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ABSTRACT. For a family F (a collection of subsets of Z.), the notion of F-
independence is defined both for topological dynamics (t.d.s.) and measurable
dynamics (m.d.s.). It is shown that there is no non-trivial {syndetic}-independent
m.d.s.;; a m.d.s. is {positive-density }-independent if and only if it has com-
pletely positive entropy; and a m.d.s. is weakly mixing if and only if it is {IP}-
independent. For a t.d.s. it is proved that there is no non-trivial minimal
{syndetic}-independent system; a t.d.s. is weakly mixing if and only if it is {IP}-
independent.

Moreover, a non-trivial proximal topological K system is constructed, and a
topological proof of the fact that minimal topological K implies strong mixing is
presented.

1. INTRODUCTION

By a topological dynamical system (t.d.s.) (X,T) we mean a compact metrizable
space X together with a surjective continuous map 7T from X to itself. For a
t.d.s. (X,7T) and nonempty open subsets U and V of X let N(U, V) ={n € Z, :
UNT~"V # ()}, where Z, denotes the set of non-negative integers. It turns out that
many recurrence properties of t.d.s. can be described using the return times sets
N(U,V), see [1, 12, 15, 29, 30]. For example, for a t.d.s. (X,T) it is known that T
is (topologically) strongly mizing ifft N(U,V') is cofinite, T is (topologically) weakly
mizing ifft N(U, V) is thick [12] and T is (topologically) mildly mizing ift N(U, V) is
an (IP — IP)* set [30, 21], for each pair of nonempty open subsets U and V. Huang
and Ye [30] showed that a minimal system (X,7") is weakly mixing iff the lower
Banach density of N(U,V) is 1, and (X, T) is mildly mixing iff N(U, V) is an IP*
set, for each pair of nonempty open sets U and V.

By a measurable dynamical system (m.d.s.) we mean a quadruple (X, B, u,T),
where (X, B, u) is a Lebesgue space (i.e., X is a set, B is the o-algebra of Borel
subsets on X for some Polish topology on X, and p is a probability measure on )
and T : X — X is measurable and measure-preserving, that is: u(B) = u(T'B)
for each B € B. For a t.d.s (X,T), there are always invariant Borel probability
measures on X and thus for each such measure pu, (X, Bx, pu,T), with Bx the Borel
o-algebra on X, is a m.d.s.. For am.d.s. (X,B,u,T),let Bt ={B € B: u(B) > 0}
and N(A,B) = {n € Z; : wf(ANT"B) > 0} for A,B € Bt. It is known that
T is ergodic iff N(A, B) # 0 iff N(A, B) is syndetic; T is weakly mixing iff the
lower Banach density of N(A, B) is 1 iff N(A, B) is thick; and 7" is mildly mixing iff
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N(A, B) is an IP* set iff N(A, B) is an (IP — IP)* set for all A, B € BT iff for each
IP set F'and A € B, p(U,,ep T7"A) = 1. Finally, it is known that 7" is intermixing
iff N(A, B) is cofinite for all A, B € B*, see [37, 38] and references therein.

In ergodic theory there exists a rich and powerful entropy theory. The analogous
notion of topological entropy was introduced soon after the measure theoretical one,
and was widely studied and applied. Notwithstanding, the level of development of
topological entropy theory lagged behind. In recent years however this situation is
rapidly changing. A turning point occurred with F. Blanchard’s pioneering papers
[4, 5] in the 1990’s.

In recent years a local entropy theory has been developed, see [22] for a survey.
More precisely, in [4] Blanchard introduced the notions of completely positive en-
tropy (c.p.e.) and uniformly positive entropy (u.p.e.) as topological analogues of the
K-property in ergodic theory. In [5] he defined the notion of entropy pairs and used
it to show that a u.p.e. system is disjoint from all minimal zero entropy systems. The
notion of entropy pairs can also be used to show the existence of the maximal zero
entropy factor for any t.d.s., namely the topological Pinsker factor [8]. Blanchard et
al. [7] also introduced the notion of entropy pairs for an invariant Borel probability
measure. Glasner and Weiss [19] introduced the notion of entropy tuples. In order
to gain a better understanding of the topological version of a K-system, Huang and
Ye [32] introduced the notion of entropy tuples for an invariant Borel probability
measure. They showed that if (X,7) is a t.d.s. and k£ > 2, then a non-diagonal
tuple (x1,...,7;) in X* is an entropy tuple iff for every choice of neighborhoods U;
of x; there is a subset F' of Z, with positive density such that ﬂie F T‘iUs(i) # ()
for each s € {1,...,k}*". We mention that at the same time a theory on sequence
entropy tuples and tame systems were developed [16, 26, 17]. It is Kerr and Li who
captured the idea behind the results on entropy tuples, sequence entropy tuples and
tame systems and treated them systematically using a notion called independence in
[35, 36], which first appeared in Rosenthal’s proof of his groundbreaking ¢; theorem
45, 46].

Let (X,T) be a t.d.s.. For a tuple A = (Ay,..., Ag) of subsets of X, we say a
subset F' C Z, is an independence set for A if for any nonempty finite subset J C F,
we have

(T A #0

jeJ

for any s € {1,...,k}’. We call a tuple x = (z1,...,2;) € X* (1) an [E-tuple if for
every product neighborhood Uy X - -+ x Uy, of x the tuple (Uy,...,Us) has an inde-
pendence set of positive density; (2) an IT-tuple if for every product neighborhood
Uy x - - - x Uy of x the tuple (Uy, ..., Ug) has an infinite independence set; (3) an IN-
tuple if for every product neighborhood U; X - - - x Uy, of x the tuple (Uy, ..., Uy) has
arbitrarily long finite independence sets. Kerr and Li [35] showed that (1) entropy
tuples are exactly non-diagonal IE-tuples; (2) sequence entropy tuples are exactly
non-diagonal IN-tuples, and in particular a t.d.s. (X,7") is null iff it has no non-
diagonal IN-pairs; (3) a t.d.s. (X, T) is tame iff it has no non-diagonal IT-pairs. For
similar results concerning m.d.s. see [36].

Thus the notion of independence is very useful to describe dynamical properties.
For a family F, the notion of F-independence can be defined both for topological
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dynamics (t.d.s.) and measurable dynamics (m.d.s.). So a natural question is: for a
given family F which dynamical property is equivalent to F-independence? In this
paper we try to answer this question.

It is shown that there is no non-trivial {syndetic}-independent m.d.s.; a m.d.s. is
{positive-density }-independent iff it has completely positive entropy; and a m.d.s. is
weakly mixing iff it is {infinite}-independent iff it is {IP}-independent. For a t.d.s.
it is proved that there is no non-trivial minimal {syndetic}-independent system; a
t.d.s. is weakly mixing iff it is {infinite}-independent iff it is {IP }-independent.

Moreover, a non-trivial proximal topological K system is constructed, and a topo-
logical proof (using independence) of the fact that minimal topological K implies
strong mixing is presented. In a forthcoming paper [27] we will deal with the problem
of how to localize the notion of F-independence.

In [5] Blanchard raised the question whether there exists any non-trivial minimal
uniformly positive entropy (equivalently, {positive-density}-independent of order 2
in our terminology) t.d.s.. This was answered affirmatively by Glasner and Weiss in
[18]. Later Huang and Ye showed there are non-trivial minimal {positive-density }-
independent t.d.s. [32]. However, the constructions in [18] and [32] are based on
showing that any minimal topological model of a K-system is such an example and
then using the Jewett-Krieger theorem to obtain such a topological model. So far
there is no explicit topological construction of such examples. Since the family of
syndetic sets is just slightly smaller than the family of positive upper Banach density
sets, our result of the non-existence of non-trivial minimal {syndetic}-independent
t.d.s. explains why it is so difficult to construct examples for Blanchard’s question.

The paper is organized as follows. In Section 2 we investigate the relationship
between a given family F and the associated block family bF. In Section 3, the
basic properties of F-independence for a t.d.s. are discussed. Particularly we show
that F and bF define the same notion of independence. In Section 4, the basic
properties of F-independence for a m.d.s. are discussed. In Section 5, we investigate
classes of F-independent systems for t.d.s. and show that there is no non-trivial
minimal {syndetic}-independent t.d.s.. Moreover, a non-trivial proximal topological
K system is constructed. In Section 6, we investigate classes of F-independent
systems for m.d.s. and show that a m.d.s. is {positive-density }-independent iff it has
completely positive entropy. We also show that there is no non-trivial {syndetic}-
independent m.d.s.. In Section 7, we give a topological proof of the fact that minimal
topological K implies strong mixing. An interesting combinatorial result, which is
needed for the proof of non-existence of no-trivial minimal {syndetic}-independent
t.d.s., is established in the Appendix.

Throughout this paper, we use Z, and N to denote the sets of nonnegative integers
and positive integers respectively. For a subset F' of Z and m € Z we denote
{j+m:j € F} by F+m. For asubshift X of {0,1,...,k}%+ or {0,1,...,k}%? and
a€{0,1,..., k}{t=m for some m € N, we denote {x € X : (2(0),2(1),...,z(m —
1)) = a} by [a]x. For a t.d.s. (X,T) and subsets U,V C X, we denote by N(U,V)
the set {n € Z, : UNT "V # 0}; for z € X we shall write N(x,U) for N({z},U).
For a m.d.s. (X,B,u,T) and A, B € B, we denote by N(A, B) the set {n € Z, :
uw(ANT"B) > 0}.
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2. PRELIMINARY

The idea of using families to describe dynamical properties goes back at least to
Gottschalk and Hedlund [23]. It was developed further by Furstenberg [12, 13]. For
a systematic study and recent results, see [1, 15, 29, 30].

Let us recall some notations related to a family (for details see [1]). Let P = P(Z.)
be the collection of all subsets of Z,. A subset F of P is a family, if it is hereditary
upward. That is, F} C F, and F} € F imply Fy, € F. A family F is proper if it
is a proper subset of P, i.e. neither empty nor all of P. It is easy to see that F
is proper if and only if Z, € F and ) ¢ F. Any subset A of P generates a family
Al = {F € P: F D A for some A € A}. If a proper family F is closed under
taking finite intersection, then F is called a filter. For a family F, the dual family is

F={FeP:Z,\F¢F}={FeP:FNF #{ forall F' € F}.
F* is a family, proper if F is. Clearly,
(F)Y*=F and F, C F, = F; C Fy.

There is an important property being well studied: the Ramsey property. We say
that a family F has the Ramsey property if whenever F} U Fy € F, one has either
Fy € For Fy € F. One can show that a proper family F has the Ramsey property
if and only if F* is a filter [1, page 26].

Denote by Fiys the family of all infinite subsets of Z, and by F. the dual family

~¢- Note that F; is the collection of all cofinite subsets of Z,. All the families
considered in this paper are assumed to be proper and contained in F.

Let F' be a subset of Z,. The lower density and upper density of F' are defined

by

d(F) = lrilxlligf#}?ﬂ {0,1,....n—1}] and d(F) — limiup%\Fﬂ 0,1,....n—1}].
If d(F) = d(F) = d(F), we then say that the density of F is d(F). The upper
Banach density of F is defined by
BD*(F) = limsup M,
|[T|—+o0 |]|
where [ is taken over all nonempty finite intervals of Z. .

We denote by F,q the family generated by sets with positive density, by Fpua
the family of sets with positive upper density, and by Fpupq the family of sets with
positive upper Banach density.

Note that a subset F' of Z, is said to be thick if for any n € N there exists some
m € Zy such that {m,m +n,...,m+n} C F. An infinite subset F' = {57 < 59 <
-+ } of Z, is said to be syndetic if {s,11 — s, : n € N} is bounded. A subset of Z,
is called piecewise syndetic if it is the intersection of a thick set and a syndetic set.
We denote by Fi, Fs and Fps the families of thick sets, syndetic sets and piecewise
syndetic sets respectively.
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A subset F' of Z, is called a central set if there exists a t.d.s. (X,T), a point
x € X, a minimal point y € X which is proximal to x and a neighborhood U, of y
such that F O N(x,U,) [13, Section 8.3]. Here y is proximal to z means that for a
compatible metric d of X, one has inf,cz, d(T"z,T"y) = 0. We denote by Fe, the
family of all central sets.

A subset F' of Z, is called an IP-set if there exists a sequence {a,}nen in N such
that F' consists of a,, +an, +---+ay,, forall k € Nand ny <ng <--- <ny. We
denote by Fi, the family generated by all IP-sets.

Definition 2.1. Let F be a family. The block family of F, denoted by bF, is the
family consisting of sets S C Z, for which there exists some F' € F such that for
every finite subset W of F' one has m + W C S for some m € Z.

Clearly F C bF and b(bF) = bF. It is also clear that bFi,s = Finr and bF, = F.

Example 2.2. It is clear that bF,q C bFpua € Fpuna. It is a result of Ellis that
Foubd € bFpa [13, Theorem 3.20] (one can also give a topological proof for it, using
an argument similar to that in the proof of Lemma 4.5). Thus one has bF,q =

bfpud = fpubd-

Example 2.3. It is clear that bF, C F,.. Let S; € F; and Sy € F;. Then for each
n € N we can find some a,, € Z, with [a,,a, + n] C S;. Some subsequence of the
sequence {1((a, an+njnSs)—an fnen converges in {0, 1}%+ to 1p for some subset I of Z, .
It is easy to see that F' is syndetic and that for every finite subset W of F' one has
m+ W C S; NS, for some m € Z,.. Therefore bFs O Fps, and hence bFy = Fs.

Example 2.4. It is clear that F., C F,s and hence bFee, C bF,s = Fps. Let
S € Fps. Denote by X the smallest closed shift-invariant subset of {0, 1}# containing
lg. Note that S = N(1g,[1l]x). By [9, Theorem 6] there is a minimal point z of
X contained in [1]x. Say, * = lg». Set F' = S’ NZ;. Then F = N(z,[1]x) is
central. Since x is in X, it is easy to see that for every finite subset W of F' one has
m+ W C S for some m € Z. This means that S € bFcen. Therefore bFcen 2 Fps,
and hence 0Fcen = Fops.

The following result shows the relation between the block family and the broken
family introduced in [9, Defintion 2].

Proposition 2.5. Let F be a family. Let S C Z,. Then S € bF if and only if
there exist an F' = {p; < py < ...} € F and a (not necessarily strictly) increasing
sequence {b;}22, of integers such that S 2 (JZ,{b; + {p1,p2, ..., ps}}-

Proof. The “if” part is trivial.

Suppose that S € bF. Let F' = {p; < pa < ...} € F witnessing this. Then for
each j € N we find some b; € Z with b; + {p1,...,p;} € S. Note that b; +p; >0
for every j € N. Thus we can find an increasing subsequence {b;, }7; of {b;}32,.
Then for each k¥ € N we have b;, + {p1,...,pr} C b, +{p1,...,p;.} € S. Thus
S D Upei{bj. + {p1:p2, - ,pr}}. This proves the “only if” part. O

The next result follows from Proposition 3.7 and Lemma 3.9, which we shall prove
in the next section.

Proposition 2.6. If F has the Ramsey property, then so does bF.
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We remark that if bF has the Ramsey property, it is not necessarily true that F
has the Ramsey property. For example, Fuq and F,unq have the Ramsey property,
while F,q does not.

3. INDEPENDENCE: TOPOLOGICAL CASE

In this section, for a given family F, we define F-independence for t.d.s., and
discuss 1-independence for various families. Recall first the notion of independence
set introduced in [35, Definition 2.1].

Definition 3.1. Lt (X,T) be a t.d.s.. For a tuple A = (Ay,..., Ax) of subsets of
X, we say that a subset F' C Z, is an independence set for A if for any nonempty
finite subset J C F', we have

(T A #0
jed
for any s € {1,...,k}’.
We shall denote the collection of all independence sets for A by Ind(Ay, ..., A)
or IndA. The basic properties of independence sets are listed below.
Lemma 3.2. The following hold:
(1) If F € Ind(Ay,...,Ax) and F; C F, then F} € Ind(A4, ..., Ag).

(2) F ={ay,a9,...}isinInd(Ay, ..., Ax) ifand only if {a4,...,a,} isin Ind(4,, ...

for each n € N.

(3) If m € Z and F,m + F C Z,, then F is in Ind(Ay,..., Ag) if and only if
m + F' is so.

(4) Let F C Z, and X be the subshift of {0,1}* generated by {1 : E C F}.
Then F' € Ind([0]y, [1]x)-

Definition 3.3. Let F be a family. We say that F has the dynamical Ramsey prop-
erty, if for any t.d.s. (X,7), any k € N and closed subsets Ay, Ay, ..., Ay, A1, A1
of X with A; = Ay 1 U Ay, whenever Ind(A;, As, ..., Ax) N F # 0, one has either
IHd(ALl, AQ, Ce ,Ak) NnF 7£ @ or Ind(ALg, AQ, . 7Ak) nF 7£ (Z)

It was shown in [35, Lemmas 3.8 and 6.3] that the families F,q and Fi,¢ have the
dynamical Ramsey property.
Similar to the definition of u.p.e. of order n (see [32]), we have

Definition 3.4. Let F be a family, ¥ € N and (X,T) be a t.d.s.. A tuple
(x1,...,71) € X¥is called an F-independent tuple if for any neighborhoods Uy, . .., Uy
of xy, ...,z respectively, one has Ind(Uy,...,Ux) N F # 0. A t.d.s. is said to be
F-independent of order k, if for each tuple of nonempty open subsets Uy, ..., Uy,
Ind(Uy,...,Uy) N F # 0, and a t.d.s. is said to be F-independent, if it is F-
independent of order k for each k € N.

Standard arguments as in [5] show the following:
Proposition 3.5. Let F be a family with the dynamical Ramsey property, and let
(X,T) be a t.d.s.. The following are true:

(1) If A = (Ay,...,Ap) is a tuple of closed subsets of X with IndA N F # 0,
then there exists z; € A; for each 1 < j < k such that (xq,...,x;) is an
F-independent tuple.

7Ak;>
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(2) Let £k € N. Then the set of F-independent k-tuples of X is a closed T x
.-+ x T-invariant subset of X*.

(3) Let (Y,S) be a t.d.s. and 7 : X — Y be a factor map, i.e., 7 is continuous
surjective and equivariant. Let & € N. Then 7 x --- X m maps the set of
F-independent k-tuples of X onto the set of F-independent k-tuples of Y.

Recall that two t.d.s. (X,T) and (Y, .S) are said to be disjoint [12] if X x Y is the
only nonempty closed subset Z of X x Y satisfying (1" x S)(Z) = Z and projecting
surjectively to X and Y under the natural projections X xY — X and X xY — Y
respectively. Following the arguments in the proofs of [5, Proposition 6] and [8,
Theorem 2.1] we have

Theorem 3.6. Let F be a family with the dynamical Ramsey property. The fol-
lowing are true:

(1) Each t.d.s. being F-independent of order 2 is disjoint from any minimal
system without non-diagonal F-independent pair.

(2) Each t.d.s. admits a maximal factor with no non-diagonal F-independent
pairs.

Different families might lead to the same notion of independence. In fact, it follows
from Lemma 3.2(2)(3) that Ind(Ay, ..., Ax) NF # 0 if and only if Ind(Ay, ..., Ax)N
bF # (. Thus we have:

Proposition 3.7. Let F be a family. Then:

(1) The families F and bF define the same notion of independence.
(2) F has the dynamical Ramsey property if and only if bF does.

Theorem 3.8. Let F;,F; be two families having the dynamical Ramsey property.
Then each Fi-independent pair is an Fy-independent pair and viceversa if and only
if b1 = bF>.

Proof. The “if” part follows from Proposition 3.7.

Now assume that each Fj-independent pair is an Fy-independent pair. We are
going to show that bF; C bF;.

Let F € F;. Denote by X the smallest closed shift-invariant subset of {0,1}*
containing {1g : £ C F'}. Then F € Ind([0]x, [1]x) and

X={Tlp:i€Z ECF},

where T" denotes the shift. Since F; has the dynamical Ramsey property, there exists
(x,y) € [0]x % [1]x which is Fj-independent. As each Fj-independent pair is an Fo-
independent pair, we get that Ind([0]x, [1]x)NFe # 0. Let F' € Ind([0]x, [1]x) N Fe.
For any finite subset W of F”, there exists zw € (o T *([1]x). Then zw (k) =1
for every kK € W. Since zy € X, it follows that there exists some m € Z with
m + W C F. Therefore F' € bF;. Thus F; C bF,, and hence bF; C b(bF;) = bFs.
This proves the “only if” part. 0

From Theorem 3.8 one sees that if a family bF has the dynamical Ramsey prop-
erty, then among the families which has the dynamical Ramsey property and defines
the same independence as F does, bF is the largest one.
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Lemma 3.9. Let F be a family. If F has the Ramsey property, then for any t.d.s.
(X, T) and closed subsets Y, Y7, Y; of X with Y =Y; UY; and Ind(Y') N F # (), one
has either Ind(Y;) N F # 0 or Ind(Ys) N F # (). The converse holds if furthermore
F =bF.

Proof. Suppose that F has the Ramsey property. Consider a t.d.s. (X,T') and closed
subsets Y, Y7, Y, of X with Y =Y, UY; and Ind(Y)NF # . Take F' € Ind(Y) N F.
Then NuerT™(Y) # 0. Say, © € NperT Y. Set F; = {n € F : T"x € Y;} for
7 = 1,2. Then F' = F; U F;, and hence either Fy € F or F, € F. Thus either
Ind(Y1) N F # 0 or Ind(Ys) N F # (.

Now suppose that F = bF, and for any t.d.s. (X,7) and closed subsets Y, Y}, Y
of X with Y = Y, UY; and Ind(Y) N F # 0, one has either Ind(Y;) N F # 0 or
Ind(Yo) N F # (. Let F € F and F = Fy U F, with F; N F, = (). Denote by
X the smallest closed shift-invariant subset of {0,1,2}% containing 1, + 2 - 1p,.
Then F € Ind([1]x U [2]x). By assumption we have either Ind([1]x) N F # 0 or
Ind([2]x) NF # 0. Without loss of generality let us assume that Ind([1]x) NF # 0.
Say, F' € Ind([1]x) N F. Since X is the orbit closure of 15 + 2 1p,, it follows that
for any finite subset W of F’ there exists some m € Z with m + W C F;. Thus
Fy € bF = F. Therefore F has the Ramsey property. O

From Proposition 3.7 and Lemma 3.9 we get:

Proposition 3.10. Let F be a family. If F has the dynamical Ramsey property,
then bF has the Ramsey property.

We remark that if F has the dynamical Ramsey property, it is not necessarily
true that F has the Ramsey property. For example, F,q has the dynamical Ramsey
property, but not the Ramsey property.

It is easy to see that JF¢ has the Ramsey property. It is also known that Fee,
has the Ramsey property [3, Corollary 2.16]. The celebrated Hindman theorem [25]
says that Fi, has the Ramsey property. This leads to the following questions:

Question 3.11. Is there any family which has the Ramsey property but not the
dynamical Ramsey property?

Question 3.12. Do the families s and F;, have the dynamical Ramsey property?

To end the section we shall discuss 1-independence for various families. Denote by
Fis the family generated by {nZ, : n € N}. The following notion was introduced in
[31]. Let (X, T) be a t.d.s.. We say that (X,T') has dense small periodic sets, if for
any nonempty open subset U of X there exist a nonempty closed A C U and k € N
such that T*A C A. To state our result we need a local version of this notion. That
is, for a point z in a t.d.s. (X,T), z is called quasi regular if for each neighborhood
U of x, there exist a nonempty closed A C U and k € N such that 7"A C A. The
closed set of quasi regular points of 7" is denoted by QR(T).

Theorem 3.13. Let (X, T) be a t.d.s.. Then

(1) x € X is Fip-independent iff © € Rec(T), where Rec(T") denotes the set
of recurrent points of 7. Thus, (X,T) is Fi,-independent of order 1 iff

Rec(T) = X.
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(2) x € X is Fipe-independent iff © € A(T), where A(T) = Ugzexw(x,T) and
w(x, T) = Ng>oUpsk{T"x}. Thus, (X,T) is Fiue-independent of order 1 iff
A(T) =X, iff Rec(T) = X.

(3) z € X is Fyypa-independent iff z € M(T), where M(T) = Upenm(x,r)supp(/t)
and M(X,T') denotes the set of all invariant Borel probability measures on
X. Thus, (X,T) is Fpupa-independent of order 1 iff M(7T") = X, iff there
exists a pu € M(X,T') with full support.

(4) x € X is Fys-independent if € AP(T'), where AP(T") denotes the set of
minimal points of T". Thus, (X, T") is Fps-independent of order 1 iff AP(T") =
X.

(5) x € X is Frs-independent iff x € QR(T'). Thus, (X,T) is Fis-independent of
order 1 iff QR(T) = X.

Proof. (1). Assume that € X is Fip,-independent and U is a closed neighborhood
of z. Then Ind(U) N Fi, # 0, and hence there are an IP-set ' and y € X such that

Ty € U for each i € F. By [9, Theorem 5|, U N Rec(T) # 0, i.e. x € Rec(T).

Conversely, assume that x € Rec(T") and U is an open neighborhood of z. Then
there exists a y € Rec(T) NU. By [13, Theorem 2.17], the set N(y,U) contains an
[P-set. Thus Ind(U) N Fp, # 0.

(2). The first statement follows easily from the definition. The statement that
the Fine-independence of order 1 for (X,7) implies Rec(T) = X follows from the
fact that if (X,T) is non-wandering in the sense that NN N(U,U) # 0 for every
nonempty open subset U of X, then Rec(7T') = X [13, Theorem 1.27].

(3). This was proved in [35, Proposition 3.12].

(4). Assume that x € X is Fps-independent and U is a closed neighborhood of
z. Then Ind(U) N Fps # 0, and hence there are a piecewise syndetic set F and
y € X such that T'y € U for each i € F. By [9, Theorem 6], U N AP(T) # 0, i.e.
x € AP(T).

Conversely, assume that © € AP(7T') and U is an open neighborhood of z. Then
there is y € AP(T) N U. By a well-known result of Gottschalk, N(y,U) contains a
syndetic set. Thus Ind(U) N Fs # 0.

(5). It is clear that if z € QR(T) then z is an Fs-independent point. Assume
now that x is an F-independent point. Let U be a closed neighborhood of x. Then
there is exists a k € N such that kZ, is in Ind(U). Take z € Nyez, T U. Then
TFz € U for all n € Z,. Thus A := {T*"z:n € Z,} is contained in U. It is clear
that THA C A. O

Remark 3.14. The family bF,s does not have the Ramsey property.

Proof. Let (X,T) be a non-trivial totally minimal t.d.s., i.e., X is minimal under
T* for every k € N. For example, any minimal (X,7T) with X being a connected
topological space is totally minimal [50, 11(9.6)8]. Let U be a nonempty open subset
of X with U # X. Then X = X; U X, with X; = U and X, = X\ U. Let
y € X. We claim that N(y, X;) ¢ bF, for each ¢ = 1,2. Assume the contrary
that N(y, X;) € bF. This means that there are d € N and a sequence {n; };en in
7, such that for each i, T"*%(y) € X, for each 0 < j < i. Replacing {n;};en by
a subsequence if necessary, we may assume that 7" (y) converges to some z € X.
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Then z € X; and T%(z) € X, for each j € N, contradicting the assumption that
(X,T) is totally minimal. The same argument shows that N(y, Xs) & bF. Since
Zy = N(y,X) = N(y,X1) U N(y, X5), we conclude that bF,s does not have the
Ramsey property. O

4. INDEPENDENCE: MEASURABLE CASE

In this section, for a given family F, we define F-independence for m.d.s., and
discuss 1-independence for various families. First we define independence sets for
m.d.s., similar to that for t.d.s. in Definition 3.1.

Definition 4.1. Lt (X,B,4,T) be a m.d.s.. For a tuple A = (Ay,..., A) of sets
in B, we say that a subset F' C Z, is an independence set for A if for any nonempty
finite subset J C F, we have

n(()T74,) > 0

Jj€J
for any s € {1,...,k}’.

We shall still denote the collection of all independence sets for A by Ind(A4;, ..., Ay)
or IndA. Note that Lemma 3.2.(1)-(3) holds also for m.d.s..

Proposition 4.2. Let F be a family with the dynamical Ramsey property. For
any m.d.s. (X,B,u,T), any k € N and Ay, Ay, ..., A, A1y, Ao € B with 4 =
Al,l UALQ’ if IHd(Al, AQ, R 7Ak> NnF 7é (b, then either Il’ld(ALl, AQ, ce 7Ak> NnF 7é (b
or IIld(ALQ, A27 e ,Ak) nF # (Z)

PT’OOf. Set Bk+1 = X, BO = Al,l; Bl = ALQ, and Bz = Al for 2 S ) S k. De-
note by Y the set of elements s in Xpys := {0,1,...,k + 1}Z+ satisfying that for
any nonempty finite subset J of Z, u((;c; T77Ay;)) > 0. Then Y is a closed
subset of ¥, o, and contains the constant function k + 1. It is also easily checked
that o(Y) = Y, where o denotes the shift map. Thus (Y,0) is a t.d.s.. Note
that IIld(Al, Ag, v ,Ak> == Ind({O]y U [l]y, [2]y, ey [k)]y), IDd(ALl, AQ, oo ,Ak) ==
Ind([()}y, [2]y, ceey [l{i]y), and IIld(ALg, AQ, c ,Ak) = Ind([l]y, [2]y, ce [k’]y) Thus

Ind([0]y U[1]y, [2]y, ..., [k]y)NF # 0. Since F has the dynamical Ramsey property,
either Ind([0]y, [2]y, ..., [k]y) N F # 0 or Ind([1]y, 2]y, ..., [k]y) N F # 0. That is,
either Ind(ALl, AQ, R ,Ak) nF 7’é @ or Ind(Al,g, Az, R ,Ak) nF 7é @ ]

Next we define F-independence for m.d.s., similar to that for t.d.s. in Defini-
tion 3.4.

Definition 4.3. Let F be a family and k£ € N. We say that a m.d.s. (X, B, u,T)
is F-independent of order k if for each tuple (A, ..., Ag) of sets in B with positive
measures, Ind(Aq,...,A,) NF # 0. Tt is said to be F-independent, if it is F-
independent of order k for each k£ € N.

Note that Proposition 3.7.(1) holds also for m.d.s..

Remark 4.4. Given a probability space (X, B, i), one may consider the equivalence
relation defined on B by A ~ B exactly when u(AAB) = 0, where AAB = (A\
B)U(B\ A) is the symmetric difference of A and B. The set of equivalence classes
in B, denoted by B, has the induced operation of taking complement and countable
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union. Furthermore, y descends to a function i on B. The pair (B ,f1) is called a
measure algebra [13, Section 5.1] [14, Section 2.1]. Given a measurable and measure-

preserving map 7' : X — X, one also gets an induced map T1:8-8 preserving
it, complement and countable union. For any family F and k € N, it is clear that
whether a m.d.s. (X, B, u,T) is F-independent of order k or not depends only on

—_—

the triple (B, ji, T—1).

Consider a m.d.s. (X,B,u,T) or at.d.s. (X,T). Let A = (A4;,...,A,) be a tuple
of subsets of X (in B for m.d.s.). For each k € N set ar, = maxpemaa |[F' N[0,k —1]|.
Then the function k — a; on N is subadditive in the sense that a;1; < a; + a; for all
k,j € N. Thus the limit limy_, ;o 9 exists and is equal to infyey 9= (see for example
[51, Theorem 4.9]). We call this limit the independence density of A and denote it
by I(A) (see the discussion before Proposition 3.23 in [35] for the case of actions of
discrete amenable groups). The following lemma was proved by Glasner and Weiss
in the second paragraph of the proof of Theorem 3.2 in [20], using Birkhoff’s ergodic
theorem. We give a topological proof here.

Lemma 4.5. There exists F' € IndA with d(F) = I(A).

Proof. For each k € N we claim that there exists F, € IndA such that Fy C
0,k —1] and |F, N [0,5 —1]] > j(I(A) — 1) for all 1 < j < k. Suppose that this
is not true. Then I(A) — % > 0. Furthermore, for any F' € IndA we can find a
strictly increasing sequence {b;};en in Zy such that b, = 0, and b;,; — b; < k and
|Fﬂ [bz, bi+1)| < (bi-l—l - bz)(I<A) — %) for all i € N. Set m = k?2 + 1. Take F' € IndA
with [F'N[0,m — 1]| = a,,, and let {b;};en be as above. Then by < m < by for
some s € N. Thus
s—1
m-I(A) < ap=|FN[0,m=1]=[FN[b,m—1]+> [FNIb,bi)

< k+ i(biﬂ —b)I(A)— =) <k+m(I(A)— ),

which contradicts m = k? 4+ 1. This proves our claim.
Now some subsequence of {15, }ren converges in {0, 1}%+ to 1 for some F € Z,..

Clearly F' € IndA and |[F N[0,k — 1] > k- I(A) for every k € N. We also have
lim sup;,_, | o w < limg 400 % = I(A). Therefore F' has density I(A). O

We now discuss 1-independence for various families. Using Birkhoff’s ergodic
theorem, Bergelsen proved part (1) of the following theorem [2, Theorem 1.2]. Here
we give a different proof.

Theorem 4.6. Let (X, B, u,T) be a m.d.s.. The following hold:

(1) For any A € B with pu(A) > 0, there exists F' € F,q N Ind(A) with density
at least u(A). In particular, (X, B, p, T') is Fpe-independent of order 1.

(2) (X,B,u,T) is Fs-independent of order 1 iff T' is a.e. periodic, iff (X, B, u, T')
is Fs-independent of order 1, iff for each A € B, a.e. every point of A returns
to A syndetically, iff for each A € B, a.e. every point of A returns to A along
nZ., for some n € N.
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(3) Let (X,B,11,T) be a m.d.s. If Aisin B with u(J/—y T~'A) = 1 for some
n € N, then Ind(A) N F # 0.

Proof. (1). For each k € N let a; be defined as before Lemma 4.5 for A = (A). Then
Z?;& lp—ia < aj a.e. on X. Thus ku(A) = [, Z?;& Lp—iadp < ag. It follows that
I(A) > p(A). By Lemma 4.5 we can find F' € Ind(A) with d(F) = I(A) > u(A).

(2). By Theorem 6.8 the first condition implies the second one. Clearly the second
condition implies the third one and the fifth one, the third one implies the first one,
and the fifth one implies the fourth one. Thus it suffices to show that the fourth
condition implies the first one.

Let A € B with p(A) > 0 and assume that a.e. every point of X returns to A
syndetically. For each n € N set A, =[5, UrS, T77"A. Then pu(X \ Unen 4n) =
0 and thus there exists n € N with u(A,) > 0. Denote by N the union of the
measure zero ones among [ icJ T—7 A for J running over nonempty finite subsets of
Zy. Then u(N) = 0, and hence pu(A, \ N) = u(A,) > 0. Take z € A, \ N. Then
there exists F' € F, such that for each j € F, Tz € A. For each nonempty finite
subset J of I, x € ((;c,; T7A) \ N, thus u((;c,; T~7A) > 0. That is, ' € Ind(A).

(3). The condition implies that p(A,) = 1. Thus the conclusion follows from the
last paragraph. O

5. CLASSES OF TOPOLOGICAL F-INDEPENDENCE

5.1. General discussion. In this subsection we characterize Fi, (resp. Fip) inde-
pendent t.d.s. in Theorem 5.1, construct a nontrivial topological K system with a
unique minimal point in Example 5.7, and discuss Fs-independence at the end.

A t.d.s. (X,T) is said to be (topologically) transitive if for any nonempty open
subsets U and V of X, N(U,V) is nonempty; it is called weakly mizing if (X X
X,T x T) is transitive. The equivalence of the conditions (1), (2) and (3) in the
following theorem was proved in [35, Theorem 8.6]. Here we strengthen it by adding
the conditions (4) and (5).

Theorem 5.1. For a t.d.s. (X,T) the following are equivalent:

(1) (X, T) is weakly mixing.

(2) (X,T) is Fips-independent of order 2.
(3) (X,T) is Fins-independent.

(4) (X,T) is Fip-independent of order 2.
(5) (X,T) is Fip-independent.

Proof. 1t is clear that (5)=-(4)=(2) and (5)=(3)=(2). The implication (2)=-(1)
follows from the fact that if for any nonempty open subsets U and V' of X one has
NU,U)NNU, V) #0 , then (X,T) is weakly mixing [40, Lemma]. ([40, Lemma]
was proved only for invertible t.d.s., but it is easy to modify the proof to make it
work for any t.d.s..) Thus it suffices to show that (1)=-(5).

Now assume that (X, 7T) is weakly mixing. Then each (X x---x X, T x---xT) is
transitive [12, Proposition I1.3]. Thus, for any n € N, if Uy, ..., U, and Vi,...,V,, are
nonempty open subsets of X, then NN (N, N(U;, V;)) # 0. For any given nonempty
open subsets Uy, ..., U, of X, we are going to find an [P-set F' in Ind(Uy,...,U,).
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-----

t1,...,t; in N are defined such that {ay,...,a;} ={0fU{t;, +-- -+, : 1 <i3 <
oo <4y < k}isin Ind(Uy,...,U,). Pick tx1 € N such that

the1 € (| NT“U,N...NT 90, TV,
1<im <n,1<m<2j

Then {O}U{t“ +-~+til 1<y <<y < k?—i-l} = {al,...,aj}U{CL1+

tht1y -5 +tgpr} is in Ind(Uy, ..., U,). This implies that the IP-set generated by

the sequence {t;}ien is in Ind(Un, ..., U,). O

N...NT~%U,,).

Petersen [41] showed there exists a t.d.s. which is strictly ergodic, strongly mix-
ing, and has zero topological entropy. Thus in such a system every tuple is Fj,-
independent, while no non-diagonal tuple is F,q-independent.

A t.d.s. is called an E-system if it is transitive and has an invariant Borel proba-
bility measure with full support; it is called an M -system if it is transitive and the
set of minimal points is dense; it is called totally transitive if (X, T*) is transitive
for every k € N. By Theorems 3.13 and 5.1 we have

Corollary 5.2. Let (X,T) be a t.d.s.. The following hold:

(1) If (X, T) is Fpa-independent of order 2, then it is an E-system.

(2) If (X,T) is Fps-independent of order 2, then it is an M-system.

(3) If (X, T) is Fis-independent of order 1, then it has dense small periodic sets.
If it is Fs-independent of order 2, then it is totally transitive, and hence is
disjoint from all minimal systems by [31, Theorem 3.4].

Definition 5.3. We say that a t.d.s. is topological K if it is Fyupq-independent.

By [32, Theorem 8.3] and [35, Theorem 3.16] a t.d.s. is topological K if and only
if its every finite cover by non-dense open subsets has positive topological entropy.

Next we show that there is an invertible topological K system with only one
minimal point. Recall that a t.d.s. (X,T) is said to be proximal if the orbit closure
of every point in (X x X,T x T) has nonempty intersection with the diagonal.
Following [35] we shall call F,upa-independent tuples of a t.d.s. as IE-tuples. To
construct the example we need

Lemma 5.4. Let (X,T) be a t.d.s.. We have:

(1) Suppose that (X,T) has a transitive point . Then T is topologically K if
and only if for each j € N, (z,Tz,...,T'"'x) is an [E-tuple.
(2) (X, T) has only one minimal point if and only if (X, T") is proximal.

Proof. (1). This follows from the fact that the set of IE j-tuples is closed in X7 for
each j € N.

(2). The “only if” part is trivial. Assume that (X,7') is proximal. Take z € X.
Say, (y,y) is in the intersection of the diagonal and the orbit closure of (z, T'z). Then
Ty =vy. Let z € X. Then the orbit closures of y and z have nonempty intersection,
which of course has to be {y}. It follows that if z is minimal, then z = y. O

For a t.d.s. (X,T), recall its natural extension (X,T) defined as follows. X is

the closed subspace of [], X consisting of (x1,2s,...) with T(x,41) = x,, for all

n € N, and T is defined as T'(x1,2s,...) = (T(21), 21, 2s,...). Note that T is a
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homeomorphism and the projection 7 : X — X sending (1, 9,...) to x; is a factor
map. It is well known that (X,7") and (X,T) share many dynamical properties.
Here we need a special case.

Lemma 5.5. Let (X,T) be a t.d.s.. The following are true:

(1) Let F be a family and & € N. Then (X,T) is F-independent of order k if
and only if (X, T) is so. o
(2) (X,T) is proximal if and only if (X, T) is so.

Proof. (1). The “if” part follows from the fact that if a t.d.s. is F-independent of
order k, then so is every factor. Suppose that ~(X ,T) is F-independent of order k.
Let Uy, ..., Uy be nonempty open subsets of X. Then there exist nonempty open
subsets V1, ...,V of X and m € N such that if (z1,2,...) is in X and z,, € V; for
some 1 < j <k, then (z1,2,,...) is in U;.

We claim that Ind(Vy,..., Vi) C Ind(Uy,...,Uy). Let F € Ind(V4,..., V), J be
a nonempty finite subset of ', and s € {1,...,k}’. Then ﬂje, TV # 0. Take
y € Njes T7Vi)- We can find & = (z1,29,...) € X such that z,, = y. Then
NS ﬂjeJ T*jUs(j). Thus F' € Ind(Uy, ..., Ug). This proves out claim.

Since F NInd(V4, ..., Vi) # 0, we get F NInd(Uy,...,Uy) # 0. Therefore (X, T)
is also F-independent of order k. This proves the “only if” part.

(2). This is trivial. O

For p > 2 let A, = {0,1,...,p — 1} with the discrete topology, ¥, = AZ+
with the product topology and o : ¥, — X, be the shift. For n € N and a =
(a(1),a(2),...,a(n)) € A} (ablock of length n), let [a| = n, o(a) = (a(2),...,a(n)).
We say that a appears in x = (z(1),2(2),...) € ¥y or ¥ € AJ* with m > n if
there is j € N with a = (z(j),z(j +1),...,2(j + n — 1)) (write a < x for short)
and we use t' to denote t...t (i times). For b = (b(1),...,b(m)) € A7, denote
(a(1),...,a(n),b(1),...,b(m)) € AJ™™ by ab. Denote (ii...) by i, 0 <i <p—1.
We also need the following lemma. In view of [5, Proposition 2] and [32, Theorem
7.3] or [35, Theorem 3.16], it is equivalent to [28, Lemma 4.1]. One can also prove
it directly using IE-pairs instead of entropy pairs in the proof of [28, Lemma 4.1].

Lemma 5.6. There is an E-system (Y, o) contained in (X3, o) with a unique minimal
point 0 such that Y has an IE-pair (x1,z3) in [1]y X [2]y.

Example 5.7. There exists a non-trivial invertible t.d.s. which is topological K
and has a unique minimal point.

Proof. By Lemma 5.5 it suffices to show that there exists a non-trivial t.d.s. which
is topological K and proximal. We use the idea in the proof of Theorem 4.2 in
[28]. The main idea is to construct a recurrent point x € Xy with the following two
properties:
(I) for any j € N, (x,0(x),...,07 ! (x)) is an [E-tuple of (X, o), where X is the
orbit closure of z, and
(IT) for each n € N, 0™ appears in = syndetically.

By Lemma 5.4 it is clear that (X, o) is topological K with a unique minimal point
0. First we give the detailed construction of the recurrent point x.
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Let (Y, o) be the system constructed in Lemma 5.6 and let y be a transitive point
of Y. By [35, Theorem 3.18] for each m € N we can find an IE-tuple (2,1, - - -, Zmm)
of Y with 2,,1,...,2mm being pairwise distinct and all in [1]y U [2]y. Then we
can find ¢,, € N such that 2,,1[0,%m], ..., 2mm(0,t,] are pairwise distinct, where
2[0,t] denotes (z(0),...,2(t)). Define a map f,, : Ay»™ — A1 by fiu(a) = j if
a = 2y ;[0,t,] for some 1 < j <m and f,,(a) = 0 otherwise.

Take ¢ : N — N such that ¢(k) < k for each k € N and for each m € N, ¢~!(m)
is infinite.

Set A; = (10), ny = |A;] = 2. Set
Cl,O - 02n17 0171 - A10"1.

Suppose that Ay, ..., Ag, Cp; for 0 <m <k and 0 <7 < m, and nq,...,n; are
defined. We define inductively Ayi1, Cpy1, for i =0,1,...,k+ 1, and ng41.

Say, m = ¢(k). Since (Y, o) has a unique minimal point 0, there exists ¢, € N with
U > t,, such that 0™ appears in y with gaps bounded above by (. Set by, = 2{;ny,
and set

A1 = A0 Con f (410,0) O fn (w1t +1]) - - - O fn (b~ i) 075 M1 = [Aga |, and
Crrro = 0241 Chiyy = 0 H(Ap)0H0™+ for i = 1,2,...,k+ 1.

It is clear that x := limy_. o A is a recurrent point of ¢ in 5. Denote by X the
orbit closure of z in 5. We claim that z satisfies (I) and (II).
(I). Given j € N, we show that (z,0(z),...,077}(z)) is an IE-tuple of (X,0o).
Suppose that Vi, V/, ..., V/ ; are neighborhoods of x, o (), . .. ,0771(x) respectively.
Then there is some m € N with m > j such that V; C V/ for all 0 < i < j—1, where
Vi = [0%(An)0x for all 0 <i < m — 1.

Since (Zm1s - - - s Zmm) 1s an IE-tuple of Y, there exists some d > 0 such that for any
n € N we can find a finite subset J C Z, with |J| > n contained in an interval with
length at most d|.J| such that for any s € {1,2,...,m}’ one has (,.; 0 "Us) # 0,
where U; = (2, [0, t,])y for 1 < j < m. Since y is a transitive point of Y, we have
oM (y) € Micy 0 Uy for some N € Zy. Then yiniiNtittn] = Zm,s(i)|0; tm] for all
i€ J. Take k > N + max J + t,, with ¢(k) = m. Then by > k> N + i+ t,, for all
1 € J, and

A1 = A0 Co f (410.0) O fn (w1 41]) - - - O fn b~ 07

Note that f,,(y[N +i, N + i+ t,,]) = s(i) for all i € J. Thus g2 +2N+inm (7)) ¢
[Consy)x € Vip—1 for all i € J. It follows that o®" 2N (z) € M,y ;07 Vi
for the map v € {0,1,...,m — 1}?"7 defined by ¥ (2n,,i) = s(i) — 1 for all i € J.
Therefore 2n,,J is an independence set for (Vp, ..., V,,—1). Clearly 2n,,J is contained
in an interval with length at most 2n,,d|J| = 2n,,d|2n,,J|. Thus by Lemma 4.5
(v,0(x),...,0771(x)) is an IE-tuple of (X, o).

(IT). We now show that for each n € N, 0" appears in x syndetically. It suffices to
prove that for each k£ € N, 0" appears in = syndetically with gaps bounded above

Fix k € N. Say, ¢(k) = m. By the construction

A1 = A0 Con 1 (410,0)) O o WLt +1]) -+ - O o (ylb—tm i) 075
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Note that f,,(a) = 0 for every a € Ay**! with a(0) = 0. As 0™ appears in y with
gaps bounded above by £}, 0™ appears in Cy, 1, y(0,tm]) Crm fon W[1tm+1]) - - - Crmfon (ylbr—tm br])
with gaps bounded above by 2n,,0; < 2n;lp = bx. Thus 0™ appears in Ap,; with
gaps bounded above by by + ng < 20.

Assume that 0™ appears in A, with gaps bounded above by 2b;, where £ > k+ 1.
Now we are going to prove that this is also true for £+ 1. Set m’ = ¢(¢). First note
that

Appr = Al0™Crv g iot, ) Ot g it 410) - - - Ot f,  (ylbe—t b)) 027

If m" > k+ 1, then by the induction assumption and the construction of C,,; we
know that 0™ appears in A, with gaps bounded above by 2b;. If m’ < k, then by
the induction assumption and the discussion similar to the case of Ay.i, we know
that 0™ appears in A,y; with gaps bounded above by 2b;. Hence 0™ appears in z
syndetically with gaps bounded above by 2b, as * = lim,_  , Ay. 0

Definition 5.8. We say that a t.d.s (X, T) is Bernoulli if it is conjugate to (A%+, o),
where A is a compact metrizable space with |A| > 2 and o is the shift.

Theorem 5.9. A Bernoulli system is F,s-independent.

Proof. Let (X,T) be a Bernoulli system. Without loss of generality we may assume
that (X,T) = (AZ+,0) as above. Let Uj,...,U, be nonempty open subsets of X
for some n € N. Then there exist some & € N and nonempty subsets A; ; C A for
1<i<nand0<j<ksuchthat U; D A;ox...XA;p_1x[[;5, Aforalll <i<n.
It follows that AN C Ind(Uy, ..., U,). Thus (X, T) is Fi-independent. O

Recall that a t.d.s. (X,T) is called strongly mizing if for any nonempty open
subsets U and V' of X, N(U,V) is a cofinite subset of Z,. In [4, Example 5]
Blanchard constructed examples of invertible t.d.s. which are F,s-independent of
order 2 and are not strongly mixing. In fact, the Property P defined in [4] is exactly
the same as Fs-independence of order 2. It is easily checked that the condition in
[4, Proposition 4] actually implies Fs-independence. Thus Blanchard’s examples
are actually Fs-independent. Thus Fs-independence does not imply strong mixing
and hence does not imply Bernoulli.

A factor map 7 : (X, T) — (Y, S) between t.d.s. is said to be an almost one-to-one
extension if the set {r € X : 77! (n(z)) = {x}} is dense in X.

For a sequence K = {k, },en in N with £, being divisible by k,, for each n € N,
the adding machine (Xk,Ty) associated to K is defined as follows. Xy is the
projective limit of @1 Z]k,Z, as a metrizable compact abelian group, and T is

n—-+o0o

the addition by 1.

For a t.d.s. (X,T), recall that x € X is called a regular minimal point [23,
Definition 3.38] if for each neighborhood U of z, there exists k € N such that
N(z,U) D kZ,. It is known that if z is a regular minimal point, then its orbit
closure is an almost one-to-one extension of some adding machine, see for instance
[31, Proposition 3.5]. Now we show

Proposition 5.10. Let (X, 7T) be a minimal t.d.s.. The following are equivalent:

(1) (X, T) has dense small periodic sets.
(2) (X,T) is an almost one-to-one extension of some adding machine.
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(3) X has a regular minimal point.

Proof. By [31, Proposition 3.5] (2) and (3) are equivalent. (3)=-(1) is trivial.

(1)=(2). For any nonempty open subset U of X, let B be a nonempty closed sub-
set of U with T"B C B for some k € N. Take x € B. Then the argument in the proof
of [31, Proposition 3.5] shows that the orbit closure A of z under T* is a nonempty
clopen subset of U and there exists some ¢ € N such that {4, TA,... T 1A} is a
clopen partition of X and TYA = A.

Fix a compatible metric on X. Starting with some nonempty open subset U of
X with diam(U) < 1, we obtain A and ¢ as above, and set A; = A and ¢; = (.
Inductively, assuming that we have found subsets A; O Ay O --- O Ay and positive
integers (1, s, ..., {; such that diam(A;) < 1/j, {A;, TA;,...,T% 1A;} is a clopen
partition of X, and TEJ'AJ- = Aj forall 1 < j < k. We shall find Ay, and £
with the same property. Let U be a nonempty open subset of A; with diam(U) <
1/(k+1). We obtain A and ¢ as above, and set Az = A and {41 = L.

Now the argument in the proof of [31, Proposition 3.5] shows that (X,7) is an
almost one-to-one extension of some adding machine. 0

5.2. Non-existence of non-trivial minimal F;-independent t.d.s. It was shown
in [32, Theorem 3.4] that there exist non-trivial minimal topological K systems (the
existence of nontrivial minimal u.p.e. systems was proved earlier by Glasner and
Weiss [18], answering a question of Blanchard [5]). As a contrast, we have

Theorem 5.11. There is no non-trivial minimal t.d.s. which is Fi-independent of
order 2.

To prove Theorem 5.11, we need some preparation. Crucial to the proof of The-
orem 5.11 is the following combinatorial result, which is also of independent inter-
est. We postpone its proof to the Appendix. Recall the notion introduced before
Lemma 5.6.

Theorem 5.12. Let p, ¢/ € N with p > 2. For any integer m > 4/ 4 2, given any
sequence {A,}necz, of subsets of A7" with |A,| < £ for each n € Z,, there exists
x € ¥, such that z[n,n+m — 1] ¢ A, for every n € Z,.

We remark that under the conditions of Theorem 5.12, the set {z € ¥, : z[n,n +
m—1] & A, for all n € Z,} is small in both topological and measure-theoretical
sense: it is a closed subset of X, with empty interior and has measure 0 for the
product measure on ¥, associated to any probability vector (to,...,t,—1) with
Z?;é t;j=1and t; >0forall 0 <j <k —1. The following lemma is important for
the proof of Theorem 5.11 and also can be applied to show that an Fi-independent
t.d.s. is disjoint from all minimal t.d.s. [11].

Lemma 5.13. For every minimal subshift X C ¥, Ind([0]x, [1]x) does not contain
any syndetic set.

Proof. We argue by contradiction. Assume that X C ¥, is a minimal subshift
and Ind([0]x,[1]x) contains a syndetic set F. Say, F' = {ng < n; < ...} with
¢ = maxjez, (nj4y1 — n;j). Let m be as in Theorem 5.12 for p = 2 and ¢. Take
a € A3* such that a appears in some element of X. For each j € Z,, set A; to be
the subset of A" consisting of elements of the form (a(k),a(k + nj41 — n;),a(k +
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Njto — 1), ..., a(k+njim_1 —n;)) for 1 <k </{ Then |A;| </lforall j € Z,. By
Theorem 5.12 we can find « € ¥y such that z[j,j +m — 1] € A; for every j € Z,.
Since F' € Ind([0]x,[1]x), we can find y € X with y(n;) = z(j) for all j € Z,.

As X is minimal, there exists some ¢ > n; such that y[i,i + m{ — 1] = a. Say,
nj_1 <t <nj. Set k=mn; —i+1. Then z(s) = y(ns) = a(k + ny, — n;) for all
Jj <s<j+m—1, which contradicts that z[j,j +m — 1] &€ A;. O

We are ready to prove Theorem 5.11.

Proof of Theorem 5.11. We shall show that if (Y,.5) is a minimal t.d.s., and Vy, V}
are disjoint closed subsets of X with nonempty interior, then Ind(Vg, V1) N Fy does
not contain any syndetic set.

It is well known that we can find a minimal t.d.s. (X;,7}) and a factor map
7 (X1, T1) — (Y, 5) such that X, is a closed subset of a Cantor set (see for eample
6, page 34]). Tt is easy to see that Ind(Vj, V1) = Ind(7=(Vp), 7= 1(V41)). Write X as
the disjoint union of clopen subsets Uy and U; such that U; 2 7= (V) for j =0, 1.
Then Ind(Vy, Vi) C Ind(Uy, Uy).

Define a coding ¢ : X; — X9 such that for each x € Xy, ¢(z) = (xo, 21, ...), where
z; = jif T{(x) € U; for all i € Z,. Then X = ¢(X;) is a minimal subshift contained
in ¥ and ¢ : X; — X is a factor map. It is easy to verify that Ind(Uy, U;) C

Ind([0]x, [1]x)-
By Lemma 5.13 we know that Ind([0]x, [1]x) does not contain any syndetic set.
Then Ind(Vp, V1) does not contain any syndetic set either. O

5.3. Finite product. In this subsection we investigate the question for which fam-
ily F, the product of finitely many F-independent t.d.s. remains F-independent.

It is known that if F = F,q the question has a positive answer [32, Theorem
8.1] [35, Theorem 3.15]. We now show that the question has a positive answer for
F = Fis, Fps. It is clear that

Frsgfcengfpsgfpubd-
We need the following lemma. It is also needed for the proof of Theorem 7.1 later.

Lemma 5.14. For any d > 0, k € N, and finite subset F' C Z, with d|F| > k, there

exists N = N(d,k, F') € N such that for any nonempty finite interval  C Z, and
Sglwith%Zdand |I| > N one has |[S N (F +p)| > k for some p € Z.

Proof. Take N € N such that % > k. For each 5 € F the set S — j is
contained in [min/ — max F,maxI] C Z. Then we can find some p € [minl —
max F, max I| such that p is contained in S — j for at least T I_Iiuf} il

F.Set W={j€F:peS—j} Then (W+p) CSN(F+p) and
SLIFL_ASLIF AR
|[min I — max F,maxI]| |I|+maxF — 1+ (maxF)/[I| =

J’s in

W >

O

We need the following simple lemma. For a subset K of Z,, denote by X the
set of limit points of the sequence {o™1x }nez, in {0, 1}%+, where o denotes the shift
map on {0, 1}%+. Note that (Xg,o) is a t.d.s..
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Lemma 5.15. The following statements hold:

(1) Let 51,52 € Fpupa- Then there are two subsets Ki, Ky of Z, such that
1K7l € XSN 1= 1,2, and Kl N K2 € Fpud-

(2) Let S1,S9 € Fps. Then there are two subsets K, Ky of Z, such that 1k, €
Xsi, 1= 1,2, and K; N Ky € FoN Feen.

(3) Let Sy, Sy € Fis. Then there are two subsets K7, Ky of Z, such that 1y, €
XS“ 1= 1,2, and K1 N KQ S frs.

Proof. (1). Set X; = Xg,. Recall the independence density defined before Lemma 4.5.
We have I([1]x,) = BD*(S;) > 0 for i = 1,2. For each k € N, take a finite
interval J; in Z, with |J;] = k and a set [} € Ind([l]x,) with F; C J; and
|Fi| > |h]1([1]x,). Note that we can find arbitrarily long finite interval J5 in Z, and
a set Iy € Ind([1]x,) with Fy C Jy and |Fy| > |Jo|I([1]x,). By Lemma 5.14, when
|I5| is large enough, we have |FyN(Fy+p)| > I([1]x,)|Fi|—1 > |11 ([1)x,) I ([1]x,)—1
for some p € Z. Consider the t.d.s. (X; X X5,0 x o). Note that F; N (Fy + p) €
Ind([1]x, x [1]x,). It follows that I([1]x, x [1]x,) > I([1]x,)I([1]x,) > 0. By
Lemma 4.5 we can find F' € Ind([1]x, X [1]x,) with density I([1]x, X [1]x,). Take
v € N,eploxo)™([1]x, x [1]x,). Say, z = (1, 1k,) for some Ky, K € Z,. Then
1Ki € XZ', 1= 1, 2, and Kl N KQ 2 F. 1t follows that Kl N KQ € fpud-

(2). Set X; = Xg,. Since S; is in Fps, there exists 15, € X; with F; € F..
By Lemma 5.4.(2), for each ¢ = 1,2, there is a minimal set M; # {(0,0,...)}
contained in X;. Consider the t.d.s. (M; x My,0 X o). Let M be a minimal set
contained in M; x M, and take z € M. Say, x = (1k,, 1k, ) for some K;, Ky C Z,.
Then K; and K, are nonempty. For any j,k € Z,, since o/ x oF is a factor
map from M to a minimal set in M; x My, 0/ x o%(x) = (091k,,0"%1k,) is also a
minimal point. Replacing x by o™ 1 x gmin K2 (1) if necessary, we may assume that
min K; = min Ky = 0. Then K3 N Ky = N(z,[1]x, X [1]x,) is syndetic and central.

(3). This is trivial. O

Theorem 5.16. The product of finitely many Fi-(resp. Fis, Fpa) independent t.d.s.
is Fy-(resp. Fis, Fpa) independent.

Proof. We shall prove the case F = F;, and the proof for the other cases is similar.
Let (X;,T;) be an Fi-independent t.d.s. for i = 1,2. Let Uy,...,U, and V;,..., V],
be nonempty open subsets of X; and X, respectively. Then there are syndetic
sets Sy € Ind(Uy,...,U,) and Sy € Ind(V4,...,V,). By Lemma 5.15 there are two
subsets K7, Ky of Z, such that 1x, € Xg,, ¢ = 1,2, and K; N K, is syndetic. It
is clear that K; € Ind(Uy,...,U,) and Ky € Ind(V4,...,V,). Thus, K; N K, €
Ind(U; x V4, ..., U, x V,). This implies that (X; x Xy, T x T3) is Fs-independent.
The theorem follows by induction. O

Since a family F has the Ramsey property if and only if its dual family F* has
the finite intersection property, we have

Theorem 5.17. Let F be a family with the Ramsey property. Then the product
of finitely many F*-independent t.d.s. remains F*-independent.

In [52, page 278] Weiss constructed two weakly mixing t.d.s. whose product is
not transitive. (Weiss’'s example was only stated to be Z-weakly mixing, but is
easily checked to be Z,-weakly mixing.) In view of Theorem 5.1, this implies that
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the product of Fiy-independent (Fip-independent resp.) t.d.s. may fail to be Fiy¢-
independent (F;,-independent resp.).

6. CLASSES OF MEASURABLE JF-INDEPENDENCE

6.1. General discussion. In this subsection we characterize Fins-(resp. Fip, Fpubd)
independent m.d.s. in Theorems 6.1 and 6.2.

Recall that a m.d.s (X, T) is said to be ergodic if for any A, B € B with positive
measures, N (A, B) is nonempty; it is called weakly mizing if T'x T is ergodic. Similar
to the topological case (Theorem 5.1) we have

Theorem 6.1. For a m.d.s. (X, B, u,T) the following are equivalent:
(1) (X,B,u,T) is weakly mixing.

(2) (X,B,u,T) is Fins-independent of order 2.

(3) (X,B,u,T) is Fine-independent.

E ( T)

X,B, 1, T) is Fip-independent of order 2.

(X, B, 1, T) is Fip-independent.
Proof. Tt is clear that (5)=-(4)=(2) and (5)=(3)=(2). The implication (2)=-(1)
follows from the fact that if for any A, B € B with positive measures one has
N(A,B)N N(A,A) # 0, then (X,B,u,T) is weakly mixing [13, Theorem 4.31].
([13, Theorem 4.31] was proved only for invertible m.d.s., as it depended on [13,
Theorem 4.30] which in turn was only proved for invertible m.d.s.; [39, Theorem
3.4] proved [13, Theorem 4.30] for any m.d.s., thus [13, Theorem 4.31] also holds for
any m.d.s..)

When T is weakly mixing, so is T x --- x T' [51, Theorem 1.24]. Thus the proof

of (1)=-(5) in Theorem 5.1 also applies here. O

)
3)
4)
5)

It was proved in [32, Theorem 8.3] and [35, Theorem 3.16] that a t.d.s. is topo-
logical K if and only if its every finite cover by non-dense open subsets has positive
entropy. Moreover, it is shown in [32, Theorem 9.4] that there exists t.d.s. which is
Fpuba-independent of order 2 but is not Fp,,pq-independent of order 3. Now we show
that in the measurable setup the situation is different.

We refer the reader to [39, Chapter 4] for the basics of the entropy theory. A
m.d.s. (X, B, u,T) is said to have completely positive entropy if for every non-trivial
countable measurable partition o of X with 0 < H(a) < oo one has h, (T, «) > 0.
The Rohlin-Sinai theorem says that an invertible m.d.s. has completely positive
entropy if and only if it is an K-automorphism [43] [39, Theorem 4.12].

Fora > 2let Q, = {0,1,...,a— 1} and Y C Q,. A subset I C Z is called an
interpolating set for Y if Y|; = Q,|;. Now suppose that (X, B, pu,T) is an invert-
ible m.d.s. and that P = {P, P1,...,P,_1} is a finite measurable partition of X.
Construct a set Yp C €, as follows:

Yp = {w € ), : for all nonempty finite subsets J C Z, ,u(ﬂ T7PR,,) > 0}.
jed
Glasner and Weiss showed that an invertible m.d.s. (X, B, u, T') has completely posi-
tive entropy if and only if for every finite measurable partition P = { Py, P, ..., P,_1}
of X with ming<;<q—1 p(FP;) > 0 the set Yp has interpolating sets of positive density.
In our terminology, clearly interpolating sets of P are exactly the independence sets
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of the tuple (P, P, ..., P,_1). Now we extend the result of Glasner and Weiss to
general m.d.s..

Theorem 6.2. Let (X, B, i, T) be a m.d.s.. Then the following are equivalent:
(1) (X, B, 1, T) is Fpupa-independent.
(2) (X, B, 1, T) is Fpupa-independent of order 2.
(3) (X, B, u,T) has completely positive entropy.

To prove Theorem 6.2, we need some preparation. For a Lebesgue space (X, B, )
and a measurable partition a of X, we denote by & the o-algebra generated by the
items of a; for a family {B;},e; of sub-o-algebras of B, we denote by \/,.; B; the
sub-o-algebra of B generated by |J,.; B;. For a m.d.s. (X,B,u,T), a measurable
partition o of X, and 0 < n < m < oo, we denote \/].:n T 7o and \/;"’:n T-7& by
a™ and &) respectively. The following lemma is [39, Lemma 4.6] for non-invertible
m.d.s..

Lemma 6.3. Let (X, B, 1, T) be am.d.s., and let @ and 3 be countable measurable
partitions of X with H(«), H(3) < co. If # < awor a < 3, then lim,,_ ;o %H(ag_lwgo) =
H(alage).

Proof. We follow the proof of L39, Lemma 4.6]. Consider first the case < a. The

sequence of o-algebras {4} V 375 }nen is increasing and their union generates the
o-algebra 47°. By the increasing Martingale theorem [39, Theorem 2.6] one has

lim H(]a} v 55) = HlaloF).
Since
n—1 n—1 n—1
H(ag 1|ﬁoo) = Z H(T™ a|0‘1+1 N ﬁoo) = Z H(ala!™ 7"V Brli) = H(ald) v z+1)7
i=0 i=0 i=0

we conclude that lim,, | %H(ag*m;;o) = H(«a|as5°).
Next we consider the case a < 3. One has
1 1
linsup (0 |57) < lim_H(a ! |a%) = H(alaf),
n—+oo - n

where the second equality comes from the above paragraph. One also has

1 n—1| J00 1 n— n—1| Qoo 1 n— 00 1 n—1| an— e
—H(By 7 107) = —H(By ™" V oM B) = —H (o™ 187) + —H(5 " ag ™ v ),
and
lH(Bn—ll&oo) _ EH( n—1 Vi an—1|dm) o lH(an—1|doo> 4 lH(ﬁn—1|d00)
0 n _n 0 0 n _TL 0 n n 0 0/
Since H(Br Yapt v %) < H(Br~'|ag), we get

1 n— AOO 1 n— AOO 1 n— A OO 1 n— A 00
SH(E8) - S Hg ™ 3T) < S HG ) - — Hiog™!la%).

Taking lim sup on both sides, by the above paragraph we get

H(3\A) ~ i © H (o 37) < H(3\) — H{ola?)
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That is, liminf, %H(ag_lwflo) > H(«a|ag®). Therefore lim,, 1o %H(aﬁ‘”ﬁﬁo) =
H(a|a$°) as desired. O

For a m.d.s. (X,B,u,T), denote by P(T) the Pinsker o-algebra of T [51, page
113], consisting of A € B such that h,(7,{A, X \ A}) = 0. For a Lebesgue space
(X, B, i) and sub-o-algebras By and B, of B, we write By C,, B, if for every A; € By
we can find Ay € By with p(A;AA) = 0; we write By =, By if By C, By and
By C, Bi. The next theorem appeared in [42, 12.3]. For the convenience of the
reader, we give a proof here.

Theorem 6.4. Let (X,B,u,T) be a m.d.s.. Then P(T) =, V,,ez, & for a
running over countable measurable partitions of X with H(«) < oco.

Proof. Let «, 3 be countable measurable partitions of X with H(«), H(f) < oo and
3c MNnez, G5+ For any m < n in Z, one has T-"3 C a2, Thus LH(B e v
B;?f’) = 0 for every n € N. Taking limit, by Lemma 6.3 we get H(ﬁ]ﬁfo) = 0. That
is, hyu(T',8) = 0. Thus ¢z, 67> € P(T).

Conversely, let A € P(T'). Set o = {A, X \ A}. Then 0 = h,(T, o) = H(a|a®).
Thus & C,, a5° [14, Proposition 14.18.1]. It follows that 7" "& C,, &%, and hence
ap° C, apey for every n € Z,. Then for each n € N we can find A, € &;° with
1(AAA,) = 0. Note that (e Uppsp Am € Nz, 677 and p(AA (N, cny U, usn Am)) =
0. Therefore P(T) €, V, Nyez, &7° for a running over countable measurable par-
titions of X with H(a) < oo. O

The next result appeared implicitly in [42, 13.2]. For completeness, we give a
proof here.

Theorem 6.5. Let (X, B, i, T) be a m.d.s.. Then the following are equivalent:

(1) (X, B, u, T) has completely positive entropy.
(2) For every countable measurable partition a of X with H(«) < oo, one has
limy, 4o by (T, ) = H(wv).

Proof. (1)=(2): Let a be a countable measurable partition of X with H(a) <
oo. For each n € N one has h,(T", a) = H(a|\/}Z, T77"4) > H(aldy). By the
decreasing Martingale theorem [14, Theorem 14.28] we have lim,_, . H(a|a5°) =
H(al mn€Z+ ag°). Since T has completely positive entropy, P(T) is exactly the o-
algebra of measurable subsets of X with measure 0 or 1. Thus H(a[(),cz, 67°) =
H(w) by Theorem 6.4. Therefore liminf, . . h,(T" ) > H(a). On the other
hand, for each n € N one has h,(T", o) < H(«). Thus lim,_ 4 h,(T", o) = H(a).

(2)=(1): Let a be a countable measurable partition of X with 0 < H(«a) < oo.
For each n € N one has h,(T, o) > th,(T", ). Since limy,_ ;o0 b (T, @) = H(ct) >
0, we conclude that h, (T, ) > 0. O

Lemma 6.6. A non-trivial m.d.s. being Fpnq-independent of order 2 has positive
entropy.

Proof. Assume that (X, B, u,T') is a non-trivial m.p.s. being Fupa-independent of
order 2 and has entropy 0. Clearly (X, B, i, T) is ergodic. By Rosenthal’s extension
of the Jewett-Krieger theorem to non-invertible m.d.s. [44], there exists a t.d.s.

()A( ,f ) with a unique invariant Borel probability measure iz such that g has full
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support and the m.d.s. (X, B, Iz T) and ()/{> B, i, T A) are isomorphic where By
denotes the Borel o-algebra of X in the sense that there are Xo € B, Xo € Bg and
a measure-preserving bijection ¢ : Xy — XO with pu(Xo) = ,u(Xo) =1, TX, C X,
TX, C )A(O, and ¢po T = To ¢. By the variational principle [51, Theorem 8.6], one

has
huop(T) = ha(T) = hy(T) = 0.

Since (X, B, i, T') is non-trivial, ( , ) is a non-trivial t.d.s.. Thus we can find two
disjoint closed subsets A, B of X with fi(4) > 0, i(B) > 0. Set U = {X \ A, X'\ B}.
Then U is an open cover of X, and for any F' € Ind(A, B) we have

0 = hiop(T) > hiop(T,U) = lim —logN \/ T-U)

n—+oo N

> lim sup — log N( \/ Tu)
n—+oo T i€eFn{0,1,...,n—1}

= lim sup — log2|Fﬁ{01 """ Ul = 4(F)log 2.
n—-4oo n

Hence d(F) = 0. Thus Ind(4, B)NFpuq = 0. It follows from Example 2.2 and Propo-
sition 3.7 that Ind(A4, B) N Fyupa = 0. Thus (X, Bg, 1, T) is not Fpypa-independent
of order 2. Then by Remark 4.4 (X, B, u,T) is not F,ypq-independent of order 2
either. 0

We shall need the following consequence of Karpovsky and Milman’s generaliza-
tion of the Sauer-Perles-Shelah lemma [33, 48, 49].

Lemma 6.7. ([33]). Givenr > 2in N and A > In(r—1) there exists a constant ¢ > 0
depending only on r and A such that, for all n € N and S C {1,2,...,r {01}
satisfying |S| > e there is an I C {0,1,2,...,n — 1} with |I| > cn and S|; =
{1,2,...,7}.

Now we are ready to prove Theorem 6.2.

Proof of Theorem 6.2. When (X, B, u,T) is a trivial system, this is obvious. So we
suppose that (X, B, u,T) is non-trivial. (1)=-(2) is obvious.

(3)=(1): We claim first that (X, B, ) is non-atomic in the sense that pu({z}) =0
for every x € X. In fact, since T" has completely positive entropy, it is ergodic. If
pu({z}) > 0 for some x € X, then we can find some n € N such that z, Tz, ..., T" 'z
are pairwise distinct, 7"z = x, and pu(x) = p(Tz) = - = p(T" ') = 2. If n > 1,
denoting by 3 the partition of X into {} and its complement, we have h, (7, 5) = 0.
Thus n = 1, which means that (X, B, u,T) is trivial. Therefore (X, B, u) is non-
atomic.

Given a tuple (Aj,..., Ax) of sets in B with positive measures, we are going to
show that Ind(Aq, ..., Ax) N Fpupa # 0. Without loss of generality, we may assume
that Aq,..., A, are pairwise disjoint.

Every non-atomic Lebesgue space is isomorphic to the closed unit interval endowed
with its Borel o-algebra and the Lebesgue measure [34, Theorem 17.41]. It follows
that there exist a 7 € N and a measurable partition « = {Bj, ..., B,.} of X such that
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r >k, uw(B;) = % fori=1,2,...,r, and B; is a subset of A; for j =1,2,...,k. To
show Ind(Ay, ..., Ag)NFpuba # 0, it is sufficient to show Ind(By, . . ., B,)NFpuba 7 0.

By Theorem 6.5 we have lim,_, o h,(T",a) = H(a) = Inr. Thus there exists
¢ € N such that A := h,(T* @) > In(r — 1). Then 1H(\/72) T-%a) > A\ > In(r — 1)
for all n € N. For any given finite measurable partition § of X, we define

Bl = {B € 5 : pu(B) > 0},

n

Then | \/7 T~ %al, > efVico T™") > M for all n e N.

Now combing this with Lemma 6.7, we see that there exists a constants ¢ > 0
depending on only r and A such that, for any n € N there is an I,, € {0,1,2,...,n—
1} with |Z,| > en and p((,e;, T %Bys) > 0 for any s € {1,2,...,r}». This
implies that (I, € Ind(By,..., B,) for each n € N. From Lemma 4.5 we conclude
that Ind(By, ..., B,) N Fpa # 0.

(2)=(3): Assume that (X,B,u,T) is Fpupa-independent of order 2. Note that
the definitions of independence sets and entropy apply to more general measure-
theoretical dynamical systems in which the probability space does not have to be a
Lebesgue space. In this sense (X, P(T), u,T) is also Fpupa-independent of order 2
and has entropy 0. Since (X, B, u) is a Lebesgue space, it is easy to see that B is
separable under the semi-metric d(A, B) = u(AAB). Then P(T) is also separable
under this semi-metric. It follows that there is a m.d.s. (Y, 7,v,S) (ie., (Y, J,v) is
a Lebesgue space) such that the measure algebra triples associated to (X, P(T), u, T)
and (Y, 7, v, S) in Remark 4.4 are isomorphic [13, Proposition 5.3]. Then (Y, 7, v, S)
is also Fpuba-independent of order 2 and has entropy 0. By Lemma 6.6 (Y, J,v, S)
is trivial. Thus P(T") consists of measurable subsets of X with measure 0 or 1. That
is, (X, B, 11, T') has completely positive entropy. O

6.2. Non-existence of F,-independent m.d.s. It is somewhat surprising that
there is no non-trivial m.d.s. which is F-independent. In the following, we aim to
show that for any non-periodic m.d.s. (X, B, i, T'), there exists A € B with u(A) > 0
such that Ind(A) does not contain a syndetic set.

A m.d.s. (X,B,p,T) is called non-periodic or free if u({x € X : Ttz = z}) =0
for every n € N. It is easy to see that an ergodic m.d.s. (X, B, u, T') is non-periodic
if and only if (X, B, i) is non-atomic in the sense that p(z) = 0 for every x € X.

Theorem 6.8. Let (X, B, 1, T) be a non-periodic m.d.s.. Then for any € > 0 there
exists A € B with u(A) > 1 — ¢ such that Ind(A) does not contain any syndetic set.

Proof. Endow X with a Polish topology such that B is the corresponding Borel
o-algebra. Replacing the Polish topology on X by a finer one if necessary [34,
Theorem 13.11 and Lemma 13.3], we may assume that 7" is continuous. Let ¢ > 0.
We claim that there is a compact subset K of X such that u(K) > 1 — ¢ and
An = Njez, U, T—77'K has measure 0 for every n € N. Assuming this claim let
us show how it implies the theorem.

Since p(U,en An) = 0, one has p(K \ (U,eny4n)) = #(K) > 1 —e. By the
regularity of p [34, Theorem 17.11], we can find a compact set A contained in
K\ (U,,en An) such that p(A) > 1 —e. We shall show that Ind(A) does not contain

any syndetic set.
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Let F € Ind(A) be nonempty. Replacing F' by F — min F’ if necessary, we may
assume that 0 € F. One has u();c, 77 A) > 0 and hence (), ; T~/ A # () for every
nonempty finite subset J of F. Since A is compact, we conclude that [ ier T A
is nonempty. Take z € ();.p T 7A. Then z € A and T’z € A C K for every
j € F. For each n € N one has © ¢ A,, and hence for some j, € Z, none of
Ting, Tintly . Tty isin K. Then [j,,j, +n — 1] N F = (. Therefore F is
not syndetic.

We are left to prove the above claim. Since the main idea of the proof is well
illustrated in the case i is ergodic, we consider this case first.

So assume that p is ergodic. Since (X, B, u, T') is non-periodic, by the comment
before Theorem 6.8, (X, B, 11) is non-atomic. Replacing X by supp(u) if necessary,
we may assume that p has full support. Take © € X and set W = {T"z :n € Z, }.
Then TW C W, and W is nonempty and countable. Since p is non-atomic, one has
w(W) =0, and hence pu(X \ W) = 1. By the regularity of y, we can find a compact
set K contained in X \ W such that u(K) > 1—e. Forany n € N, U, T 'K is
a closed subset of X with (J 77K # X, since W N (U, T 'K) = 0. As p has
full support, u(J.,7 “K) < 1 for all n € N. Note that A, € B and T"'4, D A,.
Since p is ergodic and p(A,) < p(UJ_, T7°K) < 1, we get p(A,) = 0. This finishes
the proof in the case u is ergodic.

Now we consider the general case, using the ergodic decomposition of (X, B, u, T').

Denote by P(X) the set of all probability Borel measures on X, and endow it
with the o-algebra generated by the functions p' — p/(A) on P(X) for all A € B
[34, Section 17.E].

From the ergodic decomposition of (X, B, u,T) we know that there exist a set
X" € B with p(X’) =1 and TX’ C X', a Lebesgue space (Y, J,v), a measurable
map 7 : X' — Y, a measurable map y — p, from Y to P(X), and aset Y' € J
with v(Y’) = 1 such that 77 = 7, 7u = v, u(A) = [, p,(A) dv(y) for all A € B,
and p, (77 (y)) =1 and Ty, = py and (X, B, p,, T) is ergodic for every y € Y’ [14,
Theorem 3.42]. ([14, Theorem 3.42] was only proved for invertible m.d.s., but it is
easy to see that the proof works for any m.d.s..)

Set Wy = {x € X : T"z = z for some n € N}. Clearly W; is in B. By assumption
0= pu(Wi) = [, puy(Wi)dr(y). Thus p,(Wy) = 0 for v a.e. y € Y. Replacing
Y’ by a smaller measurable set if necessary, we may assume that p, (1) = 0 for
every y € Y'. Since (X, B, u,,T) is ergodic for every y € Y”, it follows that p, is
non-atomic for every y € Y.

Endow Y with a Polish topology such that 7 is the corresponding Borel o-algebra.
Replacing the Polish topology on X by a finer one if necessary, we may assume that
7 is continuous.

Denote by F(X) the set of all closed subsets of X, and endow it with the Effros
Borel structure, i.e., the o-algebra generated by the sets {Z € F(X) : ZNU # (0} for
all open subsets U of X. The map ¢ : P(X) — F(X) sending each y' to supp(u’)
is measurable [34, Exercise 17.38]. By the Kuratowski-Ryll-Nardzewski selection
theorem [34, Theorem 12.13] we can find a measurable map ¢ : F(X) — X such
that ¢(Z) € Z for each nonempty Z € F(X).

Note that supp(u,) C 7 !(y) for every y € Y’. Thus the map ¢, : Y/ — X
sending y to T"(¢(¢(iy))) is measurable and injective for each n € Z,. Recall
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that a measurable space is a standard Borel space if the o-algebra is the Borel o-
algebra for some Polish topology on the set. A measurable subset of a standard
Borel space together with the restriction of the o-algebra to the subset is also a
standard Borel space [34, Corollary 13.4]. Thus Y’ together with the restriction of
J on Y’ is a standard Borel space. The Lusin-Souslin theorem says that the image
of any injective measurable map from a standard Borel space to another standard
Borel space is measurable [34, Corollary 15.2]. Thus the set W := J,c;, ¢n(Y”) is
in B. Note that TW C W, and W N supp(s,) is nonempty and countable for every
yeY'.

Since p, is non-atomic for every y € Y, one has p, (W) = 0 for every y € Y.
Thus w(W) = [, p,(W)dv(y) = 0, and hence p(X \ W) = 1. By the regularity of
u, we can find a compact set K contained in X \ W such that u(K) > 1 —¢e. For
any n € Nand y € Y, supp(u,) N (U, 7 “K) is a closed subset of supp(u,) with
supp(py) (Uj—g T~ K) # supp(p ), since WN(UZy T7'K) = 0 and Wnsupp(u,) #
0. Thus py (U T'K) <1lforalln € Nand y € Y.

We still have A, € B and T7'4, D A,. For each y € Y, since (X, B, p,, T)
is ergodic, p,(A,) is equal to either 0 or 1. By the above paragraph we have
1y (An) < gy (Ur—) T7'K) < 1 for each y € Y’. Thus p,(A,) = 0 for each y € Y.
Therefore (1(A,) = [, p1y(An) dv(y) = 0, as desired. This proves the claim and
finishes the proof of the theorem. OJ

Now we are able to show
Theorem 6.9. There is no non-trivial m.d.s. which is Fs-independent of order 2.

Proof. Assume the contrary that there exists such a system (X, B, u, T'). By Theo-
rem 6.1, 7" is weakly mixing.

By Theorem 6.8, T' is a.e. periodic. Then the set A, ={z € X : T"x =z, T’z #
x for all 1 < j < n} has positive measure for some n € N. Note that TA, = A,.
By [24, page 70] we can find B C A, such that B € B, u(B) = u(A,)/n, and
B,TB,..., T"'B are pairwise disjoint. If n > 2, then N(B,B) N N(B,TB) = 0,
contradicts that (X, B, u,T') is weakly mixing. Thus p(A4,) = 0 for every n > 2.
Then u(A;) = 1. Since (X, B, pu,T) is non-trivial, we can find some B C A; such
that B € B and 0 < u(B) < 1. Then N(B,X \ B) = (), again contradicting that
(X, B, u, T) is weakly mixing. O

Remark 6.10. Using Theorem 5.11 one can strengthen Theorem 6.9 as follows.
For any nontrivial ergodic m.d.s. (X, B, u,T), Rosenthal’s extension of the Jewett-

Krieger theorem to non-invertible m.d.s. [44] says that there exists a t.d.s. (X,7)
with a unique invariant Borel probability measure 7 such that i has full support
and the m.d.s. (X, B, u,T) and ()?, B, i, f) are isomorphic, where B¢ denotes the
Borel o-algebra of X. Then (X, 7)) is minimal (see for example [51, Theorem 6.17]).
Furthermore, the proof in [44] shows that we can choose X to be a Cantor set. For
any real-valued continuous function f on X, the sequence {n+r1 Yomofo j;i}nez .
of functions on X converges to the constant function [; f(z)dfi(x) uniformly as
n — oo [51, /Theorer/r\l 6.19]. By Theorem 5.11 we can find disjoint nonempty

clopen subsets V and V; of X such that Ind(XA/O, 171) NF, = 0. Say, XA/] corresponds
toV; € Bfor j =1,2. Then Vj and V; are disjoint and have positive measures, and
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Ind(Vy, V1) N F, = 0. Furthermore, taking f to be 1‘7j, we see that the sequence

—5 2oLy, 0T bnez, converges to pu(V;) in L>(X, ) for j =1,2.

6.3. Finite product. By contrast to the topological case, it is well known that the
product of two weakly mixing m.d.s. is still weakly mixing [13, Proposition 4.6]. In
view of Theorem 6.1, this means that the products of finitely many F;,¢-independent
(Fip-independent resp.) m.d.s. are Fiye-independent (Fi,-independent resp. ).

Meanwhile, it is known that the product of finitely many invertible completely
positive entropy m.d.s. has completely positive entropy [39, Theorem 4.14]. As
the topological case, every m.d.s. has a natural extension [10, Page 240], which is
always invertible. The natural extension of a completely positive entropy m.d.s. has
completely positive entropy [42, 13.8] (one can also deduce this from Theorem 6.5
and the fact that the natural extension of a m.d.s. is the inverse limit of a sequence
of m.d.s. being identical to the original one). It follows that the product of finitely
many completely positive entropy m.d.s. has completely positive entropy. In view of
Theorem 6.2, this means that the product of finitely many F,4-independent m.d.s.
remains JFpq-independent. Thus we make the following conjecture.

Conjecture 6.11. For any family F, the product of finitely many F-independent
m.d.s. remains F-independent.

7. TOPOLOGICAL PROOF OF MINIMAL TOPOLOGICAL K SYSTEMS ARE
STRONGLY MIXING

In this section we prove Theorem 7.1 and Corollary 7.3.

For a cover V of a compact space X by open subsets, we denote by N (V) the
minimal cardinality of subcovers of V. Let F be a family. A t.d.s. (X,T) is called
F-scattering if for each F' = {a; < ay < ...} € F and each finite cover U of X by
non-dense open subsets, one has lim,,_, o N(\/_, T%U) = co. It was shown in [29,
Theorem 5.5] using ergodic theory that topological K systems are Fi,s-scattering.
Combining this with the fact that a minimal JF¢-scattering t.d.s. is strongly mixing
[30, Theorem 5.6], one knows that a minimal topological K system is strongly mixing
[29, Theorem 5.10]. Now we give a topological proof of the fact that a topological
K system is Fi,¢-scattering.

Recall that for any F = {a; < as < ...} € Fiyr and any open cover U of X, the
topological sequence entropy of T with respect to F' is defined as

log N(V:’L:l T—"U)

hE (T,U) = limsu .
top( ) n~>+oop n
Theorem 7.1. Let (X,T) be a t.d.s., n > 2, (xq,...,x,) be an Fyupa-independent
tuple of X with points pairwise distinct, and Uy, ..., U, be pairwise disjoint closed

neighborhoods of xy,...,x, respectively. Set U = {Uf,...,Ut}. Then for any
F € Fiu¢, one has hg)p(T,L{) > 0. Consequently, a topological K system is Fi¢-
scattering.

Proof. Since (x1, ..., ;) is an Fyupa-independent tuple, there exists an .S € Ind(Uy, . ..

with positive upper Banach density d. Let F' = {a; < as < ...} in Fye. Then by
Lemma 5.14 for any k € N, setting g to be the smallest integer no less than 2k/d,
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we can find p, € Z and Wy, C {ay,as,...,a4 } with [Wi| = k and p, + W), C S.
Thus, Wy, € Ind(Uy, ..., U,). This implies that

P no o, 2 n
= -1
h ) d ®n—1

top > 0.

1 4 1

(T,U) > lim sup — log N( \/ T77U) > limsup — log(
k—+oo (k , k—+too Qk n—1

JEWK
Now for any finite open cover V of X by non-dense open subsets, we may find some

n > 2, pairwise distinct zq,...,x, in X and pairwise disjoint closed neighborhoods
U, ..., U, of zq, ..., x, respectively such that V refinestd = {UYf,... Uc}. If (X, T)
is topological K, then each tuple in X is F,upq-independent. Thus for any F' = {a; <
az < ...} in Fins, by the above paragraph we have h{ (T, V) > h{, (T, U) > 0. This

implies that N(\/;-, T-%V) — oo as m — +o0, i.e., (X,T) is Fipe-scattering. [

Let F be a family. A t.d.s. (X,T) is called F-transitive if for any nonempty
open subsets U and V' of X, one has N(U,V) € F; it is called mildly mizing if its
product with any transitive t.d.s. is transitive. It was shown in [32, Theorem 7.5]
that a u.p.e. system is mildly mixing. From [32, Theorem 7.3] or [35, Theorem
3.16] one knows that a t.d.s. is u.p.e. if and only if it is Fp,pe-independent of order
2. Denote by A the family in Z, generated by the sets F' — F := {a —b: a,b €
F,a—b > 0} for all F € Fy. By [30, Theorem 6.6] every A*-transitive system
is mildly mixing. Now we strengthen the above result to show that every t.d.s.
being Fyupa-independent of order 2 is A*-transitive. For this we need the following
proposition, which appeared in [13, page 84| (see also [53, Proposition 2.3]) and also
follows directly from Lemma 5.14.

Proposition 7.2. If F' € F,pq, then F' — Fis in A*.
Corollary 7.3. A t.d.s. being F,upg-independent of order 2 is A*-transitive.

Proof. Let (X,T) be Fpupa-independent of order 2. Then for any nonempty open
subsets U and V' of X, there exists an F' € Ind(U,V) N Fpupa. Clearly F' — F C
N(U, V). By Proposition 7.2 one has N(U,V) € A*. O

To end the appendix we make the following remark. Denote by Fy the family
consisting of S C Z, satisfying that for each F' € F; and each k € N there exists
pr € Z with |[F'N (S +pg)| > k. It is clear that for any S € F one has S — S € A*.

Remark 7.4. One obvious corollary of Lemma 5.14 is that Fpupa € Fss. We remark
that there exists an S € F containing no arithmetic progression of length 3 (and
thus having zero upper Banach density by Roth’s theorem [47]).

Proof. For k > 3 set
Sk ={{a1,a2,...,a,} CN:a; —a; >a; —a;, >0forall 1 <s<i<j<k}

Each S, is countable. Enumerate J,~; Sk as {41, Aa,...}. Now let {t;};en be a
sequence in N and set S = (J,o(4i + ts).

Now assume that F'is an infinite subset of Z. For each k& > 3, inductively we can
find by, b, ...,b; € F such that b; —b; > b; —bs >0 forall 1 <s < i< j<k. This
implies that there exists p, € Z with |F N (S + p)| > k. Thus S is in F.

If we choose t; to grow rapidly enough, it is easy to check that S does not contain
any arithmetic progression of length 3. U
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We remak that the set of prime numbers is not in Fys. In fact any S = {a; < as <
...} € Finr with a;11 — a; — 400 as i — +00 is not in Fg. Actually one can find
an F' € Fiy such that |[F N (S +p)| <2 for all p € Z. To find such an F, start with
any by < by in N. Since a;11 — a; — +00 as i — +00, there are only finitely many
¢ and j satisfying a; — a; = by — b;. From this we can find b3 > b, in N such that
[{b1,b2,b3} N (S + p)| <2 for every p € Z. Inductively we find b3 < by < b5 < ... in
N such that [{b1,bs,...,bx} N (S +p)| < 2 for every k € N and p € Z.

8. APPENDIX

In this appendix we prove Theorem 5.12.

Proof of Theorem 5.12. Take d € N with p? > @. Let m > d be large enough,
which we shall determine later. It suffices to show that for every n € N there exists
x, € 3, with z,[j,j + m — 1] &€ A; for all 0 < 7 < n. Then any limit point of the
sequence {Z, }nez, in 3, satisfies the requirement.

As convention, set Ag to be the one element set consisting of the empty word.
For any k,s,t € Z, and any y € A’;, set |y| = k and denote by A;yA; the subset of
A;f’”t consisting of elements of the form wyz for some w € Aj and z € A;,.

For each n € Z, set B, to be the subset of AJ* consisting of elements b for which
there is no z € ¥, with z[n,n+m—1] =band z[j, j+m—1] ¢ A; forall0 < j < n.
Set C), to be the subset of A"~ consisting of elements ¢ for which A,c in contained
in B,. Note that (), is exactly the set of elements ¢ € A]T*1 for which there is no
reX,withan+1ln+m—1=candz[j,j+m—1] g A;forall 0 <j<n. It
follows that

B = Ap U ([ chy). (1)
ceCy
Then

p|Cn+1| < |Bn+1| = |An+1 U ( U CAp)| < |An+1| +p|Cn| < f—{—p|Cn|
ceCy

for all n € Z,. Clearly |G| < 2 < ﬁ. Inductively one gets that |C,,| < D for

p p
alln e Z,.

Set D,, to be the subset of UZZ:_OI A’; consisting of elements y such that y/\;n*l*‘y| -
C,, but y[1, |y| — 1Az ¢ C,. We put A) C C, exactly when C,, = A7""'. Note
that C), is the disjoint union of y/\g"”_l_‘y| fory € D,. For each 0 < k <m — 1 set
D, ={y € D, : |yl =k}. We claim that

m—1

|Doakl <L+ ) | Dyl

j=k+1
foralln € Z; and 0 < k < m—1. This is clearly true if k = 0 or D,, o # 0. Thus as-
sume that 1 <k <m—1and Dy, o= 0. Let y € Dyy1,. Then yA” '~ is contained
in Cpy1, and hence AyyA7 '~ is contained in Bny1 = Apyr U (U,ep, ZApTEYIf
ApyA;”_l_k has nonempty intersection with sz;n_lzj|, j=1,2,...,p, for some pair-
wise distinct z1,2s,...,2, € D, with maxi<j<, |z;| < k, then Ayy[l, k — 1JA7F is
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contained in J5_, szZL“Zf', and hence y[1,k — 1JA"* is contained in C,41, which
contradicts the assumption y € D,, ;. Therefore ApyAg"”_l_’C has nonempty intersec-
tion with ZAZL_lz‘ for at most p—1 elements z € D,, with |z| < k. If A,yA?~'"* does
have nonempty intersection with zAz%lz‘ for some z € D,, with |z| <k, then, since
|z| > 1, one sees that AyAT~'"" N 2AP P s equal to JyAy—1=F for some j € A,.
Therefore

Aoy e 0 (A < - DlAp T = - D,

2€Dn,|z|<k
and hence
CU AwAr 0 U Ar ) < Duailp - Dpm (@)
YEDn 11,k 2E€Dn,|2|<k
Note that U,cp, ., , Apy A=tk C Ueec,.y Ap¢ € Bnti. Therefore
| U ApyApmilik‘ = | U ApyAz%lik)mBn+1|
yeDn+1,k yeDn+1,k
1 m—1— m—|z
Q10U AwA ) A (A U (| 2
yEDn+1,k z€Dp,
< [ U ApArtnc o ey
YEDn 41,k 2€Dp,|2|<k
HO O AAr A, o AT
YE€Dn 11,k 2€Dny,|z|>k
(2
S ‘Dn-i-l,k‘(p_1)pm_1_k+|An+1U( U ZAZL_IZ‘)‘
2E€Dn,|z|>k
< |Dppanlp = Dp™ 0+ Y p
2€Dn,|z|>k
m—1
= |Duisl(p=Dp" 40+ > Dyl (3)
j=k+1

Since the sets ApyAzl_l_k for y € D,,41 are pairwise disjoint, we have

U AT = D AT T = [ D™ (4)

YED 11,k YyEDn 11,k

From (3) and (4) we get

m—1
1k —j
| D16 [p™ </l+ E | Dy, ;™
j=k+1
and hence
m—1 m—1

‘DnJrl,k‘ S pk+lim£+ Z |Dn,j’p|k|+17j S £+ Z |Dn:j’7
j=k+1 j=k+1
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proving the claim. It follows inductively that |D, ,, x| < 28710 for all n € Z, and
1<k<m-—1.

We need to show that B, # A for all n € Z,, equivalently, C,, # A~" for all
n € Z,. In fact, we claim that for every n € Z,, there are no d < d < m — 1 and
y € A== with yA? C C,,.

We argue by contradiction. So assume that there are n € Z,, d < d < m —1
and y € A1~ with yA? C C,,. Let ng be the smallest such n, and let d' and y

witness ng. Replacing y by yw for any w € Ag/*d, we may assume that d' = d.

Since W > Oyl > p? > %, we have ng > d 4+ p. Denote ng — d by n;.
For each ny > n > ny, set E, to be the subset of (), consisting of ¢ satisfying
c[l+ny—n,m—1—d+ny—n|=y. The assumption in the above paragraph says

that E,, = yA? and hence |E,, | = p®. For each ng > n > ny, we have

U Ape C U Apc € By = Apa U ( U dA).

cEl, 11 c€Crni1 cdeCy

Note that if A,cN A, # 0 for some ¢ € E, 1 and ¢ € C,,, then ¢ is in E,. Thus

U AcecanauCl dny),

c€EEn 11 c'eEn

and hence

plEps1| = U Ape| < [Api1 U( U I Ap)| < [Ania| + plEn| < €+ p|Eyl.

cEEnL 11 cdek,

| — o=t — gd o= gor all ng > n > .
0 P P

It follows inductively that |E,| > |E,
In particular, |E,,| > p? — %} > (.

Denote max(0,d + ny —m + 1) by ny. For each ny > n > ny denote by k, the
largest number k for which there exists a subset F' of C), such that |F| = k and
c[l1+d+ny —n,m—1] does not depend on ¢ € F. Taking F to be E,, we see that
kn, > |En,| > €. We claim that pk,,1 <k, + ¢ for all ny > n > ny. Take F C C) 44
such that |F| = k41 and ¢[d+n; —n, m—1] does not depend on ¢ € F. Then the set
W := J.cp Apc has pk, 11 elements and is contained in B, = A, U (UC’ECn dA,).
Set F' ={d € C, : /A, N W # 0}. Then ¢[1 +d + ny; —n,m — 1] does not depend
on ¢ € F" and hence |F'| < k,. Since d+n; —n < d+n; —ny < m — 1, all the
elements in W have the same right end. It follows that for any ¢ € F’, one has
(W N dA,| =1. Thus

Phost = W] =W (AU A= WA (A U ([ ¢A)

ceCp ceF’

< |An+1| + Z |Wﬂc,Ap| = |An+1| + |F/| < g"_kn-

ceF’

This proves the claim. Inductively, we get k, > p™ ™" + ¢ for all ny > n > n..
In particular, |C,,| > kn, > p™ ™ + (. Since |Cy| < ﬁ, we have ny > 0. Thus

ny = d+n; —m+ 1, and hence |C,,,| > k,, > p™ 91 + (.
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Since ny < ny < nyg, according to the choice of ng, D,,  is empty for all 0 < k <
—1—d. Thus

Cool = TUC U w7

m—1
= Z ’Dn27k|pmilik
k=m—d
m—1 d—1
; 2p)d — 1
< 2m717k£ . pmflfk = (2p>] — L 0.
, 2p—1
k=m—d 7=0

11

This contradicts |C,,,| > p™ 4~ 14+£ once we take m large enough such that (227;—_-6 <

1

p™ 17440 A simple calculation shows that we may take d = ¢+1 and m > 4/+2. [
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