 11.

Acknowledgments. This is part of my Ph.D. dissertation submitted to UC Berke-
ley in 2002. T am indebted to my advisor, Professor Marc Rieffel, for many helpful
discussions, suggestions, and for his support throughout my time at Berkeley. I
also thank Thomas Hadfield and Frédéric Latrémoliere for valuable conversations.

2. PRELIMINARIES

In this section we review briefly the Gromov-Hausdorff distance for compact
metric spaces [18, 42, 8] and Rieffel’s quantum distance for compact quantum metric
spaces [35, 36, 38, 39, 40].

Let (X, p) be a metric space, i.e. p is a metric on the space X. For any subset
Y C X and r >0, let

B.(Y)={x € X : p(z,y) < r for some y € Y}

be the set of points with distance less than r from Y. When Y = {z}, we also write
it as B, (x) and call it the open ball of radius r centered at .

For nonempty subsets Y, Z C X, we can measure the distance between Y and Z
inside of X by the Hausdorff distance distf;(Y, Z) defined by

distfy (Y, Z2) :==inf{r > 0:Y C B,(Z), Z C B.(Y)}.

We will also use the notation distjy (Y, Z) when there is no confusion about the
metric on X.
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For any compact metric spaces X and Y, Gromov [17] introduced the Gromov-
Hausdorff distance, distgu(X,Y"), which is defined as

distau(X,Y) = inf{distZ(hx(X),hy(Y))|hx : X — Z, hy : Y — Z are
isometric embeddings into some metric space Z}.

It is possible to reduce the space Z in above to be the disjoint union X [[Y. A
distance p on X [[Y is said to be admissible if the inclusions X, Y — X ][]V are
isometric embeddings. Then it is not difficult to check that

distgu(X,Y) = inf{dist{;(X,Y) : p is an admissible distance on X H Y}

For a compact metric space (X, p), we shall denote by diam(X) := max{p(z,y)|
x,y € X} the diameter of X. Also let rx = %(X) be the radius of X. For any
e > 0, the covering number Cov,(X,¢) is defined as the smallest number of open
balls of radius € whose union covers X.

Denote by CM the set of isometry classes of compact metric spaces. One impor-
tant property of Gromov-Hausdorff distance is the completeness and compactness
theorems by Gromov [17]:

Theorem 2.1 (Gromov’s Completeness and Compactness Theorems). The space
(CM, distgp) is a complete metric space. A subset S € CM is totally bounded (i.e.
has compact closure) if and only if

(1) there is a constant D such that diam (X, p) < D for all (X, p) € S;

(2) for any € > 0, there exists a constant K. > 0 such that Cov,(X,¢) < K, for
all (X,p) € S.

Next we recall Rieffel’s quantum Gromov-Hausdorff distance dist, for compact
quantum metric spaces.

Rieffel has found that the right framework for compact quantum metric spaces is
that of order-unit spaces. There is an abstract characterization of order-unit spaces
due to Kadison [20, 1]. An order-unit space is a real partially ordered vector space,
A, with a distinguished element e (the order unit) satisfying:
1) (Order unit property) For each a € A there is an r € R such that a < re;
2) (Archimedean property) For a € A, if a < re for all r € R with » > 0, then
a <0.

On an order-unit space (A, e), we can define a norm as

[a]| =inf{r e R:—re < a<re}.

Then A becomes a normed vector space and we can consider its dual, A’, consisting
of the bounded linear functionals, equipped with the dual norm | - ||.

By a state of an order-unit space (A,e), we mean a u € A’ such that u(e) =
lzll” = 1. States are automatically positive. Denote the set of all states of A by
S(A). Tt is a compact convex subset of A" under the weak-* topology. Kadison’s
basic representation theorem [1] says that the natural pairing between A and S(A)
induces an isometric order isomorphism of A onto a dense subspace of the space
Afg(S(A)) of all affine R-valued continuous functions on S(A), equipped with the
supremum norm and the usual order on functions.

For an order-unit space (4, e) and a seminorm L on A, we can define an ordinary
metric, pr,, on S(A) (which may take value +00) by (2). We say that L is a Lipschitz
seminorm on A if it satisfies:

1) For a € A, we have L(a) = 0 if and only if a € Re.
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We call L a Lip-norm, and call the pair (A, L) a compact quantum metric space
[38, Definitions 2.1, 2.2] if L satisfies further:

2) The topology on S(A) induced by the metric py, is the weak-* topology.

The diameter diam(A), the radius 4, and the covering number Cov(A,¢e) of (A, L)
are defined to be those of (S(A), pr.).

Let (A, e) be an order-unit space with a Lipschitz seminorm L. Then L and || - ||
induce norms L and || - ||~ respectively on the quotient space A = A/Re. The dual
of (A, || -||™) is exactly A = {\ € A" : A(e) = 0}. Now L induces a dual seminorm
L' on A’ which may take value +o0o. The metric on S(A) induced by (2) is related
to L' by:

(3) pr(p,v) = L'(n—v)
for all p,v € S(A).
Notation 2.2. For any r > 0, let
D,(A) = {a € A: L(a) < 1, |al| < r}.
When L is a Lip-norm on A, set
D(A) .= D, (A).

Proposition 2.3. [35, Proposition 1.6, Theorem 1.9] Let (A,e) be an order-unit
space with a Lipschitz seminorm L. Then L is a Lip-norm if and only if
(1) there is a constant K > 0 such that L’ < K|| - ||’ on A%
or (17) there is a constant K > 0 such that || - ||~ < KL on A;
and (2) for any r > 0, the ball D,.(A) is totally bounded in A for || - ||;
or (2’) for some r > 0, the ball D,.(A) is totally bounded in A for || - ||.
In this event, the minimal K is exactly 4.

Let A be an order-unit space. By a quotient (7, B) of A, we mean an order-unit
space B and a surjective linear positive map 7 : A — B preserving the order-unit.
Via the dual map 7’ : B" — A’ one may identify S(B) with a closed convex subset
of S(A). This gives a bijection between isomorphism classes of quotients of A and
closed convex subsets of S(A) [38, Proposition 3.6]. If L is a Lip-norm on A, then
the quotient seminorm Lp on B, defined by

Lp(b) :=inf{L(a) : w(a) = b}

is a Lip-norm on B, and 7’|g(py : S(B) — S(A) is an isometry for the corresponding
metrics pr, and pr, [38, Proposition 3.1].

Let (A,L4) and (B, Lp) be compact quantum metric spaces. The direct sum
A @ B, of vector spaces, with (ea,ep) as order-unit, and with the natural order
structure is also an order-unit space. We call a Lip-norm L on A ® B admissible if
it induces L4 and Lpg under the natural quotient maps A® B — Aand A® B —
B. Rieffel’s quantum Gromov-Hausdorff distance disty(A, B) [38, Definition 4.2] is
defined by

distq(A, B) = inf{distf}" (S(A), S(B)) : L is an admissible Lip-norm on A & B}.

Let (A, L) be a compact quantum metric space. Let A be the completion of A
for || - ||. Define a seminorm, L, on A (which may take value +00) by

L(b) := inf{liminf L(a,) : a, € A, lim a, = b}.
n—oo n—oo
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The closure of L, denoted by L, is defined as the restriction of L to the subspace
A°:={be A: L(b) < x}.

Then L€ is a Lip-norm on A€, and pr = pre on S(A) = S(A°) [36, Theorem 4.2,
Proposition 4.4]. Identify A with Afg(S(A)). Then A€ is exactly the space of
Lipschitz functions in Afg(S(A)), and L€ is just the Lipschitz seminorm defined by
(1) [38, Proposition 6.1]. We say that L is closed if L equals its closure.

Let (A,L4) and (B, Lg) be compact quantum metric spaces. By an isometry
from (A, L) to (B, Lp) we mean an order isomorphism ¢ from A¢ onto B¢ such
that LS = LG o . The isometries from (A4, L4) to (B, Lp) are in natural bijec-
tive correspondence with the affine isometries from (S(B), pr,) onto (S(A),pr.,)
through ¢ — ¢'[g(p) [38, Corollary 6.4].

Denote by CQM the set of isometry classes of compact quantum metric spaces.
Rieffel also proved a quantum version of Gromov’s completeness and compactness
theorems [38, Theorems 12.11 and 13.5]:

Theorem 2.4 (Rieffel’s Quantum Completeness and Compactness Theorems). The
space (CQM,distq) is a complete metric space. A subset S C CQM is totally
bounded if and only if

(1) there is a constant D such that diam(A, L) < D for all (A, L) € S;

(2) for any € > 0, there exists a constant K. > 0 such that Cov(4,¢) < K, for
all (A,L) € S.

3. A CHARACTERIZATION OF STATE-SPACES OF COMPACT QUANTUM METRIC
SPACES

In this section we give a characterization of state-spaces of compact quantum
metric spaces in Proposition 3.1, and use it to give a formula for Rieffel’s distq in
Proposition 3.2.

Proposition 5.7 and Corollary 6.4 in [38] tell us that for compact quantum metric
spaces (B;, L;), ¢ = 1,2, if their state-spaces are affinely isometrically embedded
into the state-space S(A) of some other compact quantum metric space (A, L), then

distq(By, By) < dists ™) (S(By), S(By)).

This provides a powerful way of getting upper bounds for disty (B, B2). In practice,
it is quite easy to embed the state-space of a quantum metric space into some other
compact metric space. So we need to find out what kind of compact metric spaces
can be the state-space of a compact quantum metric space.

Throughout the rest of this section, locally convex topological vector spaces
(LCTVS) will all be Hausdorff. Let X be a compact convex subset of a LCTVS V
over R. Then (Afg(X),1x) is an order-unit space. For each p € X, the evaluation
at p induces a linear function o(p) on Afg(X). Clearly

(@(u)(1z) =1 = [lo(u)]-

So o(u) is a state of Afg(X). This defines an affine map o : X — S(Afr(X)). Let
p be a metric on X. We say that p is midpoint-balanced [36, Definition 9.3] if for
any p, v, 1,V € X with %”/ = %, we have p(u,v) = p(p/,v'). We say that p is
convex if for any p, v, p’',v' € X and 0 <t < 1, we have

pltp+ (1 =ty tv + (1= t)') < tp(p,v) + (1 = t)p(i',v/').
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Proposition 3.1. Let X be a compact convex subset of a LCTVS V', and let p be
a metric on X compatible with the topology. Then (X, p) is affinely isometric to
(S(A), pr) for some compact quantum metric space (4, L) if and only if the metric
p is convex and midpoint-balanced. In this event, the closed compact quantum
metric space is (Afr(X)r, L,), unique up to isometry, where Afg(X)., is the space
of Lipschitz functions in Afg(X) and L, is the Lipschitz seminorm defined by (1).

Proof. Assume that (X,p) is affinely isometric to (S(A),pr) for some compact
quantum metric space (A, L). It is easy to check directly from (2) that the metric
pr, and hence p are convex and midpoint-balanced.

Conversely, assume that the metric p is convex and balanced. Elements in the
dual V' separate the points in V by the Hahn-Banach theorem. Since the restric-
tions of elements in V'’ to X are all in Afg(X¥), we see that functions in Afg(X)
separate the points of X. Theorem II.2.1 in [1] tells us that ¢ is a homeomor-
phic embedding of X into S(Afg(X)), and that o(X¥) contains the set of extreme
points of S(Afg(X)). Since o(X) is convex and closed, we see that o is surjec-
tive. Hence we may identify X and S(Afr(X)). By [36, Lemma 2.1] we have
(AfR(X))"0 = R(S(Afg(X)) — S(Afr(X))) = R(X — X) (see the discussion preceding
Notation 2.2). By [36, Theorem 9.7] there is a norm M on (Afg(X))? = R(X — X)
such that p(p,v) = M(p—v) for all p, v € X. Then [36, Theorem 9.8] (see also the
discussion right after the proof of Proposition 1.1 in [37]) asserts that (Afr(X)r,L,)
is a closed compact quantum metric space and (X, p) is its state-space. The unique-
ness of such a closed compact quantum metric space follows from [38, Corollary
6.4]. O

Consequently we have the following description of the quantum distance disty:

Proposition 3.2. Let (A,L4) and (B, Lg) be compact quantum metric spaces.
Then we have

distq (A, B) = inf{distf; (ha(S(A)),hp(S(B))) : ha and hp are affine isometric
embeddings of S(A) and S(B) into some real normed space V'}.

Proof. Denote the right hand side of the above equation by distil(A, B). For any
admissible Lip-norm L on A® B let V = (A @ B)" equipped with the norm L’
(see the discussion preceding Notation 2.2). Pick an element p in S(A @ B), and
let ¢ : S(A® B) — V be the translation  — x — p. Then ¢ is an affine isomet-
ric embedding from (S(A @ B),pr) to V according to (3). Hence dist, (A, B) <
distf; ((S(A)), (S(B))) = distff" (S(A), S(B)). Thus dist,, (A, B) < distq(A, B).
Now let V,h4 and hp be as in Proposition 3.2. Let X be the convex hull of
ha(S(A))Uhp(S(B)). Clearly X equipped with the distance induced from the norm
in V' is compact, and hence is the state-space of some compact quantum metric space
(C, L) by Proposition 3.1. Therefore distq(A, B) < disty (ha(S(A)), hz(S(B)))
by [38, Proposition 5.7, Corollary 6.4]. Consequently distq(A, B) < dist;, (4, B). O

4. DEFINITION OF THE ORDER-UNIT QUANTUM GROMOV-HAUSDORFF
DISTANCE

In this section we define the order-unit Gromov-Hausdorff distance and prove
Theorem 1.1.

Rieffel’s definition of quantum Gromov-Hausdorff distance is a modified ordinary
Gromov-Hausdorff distance for the state-spaces. In the view of Noncommutative
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Geometry, whose principle is the duality between ordinary spaces and appropriate
vector spaces of functions over the spaces, it may be more natural to do everything
on the vector spaces of functions directly, avoiding referring back to the state-spaces.
So it may be more natural to measure the ordinary Gromov-Hausdorff distance for
the vector spaces of functions directly. But the order-unit spaces of functions are
not compact, so we can not apply the ordinary Gromov-Hausdorff distance to them.
One way to get around this difficulty is to consider some core of the vector spaces of
functions which captures all the information of the order-unit spaces. One natural
choice is the unit ball. But, unless the order-unit space is finite dimensional, the
unit ball is not compact either. It also does not remember the Lip-norm. Now
comes the candidate, D(A) (see Notation 2.2) for closed (A, L4). When ra > 0,
D(A) is absorbing, i.e. for every a € A there is some € > 0 such that Aa € D(A)
for all 0 < A < e. Thus D(A) equipped with the metric induced by the norm of A
encodes the normed space structure of A. It also captures the Lip-norm:

Lemma 4.1. Let (A, L) be a closed compact quantum metric space. Then for any
R > r4 we have

4) {a € A:L(a) <1} =Rey + Dr(A).

Conversely, let (B, ep) be an order-unit space, and let X be a balanced (i.e. Az € X
for all z € X and A € R with [A\] < 1), absorbing (i.e. {Az: A€ R,z € X} = B),
compact convex subset of B (under the order-unit norm topology). Let R be the
radius of X. If X = {b € (X + Rep) : ||b]| < R}, then there is a unique closed
Lip-norm L on B such that X = Dg(B). In this case L is also characterized as the
unique seminorm on B satisfying X + Reg = {b€ B: L(b) < 1}.

Proof. (4) follows directly from Proposition 2.3. Now let X be as in Lemma 4.1.
Then clearly X + Rep is also a balanced absorbing convex set. Since X is compact,
X + Rep is closed. Let L be the Minkowski functional [2, Theorem 37.4] corre-
sponding to X + Rep, i.e. the unique seminorm on B satisfying that X + Reg =
{b € B: L) < 1}. Clearly L(eg)=0. Suppose that L(b) = 0. Then for any
n € N we have nb € X + Reg. Thus there exist z,, € X and A, € R such that
nb = x, + Anep. Since ||z,| < R, we have [|b]|~ = [Ltz,|~ <iRin B = B/Reg.
Thus [|b]|~ = 0, and hence b € Reg. Therefore L is a Lipschitz seminorm on B.
Clearly the condition (1’) in Proposition 2.3 is satisfied with K = R. The assump-
tion X = {b € (X +Rep) : ||b]| < R} means that X = Dg(B). Note that R > 0
since X is absorbing. Thus the condition (2’) in Proposition 2.3 is also satisfied with
r = R. By Proposition 2.3 L is a Lip-norm on B, and rg < R. Since X + Rep is
closed, L is closed. The uniqueness of such a closed Lip-norm follows from (4). O

Most importantly, D(A) is compact with the distance induced from the norm on
A by Proposition 2.3. So we can use it to redefine the quantum Gromov-Hausdorff
distance. There is one subtle point: we do not know whether D(A) remembers the
order-unit e4 or not (see Remark 4.13). We shall come back to this point later.

Now the question is what kind of modified Gromov-Hausdorff distance we should
put on D(A). Certainly this modified Gromov-Hausdorff distance should reflect the
convex structure on D(A). If we look at the definition of distgy in Section 2, one
immediate choice for the modified distance is inf{distj;(ha(D(A)), hp(D(B)))},
where the infimum runs over affine isometric embeddings h4 and hp of D(A) and
D(B) into some real normed space V. On the other hand, notice that D(A) is the
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state-space of some compact quantum metric space (A, L)’ according to Proposi-
tion 3.1. So we may try to use Rieffel’s quantum distance for (A, L) and (B, Lg)’.
Proposition 3.2 tells us that these two possible definitions agree. Notice that when
ra4 > 0 we can extend h, uniquely to an affine isometric embedding of A into V.
When r4 = 0, the space A is one-dimensional, so we can also extend h4 to A (by
enlarging V if V' = {0}). Therefore the infimum actually runs over affine isometric
embeddings hy and hp of A and B into real normed spaces V. These embed-
dings may not be linear since h4(04) and hp(0p) need not be 0y. But we can
always assume that h 4 is linear by composing both h4 and hp with the translation
x— 2 —ha(04) in V. To makes things easier, we choose to require both h4 and
hp to be linear. Since we do not know whether D(A) remembers the order-unit e 4
or not (see Remark 4.13), we need to consider also ||ha(raea) — hp(rgep)||. Now
we get to:

Definition 4.2. Let (A, L4) and (B, Lp) be compact quantum metric spaces. We
define the order-unit quantum Gromov-Hausdorff distance between them, denoted
by distoq(A, B), by

distoq(4, B) := inf{max(disty; (ha(D(A)), hp(D(B))), ||ha(raea) — hp(rzes)|)},

and, for R > 0, the R-order-unit quantum Gromov-Hausdorff distance between
them, denoted by distfq(A, B), by

dist%, (4, B) := inf{max(disty; (ha(Dr(A)), hp(Dr(B))), |ha(Rea) — hz(Rep)|)},

where the infima are taken over all triples (V, ha, hp) consisting of a real normed
space V and linear isometric embeddings hy : A —V and hg : B — V.

Remark 4.3. (1) To simply the notation, usually we shall identify A and B with
their images h4(A) and hp(B) respectively, and just say that V' is a normed space
containing both A and B;

(2) See the discussion preceding Theorem 7.1 for the motivation of introducing
distfq;

(3) We choose to use the terms ||ha(raea)—hp(rgeg)| and ||ha(Res)—hp(Reg)||
to take care of the order-units. As another choice, one may also omit these terms
and require hy(ea) = hp(ep) in Definition 4.2. Denote the resulting distances by
dist;,, and distf; . Tt is easy to see that distoq < dist], and distfq < distf(;k . One
may also check that the proofs of Propositions 4.8, 4.10, and Theorem 1.1 hold with
distoq and distff]l replaced by dist;, and distf; ;

(4) For any ordinary compact metric space (X, p), let Ax be the space of Lip-
schitz R-valued functions on X and let L, be the Lipschitz seminorm defined by
(1). Then (Ax, L)) is a closed compact quantum metric space, called the associated
compact quantum metric space of (X, p). For any compact metric spaces (X, px)
and (Y, py), by [38, Proposition 4.7] and Theorem 1.1 we have distoq(Ax,Ay) <
3distq(Ax, Ay) < 3disteu(X,Y). Using [38, Theorem 13.16] and Theorems 2.1,
2.4, and 1.1, one can see that the distance (X,Y’) — distoq(Ax, Ay) determines
the same topology on CM as does distgy.

As in the discussion for Gromov-Hausdorff distance in Section 2, it suffices to
have V to be A @ B (equipped with certain norms) in Definition 4.2. To this end,
for any normed spaces V and W we call a norm || - ||ygw on V & W admissible if
it extends the norms on V and W.
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Proposition 4.4. Let (A, L4) and (B, Lp) be compact quantum metric spaces.
Then

distoq(A4, B) = inf{max(distﬁ@B(D(A),D(B)), lraea —reesllasn)},
and, for any R > 0,

distt (A, B) = inf{max(dist;®” (Dr(A), Dr(B)), | Rea — Reg|laos)},
where the infima are taken over all admissible norms || - ||agp on A ® B.

Proof. We prove the case of distoq(A4, B). That of distfq is similar. The proof here
could be thought of as a dual of Example 5.6 and Proposition 5.7 in [38]. Let
(V,ha,hp) be as in Definition 4.2. Let 1 > ¢ > 0 be given. We will construct
an admissible norm on V @ V such that the two copies of V' are e-close to each
other, i.e. [|(v, —v)[lvev < e|lv]|. Clearly |[(u,v)|lvey := max([|lu+ vl el|ul|, €[|v]|)
satisfies the requirement. Now we identify A @ B with the subspace ha(A) & hp(B)
of V@ V. Then the induced norm on A @ B is admissible. And

dist;;®?(D(A),D(B)) < disty; (ha(D(A)), hp(D(B))) +
dist;®Y ((hp(D(B)),0), (0, hp(D(B)))
< distf; (ha(D(A)), h5(D(B))) + erp.
Similarly, ||[raea — rpegllass < ||ha(raea) — hp(rpep)||v + erp. This gives the

desired result. O

We start to prove Theorem 1.1. We prove the triangle inequality first. For this
we need the amalgamation of normed spaces:

Lemma 4.5. Let ¢; : A — B; be linear isometric embeddings of normed spaces
(over R or C) for j € J, where J is an index set. Then there is a normed space C
and linear isometric embeddings 1; : B; — C' such that 1¢; o ¢; = 1)}, 0 ¢, for all
j, kel

Proof. Let || - |1 be the Li-norm on @®j;esBj, d.e. |[(uj)|lr =3 ;¢ llujll. Let

W = {(u;) : u; € p;(A) for all j € J, and Z(goj)_l(uj) =0},
jeJ
which is a linear subspace of @,c;B;. Let q : ®;esB; — (®esB;)/W be the
quotient map, and let ¢, : B; — (®;esB;)/W be the composition of B; — @;csB;
and g. Then clearly 1; o ¢; = 1y o ¢, for all 5,k € J, and ¢; is contractive. For
any u € By and (¢;(v;)) € W we have

lu+ (05l = llut+ee)l+ > ol
J€Jj#k
= Ju—er( D v+ D ol > llul-
JET, j#k JET, j#k
Therefore 1, is isometric. (Il

Using Lemma 4.5 one gets immediately the triangle inequality:

Lemma 4.6. For any compact quantum metric spaces (A4,L4), (B,Lp), and
(C, L¢) we have

distoq(A, C) < distoq(4, B) + disteq(B, C).
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For R > 0 we also have

distr (A, C) < dists (A, B) + dist[} (B, C).

Next we compare distoq (and distfq) with distq. For this purpose we express first
disty in a form similar to that of dist,q. For any compact quantum metric space
(A, L4) denote by £(A) the unit ball of A under L 4.

Proposition 4.7. For any compact quantum metric spaces (A, L) and (B, Lp)
we have

disty (A, B) = inf{dist}; (£(A),E(B))},

where the infimum is taken over all order-unit spaces V' containing both A and B
as order-unit subspaces. This identity also holds if the infimum is taken over all
normed spaces V' containing both A and B such that e4 = ep.

Proof. Denote the right hand side of the above identity by dist:l(A, B). Also denote
by dist,, (A, B) the corresponding term for the infimum being taken over all normed
spaces V' containing both A and B such that e4 = eg. Clearly distil(A,B) >
dist,; (4, B).

Let L be an admissible Lip-norm on A & B, and set d = dist{{" (S(4), S(B)).
Denote by Z the subset of S(A) x S(B) consisting of pairs (p, q) with pr(p,q) < d.
Since S(A) and S(B) are compact, the projections Z — S(A) and Z — S(B) are
surjective. Think of A and B as subspaces of C(S(A)) and C(S(B)) respectively.
Then the induced R-linear maps A — C(Z) and B — C(Z) are unital isometric
embeddings. Notice that for any a € A and b € B we have

|a — b|| = sup{|p(a) — q(b)| : (p,q) € Z} < L(a,b)d.

Let a € £(A). For any € > 0 pick b € B with L(a,b) < 1 +¢. Then |a — b|| <
L(a,b)d < (1+¢)d, and hence

1ol < 16 = all + flall < (1 +€)d + o]

Also Lp(b) < L(a,b) <1+¢e. Let o =b/(1+¢). Then ¥/ € £(B), and
€
1+¢

Similarly, for any b € £(B) and ¢ > 0 we can find ¢’ € £(A) such that ||b —
o < (1+2¢)d+ 75 |bl|. Letting ¢ — 0 we get dist; (A, B) < d. Consequently,
dist, (A, B) < distq(A, B).

Let V be a normed space V' containing both A and B such that e4 = ep, and
set d = disty; (E(A),E(B)). Let € > 0 be given. Define a seminorm L on A ® B via
L(a,b) = max(La(a), Lp(b),|la—>bl/(d+¢)). It follows easily from Proposition 2.3
that L is an admissible Lip-norm on A® B. For any p € S(A), by the Hahn-Banach
theorem extend p to a linear functional ¢ on V with ||¢|| = 1 and set ¢ to be the
restriction of ¢ on B. Since e4 = ep we have ¢(ep) = 1 and hence ¢ € S(B).
For any (a,b) € £(A @ B) we have |p(a) — q(b)] = |¢(a —b)|] < |la=b| < d+e.
Therefore pr(p,q) < d+e. Similarly, for any ¢’ € S(B) we can find p’ € S(A) with
pr(p',q¢") < d+e. Thus disty(A, B) < distff" (S(A),S(B)) < d+ ¢. Letting e — 0
we get distq(A4, B) < d. Consequently, distq(A, B) < dist, (A, B). This finishes the
proof of Proposition 4.7. (]

la =¥l < lla—bl +[Ib=¥ < (1 +e)d+ %ﬂllb\\ <(1+28)d + lall.
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R
oq’
in an

We remark that though dist, has a form similar to those of dist,q and dist

R

to prove the criteria Theorems 1.2 and 7.1 we have to use distoq and dist,,

essential way.

Proposition 4.8. For any compact quantum metric spaces (A, L4) and (B, Lg)
we have

(5) |ra —rp| <disteu(D(A),D(B)) < disteq(A,B) <ra+rg,
(6) |distoq(A, B) — distgg (A,B)| < |ra—rgl,

(7) distoq(A, B) < 3distq(A, B).

For R > 0 we also have

(8) dist} (4, B) < 2distq(A, B).

Proof. For any compact metric spaces X and Y, one has |rx —ry| < distgu(X,Y)
[8, Exercise 7.3.14]. Thus (5) is trivial once we notice that D(A) has radius r4. To
show (6) it suffices to show that dist{j(D(A), D, (A)) < |ra —rp|. In fact we have:

Lemma 4.9. For any compact quantum metric space (A, L4) and any R >r >0
we have

distd(Dg(A), Dr(A) < R —r.

Proof. Notice that D,.(A) is a subset of Dr(A). For each a € Dr(A) let o’ = fa.

Then o’ € D,(A) and

R—r
R

Hence disti;(Dr(A), D,(4)) < R —7r. O

Back to the proof of Proposition 4.8. The inequality (7) follows from (6), (8),
and the fact that |ra —rg| < disteu(S(4), S(B)) < distq(A, B). So we are left to
prove (8). Let V' be a normed space containing both A and B such that e4 = ep,
and set d = disty; (E(A),E(B)). For any a € Dr(A) and & > 0 pick b € £(B) such
that |ja — b|| < d+¢e. Then ||b]| < ||b—a| + ||la]] < d+ e+ R. By Lemma 4.9 we
can find b’ € Dr(B) with ||b — V|| < d+¢e. Then |la —b'|| < 2(d + ). Similarly, for
any b € Dg(B) we can find o’ € Dr(A) with |ja’ — b|| < 2(d + ¢€). It follows that
distfq(A, B) < 2d. Then (8) follows from Proposition 4.7. O

la—da| = “—Lja] < R—~.

Proposition 4.10. Let (A,L4) and (B, Lg) be compact quantum metric spaces
with R > r4,rg. Then we have

) disty (A, B) < gdistfq(A, B),
(10) disty(A, B) < 5distoq(A, B).

Proof. Note that (10) follows immediately from (9), (6), and (5). We prove (9).
We may assume that both (A,L4) and (B, Lp) are closed. The case R = 0 is
trivial, so we assume that R > 0. Let V be a normed space containing A and B,
and let d = max(disty; (Dgr(A), Dr(B)), |Rea — Reg||). If d = 0 then it is easy to
see from Lemma 4.1 that (A, L) and (B, Lp) are isometric. So we assume that
d > 0. Rieffel used bridges in [38] to get upper bounds for disty(A, B). Recall that
a bridge between (A, L4) and (B, Lp) [38, Definition 5.1] is a seminorm, N, on
A @ B such that N is continuous for the order-unit norm on A @ B, N(ea,ep) =0
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but N(es,0) # 0, and for any a € A and § > 0 there is a b € B such that
max(Lg(b), N(a,b)) < La(a) + J, and similarly for A and B interchanged. The
importance of bridges is that the seminorm L on A @ B defined by L(a,b) =
max(L(a), Lp(b), N(a,b)) is an admissible Lip-norm [38, Theorem 5.2]. In our
situation one natural choice of N is (the seminorm induced from the quotient map
A®B — (A®B)/R(ea, ep) and) the quotient norm on (A® B)/R(ey, ep) induced
by the norm ||(a,bd)||. = max(|lal|, ||b||, ||a — b||). Let a € A with La(a) =1. We
can write a as a’ + Aes with ' € Dr(A) and A € R by Lemma 4.1. Since Dg(B)
is compact we can find ¥’ € Dg(B) with ||a’ — b'|| < d. If we let b =10 + Aep, then
we have N(a,b) = N(a',V'), and we just need N(a’,b’) < 1. So we need to replace
the norm || - ||« by |[(a,d)|l1 = max(||a||/R, ||b||/R, ||a — b||/d). Then define N as
N(a,b) = inf{||(a,b) + Mea,ep)|l1 : A € R}. The above discussion shows that N is
a bridge. Then we have the admissible Lip-norm L associated to .

Now let p € S(A). We need to find ¢ € S(B) such that pr(p,q) < 3d. Let
(a,b) € A @ B with L(a,b) < 1. Adding a scalar multiple of (e4,ep), we may
assume that L4(a), Lp(b), ||(a,b)]l1 < 1. Then |la—0d| < d, |a|| < R, and ||b]| < R.
Hence a € Dr(A) and b € Dr(B). So we are looking for ¢ € S(B) such that
Ip(a) — q(b)| < 3d for all a € Dr(A),b € Dr(B) with [|a — b|| < d. Denote the
set of such pairs (a,b) by X. By the Hahn-Banach theorem we can extend p € A’
toa P € V' with ||P|lv: = |lpllar = 1. Let ¢ = P|g. Then |p(a) — g(b)| =
|P(a —b)| < |la—0b|| < d for all (a,b) € X, and ||g||pr < ||P|lv: = 1. Also
|1 —g(eg)| =|Plea —ep)| < |lea —eg]|| < d/R. Now we need:

Lemma 4.11. Let g € B’ and § > 0 with 1 > ||g|| > g(eg) > 1 —¢ > 0. Then
there is a ¢ € S(B) such that |lg — g[| < 36.

Proof. We use the idea in Lemma 2.1 of [36]. Think of B as a subspace of Cr(S(B)),
the space of R-valued continuous functions on S(B). Then by the Hahn-Banach
theorem g extends to a continuous linear functional on Cr(S(B)) with the same
norm. Using the Jordan decomposition we can write g as u—v with ||g|| = |||+~
where p and v are disjoint non-negative measures on S(B). Then 1 > ||ull + ||v||
and ||p]| — |lv|]| = ples) —v(ep) = gleg) > 1 — 6. Consequently ||u] >1—6 >0
and |[v]] < 8/2. Note that | = a(en) = |ullp. Let g = u/|jul. Then q € S(B)
and |lg — gl < [lv]| + ln = all < 6/2+ [la(1 = Il < 30. =

Back to the proof of Proposition 4.10. Pick ¢ for g and § = d/R as in Lemma 4.11.
Then [p(a) — q(b)| < [p(a) — g(b)] + la(b) — g(b)| < d + 5(d/R)R = 3d for all
(a,b) € X. Consequently distq(4, B) < dist{* (S(A4),S(B)) < 3d. Letting V run
over all normed spaces containing A and B, we get (9). a

Now Theorem 1.1 follows from Lemma 4.6 and Propositions 4.8 and 4.10. We
do not know whether the constants in Theorem 1.1 are the best ones or not.

Remark 4.12. Notice that the terms ||ha(raea) — hp(rpep)|| and ||ha(Rea) —
hp(Rep)| in Definition 4.2 are used only in the proof of Proposition 4.10 (and hence
Theorem 1.1). Denote by dist,,, (A, B) the distance omitting the term ||h(raea)—
hp(rgep)|. If one can show that any compact quantum metric spaces (A, L4) and
(B, L) with dist;q(A,B) = 0 are isometric, i.e. distgq is a metric on CQM, then
it is not hard to use (5), (7), Lemma 5.4, and Theorems 2.1 and 2.4 to show that
dist, and dist,,, define the same topology on CQM. When (A4, L4) and (B, Lp) are
closed, it is easy to see that dist;q(A, B) = 0 if and only if there is an affine isometry
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from D(A) onto D(B) (which has to map 04 to 0p). Clearly such isometry extends
to a linear isometry from A onto B. Thus the question is:

Question 4.13. Let (A,L,4) and (B, Lp) be compact quantum metric spaces. If
there is a linear isometry (for the norms) ¢ from A onto B mapping D(A) onto
D(B), then are (A, L4) and (B, Lp) isometric as quantum metric spaces?

Notice that if p(es) = ep then ¢ is an isometry as quantum metric spaces. A
related question is:

Question 4.14. Let (A, e4) and (B, ep) be order-unit spaces. If they are isometric
as normed spaces, then must they be isomorphic as order-unit spaces?

5. QUANTUM COMPACTNESS THEOREM

In this section we prove Theorem 5.5, which describes Rieffel’s quantum com-
pactness theorem in terms of the balls D(A).

The main fact we need is Corollary 5.3, which can be proved directly. Since
Proposition 5.2 will be useful at other places, we include Proposition 5.2 here, and
deduce Corollary 5.3 from it. We shall need the following well-known fact several
times. We omit the proof.

Lemma 5.1. Let (X, p) be a metric space and Y a subset of X. Then for any
€ > 0 we have Cov,(Y,2¢) < Cov,(X,¢), where Cov,(X, ¢) is the smallest number
of open balls of radius € whose union covers X.

Proposition 5.2 is the dual version of the fact that if a subset S C CM satisfies
the two conditions in Theorem 2.1, then there is a compact metric space (Z, p) such
that each X € S can be isometrically embedded into Z [17, page 65]. The proof
here is a modification of that for this fact given in [17].

Proposition 5.2. Let R > 0. For any compact metric space (X, p) let C(X)g :=
{f € C(X) : L,(X) < 1,||f|| £ R}, equipped with the metric induced from the
supremum norm in the algebra C'(X) of C-valued continuous functions on X, where
L, is the Lipschitz seminorm as defined by (1). If a subset S C CM satisfies the
condition (2) in Theorem 2.1, then there exist a complex Banach space V' and a
compact convex subset Z C V such that for every (X,p) € S there is a linear
isometric embedding hy : C(X) — V with hx(C(X)g) C Z.

Proof. For any (X, p) € S if we pick a dense sequence in X, then the linear map
C(X) — £ given by the evaluations at these points is an isometric embedding.
What we shall do is to choose this dense sequence carefully such that the image of
C(X)g is contained in some compact Z C £°° which does not depend on (X, p).
Let ¢; = 277 for all j € N. Also let K; = sup{Cov(X,¢1) : (X,p) € S} and
K; = sup{Cov(X, %) : (X,p) € S} for all j > 1. Denote by D; the set of all finite
sequences of the form (nq,n2,---,n;),1 <ny < Kp,1 <ng < Ky,---,1<n; <Kj,
and denote by p; : D;jy1 — D; the natural projection.
We claim that for each (X,p) € S there are maps Ig( : Dj — X with the
following properties:
(a) the image of I forms an e;-net in X, i.e. the open ¢;-balls centered at the
points of this image cover X; .
(b) for each w € Dj,1,j = 1,2,---, the point T4 (w) is contained in the open
gj-ball centered at I (p;(w)).
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These maps are constructed as follows. Notice that K7 > Cov(X,e1). So we
can cover X by K; open balls of radius €1, and we take any bijective map from
D; onto the set of centers of these balls. This is our map I%. For any e;-ball
B, by Lemma 5.1, we have Ky > Cov(X, %) > Cov(B,e2). So we can cover each
open e1-ball by K5 balls of radius €5 and map D> onto the set of centers of these
go-balls so that (n1,n9) goes to the center of a ball which we used to cover the
e1-ball with center at I%((n1)). This is our I%. Then we cover each eo-ball by K3
open balls of radius €3 and map D3 onto the set of centers of these e3-balls so that
(n1,n2,n3) € D3 goes to the center of a ball which was used in covering the e5-ball
with center at I%((n1,n2)), and so on.

Denote by D the union U2, D;, and let V' be the space of all bounded C-
valued functions on D. Then V is a Banach space under the supremum norm || - ||.
Denote by Z C V the set which consists of all functions f satisfying the following
inequalities:

if we Dy C D, then |f(w)] <R,

ifwe Djand j > 1, then |f(w) — f(pi—1(w))] < ej-1.

Clearly Z is a closed convex subset of V. We show that Z is totally bounded.
For any e > 0, pick k such that e <e. Let Py be the map restricting functions on
D to U?Zle. From the inequalities above we see that |f(w)] < R+ Z;;ll g; for
each f € Z and w € D;. So P(Z) is contained in Fy, := {g € C’(U?:le) gl <
R+ 25;11 €;}. Hence Py(Z) is totally bounded. Pick fi,---, fn, in Z such that the
open e-balls around Py(f1), -, Px(fm) cover Py(Z). Then for any f € Z, there is
some 1 <1 <m so that ||Py(f) — Pu(f1)|| < e. This means that |f(w) — fi(w)| < ¢
for all w € UleDj. In particular, |f(w) — fi(w)|] < € for all w € Dy. From the
second inequality above we see that [f(w) — fi(w)| < e+ 3772, 6 = € + 25, < 3¢
for allw e D\ U3, ., D;. So ||f — fill < 3e. Therefore fi,---, fin is a 3e-net of Z,
and hence Z is totally bounded. So Z is compact. ‘

Denote by Ix : D — X the map corresponding to all I%,j =1,2,---. Then we
can define hy : C(X) — V as the pull back of Ix:

(hx (W) = fx(w)), [feC(X), weD.
Clearly hx is linear. The property (a) implies that Ix (D) is dense in X. Thus the
map hx is isometric. For each f € C(X)g and w € Dy , we have |(hx(f))(w)| <
lhx ()l = Ifll < R. If we Dj, and j > 1, then by property (b), we have
[(hx () (w) = (hx (/) (pj-1(w))] [fIx(w)) = fIx(pj-1(w)))|
Lo(f)p(Ix (W), Ix (pj-1(w))) < €1
So hx(f) € Z. Therefore hx (C(X)g) is contained in Z. O

IN

Corollary 5.3. Let the notation and hypothesis be as in Proposition 5.2. Then
the set {C(X)r : (X, p) € S} satisfies the condition (2) in Theorem 2.1.

Proof. This is a direct consequence of Proposition 5.2 and Lemma 5.1. [l

Lemma 5.4. Let S be a subset of CQM. Pick a closed representative for each
element in S. Then the set {S(A) : (A,L) € S} satisfies the conditions (1) and
(2) in Theorem 2.1 if and only if the set {D(A4) : (A,L) € S} does. If R >
sup{ra : (4,L) € S}, then the set {S(A4) : (A, L) € S} satisfies the condition (2)
in Theorem 2.1 if and only if the set {Dr(A) : (4, L) € S} does.
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Proof. We prove the first equivalence. The proof for the second one is similar.
Notice that the radius of D(A) is exactly r4. Thus {S(A) : (A,L) € S} satisfies
the condition (1) in Theorem 2.1 if and only if {D(A) : (4, L) € S} does.

Assume that the condition (1) is satisfied now. Let R > sup{ra : (4,L) € S}.
Notice that the natural inclusion D(A) — C(S(A)) is isometric, and has image in
C(S(A))r, where C(S(A))g is defined as in Proposition 5.2. Then the “only if”
part follows from Corollary 5.3 and Lemma 5.1.

Notice that the natural pairing between A and A’ gives a map ¢ : S(4) —
C(D(A)). Clearly ¢ maps S(A) into C(D(A))r. From Lemma 4.1 it is easy to
see that 1 is isometric. Then the “if” part also follows from Corollary 5.3 and
Lemma 5.1. O

Combining Lemma 5.4 and Theorem 2.4 together we get:

Theorem 5.5. A subset S C CQM is totally bounded if and only if

(1’) there is a constant D’ such that diam(D(A)) < D’ for all (A, L) € S;

(2%) for any € > 0, there exists a constant K. > 0 such that Cov(D(A),e) < K
for all (A,L) € S.

One can also give a direct proof of Theorem 5.5 (see [26, Remark 4.10]).

In Section 9 we shall use Theorem 5.5 to prove Theorem 9.2, which tells us when
a family of compact quantum metric spaces induced from ergodic actions of a fixed
compact group is totally bounded.

6. CONTINUOUS FIELDS OF COMPACT QUANTUM METRIC SPACES

In this section we define continuous fields of compact quantum metric spaces, a
framework we shall use in Section 7 to discuss the continuity of families of compact
quantum metric spaces with respect to distoq. The main results of this section are
Theorem 6.12 and Proposition 6.16. We refer the reader to [15, Sections 10.1 and
10.2] for basic definitions and facts about continuous fields of Banach spaces.

We first define continuous fields of order-unit spaces. To reflect the continuity
of the order structures, clearly we should require that the order-unit section is
continuous.

Definition 6.1. Let T be a locally compact Hausdorff space. A continuous field
of order-unit spaces over T is a continuous field ({A4;},T") of Banach spaces over T
each A; being a complete order-unit space with its order-unit norm, and the unit
section e given by e; = ey,,t € T being in the space I' of continuous sections.

Remark 6.2. Not every continuous field of Banach spaces consisting of order-
unit spaces is continuous as a field of order-unit spaces. For a trivial example, let
T =10,1], and let ({A;},T) be the trivial field over T with fibres (A, eq4,) = (R, 1).
For each f € I' define a section f* as ff = f; for 0 < ¢ <1 and f{ = —f;. Then
I'* = {f*: f € T'} defines a continuous field of Banach spaces over T' with the same
fibres, but with the section ¢ — 1 no longer being continuous.

Before we define continuous fields of compact quantum metric spaces, let us take
a look at one example:

Example 6.3 (Quotient Field of a Compact Quantum Metric Space). Let (B, Lp)
be a closed compact quantum metric space. Let T be the set of all nonempty convex
closed subsets of S(B). Notice that for any compact metric space (X, p), the space
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SUB(X) of closed nonempty subsets of X is compact equipped with the metric
dist;y [8, Proposition 7.3.7]. It is easy to see that (T, distg(B)) is a closed subspace

of (SUB(S(B)), distfl(B)), and hence is a compact metric space. Now each t € T
is a closed convex subset of S(B). Let (A¢, Lt) be the corresponding quotient of
(B, Lp) (see the discussion right after Proposition 2.3). Then A; = Afg(t). Let
7« Afr(S(B)) — Afgr(¢) be the restriction map. Since each w € Afg(S(B)) is
uniformly continuous over S(B), clearly the function t — ||7(w)|| is continuous
over T. Hence the sections m(w) = {m(w)} for all w € Afg(S(B)) generate a
continuous field of Banach spaces over T with fibres Afg(t) = A;. Notice that the
unit section is just m(ep). So this is a continuous field of order-unit spaces. We
shall call it the quotient field of (B, Lg). According to [38, Proposition 5.7] we have
that distq(A¢, A¢,) — 0 as t — o for any tg € T.

Certainly the above example deserves to be called a continuous field of compact
quantum metric spaces. In general, we start with a continuous field of order-unit
spaces ({A:},T) over some T and a Lip-norm L; on (a dense subspace of) each
A;. These L;’s should satisfy certain continuity conditions for the field to be called
a continuous field of compact quantum metric spaces. If we look back at the
definition of continuous fields of Banach spaces, we see that the main ingredient
is that there are enough continuous sections. Thus one may want to require that
there are enough sections f with the functions ¢t — L;(f;) being continuous. But
in the above example of the quotient field, clearly ¢ — L;(m(w)) is always lower
semi-continuous, and there are no obvious w’s except the scalars for which the
functions t +— L¢(m:(w)) are continuous. Thus this requirement is too strong. Now
there are two weaker ways to explain “enough continuous sections”. The first one
is that the structure (which is L;, in our case) at A;, should be determined by
the sections ”continuous at ty”. Let I‘tLO be the set of sections f in I' such that
t — L:(f:) is continuous at tyg. Then when Ly, is closed, one wants every a € Ay,
to have a lifting in FtLO . When L, is not closed (which happens in a lot of natural
examples), recalling how the closure L is defined, one wants L to be determined
by these fi, when f runs over 1"{‘0. The second way to think of “enough continuous
sections” is that there should be enough continuous sections to connect the fibres.
Then one wants that for every a € Ay, there is some f € I' such that f;, = a and
Li(ft) < Ly, (a) for all t € T. This implies that for every a € Ay, there is some f € T
with fi, = a and ¢t — Li(f;) being upper semi-continuous at tg. This is weaker
than what we get above in the first way. However, it turns out that this condition
is strong enough for us to prove some properties of continuous fields of compact
quantum metric spaces (see Theorem 6.12 and Proposition 6.16), especially the
criteria for continuity under the order-unit quantum distance (Theorems 1.2 and
7.1).

Definition 6.4. Let T be a locally compact Hausdorff space, and let (A, Ly) be
a compact quantum metric space for each t € T, with completion A;. Let ' be
the set of continuous sections of a continuous field of order-unit spaces over T' with
fibres A;. For each ty € T set

Iy ={f €T : the function ¢t — L;(f;) is upper semi-continuous at to},

where we use the convention that L; = +o00 on A; \ A;. We call ({(4, Ly)},T)
a continuous field of compact quantum metric spaces over T if for any t € T the
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restriction of L; to {f; : f € I'F} determines the closure of L, i.e. for any a € A,
and € > 0 there exists f € ['F such that ||f; — al| < ¢ and L(f;) < Li(a) + €.
Sections in I'F are called Lipschitz sections at t. If every L; is closed, we say that
({(As, Ly)},T) is closed.

Remark 6.5. At first sight, for the restriction of L; to {f; : f € ['F} to determine
the closure of L, we should require that for any a € A, and € > 0 there exists
f € TL such that || f; —al| < e and Li(f;) < L¢(a)+¢. This seems stronger than the
condition we put in Definition 6.4. In fact they are equivalent. By the definition of
L, we can find o’ € Ay with |la’—a| < e and L;(a’) < L;(a)+ 3c. Assume that the
condition in Definition 6.4 holds. Then there exists f € T'F such that || f,—d’|| < e
and Ly(f;) < Ly(a') + 3e. Consequently, | f; — al| < € and Ly(f;) < L¢(a) + .

As one would expect, the fiber-wise closure of a continuous field of compact
quantum metric spaces is still such a field:

Proposition 6.6. If ({(At, Lt)},T) is a continuous field of compact quantum metric
spaces over a locally compact Hausdorff space T, then so is ({(Af, L{)}, ). If
({(A¢, Ly)},T) is closed, then A, = {f; : f € T} for every t € T.

Proof. Let to € T, and let a € Aj . We need to find g € T such that g;, = a
and L§ (a) > limsup, ., L¢(g¢). Take a section f € I' with f;; = a. For each
n € N by Remark 6.5 we can find an f, € 'Y such that |[(fn), —all < L and
Lio((fn)te) < L (a) + L. There is an open neighborhood U, of ty with compact
closure such that [|(fn): — fill < % and Li((fy)e) < L§ (a) + = for all ¢t € U,.
By shrinking these neighborhoods we may assume that U, 11 C U, for all n. By
Urysohn’s lemma [21, page 115] we can find a continuous function w, on T with
0 <wy <1, wylpvy, =0, and wyy,,, = 1. Define a section g by g; = (f1); for
teT\U, gt = wn(t)(frnt1)t + (1 — wn(t))(frn)e for t € Uy, \ Up+1, and g; = f; for
t € Ny Uy,. Clearly g €T, g4, = a, and L (a) > limsup,_, Lf(g:)- O

Example 6.7 (Pull back). Let ({(A:, L)}, T') be a continuous field of compact
quantum metric spaces over a locally compact Hausdorff space T'. Let T’ be another
locally compact Hausdorff space, and let ® : T — T be a continuous map. Set
(Ap, Lyr) = (Ag(ty, Lary) for each t' € T'. For each f € T', define a section ®*(f)
over T" by (®*(f))¢ = fo). Then the set &*(T") of all these sections generates a
continuous field of Banach spaces over T with fibres Ay = Ag sy This is called the

pull back of the continuous field ({A;},T). Let ®*(T) be the set of all continuous
sections of this field. Notice that the pull back of the unit section is exactly the unit
section on T’. So the pull back is a continuous field of order-unit spaces. Clearly
for each t{ € T and f € Fé%) the function ¢’ — Ly ((®*(f))r) = Law)(fow) is

upper semi-continuous at ¢,. Hence @*(Fé(té

that ({(Ay, Ly )}, ®*(T)) is a continuous field of compact quantum metric spaces
over T'. We shall call it the pull back of ({(A¢, Ly)},T).

L
) € (I)*(F)t(’)' Then it is easy to see

Example 6.8 (Quotient Field continued). Let the notation be as in Example 6.3.
For each ¢ty € T and a € A;,, the proof of [38, Proposition 3.3] shows that we can
find b € B with m,(b) = a and Lp(b) = L¢,(a). Then obviously 7(b) is in I'f.
Therefore ({(As, L)}, T) is a closed continuous field of compact quantum metric
spaces.
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In fact, we can say more about the Lip-norms in the quotient field:

Proposition 6.9. Let (B,Lg) be a closed compact quantum metric space. Let
({(A4, Ly)},T) be the corresponding quotient field of compact quantum metric
spaces. Then for any to € T" and a € Ay, we have that

Liy(a) = inf{limsup Li(f;): f e, fi, = a}
t—to

= inf{litrn 1nf Lt(ft) : f e F’ ft[) = a}_
—tlo

Proof. By Proposition 6.6 we have L (a) > inf{limsup, , L:(f¢) : f €T, fy, =
a}. So we just need to show that for any a € Ay, and f € T' with f;; = a we
have Ly, (a) < liminfs ¢y Li(f:). If Lt (a) = 0, this is trivial. So we assume that
Ly, (a) > 0. We prove the case L¢,(a) < +00. The proof for the case Ly, (a) = +00
is similar.

Let p = pr,,. By [38, Proposition 3.3] we can find b € B with my,(b) = a. For any
e > 0, since Ly, coincides with the Lip-norm induced by plt,, we can pick distinct

points p1,p2 in ty with % > Ly, (a) —e. For any 6 > 0 and ¢ € T with
S(B)

disty (¢, to) < 0, we can find g1,¢2 € t with p(pj,q;) < 6. Since b is uniformly
continuous on S(B), when § is small enough, we have

(T ®)ilay) = (rG)ula)l _ Jalpy) = alp)l - _ - [blay) = blaz)] _ [bp1) = bp2)
plar, q) p(p1;p2) (a1, 42) p(p1,p2)
< &
Then [FEa)=rONie2)l > 1, (a) — 2e. Now f,m(b) € T and fi, = (w(b))s, = a.

This implies that ||f; — (7(b))s]| — 0 as t — to. For § < %p(p1,p2), we have

plq1,q2) > w. Hence when t is close enough to t; we have that
‘|ft(Q1) — fila2)| (7 (0))e(qr) — (W(b))t(qQ)|| <.
a1, q2) (41, 42)

Therefore

Lo(f) > |fe(q1) — fe(g2)| _ [(m(0))e(gq1) — (w(b))i(g2)|
pqi, Q2) P(Q1»Q2)
Thus Lto ((L) S lim inftﬂto Lt (ft) O

Y

—e> Ly (a) — 3e.

Example 6.10. Let (B,Lpg) be a closed compact quantum metric space, and
let ({(A+, Lt)},T) be the corresponding quotient field of compact quantum metric
spaces. Let {t,}nen be a sequence of closed convex subsets of S(B) converging to
some closed convex subset ¢y under distﬁ(B). Set T" = {1 : n € N}U{0} and define
®: T — Tby®(-) =t, and &(0) = tyg. Then ® is continuous. By Example 6.7 we

1
n

have the pull back continuous field ({(A¢, L)}, @*(T)) of compact quantum metric
spaces over T". We will call it the continuous field corresponding to t,, — to. Clearly
the fibres are A1 = A;, and Ay = A;,. The field of Banach spaces ({Ay }, ®*(T))

is generated by the restrictions of functions in Afr(S(B)).

In the same way as for Proposition 6.9, one can show:

Proposition 6.11. Let (B, Lg) be a closed compact quantum metric space. Let
({(A¢, Ly)}, T) be the corresponding quotient field of compact quantum metric
spaces. Let {t,}nen be a sequence of closed convex subsets of S(B) converging to
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some closed convex subset ¢y, under dlStH( ). and let ({(Ay, Ly )}, @*(T')) be the
pull back field as in Example 6.10. Then for any a € A, we have that
Liy(a) = inf{limsup Ltn(f%) : fed(D), fo=a}

n— oo

= 1nf{hm1nth (f ) fe®(T), fo=a}.

Theorem 6.12. Let ({(A¢, L:)},T') be a continuous field of compact quantum
metric spaces over a locally compact Hausdorff space T. Then the radius function
t — 14, is lower semi-continuous over 7.

Lemma 6.13. Let ({A4;},T) be a continuous field of real Banach spaces over a
locally compact Hausdorff space T', and let f be a nowhere-vanishing section in
. Let || - || be the quotient norm in A;/Rf;. Then for any g € T' the function
t — ||g¢]l7” is continuous over T

Proof. Replacing f by t — ﬁ, we may assume that ||f;]| = 1 for all t € T. For
every t € T pick ¢; € R with ||g: — ¢t f¢]] = ||g¢]|7”- Let to € T and € > 0 be given.
Since g — ¢, f € T', the function t — ||g; — ¢4, f¢|| is continuous over T. So there is
a neighborhood U of to such that for any ¢t € U, we have |\g; — ¢y, fe|| < |Gt |17 + ¢,
and hence ||g¢||7" < [|gs, 5, + €. This shows that the function ¢ — ||g||;" is upper
semi-continuous over 7.

We proceed to show that the function ¢t — ||g:||z" is lower semi-continuous over
T. We may assume that the neighborhood U in the above is compact. Let M :=
sup{||lg¢|| : t € U} < co. Then for every ¢t € U we have that

leel = lleefell < Nlgell +Mlge = cefiell < M+ [1gell7 < M+ [1ge, [I7, + &

Let I = [—(M+|gs, |7 +€), M+]|gs, |7, +¢]. Clearly the function (¢, t) — [|g:—cf]|
is continuous over I X U. Since I is compact, we can find a neighborhood Uy C U
of to so that |||g: — cfell — lgt, — cfioll] < € for all (¢, t) € I x Uy. Then for any
t € U, we have that

Gtollee < llgto — cefioll < llge — cefill +& = l|gelly + €
So the function t — |[|g:]|;” is lower semi-continuous, and hence continuous, over
T. ]

Taking f in Lemma 6.13 to be the unit section, we get immediately:

Lemma 6.14. Let ({A:},T') be a continuous field of order-unit spaces over a locally
compact Hausdorff space T. Let || J|tN be the quotient norm in A; = A;/Rey,. Then
for any f € T, the function ¢ — || fi||;” is continuous over T'.

We are ready to prove Theorem 6.12.

Proof of Theorem 6.12. By Proposition 6.6 we may assume that ({(As, L)}, T) is
closed. Let to € T and € > 0 be given. If A;, = ReAt07 then ra,, =0 and the radius
function is obviously lower semi-continuous at ty. So we may assume that A;, #
Re,,. Then ra, = sup{|laly : @ € Ay, with Ly, (@) = 1} by Proposition 2.3. Pick
a € Ay, with Ly, (a) = Ly, (@) = 1 and lallz, > ra,, —e. By Proposition 6.6 we can
find f € I‘L with fi, = a. Then the function ¢t — L;(f:) is upper semi-continuous
at tp. By Lemma 6.14 the function ¢ +— ||ft||t is continuous over T. So there is
some neighborhood U of to in T such that || f||7*/Le(f:) > ||ft0||t0 €>ra, —2€
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for all t € Y. Then ra, >ra, —2¢ for allt € U by Proposition 2.3. So the radius
function is lower semi-continuous at tg. [l

Next we show that there are enough Lipschitz sections to connect the fibres. The
next lemma is probably known, but we can not find a reference, so we include a
proof.

Lemma 6.15. Let T be a locally compact Hausdorff space, and let w be a nonneg-
ative function on T'. If w is lower semi-continuous at some point tq € T', then there
is a continuous nonnegative function w’ over T' with w'(tg) = w(ty) and w’ < w on
T.

Proof. If w(ty) = 0, we may take w’ = 0. So assume w(ty) > 0. Replacing w by
w(foy> We may assume w(ty) = 1.

Since w is lower semi-continuous at tg, for each n € N we can find an open
neighborhood U,, of ty such that w > 1 — 27" on U,,. By shrinking U,, we may
assume that the closure of U, is compact and contained in U, _; for each n € N,
where Uy = T. By Urysohn’s lemma [21, page 115], we can find a continuous

function wj, over T' with 0 < w;, < 27", w|m\y, = 0, and wy[z— = 27". Then

w' =37, w! is continuous over 7.

Ift € T\Uy, then wj(0) = 0 for all j and hence w’(0) = 0 < w(t). If t € Up \Un11
for some n € N, then w/(t) = 277 for all 1 < j < n, 0 < w),(t) < 5-, and wj(t) =0
for all j > n. So w'(t) < 37, 277 =1-27" < w(t). Ift e NX,Uy,, then
w(t) > 1 according to the construction of U,. In this case, wj(t) = 277 for all j.
So w'(t) =1 < w(t). In particular, we see that w'(tg) =1 = w(ty). So w’ satisfies

our requirement. ([

Proposition 6.16. Let ({(A4:, L¢)},T') be a continuous field of compact quantum
metric spaces over a locally compact Hausdorff space T. Then for any tg € T and
a€{fi, : f €TL}ND(Ay), there exists f € T'f with f, € D(A;) for all t € T
and f;, = a. In particular, when ({(A¢, L¢)},T) is closed, such f exists for every
a € D<At0)~

Proof. If a = 0, we can pick f = 0. So suppose that a # 0. Take g € I‘tLO with
gty = a. Then 0 < [|gy, || = [lal]| <74, . Since ¢ — ||g¢|| is continuous on 7', there is
some neighborhood U of ¢y such that ||g¢|] > 0 for all ¢ € U. Define a nonnegative
function w on T by w(ty) = 1, w(t) = ﬁ for t € U\ {to}, and w(t) = 0 for
t € T\ U. By Theorem 6.12 the radius function ¢ + r4, is lower semi-continuous
over T'. Then it is easy to see that the function w is lower semi-continuous at %g.
According to Lemma 6.15 we can find a continuous nonnegative function w’ on T

such that w'(tg) = 1 and w'(t) < w(t) for all t € T. Then w'(t) < ”T;tt” forallt € U,

and w'(t) = 0 for t € T\ U. Set hy = w'(t)g;. Then h € T'f. Also, hy, = a and
[lhe]] < 7a, forallt € T.

If Ly, (a) < 1, then Ly, (hy,) < 1. Since h € I'f;, there is an open neighborhood
U, of ty with compact closure such that L¢(h;) < 1 for all ¢ € U;. Take a continuous
function w” on T' with 0 < w” < 1, w”(to) = 1, and w”|p\y, = 0. Define a section
f by fi =w"(t)hy. Then fis in I'f, and satisfies L (f;) < 1, || fel] < ||he]] < 7ra, for
allt € T. So fr € D(A;) for allt € T . Also fi, = w” (to)ht, = a. Hence f satisfies
our requirement.
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Now suppose that L (a) = 1. Then L, (ht,) = 1. Define a nonnegative function
1

wy on T as wy(t) = min(m, 1) for all t € T, where ﬁ = oo if Ly(h) = 0.
Then wq(tg) = 1. Since h € I‘th it is easy to see that w; is lower semi-continuous at
to. According to Lemma 6.15 we can find a continuous nonnegative function wj on
T such that w](tp) = 1 and w)(t) < wy(t) for all t € T. Then wj < w; <1 on T.
Define a section f by f; = w/ (t)h; for allt € T. Then f € 't and fy, = w}(to)hs, =
a. Clearly Li(fy) = wi(t)Le(he) < wi(€)Le(hy) < 1 and ||fi]| < ||he]l < ra, for all
teT. So f € D(A;) for all t € T. Hence f satisfies our requirement.

The assertion about closed ({(A¢, L¢)},T') follows from Proposition 6.6. O

7. CRITERIA FOR METRIC CONVERGENCE

In this section we prove Theorems 1.2 and 7.1.

When applying Theorem 1.2, usually we need to show that the radius function
t — r4, is continuous at ¢y. This is often quite difficult. However, sometimes we
can show easily that the radii are bounded (for example, compact quantum metric
spaces induced by ergodic actions of compact groups on complete order-unit spaces
of finite multiplicity, see Theorem 8.2). In these cases, the next criterion is more
useful. This is also the reason we introduced distfq.

Theorem 7.1. Let ({(A¢, Ly)},T') be a continuous field of compact quantum metric
spaces over a locally compact Hausdorff space T. Let R > 0. Let ty € T, and let
{fn}nen be a sequence in I' such that (f,):, € Dr(As,) for each n € N and the set
{(fn)t, : n € N} is dense in Dr(Ay,). Then the following are equivalent:

(i) distfq(At,Ato) — 0 ast — to;

(11) diStGH(DR(At),DR(AtO)) — 0 ast — tg;

(iii) for any € > 0, there is an N such that the open e-balls in A; centered at
(f1)t, - (fn) cover Dr(A) for all ¢ in some neighborhood U of tg.

The proof of Theorem 7.1 is similar to that of Theorem 1.2. So we shall prove only
Theorem 1.2. We need some preparation. The next lemma generalizes Lemma 4.5
to deal with “almost amalgamation”:

Lemma 7.2. Let A and B be normed spaces (over R or C). Let X be a linear
subspace of A, and let € > 0. Let ¢ : X — B be a linear map with (1 — ¢)||z| <
le(@)|l < (1+¢)|z| for all x € X. Then there are a normed space V and linear
isometric embeddings hy : A — V and hp : B — V such that ||ha(z) — (hp o
©)(z)|| < ellz|| for all z € X.

Proof. We define a seminorm, || - ||, on A @ B by

1@, 0)[|+ == inf{[ja — 2| + b+ ¢ (2)[| + ellz] : 2 € X}

We claim that || - ||« extends the norm of A. Let a € A. Taking x = 0 we
get [|(a,0)][« < |la||. For any z € X we have |la — z|| + |0 + p(2)|| + ¢]|z|| >
Jo— all + (1 — o)ljell + ellall > llall- So (@, 0)]l. > [lall, and hence |[(a,0)]. = |all
Similarly, || - ||« extends the norm of B. For any x € X we have ||(x, —p(z))|« <
le—z||+ 1 —p(x)+e(x)]|+e|z|| = |lz|. Let N be the null space of || ||, and let V'

be (A® B)/N. Then || - ||« induces a norm on V, and the natural maps 4, B — V
satisfy the requirement. ([

A subtrivialization [5, page 133] of a continuous field of C*-algebras ({A:},T")
over a locally compact Hausdorff space T is a faithful *-homomorphism h; of each
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A; into a common C*-algebra A such that for every f € I' the A-valued function
t — hy(fi) is continuous over T. Not every continuous field of C*-algebras can
be subtrivialized [22, Remark 5.1]. We can talk about the subtrivialization of
continuous fields of Banach spaces similarly by requiring h;’s to be linear isometric
embeddings into some common Banach space. One natural question is:

Question 7.3. Can every continuous field of Banach spaces over a locally compact
Hausdorff space be subtrivialized?

Blanchard and Kirchberg gave affirmative answer for separable continuous fields
of complex Banach spaces over compact metric spaces [6, Corollary 2.8]. However,
to prove Theorem 1.2 we have to deal with continuous fields of real separable Banach
spaces over general locally compact Hausdorff spaces. For us the following weaker
answer to Question 7.3 is sufficient:

Proposition 7.4. Let ({A4;},T") be a continuous field of Banach spaces (over R or
C) over a locally compact Hausdorff space T'. Let ty € T with A;, separable. Then
there are a normed space V and linear isometric embeddings h; : A; — V such
that for every f € I’ the V-valued map t — hy(f;) is continuous at to.

Proof. We prove the case where A, is infinite-dimensional. The case where Ay, is
finite-dimensional is similar and easier. Since Ay, is separable we can find a linearly

independent sequence z1,xs,--- in Ay such that the linear span of {zy}ren is
dense in A;,. For each k pick a section f € T with (fx):, = 2x. Then for each
t the map ¢; : zx — (fr)t, K = 1,2, extends uniquely to a linear map from

span{zy : k € N} to A;, which we still denote by ;. Let X,, = span{xy,---,x,},
and let ¢, ; be the restriction of ¢; on X,,. Notice that for each x € X, the section
t — @p(x) is in I'. Then using a standard compactness argument we can find a
neighborhood U, of to such that 1 — 1 < [l¢,,(z)|| < 1+ L for all z in the unit
sphere of X,, and t € U,,. We may assume that Uy O Us O ---. We shall find a
normed space V; containing both A; and Ay, for each ¢ € I' such that A; and A,
are kind of close to each other inside of V;. If t € Uy we let V; simply be A, & Ay,
equipped with any admissible norm. If t € U, \U,,+1, then by Lemma 7.2 we can find
a normed space V; containing both A, and Ay, such that ||z — ¢, . (z)| < L|z|| for
all z € X,,. If t € NS, U,,, then ¢, ; is an isometric embedding for all n, and hence
¢ extends to a linear isometric embedding from A;, into A;. So for t € N2 ,U,, we
can identify A;, with @:(A,), and let V; = A;. Now by Lemma 4.5 we can find a
normed space V' containing all these V;’s such that the copies of Ay, are identified.
Let h; be the composition A; — V; < V. Then for each = € span{xzy : k € N}
clearly the map t — h.(p(x)) is continuous at 5. Now it is easy to see that for
every section f € T' the map ¢ — h:(f;) is continuous at tg. O

Remark 7.5. The C*-algebraic analogue of Proposition 7.4 is not true, i.e. for a
continuous field ({A;},T') of C*-algebras, in general we can not find a C*-algebra
B and faithful *-homomorphisms h; : A; < B such that for every f € ' the map
t — hy(f:) is continuous at ty. The reason is that such B and h;’s will imply
that for any C*-algebra C and any ) j fi ® ¢; in the algebraic tensor product
I’ ®aig C the function ¢ — || 32,(f;): ® ¢jlla,c is continuous at to, where A @ C
is the minimal tensor product. But there are examples [22, Proposition 4.3] where
t = |1 22,;(fi)e @ ¢jll.a,@c is not continuous, even when T is simply the one-point
compactification of N. Notice that in the proof of Proposition 7.4 we used only
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Lemmas 4.5 and 7.2. The C*-algebraic analogue of Lemma 4.5 has been proved by
Blackadar [4, Theorem 3.1]. Thus the C*-algebraic analogue of Lemma 7.2 (with
© still being a linear map, but hy and hp being faithful x-homomorphisms) is not
true.

Recall that for a metric space X and € > 0 the packing number P(X,¢) is the
maximal cardinality of an e-separated (i.e. px(x,2’) > ¢ if  # ) subset in X.
When X is compact, P(X,¢) is finite. In fact clearly P(X,e) < Cov(X, 3¢).
Lemma 7.6. Let X be a compact metric space, and let ¢ > 0. For any closed
subset Y of X if distgu(X,Y) < ﬁe, then the open e-balls centered at

1P(
points of Y cover X.

Proof. Let N = P(X,e/2). Let hx : X — Z and hy : Y — Z be isometric
embeddings into some metric space Z such that ;e > distf (hx (X), hy (Y)). For
each z € X pick p(z) € Y with ;e > pz(hx(z),hy(¢(2))). Let z € X. Define
Z, inductively by o = z and z,, = ¢(2,,—1). Then for any m > n > 1 we have that
Px (T, Tm)

Tn, Tm)

PY(
Px(Tn—1,Tm—1) — pz(hx (Xn-1), by (Tn)) — pz(hx (Xm-1), by (Tm))
px(

v

1
Tp—1,Tm—1) — INE
Consequently px (Tn, Tm) > px (20, Tm—n) = 5x5€ > px(2,Y) —55€ forallm >n >
0. Therefore xg,x1,- -+, xn are (px (x, Y)—%e)—separated. Thus px (z, Y)—%E < %e.
Then px(z,Y) < € follows.

Y

Lemma 7.7. Let X and Y be compact metric spaces, and let € > 0. If distgu(X,Y)
< le then P(X,e) < P(Y, 3e).

Proof. Let p be an admissible metric on X [[Y with dist{;(X,Y) < ie (see the

discussion preceding Theorem 2.1). Let {x1,---,2,} be an e-separated set in X.
For each k pick y, € Y such that p(zy,yr) < te. Then clearly {y1,- -, yn} is
1e-separated in Y. Therefore n < P(Y, i¢). O

Now we are ready to prove Theorem 1.2.

Proof of Theorem 1.2. We claim first that (iii) does not depend on the choice of
the sequence {fy, }nen. Suppose that {f/ },en is another sequence in T' satisfying
the conditions in the theorem. If (iii) holds for { f,, }nen, then for any € > 0, we can
find N and a neighborhood U as in (iii). Since {(f},)s, : » € N} is dense in D(Ay,),
there is some N’ € N so that for each 1 < n < N, there is some 1 < o(n) < N’
with [[(fn)te = (f5(n))tellto < €. Then we can find a neighborhood U" C U of ¢y such
that [|(fn)e = (f)(n))ellee < 2 forall 1 <mn < N and all ¢ € U'. It is clear that
the open 3e-balls in A; centered at (ff)¢, -+, (fy:)e cover D(A;) for all ¢ € U’. So
(iii) is also satisfied for {f! } en, and hence it does not depend on the choice of the
sequence f.

Since D(A;) is dense in D(AY) for every t, (iil) does not depend on whether we
take ({(A¢ Lt)},T') or its closure. Clearly neither does (i) nor (ii). So we may
assume that ({(A¢, Li)},T) is closed. Take a dense sequence {a,}nen in D(Ay,).
According to Proposition 6.16 we can find f, € I' with (fn)¢, = an and (fn): €
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D(Ay) for all ¢ € T. Then {f,}nen satisfies the condition in the theorem. In the
rest of the proof we will use this sequence {f, }nen.

Since S(Ay,) is a compact metric space, Ay, € C(S(Ay,)) is separable. So by
Proposition 7.4 we can find a normed space V containing all V;’s such that for every
f el themapt — f; from T to V is continuous at ty. For any n € Nand t € T
let Yn,t = {(fl)ta teey, (fn)t} Also let Xt = D(At) forallt € T.

We show first that (iii)=-(i). Let € > 0 be given. Pick N and a neighborhood U of
to for € as in (iii). Then disty; (Y, X;) < e throughout ¢/. By shrinking U/ we may
assume that |lea, — e, || < e and ||(fe): — (fu)e, ]| <eforallt el and 1 <k < N.
Let t € U. Then disty; (Yn s, Yiv.i,) < e. Hence distl; (X, Xy,) < distl (X, Yare) +
disty; (Y4, Yiv.ey) + disty (Yav.so, Xt,) < 3¢, Therefore distoq(As, Ar,) < 3. This
proves (iii)=-(i).

(i)=(ii) follows from (5). So we are left to show that (ii)=-(iii). Let § =
min((12P(Xy,, +€)) 7', $)e. Take N so that the set Yy, is 6-dense in Xy,. Then
we have distg (Yn.ty, Xi,) < 6. Similarly as above there is some neighborhood U of
to such that distK(YN,t, Yn,) < 0 for all ¢ € Y. By shrinking I we may assume
that distau (X, Xy,) <0 < seforallt €Y. Let t € U. Then

disteu(Yne, Xe) < distau(Ynt, Yne,) + disteu (Y i, X, ) + disten (X, Xt)

< 34

Also P(Xy, 1e) < P(Xy,, 1¢) by Lemma 7.7. So distu(Yn,, Xi) < ¢/(4P(Xy, 1¢)).
Then Lemma 7.6 tells us that the open e-balls centered at points of Yy cover
X;. |

We give one example to illustrate how to apply Theorem 7.1. Later in Sections 10
and 11 we shall use Theorem 7.1 to study the continuity of compact quantum
metric spaces induced by ergodic actions (Theorem 1.3) and the continuity of 6-
deformations (Theorem 1.4).

Example 7.8. Let V be a finite-dimensional real vector space equipped with a
distinguished element e. Let T be a locally compact Hausdorff space. Suppose that
for each t € T there is an order-unit space structure on V' with unit e. Denote the
order-unit space for ¢ by (V4,e) and the norm by || - ||;. If the function ¢ — ||v||; is
continuous on 7" for each v € V, this is called a continuous field of finite-dimensional
order-unit spaces by Rieffel [38, Section 10]. Clearly this fits into our Definition 6.1.
If there is also a Lip-norm L; for each ¢ such that ¢t — L;(v) is continuous on 7" for
each v € V, then {L;} is called a continuous field of Lip-norms [38, Section 11].
Again, this fits into our Definition 6.4. Rieffel proved that for a continuous field
of Lip-norms, distq(V;, Vi,) — 0 as t — to for each tg € T [38, Theorem 11.2]. By
Theorem 1.1 this is equivalent to saying that disteq(Vi, Vi,) — 0 as t — to. We use
Theorem 7.1 to give the latter a new proof.

For later use we consider a more general case. We want to allow V to be infinite-
dimensional. To still get the continuity under dist,q we need stronger conditions.

Definition 7.9. Let V' be a real vector space equipped with a distinguished element
e. Let T be a locally compact Hausdorff space. Suppose that for each t € T there is
an order-unit space structure on V with unit e, for which we denote the order-unit
norm by || - |l. We call (Vie, {|| - lt}) a uniformly continuous field of order-unit
spaces if for any t9 € T and £ > 0 there is a neighborhood U of ¢y such that
A=) Mo < - llt < @4+¢)] -, throughout U. Let L; be a Lip-norm on
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(V,e,|| - ||t) for each t € T. We call {L;} a uniformly continuous field of Lip-norms
if for any v € V the function ¢t — L;(v) is continuous, and if for any ¢y € T and
€ > 0 there is a neighborhood U of to such that (1 —¢)L;, < L; throughout U.

Notice that we do not need L; < (1 4 €)Ly,. For a continuous field of finite-
dimensional order-unit spaces (resp. finite-dimensional Lip-norms), by a standard
compactness argument we can find a neighborhood U of ¢y such that 1 —¢ < ||v||¢ <
1+e (resp. 1—e < L7(9)) for all ¢ € U and v (resp. ©) in the unit sphere of (V, ||-||¢,)
(resp. (V, L;)). Therefore continuous fields of finite-dimensional order-unit spaces
and Lip-norms are uniformly continuous. The assertion that disteq(Vz, Vi,) — 0 as
t — tg follows directly from Theorem 7.1 and the next lemma:

Lemma 7.10. Let (V,e, {||-||t}, {L+}) be a uniformly continuous field of order-unit
spaces and Lip-norms over T'. Denote the order-unit space for ¢ by (V;, e). Then the
radius function ¢ — vy, is upper semi-continuous over 7T'. Let to € T, and let R > 0.
Let {vn }nen be a sequence dense in Dr(Vy,). Then for any e > 0, there is an N
such that the open e-balls in V; centered at vq,---, vy cover Dgr(V;) throughout
some neighborhood of tg.

Proof. Let 1 > & > 0 be given. Let U be a neighborhood of ¢y such that (1 —¢)|| -
o <1l -lle <@+ -]t and (1 —e)Ly, < L throughout U. Let ¢ € Y. Then
(1—=¢) - ||;; <[l <Q+9)- ||tN0 and (1 — S)L;) < L}'. By Proposition 2.3
1117 < rvi, Ly Thus ||l < (A+e)[I[I7; < (1+e)ry,, Liy < $E2rv,, Ly Applying
Proposition 2.3 again we see that ry, < %TWO . This shows that the radius function
t — ry, is upper semi-continuous. Pick IV such that the open e-balls in V;, centered
at vy, -+, un cover Dr(Vy,). Let v € Dr(Vi). Then [jvlly, < =|jvlly < 7= R and
Liy(v) < £ Li(v) < 7=. Thus (1 — €)v € Dr(Vy,). Then [|(1 - &)v — vy, < €
for some 1 < n < N. Consequently

[o—wvnlle < flo—= (1 =e)olle+ (1 =)o —valls
< efolle + A+ )II(1 =)o —vallsy <e(R+1+e).

Thus the open (R + 2)e-balls in V; centered at vy, - -, vy cover Dr(V4). O

8. LIP-NORM AND FINITE MULTIPLICITY

In this section we prove Theorem 8.3 to determine when an ergodic action of a
compact group induces a Lip-norm.

Throughout the rest of this paper G will be a nontrivial compact group with
identity e, endowed with the normalized Haar measure. Denote by G the dual
of G, and by 7y the class of trivial representations. For any v € G let X~ be
the corresponding character on G, and let 4 be the contragradient representation.
For any v € G and any representation of G on some complex vector space V,
we denote by V, the 7-isotypic component of V. If J is a finite subset of G, we
also let Vg = > ;V,, and let J = {y : v € J}. For a strongly continuous
action « of G on a complete order-unit space (A, e) as automorphisms, we endow
AC = A @R C = A+ iA with the diagonal action a© := o ® I. We say that « is of
finite multiplicity if mul(AC, ) < oo for all v € é, and that I" is ergodic if the only
a-invariant elements are the scalar multiples of e.
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We also fix a length function on G, i.e. a continuous real-valued function, [, on
G such that

lxy) < Uz)+1(y) forall z,y € G
! l(x) for all x € G
l(x) = 0ifandonlyif x = eg.

~
—~
8
|
—

Remark 8.1. One can verify easily that a length function [ on G is equivalent to
a left invariant metric p on G under the correspondence p(z,y) = l(x~1y). Since
every metric on a compact group could be integrated to be a left invariant one, we
see that a compact group G has a length function if and only if it is metrizable.

Let A be a unital C*-algebra, and let « be a strongly continuous ergodic action of
G on A by automorphisms. In [35] Rieffel defined a (possibly -+oo-valued) seminorm
L on A by

(11) L(a) = sup{w cx € G,x #egl.

I(x)
He showed that the set A = {a € A : L(a) < oo} is a dense subspace of Ag,
containing the identity e, and that (A, L|A) is a closed compact quantum metric
space [35, Theorem 2.3]. In fact, the proof there shows more:

Theorem 8.2. [35, Theorem 2.3] Let « be a strongly continuous isometric action of
G on a (real or complex) Banach space V. Define a (possibly +oo-valued) seminorm
Lon V by (11). Then V := {v € V : L(v) < oo} is always a dense subspace of
V. If V = (4,e) is a complete order-unit space and G acts as automorphisms of
A, then A= {a € A: L(a) < oo} also contains e, and hence we can identify S(A)
with S(A). If furthermore « is ergodic and of finite multiplicity, then A with the
restriction of L is a closed compact quantum metric space, and r4 < [ l(x) dz.

The aim of this section is to show that the converse of Theorem 8.2 is also true:

Theorem 8.3. Let a be an ergodic strongly continuous action of G on a complete
unit-order space (A, e). Define L and A as in Theorem 8.2. If the restriction of L
on A is a Lip-norm, then « is of finite multiplicity.

The intuition is that covering numbers of D,.(A) increase (fast) as the multiplic-
ities mul(A®, T') increase. Thus the compactness of D,.(A) in Proposition 2.3 forces
mul(A®,T) to be finite.

Lemma 8.4. For any finite subset 7 of G and any map w : J — NU {0}, there is
a constant Mz ,, > 0 such that for any strongly continuous isometric action o of G
on a finite-dimensional complex Banach space V' with mul(V,~) < w(y) for vy € J
and mul(V,y) = 0 for v € G\ J, we have L < My .|| - || on V.

Proof. Let X be the set of all functions wy : J — NU {0} with wy < w. Set
w1(y) =mul(V,5) for all y € J. Let || - || be the norm on V, and let N = dim V.
Let W be a Hilbert space with dimension N. It is a theorem of John [46, Proposition
9.12] that there is a linear isomorphism ¢ : V' — W such that ||¢|, [[¢~"| < V/N.
Define an inner product, <, >,, on V by < u,v >,= fG < dlag(w), plag(v)) > dx.
Then <, >, is G-invariant. Let | - ||« be the corresponding norm. Since « is
isometric with respect to || - [|v, for any v € V we have ||v]|2 = [, [[¢(0e(v))|? dz <
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I11* [ o ()15 dz = [[@l*[[v]§, < VNI[ol3. Thus || - [l < VNJ| - [lv. Similarly,

10l > -l

For each v € G fix a Hilbert space H, with an irreducible unitary action of
type 7. Let H be the Hilbert space direct sum @.¢ 7 GB;J;@ H., equipped with the
natural action 8 of G. By Theorem 8.2 Ly is finite on a dense subspace of H. Since
H is finite dimensional, Ly is finite on the whole H. Clearly there is a constant M
such that Ly < M|| - ||g on H.

Since (V, <, >,) has the same multiplicities as does H, there is a G-equivariant
unitary map ¢ : (V,<,>,) — H. Then for any v € V and x € G we have that

[v—ae(@)] < VN[o—az(0)ll. = VNllp() = p(aw(v))|u
VN|p(v) = Bo(p(@))lln < M- VN - U(x)|lp(v)lu
= M- -VN-l(z)|v]. <M-VN-lz)|v]v.

Let MY, , = M-v/N. Then Ly < Mg ||y on V. Thus My, := 1+max{M/ , :
w1 € X} satisfies the requirement. (]

In particular, let M, be the constant My, for 7 = {7} and w(y) = 1.
We shall need a well-known fact (cf. the discussion at the end of page 217 of
[41], noticing that § can be 1 in Lemma 2 when Ej is finite-dimensional):

Lemma 8.5. For any (real or complex) normed space V there is a sequence
P1,P2, - in the unit sphere of V| with length dim(V') when V is finite-dimensional
or length oo otherwise, satisfying that ||p,, —q|| > 1 for all m and all ¢ € span{py, - - -,

pm—l}-

Lemma 8.6. Let a be a strongly continuous isometric action of G on a complex
Banach space V, and let v € G. Then there is a subset X C Dy, (V) = {v €
Vi L(v) <1, || < 1/M,}, with mul(V,~) many elements when mul(V,v) < oo
or infinitely many elements otherwise, such that any two distinct points in X have
distance no less than 1/M,.

Proof. Fix a Banach space H, with an irreducible action of type . We have

V, = EB?:]J;(V”Y)V} with G-equivariant isomorphisms ¢; : H, — Vj. Take a nonzero

uwin H,, and let W = span{¢;(u)},;. Then for any nonzero v in V', v is "purely”
of type 7, i.e. the action of G on span{a,(v)}.cc is an irreducible one of type
v. By Lemma 8.5 we can find a subset Y in the unit sphere of W, with dim(W)
many elements when W is finite-dimensional or infinitely many elements otherwise,
such that any two distinct points in Y have distance no less than 1. According
to Lemma 8.4 any element in the unit sphere of W has L no bigger than M,.
Therefore Y/M., C Dyar (V). O

For a set .S and a subset X of S we say that X is an n-subset if X consists of
n elements. For ¢i,q2 > 2 let N(q1,q¢2;2) be the Ramsey number [28], i.e. the
minimal number n such that for any set S with at least n elements, if the set of all
2-subsets of S is divided into 2 disjoint families ¥; and Y5 (“colors”), then there
are a j and some gj-subset of S for which every 2-subset is in Y;. Consequently, for
any set S with at least n elements, if the set of all 2-subsets of S is the union of 2
(not necessarily disjoint) families 77 and T, then there are a j and some g;-subset
of S for which every 2-subset is in T}.
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Lemma 8.7. Let a be a strongly continuous action of G on a complete order-
unit space (A, e) as automorphisms. Suppose that for some v € G \ {10} and
g > 0, mul(4A%,~) > N(q,¢;2). Then for any 0 < ¢ < 1/(4M,) we have that
Cov(Djar, (A),€) > .

Proof. Since A = Afg(S(A)), we can identify A® with Afc(S(A)), the space of
C-valued continuous affine functions on S(A) equipped with the supremum norm,
and hence A® becomes a complex Banach space whose norm extends that of A.
Notice that the action « corresponds to an action o’ of G on S(A). Then clearly
aC is isometric and strongly continuous with respect to this norm.

According to Lemma 8.6 we can find a subset X C Dy /s, (A®), with mul(A€, )
many elements when mul(A®, v) < oo or infinitely many elements otherwise, such
that any two distinct points in X have distance at least 1/M,. Then |X| >
N(g,q;2). For any distinct aj + iaz, by + iby € X with a;,b; € A, we have that
(a1 + tag) — (b1 +ib2)|| > 1/M,, and hence |aq — bi| > 1/(2M,,) or |as — ba| >
1/(2M,). Denote by X2 the set of all 2-subsets of X. Let T; = {{a1 + iag, b1 +
ibg} € X@ :|a; —b;| > 1/(2M,)}. Then T3 UTy = X ). So there are a j and some
g-subset X' of X for which every 2-subset is in T;. Let Y = {a; : a1 +iaz € X'}.
Clearly Y is contained in Dy /5 (A) and any two distinct points in Y have distance
at least 1/(2M,).

Let 0 <& < 1/(4M,). Suppose that p1,---,pr € D1 ar, (A) and the open e-balls
centered at py, -+, px cover Dy (A). Then each such open ball could contain at
most one point in Y. So k > |Y| = ¢, and hence Cov(D1/n, (4),€) > ¢. O
Proof of Theorem 8.3. Suppose that mul(A®, ) = oo for some v € G. For any
0 < e < 1/(4M,) by Lemma 8.7 we have Cov(Dy/n,(A),e) = oo. Therefore
Dyu, (A) is not totally bounded. By Proposition 2.3 L is not a Lip-norm on

O

It should be pointed out that there do exist examples of ergodic strongly contin-
uous action of G' on a complete unit-order space (4, e), for which mul(A®,v) = oo
for some v € G. We shall give such an example in Section 9.

9. COMPACTNESS AND BOUNDED MULTIPLICITY

In this section we investigate when a family of compact quantum metric spaces
induced from ergodic actions of G is totally bounded.

In the discussion after Theorem 13.5 of [38] Rieffel observed that the set of

all isometry classes of compact quantum metric spaces (for given ) induced from
ergodic actions of G on unital C*-algebras is totally bounded under dist,. In fact,
the argument there works for general ergodic actions of G on complete order-unit
spaces:
Theorem 9.1. [38, Section 13] Let S be a set of compact quantum metric spaces
(A, L) induced by ergodic actions o of G on A for a fixed I. Let mul(S,v) =
sup{mul(A€,~) : (4, L) € 8} for each v € G. If mul(S, ) < oo for all v € G, then
S is totally bounded under dist,.

We show that the converse is also true:
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Theorem 9.2. Let S be a set of compact quantum metric spaces (A, L) induced
by ergodic actions o of G on A for a fixed [. If S is totally bounded under distg,

then mul(S, ) < oo for all v € G.

Proof. Suppose that S is totally bounded. For any R > [,l(z)dx, by Theo-
rems 5.5, 8.2, and Lemma 5.4 we have that sup{Cov(Dgr(A4),¢) : (A, L) € §} <
oo for all e > 0. Taking R > max(f,l(z)dx,1/M,), by Lemma 5.1 we get
sup{Cov (D11, (A),€) : (A, L) € S} < oo for all € > 0. Let

M = sup{Cov(D1pr, (A),1/(5M,)) : (A, L) € S}.

Then Lemma 8.7 tells us that mul(S,v) < N(M + 1, M + 1;2). O

It should be pointed out that there do exist ergodic actions of G on complete
order-unit spaces with big multiplicity:

Example 9.3. Let {(Aj, L;)}jer be a family of compact quantum metric spaces
induced by ergodic actions a; of G on (A, e;). Also let n;(a) = [,(y)(a) dz be
the unique G-invariant state on A; and V; = ker(n;). Then A; = Re; &V} as vector
spaces. As in Section 12 of [38], consider Hb A; the subspace of the full product
which consists of sequences {a;} for which ||a;| is bounded. This is a complete
order-unit space with unit e = {e;}. Consider the reduced product 1" A; =
{{a;} € TI°4; : n;(a;) = mi(ag) for all j,k € I'}. Then [ A; is a closed subspace
in T Aj, and is also a complete order-unit space. Clearly I’ A;j =Re® 1 V; as
vector spaces. The actions o; of G on the components A; give an isometric action on
1 Aj, which we denote by «. Although « is not ergodic on 1 Aj, it is on 1" A
because of the above decomposition as a direct sum. By the natural G-equivariant

embedding A; — Hb A;, we see that mul((HTb Aj)C,y) > djer mul(/fjc,fy) for

every v € G\ {7}

In general, @ may not be strongly continuous on HTb Aj. But there are two
special cases in which it is strongly continuous:

(1). When (A;,¢;) and a; are all the same and finite dimensional, say (4;,¢;) =
(A,e). Then A = A and there is some constant M > 0 such that L < M| - || on A.
Therefore ||a — (aj)z(a)]| < L(a)l(z) < Mlal/i(z) for all @ € A and z € G. Then it
is easy to see that « is strongly continuous on Hrb A;. It is standard [45] that in
the left regular representation of G on C(G) the multiplicity of each v € G equals
dim(~). For a finite subset J C G and any a+ia’ € C(G), clearly a+ia’ € (C(G))s
if and only if a —ia’ € (C(G)) 7. Therefore if 7 = J and yo € J, then (C(G)) s is
closed under the involution and contains the constant functions. Hence ((C(G))7)sa
is a complete finite-dimensional order-unit space and (C(G))7 = (((C(G))7)sa)C-
Taking I = N and 4 = ((C(G))7)sa, we get mul((J]" A;)%,y) = oo for every
v € J\ {7} as promised at the end of Section 8.

(2). When I is finite, « is always strongly continuous on Hrb A;. In particular,
take A = (C(G))sa, and A; = A for all j € I. Since mul(A®,~) equals dim(vy) for

all v € G, we see that mul((J]" A;)C,~) could be as big as we want for any 7 # 7o.
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10. CONTINUOUS FIELDS OF COMPACT QUANTUM METRIC SPACES INDUCED BY
ERGODIC COMPACT GROUP ACTIONS

In this section we study continuous fields of compact quantum metric spaces
induced by ergodic actions, and prove Theorem 1.3. In Examples 10.11 and 10.12
we use Theorem 1.3 to give a unified treatment of the continuity of noncommutative
tori and integral coadjoint orbits, which were studied by Rieffel before.

Rieffel has defined continuous fields of actions of a locally compact group on
C*-algebras [33, Definition 3.1]. We adapt it to actions on order-unit spaces:

Definition 10.1. Let ({A;},T) be a continuous field of order-unit spaces over a
locally compact Hausdorff space T', and let a; be a strongly continuous action of G
on Ay for each t € T. We say that {a;} is a continuous field of strongly continuous
actions of G on ({A;},T) if the action of G on I', is strongly continuous, where
I'w :={f € T': the function ¢ — || f¢| vanishes at co} is the space of continuous
sections vanishing at oco. If each a4 is ergodic, we say that this is a field of ergodic
actions. If each oy is of finite multiplicity, we say that this is a field of finite actions.

Remark 10.2. For a continuous field ({A;},T') of order-unit spaces over a compact
Hausdorff space T, it is easy to see that I' is a complete order-unit space with the
unit e and the order defined as f > g if and only if f; > g; for all t € T. Then
the natural projections I' — A; become order-unit space quotient maps. According
to the discussion right after Proposition 2.3 we may identify S(A4;) with a closed
convex subset of S(I'). From the definition of the order in T' it is easy to see that
the convex hull of the union of all the S(A;)’s is dense in S(T). If we identify

EC and T'C with Afc(S(4;)) and Afc(S(T)) respectively, then they are endowed
with complex vector space norms and || f + ig|| = sup{||f; + ig:[| : ¢t € T’} for all

. —C
f+ig € TC. When we talk about A, and I'C as complex Banach spaces, we always
mean these norms. If (a;) is a continuous field of strongly continuous actions of G
on ({A;},T), then the action of G on T'C is easily seen to be also strongly continuous.

For a continuous field of strongly continuous finite ergodic actions of GG on order-
unit spaces, obviously we get a field of compact quantum metric spaces. Theo-
rem 1.3 indicates that this is indeed a continuous field, as one may expect. However,
as Theorems 1.2 and 7.1 indicate, as ¢ — tg the corresponding compact quantum
metric spaces do not necessarily converge to that at ty. We give a trivial example
here:

Example 10.3. Take a complete order-unit space A with a nontrivial ergodic
action of G with finite multiplicity (for example, (C(G))sa with the left regular
representation of ). Let T = [0,1]. Then we have the trivial field ({AL},T'") with
A} = Afor allt € T. The action of G on I'! is clearly strongly continuous. Now we
take the subfield ((4;),T) with A; = Afor all0 <t <1 and Ay = Rea. The action
of G restricted on I is still strongly continuous. But 74, =0 and r4, =74 > 0 for
all 0 <t < 1. So distoq(A¢, Ag) = distoq(A4,Re4) does not converge to 0 as t — 0.

Notice that in the above example the multiplicities degenerate at tg = 0. Theo-
rem 1.3 tells us that this is exactly why we do not get distoq(As, Ag) — 0.
We start to prove Theorem 1.3. We show first that the multiplicity function

t— mul(f,gc7 ) is lower semi-continuous. This shows (ii)==-(i) in Theorem 1.3.
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Lemma 10.4. Let ({V;},T") be a continuous field of (real or complex) Banach
spaces over a locally compact Hausdorff space T. For any fi,---, f, € I' the set
Ind(f1, - fm)={t €T : ((f1)e, -, (fim)t) are linearly independent} is open.

Proof. Let ty € Ind(f1,---, fm). Then for any ¢t € T' the map (f;)¢, — (fj), J =
1,--,m, extends uniquely to a linear map ¢; from W := span{(f1)ty, ", (fm)to } tO
V;. Notice that for any v € W the section ¢ — @ (v) isin . A standard compactness
argument shows that there is a neighborhood U of to such that 1 < |l¢;(v)]| for all
t € U and v in the unit sphere of W. In particular, ¢; is injective throughout U.
Thus (f1)t, -+, (fm): are linear independent throughout Y. O

We shall need the following well-known fact several times. We omit the proof.

Lemma 10.5. Let G be a compact group. Let a be a continuous action of G on
a complex Banach space V. For a continuous C-valued function ¢ on G let

ap(v) = /G (@) (v) de

forv € V. Then a, : V — V is a continuous linear map. If J is a finite subset of

G and if ¢ is a linear combination of the characters of v € 7, then a,(V) C V.
Let

AF =AY ey dim(1)X7-
(When J is a one-element set {~}, we will simply write a, for ay43.) Then az(v) =
viorallveVy, and ay(v) =0forall veV, withye G\ J.
Lemma 10.6. Let {a;} be a continuous field of strongly continuous actions of G on
a continuous field of order-unit spaces ({A:},T') over a compact Hausdorff space T
Then for any v € G the multiplicity function (possibly +oo-valued) ¢ — mul(EC, v)

. . . . A —C

is lower semi-continuous over T. For any finite subset J of G and v € (A4; )7 we
can lift v to f in I‘g. If furthermore J = J and v is in A;, we may take f to be in
T.

Proof. Let « be the action of G on I'. Suppose that vy, -, v, are linearly inde-
pendent vectors in (A; )z. Let fi,---, fm be lifts of vy, -+, v, in I'C. Let a% and

(af) s be the maps for a® and af as defined in Lemma 10.5. Let f; = aS(f).
Then fi,---, fm are in I‘%. Since the projection I'C — Ktc is G-equivariant, by
[27, Lemma 3.3] we have (a7 (f;))e = (af)7((f;)e). Thus (f;)e = (aZ(fj)): =
(@) ((fi)e) = (af) 7 (v)) = vj.

By Lemma 10.4 (f1)¢,- -, (fm)w are linearly independent in some open neigh-
borhood U of t. Since f; € TS, (f;)y € (Ay )y for all t’ € T. Taking J = {7}, we
get the lower semi-continuity of the multiplicity function.

If furthermore J = J and vq,---,v,, are all in A;, we may take f1,---, fin to
be all in T'. Notice that a% = af, where ¢ = > eq dim(v)x5. Since the function

z — (3,7 dim(y)X7) () is real-valued in this case, we see that fi,---, fm are also
in I, O

Next we show that there are enough Lipschitz sections. Recall that a vector
f € TC is called G-finite if the linear span of its orbit under « is finite dimensional.
We will show that the Lip-norm function ¢ — L;(f;) is continuous for G-finite f.
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The case of this for quantum tori is proved by Rieffel in Lemma 9.3 of [38]. Our
proof for the general case follows the way given there.

Lemma 10.7. Let (o) be a continuous field of strongly continuous actions of G
on a continuous field of order-unit spaces ({A;},T') over a compact Hausdorff space
T. Then for any G-finite f € I'C the function ¢t — L;(f;) takes finite values and is
continuous on 7.

Proof. Let L be the seminorm on I'® defined by (11). Let f € T'C be G-finite. By

Theorem 8.2 L takes finite value on a dense subspace of span{a,.(f) : € G}. Since

span{ay(f) : © € G} has finite dimension, L is finite on the whole span{a,(f) : = €

G}. Tt is clear that L(f) = sup,cq L¢(fi). So t — Ly(fi) is a real-valued function.
Let

Dy ={(az(f) = ))/l(z) : x # ec}.
Then supyep, lgll = L(f). So Dy is a bounded subset of the finite dimensional
space span{a,(f) : * € G}, and hence totally bounded.

For g € T, let F,(t) = ||g¢|| on T. Then clearly ||F, — Fy|| < |lg — hl|, and
hence F as a map from I'® to C(T) is Lipschitz. Therefore F(Dy) is totally bounded
in C(T). By the Arzela-Ascoli theorem [14] F'(Dy) is equicontinuous. Since the
supremum of a family of equicontinuous functions is continuous, we see that the
function (¢ — L(f:)) = supgep, F(g) is continuous on T'. O

The next lemma generalizes Lemmas 8.3 and 8.4 of [38].

Lemma 10.8. For any € > 0 there is a finite subset J = J in é, containing the
class of the trivial representations, depending only on [ and ¢, such that for any
strongly continuous action a on a complete order-unit space A and for any a € A,
there is some a’ € Ay := AN (A®) s with

o'l < llall,  L(a") < L(a), and [a - a'|| < eL(a).

Proof. The complex conjugation is an isometric involution invariant under «. By
[27, Lemma 4.4] it suffices to show that for any linear combination ¢ of finitely
many characters on G we have Loa, < [|¢||1 - L on A%, where a, is the linear map
on A® defined in Lemma 10.5. Notice that ¢ is central. Then it is easy to see that
o, is G-equivariant. Thus for any b € AC and x € G we have

o (b) — (@)l = llap(d) = ap(pz () < llellr - b= (b)]]
< U@l L(b).
Consequently, L(cv, (b)) < |l¢|l1 L(b). O

We are ready to prove Theorem 1.3.

Proof of Theorem 1.3. Since the conditions in Definition 6.4 and (i)-(iii) in Theo-
rem 1.3 are all local statements, we may assume that 7" is compact. By Lemmas 10.6
and 10.7 the set of G-finite elements in A; is contained in I'F. Lemma 10.8 tells
us that the restriction of L; on the set of G-finite elements determines the whole
of L¢ = L. Thus the induced field ({(A:, L:)},T) is a continuous field of compact
quantum metric spaces. (ii)==(i) follows from Lemma 10.6. Let R > [ I(z)dz.
By Theorem 8.2, R > ry4, for all t € T. We will pick a special sequence f,, in I' in
order to apply Theorem 7.1.
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As indicated in Remark 8.1, G is metrizable and hence {LQ(G) is separable. Since
every v € GG appears in the left regular representation, G is countablg. Then we
can take an increasing sequence of finite subsets J; C Jo C --- of G such that
Yo € Ji, U, Tk = G, and T = J for all k. Clearly a +id’ € (A; )z, if and
only a —id’ € (EC)Jk. Let (Ay)7, = AN (E(C)jk. Then (A;) 7, spans (EC)J)C as
a complex vector space. Let my = dim((fmc)jk). Let Afi" and I'fi" be the set of

G-finite elements in A; and I respectively. Then we can find a basis (bq, ba, -+ ) of
Afi™ such that by = ea,, and (by, -+, by, ) is a basis of (Ay,)g, for all k. Let m; be

the projection I' — A;.

Lemma 10.9. There exists a G-equivariant linear (probably unbounded) map
@« Afin — Tfin guch that p(ea,,) = e and ¢ is a right inverse of m,, i.e. m, 0 p is
the identity map on Atﬁg‘

Proof. Let ¢ : Af™ — T be a linear right inverse map of m;, with p(ea,,) =e. For
any a € A" its G-orbit {(ay,),(b) : © € G} is contained in a finite-dimensional
subspace of Af™. Thus [,,(ag 0 ¢ o (a,),-1)(a) dz makes sense. It is standard [7,
page 77] that ¢ = fG iz 0 ¢ o (ay,)y—1 dx is a G-equivariant linear map from A?O“
to I'. Clearly ¢(ea, ) =e. For any b € Afin we have

Tioo(®) = ol /G (0 0 60 (ag)p1) (B) d) = /G (10 © g 0 60 (1t )1 (b)

om0 60 (@) )0)dr = [ (0n). o (01).-)0) do
= b
Thus ¢ is also a right inverse of m,,. O

Take a dense sequence {a, : n € N} in Dr(Af") such that {a, : n € N} N
Dr((Aty)7,.) is dense in Dg((A¢,) 7, ) for all k. By Lemma 10.8 the set Dr(Af") is
dense in Dgr(As,). Consequently, so is {a, : n € N}. For each n let f,, = p(an).
Then f, € I" and (fy)t, = an. Let o = 1 0. Let g, = ¢(by), and let (V;)r =
vt((Aty) 7, )- Since g, is G-equivariant, (V;) is contained in (A4;) 7, . Now we apply
Theorem 7.1 to these f,’s.

Suppose that (i) holds. Let € > 0 be given. By Lemma 10.8 there is some k
such that Dr((A¢)z,) is 5-dense in Dr(A;) for all £ € T. Then there is a neighbor-

hood Uy of ty such that dim((A;"),) = dim((Ay, ), ) and hence dim((A;), ) =
dim((A¢,) g, ) for all ¢ € Uy. According to Lemma 10.4 there is some compact
neighborhood Uy C Uy of ty such that (g1)¢, - -, (gm, )¢ are linearly independent in
Ay for all t € Us. Then (g1)¢, -+, (gm, )t is & basis of (A4;), for all t € U. Take a
real vector space V of dimension my with a fixed basis vy, - -, v, . For each t € Uy
let ¥y : V. — (Ay)g, be the linear isomorphism determined by ¢.(v;) = (g;): for
all 1 < j < mg. Then V gets an order-unit space structure and a Lip-norm for
each ¢ € Uy by identifying V and (A;)7, via ;. Lemma 10.7 tells us that this is
a continuous field of finite-dimensional order-unit spaces and Lip-norms as defined
in Example 7.8. Let {f,.}sen be the subsequence of {f,}nen whose image under
7, is contained in (A¢,)7,. Then {f,.}sen is dense in Dr((Ay,)7,.), and we can
apply Lemma 7.10 to {fy,}sen. So there are a neighborhood U C U of ¢y and

some S € N such that the open $-balls in (A;)z, centered at (fn, ), (fas)t
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cover Dr((At)z,) for all t € U. Consequently, the open e-balls in A; centered at
(f1)t, -, (fng)r cover Dr(A) for all t € Y. By Theorems 7.1 and 1.1 we get (iii).

We proceed to show that (iii)==-(ii). Suppose that (iii) holds. Let v € G.

Say, v € Jx. Let (ay)g, - EC — (E(C)jk be the continuous map defined in
Lemma 10.5. Then [[(at)gz, [ < M1 = > c 5 dim(y)[[x57[1. Since Ji = Tk,
()7, maps A; into (A;)7,. Let & be a positive number which we shall choose
later. By Theorems 7.1 and 1.1 there is a neighborhood U of ¢ty and some N such
that the open e-balls in A; centered at (f,):,n = 1,--+, N, cover Dr(A4;) for all
t € U. Then the open Mje-balls in A; centered at (a:)z, ((fn)i),n = 1,---, N,
cover Dr((Ay)g,) for all t € U. Notice that (a)g, ((fn)t) = pr((aey) g, (ar)) is
contained in (V) for all n.

Suppose that mul(E(C,fy) > mul(4s, ,7y) for some ¢. Since ¢ is G-equivariant,
we have mul((V;)€,~) < mul(fmc,y). So we can find a u in EC \ (V;)€ such that
the complex linear span of {(a:),(u) : x € G}, the G-orbit of w, is irreducible
of type v. Say u = o' 4 " with v/, u” € (A,)z,. Let W be the sum of (V;)
and the real linear span of the G-orbits of v’ and «”. Then W 2 (V). Clearly
mul(WE,4/) = 0 for all ¥/ € G'\ Ji and mul(WC, +') < mul(fmc,y/) + 2 for all
v in J. Let w: Jr — N be the function w(y') = mul(fmc,v/) + 2 for all v/
in Ji. Let Ms be the constant My, ., in Lemma 8.4. Then L, < M| - | on
WE. Pick a vector in W/(V;); with norm min(l%b,R) and lift it up to a vector

v in W with the same norm. Then ||jv — a|| > min(]%[z,R) for all a € (V})i and

Li(v) < Ms|lv]| < 1. So v € Dgr(A¢). Thus if we choose € small enough so

that min(ﬁz,R) > M; - ¢, then mul(EC,’y) < mul(A¢, ,7) throughout . This

completes our proof of Theorem 1.3. O

Remark 10.10. Based on Lemmas 10.7 and 10.8, one can also prove (i)=>(iii)
along the lines Rieffel used to prove the continuity of quantum tori [38, Theorem
9.2].

Example 10.11 (Quantum Tori). Fix n > 2. Denote by © the space of all real
skew-symmetric n X n matrices. For 0 € O, let Ay be the corresponding quantum
torus [32, 34]. It could be described as follows. Let wy denote the skew bicharacter
on Z" defined by

wo(p, q) = €™

For each p € Z™ there is a unitary u, in Ap. And Ay is generated by these unitaries
with the relation

uptlg = W (P; q)Up+q-
So one may think of vectors in Ay as some kind of functions on Z"™ . The n-torus
T™ has a canonical ergodic action g on Ay. Notice that Z™ is the dual group of
T™. We denote the duality by (p, x) for x € T™ and p € Z™. Then «y is determined
by

g,z (up) = (p, ) tp.
Fix a length function on G = T™. Let Ly and Ay be as in Theorem 8.2 for the

order-unit space ((Ag)sa,€.4,). Then (Ag, Lg) is a compact quantum metric space.
Rieffel showed that for each 6, € © we have distq(Ag, Ag,) — 0 as 8 — 6y [38,
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Theorem 9.2]. Here we give a new proof using Theorems 1.3 and 1.1. By [33,
Corollary 2.8] the sections 6 +— u,,, where p runs through Z", generate a continuous
field of C*-algebras ({Ag},T') over ©. Notice that for any z € T" and p € Z" the
section 6 — ag 4, (up) = (p,x) up is also in I'. Then it is easy to see that {ag} is a
continuous field of strongly continuous ergodic actions. For each p € Z" = T and
f € ©, the multiplicity of p in ay is one. Then Theorems 1.3 and 1.1 imply that
distq(Ag, Ag,) — 0 as 8 — 6 for all §; € ©.

Example 10.12 (Integral Coadjoint Orbits). Let G be a compact connected Lie
group with a fixed length function. Choose a maximal torus of G and a Cartan-
Weyl basis of the complexification of the Lie algebra of G. Then there are bijective
correspondences between equivalence classes of irreducible unitary representations
of G, dominant weights, and integral coadjoint orbits of G [7] [24, Section IV]. Let
O, be an integral coadjoint orbit corresponding to a dominant weight A. Then the
restriction of the coadjoint action of G on O, is transitive and hence the induced
action ag on C(Q)), the algebra of C-valued continuous functions on Oy, is ergodic.
So we have the compact quantum metric space (Ag, Lg) defined as in Theorem 8.2.
Also let H,, be the carrier space of the irreducible representation of G with highest
weight nA. Then the conjugate action ay/,, of G on B(H,,), the algebra of bounded
operators on H,, is ergodic. Let (A;/y, L1/,) be the corresponding compact quan-
tum metric space defined as in Theorem 8.2. Using the Berezin quantization, Rieffel
proved that when G is semisimple, distq(A;/y,,Ag) — 0 as n — oo [39, Theorem
3.2]. This means that the matrix algebras B(H,,) converge to the coadjoint orbit
O, as n — oo. Here we give a new proof using Theorems 1.3 and 1.1. Let P, be
the rank-one projection of B(H,,) corresponding to the highest weight nA. For any
a € B(H,) its Berezin covariant symbol [3, 31], o,, is defined by

O'a(m) = tr(aal/n,z(Pn))7

where z € G and tr denotes the usual (un-normalized) trace on B(H,,). There is
a natural G-equivariant homeomorphism from the orbit GP, of P, (in the projec-
tive space) under ay/, onto the coadjoint orbit O, [24, Proposition 4]. Dividing
everything in O, by n, we may identify GP, with O,. It is evident that o,
could be viewed as a continuous function on GP, = O,. One can check easily
that a — o, gives a unital, completely positive, G-equivariant linear map o,, from
B(H,) to C(O,). Endow O, with the image of the Haar measure on G, which
is a probability measure invariant under «g. Then C(O,) has an inner product
as usual. Clearly this inner product is invariant under «g. Using the normalized
trace on B(Hy,), which is invariant under a1, B(Hy) has the Hilbert-Schmidt inner
product. Then o, has an adjoint operator, &, from C(O,) to B(H,). For any
a € B(H,) a function f € C(O,) with 6,(f) = a is called a Berezin contravariant
symbol [3, 31] for a. It is easy to see that &, is unital, completely positive and
G-equivariant. Since unital completely positive maps are norm-nonincreasing [23,
Lemma 5.3], &, is norm-nonincreasing. In [24] Landsman proved that the sections
given by these 6,,(f)’s, where f runs through C(0O,), generate a continuous field of
C*-algebras over T" = {1 : n € N} U {0} with fibres B(H,,) at = and C(O,) at 0.
In fact, Landsman proved that this is a strict quantization of the canonical sym-
plectic structure on Oy, though we do not need this fact here. Using the fact that
0y is G-equivariant and norm-nonincreasing, it is easy to check that the a1’s and
g are a continuous field of strongly continuous ergodic actions of G. When G is
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semisimple, it is known that the maps o,, are all injective [31] [43, Lemma A.2.1] [39,
Theorem 3.1]. Then for each v € G we see that mul(B(H,,), ) < mul(C(O,),7).
So Theorem 1.3 and 1.1 tell us that distq(A;/y, Ag) — 0 as n — oo.

11. CONTINUITY OF 6-DEFORMATIONS

In this section we prove Theorem 1.4.

We use the notation in [27, Sections 3 and 5]. Let us explain first some convention
used in the statement of Theorem 1.4. C°°(Mpy) is a locally convex *-algebra, and
has a natural x-homomorphism ¥y into C(Mpy) (see the discussion after Definition
3.9 in [27]). Let Wy be the image of (C*°(Mpy))sa under the map ¥y. [27, Theorem
1.1] tells us that (C'(My), Lg) is a C*-algebraic compact quantum metric space. This
means that (Wy, Lo|w,) is a compact quantum metric space. Since the map Wy is
injective [27, Lemma 3.10], we may identify C'°°(Mp) with its image Uy(C(Mpy)).
In this way (C'°°(Mpy))sa is identified with Wy, and Ly has a restriction on C'*°(Mp),
which we still denote by Ly in the statement of Theorem 1.4. In order to make the
argument clear, in the rest of this section we shall still distinguish C°>°(Mp) (resp.
(C*°(Mpy))sa) and Uy(C>°(Myp)) (resp. Wp).

Let ({Ap},T) be the continuous field of C*-algebras over © in Example 10.11.
We shall also see later, after Lemma 11.1, that the elements in C'(M, CI°M) ®Ralg I
generate a continuous field of C*-algebras [15] over © with fibres C'(M, CI®M)® Ay.
Let ({C(Mp)},T'™) be the subfield with fibers C(Mp).

Lemma 11.1. There exist a C*-algebra B and faithful %-homomorphisms ¢y :
Ap — B such that for every f € I', the B-valued function 6 — ¢4(fy) is continuous
over O.

Proof. Every unital C*-algebra admitting an ergodic action of T™ is nuclear [29,
Lemma 6.2] [16, Proposition 3.1]. Thus Ay is nuclear.

Notice that Ay is isomorphic to Ay s naturally for any skew-symmetric n x n
matrix M with even integer entries, by identifying the corresponding u,. So we
may think of ({Ag},T") as a continuous field over the quotient space of © by all
the skew-symmetric n x n matrices with even integer entries. This quotient space
is just a torus of dimension "(”27_1) Now our assertion follows from the result of
Blanchard [5, Theorem 3.2] that every separable unital continuous field of nuclear
C*-algebras over a compact metric space has a faithful *-homomorphism from each
fibre into the Cuntz algebra Oy such that the global continuous sections become
continuous paths in Os. (]

Via identifying Ay with ¢¢(Ap) we see that the continuous field ({A4p},T) be-
comes a subfield of the trivial field over © with fibre B. Then the elements of
C(M,CI°M) ®a14 I are continuous sections of the trivial field with fibre
C(M,CI°M) ® B. So they generate a subfield of the trivial field with fibres
C(M,CI®M) @ Ay.

Now we need to distinguish the norms for elements of the form Z?Zl Yg; ® Ug;
at different 0. For this we let || - ||g denote the norm of C'(M,CI°M) ® Ay.

Let J be a finite subset of Z" = T7 such that J = J and Y0 € J. Forany q € Z"
let (C(Mp))q be the g-isotypic component of C(Mpy) under the action o = I ® T,
and let (C*°(M)), be the g-isotypic component of C°° (M) under the action o as in
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[27, Section 6], where 7 and o are the actions of T™ on 4y and C' (M) respectively.
Similarly we define (C(Mpy))s and (C*(M))s. By [27, Lemma 6.2] we have

(C(Mp)) g N W = (D _(C®(M))g ® tg)sa-

q€TJ
Let V.= (30,c7(C®(M))g ® tg)sa, and let e = 1ps ® uqy. Then (Vie) gets an
order-unit space structure from ((C'(Mp))sa,€). Clearly the restriction of || - ||g is

exactly the order-unit norm. Denote by (Vp,e) this order-unit space. For each
0 € O, by Proposition 2.3 the restriction of Lg to Vj is a Lip-norm with ry, < rw,.

Lemma 11.2. (Vie,{|| - |lo]v},{Lolv}) is a uniformly continuous field of order-
unit spaces and Lip-norms over © (see Definition 7.9). For any v € V the function
0 — Lp(v) is continuous over O.

Proof. Let v e V. Say v = quj vg ® uq. By [27, Corollary 5.7] we have
(12) Ly = P

on C(Mjy), where LP was defined in [27, Definition 5.3]. Recall that for any f €
C*>°(M) we have [25, Lemma I1.5.5]

(13) [D, f] = df as linear maps on C*°(M, S),
where df € C®(M,T*M®) C C>®(M,CI°M) acts on C>(M,S) via the left
C*>(M, CI®M)-module structure of C*°(M, S). Then

Low) = Lo(> vg@uy) B L3 vy@ug) = ID%, Y vy @ uglllo

qeJ qed qed
(13)
(14) = 1Y [Dvg] @uglle =Y (dvg) @ ugllo-
q€J q€J

Therefore the function 6 — Lgy(v) is continuous over ©. As in the proof of [27,
Lemma 4.6] we have that
Lo(vg ®ug) < Lo(v) and  [lvg ® uqllo < [[v]lo

for all g € Z™.
Let 6y € ©, and let € > 0 be given. Since for each ¢ the map 8 — ¢g(u,) from ©
to B is continuous, there is some neighborhood U of g such that >° c - [|¢e(uq) —

¢, (uy)|| < e throughout U. Let § € U. Then for any z,’s in C(M,CI*M) with
g € J and ||z4]| <1 we have

(I ® ¢9)(Z 2g @ ug) — (I ® ¢90)(Z 2q @ Uq)||

q9€T qeJ
< D llzall - 196 (ug) — oy (ug)ll < .
€T
Suppose that [v[g, = 1 for some v € V. Say v = 3 ;04 ® ug. Then [[v,]| =
lvg ® uqllg, < 1 for each g € J. Thus
1T @ ¢o) ()| < [T ® ¢9)(v) = (I & o) (0)]| + (T © i) (v)]
< et lole, —c+ L.

Similarly, ||v||¢ > 1—&. Therefore (1—¢)||-]lo, < |I-]l¢ < (1+€)]|+|l6, on V throughout
U. Now suppose that Lg,(w) = 1 for some w € V. Say w =3 . ; wg ® ug. Then

[]lo
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by (14) ||dwq|| = ||d1’q ® uqH% = LQO(% ® uq) <1 Let w' = quj(dwq) X Uuqg €
qujC(M,ClCM)Q@uq. Then

Lo(w) = [w'lls = I ® dp)(w')]
> [[(I @ ¢g)(w)]| = [I(I @ ¢g,)(w') — (I @ o) (w)]
(1>4) Loy(v) —e=1—c¢.
Therefore (1 —¢)Lg, < Lg on V throughout U. O

Combining [27, Lemma 4.4] and Lemma 11.2 together we see that the field
({(Wy, Lalw,)}, (T'M),) is a continuous field of compact quantum metric spaces.
Let R=ry+C fw I(x) dz, where 7y is the radius of M equipped with the geodesic
distance and the constant C' was defined in [27, Proposition 5.5]. At the end of
[27] it was proved that the radius of (Wpy, Lg|w,) is no bigger than R for each 6.
Let € > 0 be given. Pick a finite subset J C Z" for ¢ in [27, Lemma 4.4]. Then
dist (Wy, V) < distyy*(Dr(Wp), Dr(Ve)) < € for all § € ©. By Lemmas 11.2, 7.10,
and Theorem 7.1 distfq(%, Vo,) — 0 as 8 — 6y. Thus there is a neighborhood U of
0y such that distf’q(Vg, Va,) < € throughout Y. Then clearly distfq(Wg, Why,) < 3¢
throughout U. Therefore distfq(Wg, Wy,) — 0 as § — 6. By Theorem 1.1 we get
distoq(Ws, Wa,) — 0. This finishes the proof of Theorem 1.4.
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