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ABSTRACT. For a closed cocompact subgroup I' of a locally com-
pact group G, given a compact abelian subgroup K of G and a
homomorphism p : K - G satisfying certain conditions, Land-
stad and Raeburn constructed equivariant noncommutative defor-
mations C*(G/T, p) of the homogeneous space G/T', generalizing
Rieffel’s construction of quantum Heisenberg manifolds. We show
that when G is a Lie group and G/T is connected, given any norm
on the Lie algebra of G, the seminorm on C*(G/T,p) induced
by the derivation map of the canonical G-action defines a com-
pact quantum metric. Furthermore, it is shown that this compact
quantum metric space depends on p continuously, with respect to
quantum Gromov-Hausdorff distances.

1. INTRODUCTION

In recent years, the quantum Heisenberg manifolds have received
quite some attention. These interesting C'*-algebras were constructed
by Rieffel [28] as deformation quantizations of the Heisenberg mani-
folds, and carry natural actions of the Heisenberg group. The classi-
fication of these C*-algebras up to isomorphism (in most cases) and
Morita equivalence (in all cases) has been achieved by Abadie and her
collaborators [1, 2, 3, 4]. These C*-algebras also appear in the work of
Connes and Dubois-Violette on noncommutative 3-spheres [10, 11].

Aiming partly at giving a mathematical foundation for various ap-
proximations in the string theory, such as the fuzzy spheres, namely
the matrix algebras M,,(C), converging to the 2-sphere S?, Rieffel de-
veloped a theory of compact quantum metric spaces and quantum
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Gromov-Hausdorff distance between them [31, 32, 33]. As the infor-
mation of the metric on a compact metric space X is encoded in the
Lipschitz seminorm on the algebra of continuous functions on X, a
quantum metric on (the compact quantum space represented by) a
unital C*-algebra A is a (possibly +oo-valued) seminorm on A satisfy-
ing suitable conditions (see Section 5 below for detail).

One important class of examples of compact quantum metric spaces
comes from ergodic actions of a compact group G on a unital C*-
algebra A, which should be thought of as the translation action of
G on a noncommutative homogeneous space of G. Given any length
function on G, such an ergodic action induces a quantum metric on
A [30] (see [25] for a generalization to ergodic actions of co-amenable
compact quantum groups). This class of examples includes the (fuzzy)
spheres above and the noncommutative tori. When G is a compact
connected Lie group and the length function comes from the geodesic
distance associated to some bi-invariant Riemannian metric on G, this
seminorm can also be defined in terms of the derivation map on the
space of once differentiable elements of A with respect to the G-action
[31, Proposition 8.6]. Explicitly, denote by ox(b) the derivation of a
once differentiable element b of A with respect to an element X of the
Lie algebra g of G (see Section 3 below for detail). Then the seminorm
L(b) is defined as the norm of the linear map g — A sending X to
ox(b) when b is once differentiable, or oo otherwise.

It is natural to ask what conditions are needed to guarantee that L
defined above gives rise to a quantum metric when G is not compact.
Rieffel raised the question about the quantum Heisenberg manifolds
in [33]. In [38] Weaver studied some sub-Riemannian metric on the
quantum Heisenberg manifolds, which does not quite fit into the above
framework. In [9] Chakraborty showed that certain seminorm associ-
ated to some ¢!-norm does define a quantum metric on the quantum
Heisenberg manifolds. Since the ¢!-norm is bigger than the C*-norm,
this seminorm is bigger than the seminorm L defined above. Thus the
result in [9] is weaker than what Riffel’s question asks for.

Our first main result in this article is an affirmative answer to Rief-
fel’s question. In fact, we shall deal more generally with Landstad and
Raeburn’s noncommutative homogeneous spaces. In [22] Landstad and
Raeburn generalized Rieffel’s construction to obtain equivariant defor-
mations of compact homogeneous spaces G/I', starting from a locally
compact group G, a closed cocompact subgroup I' of G, a compact
abelian subgroup K of G, and a homomorphism p : K — G satisfying
certain conditions. These C*-algebras were denoted by C*(G/T, p) and
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were further studied in [20]. We shall see in Proposition 2.7 below that
these algebras coincide with certain universal C*-algebras, which we
denote by C*(G/T,p). For our result to be valid for these algebras,
we shall assume conditions (S1)-(S5) (see Sections 2, 3, and 4 below).
Among these conditions, (S1)-(S3) are essentially the same but slightly
weaker than the conditions of Landstad and Raeburn. The conditions
(S4) and (S5) are just that G is a Lie group and G/T" is connected.

Theorem 1.1. Let G,T', K and p satisfy the conditions (S1)-(S5). Fix
a norm on the Lie algebra g of G. Denote by L, the seminorm on

C*(GJT, p) defined above for the canonical action a of G on C*(G/T, p).
Then (C*(G/T, p), L,) is a C*-algebraic compact quantum metric space.

Since Rieffel introduced his quantum Gromov-Hausdorff distance in
[31], several variations have appeared [18, 19, 24, 25, 26, 35, 39]. Among
these quantum distances, probably the most suitable one in our cur-
rent situation is the distance dist,, discussed in [19, Section 5], which
is the unital version of the quantum distance introduced in [26, Re-
mark 5.5]. As pointed out in [19, Section 5], this distance is no less
than the distances introduced in [18, 31]. It is also no less than the
distances in [35] (see Appendix below). Our second main result says
that the compact quantum metric spaces (C*(CATY /T, p),L,) depend on p
continuously. Let us mention that among the conditions (S1)-(5), only
the conditions (S1) and (S2) involve p.

Theorem 1.2. Fiz G, ', and K so that there exists p satisfying the
conditions (S1)-(S5). Denote by § the set of all p satisfying the con-
ditions (S1) and (S2), equipped with the weakest topology making the
maps 2 — G sending p to p(s) to be continuous for each s € K. Then
Q 1s a locally compact metrizable space. Fix a norm on the Lie algebra
g of G. Then for any p' € Q, disty,(C*(G/T, p), C*(G/T, p')) — 0 as
p—p.

This paper is organized as follows. In Section 2 we recall Landstad
and Raeburn’s construction of noncommutative homogeneous spaces,
and establish some general properties of these noncommutative spaces.
The relation between the derivations coming from two canonical group
actions on C*(G//T, p) is established in Section 3. In Section 4 we show
that in the nondeformed case L, is essentially the Lipschitz seminorm
corresponding to some metric on G/T". A general result of establishing
certain seminorm being a quantum metric by the help of a compact
group action is proved in Section 5. Theorems 1.1 and 1.2 are proved in
Sections 6 and 7 respectively. In an appendix we compare the distance
disty, and the proximity Rieffel introduced in [35].
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2. NONCOMMUTATIVE HOMOGENEOUS SPACES

In this section we recall Landstad and Raeburn’s construction of
noncommutative deformations of homogeneous spaces, discuss some
examples, and establish some general properties of these noncommuta-
tive homogeneous spaces. These properties are of independent interest
themselves.

Let G be a locally compact group. Throughout this paper, we make
the following standard assumptions:

(S1) K is a compact abelian subgroup of G, and p : K —Gisa
group homomorphism from its Pontryagin dual K into G such

that p(K) commutes with K.
(S2) I' is a closed subgroup of G commuting with K and satisfies

Q,(s) = ~p(s)y p(—s)isin K forall s € K,y €T and
(Q(5),t) = (Q(t),s) forall s,t € K,yeT,

where (-, -) denotes the canonical pairing between K and K.

Denote by C,(G) the Banach algebra of bounded continuous C-
valued functions on G, equipped with the pointwise multiplication and
the supremum norm. Endow K with its normalized Haar measure.
Consider the action of K on C},(G) induced by the right multiplication

of K on G. For f € Cy(G), let f, € Cy(G) for s € K be the partial
Fourier transform defined by fy(x) := [, <k,s >f(zk)dk for z € G

(this is denoted by f(z,s) in (1.3) of [22]). Note that although the
action of K on C,(G) may not be strongly continuous, we do have
fs € Cu(G). Then

Coa(G) = {f € Co(G)] Ifllosa =D Ifill < o0}

is a Banach =-algebra [21, Proposition 5.2] with norm || - [|oo1 and
operations

(1) frg@) = Y ful@p(t))g(zp(—s)),
(2) frz) = flx).

Fix a left invariant Haar measure on G. For each s € K denote by
P, the projection on L*(G) corresponding to the restriction of the left
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regular representation L|x of K in L*(G), i.e.,

PS:/ (k, s)Ly dk,
K

where L,¢(x) = (y~tx) for £ € L*(G), x,y € G. Then Cy,1(G) has a
faithful *-representation V on L?*(G) [22, Proposition 1.3] given by

(3) V(f) = Z R&LP(S)M(f)Lp(—t)Psa

where M is the representation of C,(G) on L?(G) given by M (f)é(z) =
f(z7hE(x). Denote by Co(G/T') the C*-algebra of continuous C-valued
functions on G/T" vanishing at oo, and think of it as a C*-subalgebra
of Cy(G) via the quotient map G — G/T". The space Cy1(G/I', p) :=
Co(G/T)NCy (G, p) is a closed *-subalgebra of C}, 1 (G, p), and the non-
commutative homogeneous space C’j(é /T, p) of Landstad and Raeburn
is defined as the closure of V(Cy1(G/I, p)) [22, Theorem 4.3].

Clearly the left translations «, defined by «,(f)(z) = f(y ') for
y € G extend to isometric x-automorphisms of Cy 1 (G/T, p). They also
extend to *-automorphisms of C*(G//T, p) [22, Theorem 4.3]. We shall

see later that this action of G on C*(G/T, p) is strongly continuous.
Before discussing properties of these noncommutative homogeneous
spaces, let us look at some examples.

Example 2.1. Let H; be the 3-dimensional Heisenberg group consist-
ing of matrices of the form

o O =
(e RN
— 8 W

as a subgroup of GL(3,R). Denote by Z the subgroup consisting of
clements with # = y = 0 and z € Z. Then we can write the elements
of G := H,/Z as (z,y,e*™*) for z,y,z € R. Fix a positive integer c.
Take

I ={(z,y,e"™) € Glz,y,cz € Z}, K ={(0,0,e*™*) € G|z € R}.
Takeu,VGRanddeﬁnep:Z:f('—>Gby
p(s) = (sp, sv, €™ 1),

The C*-algebra C*(G/T, p) is isomorphic to Rieffel’s quantum Heisen-
berg manifold D; in [28, Theorem 5.5] (see [22, page 493]).
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Example 2.2. (cf. [22, Example 4.17]) Let H,, be the 2n+1-dimensional
Heisenberg group consisting of matrices of the form

1 Yy Y2 0 Yn 2
0 1 o -+ 0 =
0 0 1 - 0 x4
0 0 o --- 0 1

as a subgroup of GL(n + 2,R). Denote by Z the subgroup consisting
of elements with 1 =--- =2, =y, =--- =y, =0 and z € Z. Then
we can write the elements of G := H,/Z as (z,y,e*™*) for z,y € R"
and z € R. Fix positive integers by,...,b,,dq,...,d, and ¢ such that
bjd;|c for all j. Set b= (by,...,b,) and d = (dy,...,d,) € Z". Take

= {(z,y,e"™) € Gb-2,d-y,cz € Z}, K =1{(0,0,e**) € G|z € R}.
Take p, v € R" and define p: Z = K — G by

p(s) = (sp, sv, e

The C*-algebra C*(G/T, p) is a higher-dimensional generalization of
Example 2.1.

Example 2.3. Let n > 3. Let W be the subgroup of GL(n,Z) consist-
ing of upper triangular matrices (a;;) with diagonal entries all being 1.
Denote by Z the subgroup consisting of matrices whose entries are all
0 except diagonal ones being 1 and a,, being an integer. Then we can
write the elements of G := W/Z as (a;j;) with a;, € T. Fix a positive
integer c. Take

I' = {(aj;) € Glai,, =1 and a;; € Z if (5,1) # (1,n)},
K = {(ajy) €Gla;;=0 if j<l and (4,0)# (1,n)}.
Takeu,uERanddeﬁnep:Z:f(ﬁGby

7ris2u~u)'

S, if (.]7 l) = <2’ n)’

2 if (j,1) = (Lin—1),
()it =4 gmstur i (j.1) = (1),
0, for other 5 < I.

For n = 3 we get the quantum Heisenberg manifold in Example 2.1
again.

In the rest of this section we establish some properties of C*(G/T, p).
Denote by C*(G/T', p) the enveloping C*-algebra of the Banach -
algebra Cy1(G/T, p) [36, page 42]. By the universality of C*(G/T, p)
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there is a canonical surjective s-homomorphism C*(G/T, p) — C*(G/T, p)
such that the diagram

CO,I(G/Fv p) E— C*(G/Fa IO)

|
CH(G/T.p)

commutes.

Clearly the right translations G (f)(z) = f(zk) for k € K extend
to isometric *-automorphisms of Cy1(G/I', p). Recall the action a of
G on Cy1(G/T, p) defined before Example 2.1. Then a and 8 induce

actions of G and K on C*(G/T, p) respectively, which we still denote
by « and 3 respectively. For each s € K, set

Lemma 2.4. The actions o and (3 of G and K on Cy1(G/T, p) (C*(G/T, p)
resp.) commaute with each other and are strongly continuous. The
spectral spaces {f € Co1(G/T, p)|Bk(f) = (k,s) f for allk € K} and

{a € C*(G/T, p)|Bu(a) = (k,s)a for allk € K} of B corresponding

to s € K are exactly By, and the norm of B, in Coa(G/T,p) and
C*(G/T, p) is exactly the supremum norm.

Proof. Clearly a and 8 commute with each other. It is also clear that
By = {f € Co1(G/T, p)|Br(f) = (k,s) f for all k € K} and that the
norm of By in Cy1(G/T, p) is exactly the supremum norm. It follows
that the restrictions of the actions o and 8 on B; C C1(G/T, p) are
strongly continuous for each s € K. For any f € Co1(G/TI', p), one has
fs € Bs for each s € K. For any € > (0 take a finite subset F' C K
such that 3, Iull < 2 Then [1f = Sy follost = Scryr Il <
. Therefore @, ; By is dense in Cy1(G/I',p). It follows that the
actions o and (3 are strongly continuous on Cy1(G/I', p). Note that
the canonical homomorphism Cy 1 (G/T, p) — C*(G/T, p) is contractive
(36, Proposition 5.2]. Consequently, the induced actions of a and 3 on
C*(G/T, p) are also strongly continuous.

Note that the subalgebra By of Cy1(G/T, p) is a C*-algebra, which
can be identified with Co(G/KT'). Since the natural homomorphism
Coa(G/T, p) — C*(G/T, p) is injective, so is the canonical homomor-
phism Cy1(G/T, p) — C*(G/T, p). As injective *-homomorphisms be-
tween C*-algebras are isometric, we conclude that the homomorphism
of By into C’*(G’/F,p) is isometric. For any f € B, one has f*x f € By
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and the supremum norm of f* x f is equal to the square of the supre-
mum norm of f. It follows that the homomorphism Cy;(G/I',p) —
C*(GJT, p) is isometric on B,. In particular, the image of B, in
C*(G/T, p) is closed.

Since the action 3 of K on C*(G/T, p) is strongly continuous, the
spectral space {a € C*(G/T,p)|Bk(a) = (k,s)a for all k € K} is the
image of the continuous linear operator C*(G/T,p) — C*(G/T,p)
sending a to [, (k,s)Bk(a)dk. Tt follows that the image of B, =
{f € Cor(GJT,p)|B(f) = (k,s) fforallk € K} in C*(G/T,p) is
dense in {a € C*(G/T,p)|Bi(a) = (k,s)afor all k € K}. Therefore
the image of B, in C*(G/T,p) is exactly {a € C*(G/T, p)|B(a) =
(k,s)afor all k € K}. O

We refer the reader to [8, Chapter 2] for the basics of nuclear C*-
algebras.

Proposition 2.5. The C*-algebra C*(G/T, p) is nuclear.

Proof. By Lemma 2.4 the action § of K on C*(G/T,p) is strongly
continuous, and its fixed-point subalgebra is By, a commutative C*-
algebra, and hence is nuclear [8, Proposition 2.4.2]. For any C*-algebra
carrying a strongly continuous action of a compact group, the algebra
is nuclear if and only if the fixed-point subalgebra is nuclear [14, Propo-

sition 3.1]. Consequently, C*(G/T', p) is nuclear. O

We shall need the following well-known fact a few times (see for
example [8, Proposition 4.5.1]).

Lemma 2.6. Let H be a compact group, and let o; be a strongly con-
tinuous action of H on a C*-algebra A; for j =1,2. Let ¢ : Ay — Ay
be an H-equivariant x-homomorphism. Then o is injective if and only
if the restriction of ¢ on the fized-point subalgebra A is injective. In
particular, if ¢ is surjective and ¢ An s injective, then ¢ is an isomor-
phism.

Proposition 2.7. The canonical x-homomorphism C*(G/T, p) — C*(G/T, p)
s an isomorphism.

Proof. We shall apply Lemma 2.6 to show that the canonical *-homomorphism
¢ : C*(GJT, p) — C*(G/T, p) is an isomorphism. By [22, Lemma 4.4]
the action 8 on Cy1(G/T, p) extends to an action of K on C*(G/T, p),
which we denote by (. Clearly ¢ is K-equivariant. By Lemma 2.4
3 is strongly continuous on C*(G/T, p). Since ¢ is contractive, it fol-
lows that 3’ is strongly continuous on C*(G/T, p). By Lemma 2.4 the
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fixed-point subalgebra (C*(G/T, p))* is By. Since the homomorphism
Co1(G/T, p) — C*(G/T, p) is injective, we see that the restriction of ¢
on (C*(G/T, p))¥ is injective. Therefore the conditions of Lemma 2.6
are satisfied and we conclude that ¢ is an isomorphism. U

We refer the reader to [15] for a comprehensive treatment of C*-
algebraic bundles, which are usually called Fell bundles now. Notice
that for f; € By and g, € B, the product fs * ¢g; is in By, and f;
is in B_g. Also ||f = fs|| = ||fs||*>. Therefore we have a Fell bundle
B? = {Bs}, . over K with operations given by (1) and (2). It is easy
to see that Cp1(G/T, p) is exactly the L'-algebra of B? (cf. the proof
of [21, Proposition 5.2]). Thus the C*-algebra C*(G/T', p) is also the
enveloping C*-algebra C*(B?) of the Fell bundle 5*.

Next we discuss what happens if we let p vary continuously. We
refer the reader to [13, Chapter 10] for the basics of continuous fields
of Banach spaces and C*-algebras. On page 505 of [22] Landstad and
Raeburn pointed out that it seems reasonable that we shall get a con-
tinuous field of C*-algebras, but no proof was given there. This is
indeed true, and we give a proof here. To be precise, fix G, I' and K,
let W be a locally compact Hausdorff space and for each w € W we
assign a p,, satisfying (S1) and (S2) such that the map w +— p,(s) is
continuous for each s € K. Notice that B* as a Banach space bundle
over K do not depend on p. For clarity we denote the product and
x-operation in (1) and (2) by fs %, g; and fiv. For any f; € Bs and
gt € By, clearly the maps w — f %, ¢; and w — f}* are both contin-
uous. This leads to the next lemma, which is a slight generalization
of [5, Proposition 3.3, Theorem 3.5]. The proof of [5, Proposition 3.3,
Theorem 3.5], which in turn follows the lines of [29], is easily seen to
hold also in our case.

Lemma 2.8. Let H be a discrete group and Ay be a vector space for
each h € H. Let W be a locally compact Hausdorff space and for each
w € W assign norms and algebra operations making AY = {Ap}nen
into a Fell bundle in such a way that for any f, € A, and g; € A;
the map w — ||fs|]lw € R is continuous (then we have a continuous
field of Banach spaces (As, ||« ||w)wew over W for each s € H) and
the sections w +— fq x, g € Bg and w — fIv € Bs-1 are continuous

in the above continuous fields of Banach spaces (Bs, ||« ||lw)wew and
(Bs-1, || * ||w)wew respectively . Then the map w +— ||f||w is upper
semi-continuous for each f € @secgAs, where || - || is the norm on the

enveloping C*-algebra C*(A") and extends the norm of As as part of
A" for each s € H. Moreover, if H is amenable, then {C*(A")}wew
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1s a continuous field of C*-algebras with the field structure determined
by the continuous sections w — f for all f € ®sepyAs.

Since every discrete abelian group is amenable [27, page 14|, from
Proposition 2.7 we get

Proposition 2.9. Fix G,T" and K. Let W by a locally compact Haus-
dorff space and for each w € W let p,, satisfy (S]) and (S2) such that
the map w — py(s) is continuous for each s € K. Then {C*(G)T, puw) bwew
is a continuous field of C*-algebras with the field structure determined

by the continuous sections w v f for all f € © . Bs.

3. DERIVATIONS

In this section we prove Proposition 3.3, to establish the relation
between derivations coming from « and /.

Throughout the rest of this paper, we assume:

(S3) G/I' is compact.

(S4) G is a Lie group.

The examples in Section 2 all satisfy these conditions.

We refer the reader to [17, Section 1.3] for the discussion about dif-
ferentiable maps into Fréchet spaces. We just recall that a continuous
map ¢ from a smooth manifold M into a Fréchet space A is contin-
uously differentiable if for any chart (U, ¢) of G, where U is an open
subset of some Fuclidean space R" and ¢ is a diffeomorphism from U
onto an open set of M, the derivative

D(6od)(w,h) = lim Lo0EHVR) =0 ()

Rov—0 14

exists for all (x,h) € (U,R™) and is a jointly continuous map from
(U,R™) into A. In such case, D(1) o ¢)(x,h) is linear on h, and depends
only on ¢ and the tangent vector u := ¢, (v,) of M at ¢(z), where v,
denotes the tangent vector h at z. Thus we may denote D(v) o ¢)(x, h)
by 9,1. Then 0,1 is linear on wu.

Denote by g and ¢ the Lie algebras of G and K respectively. For a
strongly continuous action o of G on a Banach space A as isometric
automorphisms, we say that an element a € A is once differentiable
with respect to o if the orbit map v, from G into A sending x to o,(a)
is continuously differentiable. Then the set A; of once differentiable
elements is a linear subspace of A. For any a € A and any compactly
supported smooth C-valued function ¢ on G, it is easily checked that
i) o ¢(x)o.(a)dr isin A;. As a can be approximated by such elements,
we see that A1 is dense in A. Thinking of g as the tangent space of
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G at the identity element, for each X € g we have the linear map
ox : Ay — A sending a to Oxv,. Fix a norm on g. We define a
seminorm L on A; by setting L(a) to be the norm of the linear map
g — A sending X to oxa.

Lemma 3.1. Let o be a strongly continuous action of G on a Banach
space A as isometric automorphisms. For any a € Ay, one has
loex (a) — a
L(a) = sup ————
oxxeg  |IX]

Proof. The proof is similar to that of [31, Proposition 8.6]. Let X € g
with || X|| = 1. One has

sup ||06”X (a) _ CLH > lim ||UeVX (a) _ CL” _ ||0_X(a)||
v>0 v v—0~t v

For any v > 0, one also has

lows(a) —al| = | /O”oezxwx(a))dzns /0”||gezx<gx<a>>||dz
- /0”r|o—x<a>||dz—uuaX(a)H.

Therefore
O.vx\a) —a
Supw — HUX(CL)”
v>0 v
Thus
o Jox@—al L loes() —a
0£Xeq | X]] Xeg | X|=1 v>0 v
= sup |lox(a)|| = L(a).
Xeg|lX||=1

O

Lemma 3.2. Let o be a strongly continuous action of G on a Banach
space A as isometric automorphisms. Then Aq is a Banach space with
the norm p(a) := L(a) + ||la||. Suppose that o’ is a strongly continuous
isometric action of a topological group H on A, commuting with o.
Then H preserves Ay, and the restriction of o' on Ay preserves the
norm p and is strongly continuous with respect to p.

Proof. Let {a,}nen be a Cauchy sequence in A; under the norm p.
Then as n goes to infinity, a, converges to some a € A, and ox(a,)
converge to some by in A uniformly on X in bounded subsets of g.
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Let 0 : [0,1] — G be a continuously differentiable curve in G. Then

Toy4 (an)—0o, (an)

. = 0,,(0y (ay)) for all v € [0,1]. Thus

o@w»—%a%wzlﬂ@wgwwMz

Letting n — oo we get

700) = r(@) = [ o)

Therefore lim, o %’—w = 0y (bgy). It follows easily that a € A,
and ox(a) = by for all X € g. Consequently, a, converges to a in Ay
under the norm g, and hence A; is a Banach space under the norm g.

Clearly o’ preserves A; and the norm p. For any a € A;, the set of
ox(a) for X in the unit ball of g is compact. Then for any h € H and
e > 0, when 1’ € H is close enough to h, one has ||o},(a) — o, (a)| < e
and [|ox (o7,(a)) — ox(ap(a))]| = llog(0x(a)) — aj(ox(a))]| < e for all
X in the unit ball of g. Consequently, p(o},(a) — o}.(a)) = L(o},(a) —
ar(a)) + ||o},(a) — o, (a)|| < 2e. Therefore the restriction of ¢’ on A,
is strongly continuous with respect to p. U

limz_,o

By Lemma 2.4 the actions o and 3 on C*(G/T, p) commute with
each other and are strongly continuous. Denote by C*(G/T,p) the

space of once differentiable elements of C*(G/T, p) with respect to the
action a. Recall the B; defined in (4).

Proposition 3.3. Let Xi,---, X, be a basis of g. ForY € & say
Y) =3 Fyy(2)X
J

where Ad denotes the adjoint action of G on g. Then F;y € By. Any
f € CHG/T, p) is once differentiable with respect to the action 3 and

(5) Z Gy * ax,(

Proof. Clearly F}y is a smooth function on G. Since the subgroups I',

K and p(K ) commute with K, if y is in any of these subgroups, then
Ad,(Y) =Y, and hence

Z Fiy () X5 = Ado(Y) = Ady (A, (Y)) = Adyy(Y) = Z Fyy (xy) X5,

which means that Fjy is invariant under the right translation of y.
Thus F;y € C’(G/KF) Co(G/KT) = By. For each X € g denote
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by X# (X4 resp.) the corresponding right (left resp.) translation
invariant vector field on G. Then Yy = Z Gy X #

Let f € CY(G/T,p) N B, for some s € K. By Lemma 2.4 the norm
on B, C C*(G/TI, p) is exactly the supremum norm. Thus f belongs
to the space C1(G) of continuously differentiable functions on G. For

any continuous vector field Z on G denote by 0z the corresponding
derivation map C'(G) — C(G). Then

ay# (f) = Z Fj,YaXJ#<f) = - Z Fj,Yan (f)

Since Fjy is invariant under the right translation of I" and p(K), we
have F;y(x)g:(z) = Fjy * g(x) for any ¢, € B, and z € G. By
Lemma 2.4 the actions o and 3 on C*(G/T,p) commute with each
other. Thus « preserves Bs, and hence ax(f) € B; for every X € g.

Therefore Oy, (f) = —>_; Fjy * ax,(f).
Let 0:[0,1] — K be a contlnuously differentiable curve in K. Then

lim f(xQV+Z> — f(xgu) _ (a(g’y)#( IQV _ Z o *04X (fEQu)

z—0 yA

for all v € [0,1] and = € G, and hence we have the integral form
(6) f(zoy) — f(z00) / Z oo ¥ ax,(f))(wo.) dz

for all v € [0,1] and z € G. The left hand side of (6) is the value
of B,,(f) — ﬁgo(f) at =, while the right hand side of (6) is the value
of [ Bo.(—>; Fjg * ax,(f))dz at x, where the integral is taken in

BSQC’*(G/F ,0) Therefore
0 Bl =Gl = [ - =S B s an ()

for all v € [0, 1].

Clearly (7) also holds for f € @, (C*(G/T, p)N By). By Lemma 3.2
CY(G/T, p) is a Banach space with norm p(-) = L(-)+|| - ||, 8 preserves
CY(G/T, p) and p, and the restriction of 5 on C*(G/T,p) is strongly
continuous on C’l(G/F p) with respect to p. By Lemma 2.4 the spec-
tral subspace of C*(G/T, p) corresponding to s € K for the action
(3 is equal to B,. It follows that the spectral subspace of C’l(G /T, p)
corresponding to s € K for the restriction of 3 on C1(G/T, p) is exactly
CY(G/T, p)NB,. Then standard techniques tell us that @Sek(Cl(é/F, p)N
B,) is dense in C''(G/T, p) with respect to p. Notice that both sides of
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(7) define continuous maps from C'(G/T, p) to C*(G/T', p). Therefore
(7) holds for all f € C*(G/T p) Consequently,

- Bo.(f) = By (

llir(l) 4 . Qo /690 Z Q/ % OfX

for all f € CI(G/F,p). It follows easily that f is once differen-
tiable with respect to 8 and By (f) = —>_; Fjy * ax;(f) for all f €

CYG/T,p) and Y € t. O
We shall need the following lemma (compare [34, Proposition 2.5]).

Lemma 3.4. Let o be a strongly continuous action of G on a Banach
space A as isometric automorphisms. Let a € A. Then for any e > 0,

there is some b € A such that b is smooth with respect to o, ||b]| < ||al|,

b lo.x (a)—al
|6 — all < e, and supy,ye, HJH’}(”)” < supO;AXegW. If A has

an isometric involution being invariant under o, then when a is self-
adjoint, we can choose b also to be self-adjoint.

Proof. Endow G with a left-invariant Haar measure. Let U be a small
open neighborhood of the identity element in G with compact clo-
sure, which we shall determine later. Let ¢ be a non-negative smooth
function on G with support contained in U such that [, o(z)dz = 1.
Set b = [, ¢(x)o,(a)dr. Then b is smooth with respect to o, and
16| < |la||. When U is small enough we have ||a — b|| < /2. For any
X € g, setting ¢(x) = Ad,-1(X), we have

low ) — b = | / ~ p(a)) de]

_y / O vio(a) — a) da]

< /ch(x)Hax(er(z)(a) —a)||dz

< sup [0 (a) —all

xeU
ov(a)—a
< sup Nor@ el o)
0#Yeg ||Y|| zelU

Set 6 = ¢/(2+2|a||). When U is small enough, we have [|[Ad,-1(X)| <
(1+ )| X| for all X € g and x € U. Then ||o.x(b) — b|| < (1 +

lloey (a)—all

6)[| X supgyeq —yr— for all X € g. By Lemma 3.1 we get

b) —b
ol o o ® b s
oixen IXT oixea  IXI oixen  IXI

loex (a) = all
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Now it is clear that & = b/(1 + 0) satisfies the requirement. Note that
b’ is self-adjoint if a is so. O

4. NONDEFORMED CASE

In this section we consider the nondeformed case, i.e., the case p
is the trivial homomorphism py sending the whole K to the identity
element of G. In Proposition 4.2 we identify L,, on C*(G/T, py) with
the Lipschitz seminorm for certain metric on G/I.

Note that Cy1(G/T, po) is sub-x-algebra of Cy(G/I') = C(G/I'). By
the universality of C*(G/T, po) we have a natural *-homomorphism ¢
of C*(G/T, po) into C(G/T), extending the inclusion Co;(G/T, py) —
C(G/T). The right translation of K on G induces a strongly continuous
action " of K on C(G/T'), and clearly 1 intertwines § and 3”. An
application of Lemmas 2.6 and 2.4 tells us that ¢ is injective. By
definition B is the spectral subspace of C'(G/T") corresponding to s €
K. Thus @,z Bs is dense in C(G/T). As @, B, is in the image of
1, we see that v is surjective and hence is an isomorphism. We shall
identify C*(G/T, po) and C(G/T) via 1.

The seminorm L, describes the size of derivatives of f € C*(G/T, py).
If it corresponds to some metric on G/T', this metric should be kind
of geodesic distance. In order for the geodesic distance to be defined,
throughout the rest of this paper we assume:

(S5) G/I' is connected.

The examples in Section 2 all satisfy this condition.

Fix an inner product on g. Then we obtain a right translation in-
variant Riemannian metric on G in the usual way. Denote by dg the
geodesic distance on connected components of G. We extend dg to a
semi-distance on G via setting dg(x,y) = oo if  and y lie in different
connected components of G.

Lemma 4.1. The function d on G/T' x G/T" defined by d(zT',yI") :=
infeoryeyr da(2',y) is equal to infycyr da(z,y'). It is a metric on
G/T' and induces the quotient topology on G/T .

Proof. Let V' be a connected component of G. Then VI is clopen in
G, and hence VI'/I' is clopen in G/I' for the quotient topology. As
G/T is connected, we conclude that VI'/T' = G/I". Therefore d is finite
valued.

Since d; is right translation invariant, we have inf,c,p ey da(2,y') =
inf e r da(z,y'). It follows easily that d is a metric on G/I.

Let z € G. Let W be a neighborhood of «I" in G/T for the quotient
topology. Then there exists € > 0 such that if dg(x,y) < e, then
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yI' € W. It follows that if d(aI',yI') < e, then yI' € W. Therefore
the topology induced by d on G/I is finer than the quotient topology.
For any ¢’ > 0, set U = {y € G|dg(z,y) < €'}. Then U is an open
neighborhood of . Thus UT'/T" is an open neighborhood of zI" for
the quotient topology. For any zI' € UT'/T', we can find 2’ € z2I'NU
and hence d(2T', 2I") < dg(z, 2') < €’. Therefore the quotient topology
on G/I' is finer than the topology induced by d. We conclude that d
induces the quotient topology. O

Proposition 4.2. For any f € CY(G/T, py) C C*(G/T, py) = C(G/T),
we have

fT) — FT)]

L = sup
ﬂO(f) xF;ﬁyF d(ﬂfl—‘, yF)
Proof. The right hand side of the above equation is equal to sup, 4, W.

So it suffices to show

o @) = W)
(8) LPO (f) - x;}; dg(l’, y) .

The proof is similar to that of [31, Proposition 8.6]. Let o : [0,1] — G
be a continuously differentiable curve. Denote by ¢(p) the length of o.
Then (f o 0)'(v) = (a—aaq,, (o) f)(0v) for all v € [0, 1], and hence

) — fla)] = | / (f 0 ) (v) dv| < / (f 0 0)(v)] d
- / (a0 dv < / lvaa,, (o /1l dv

< Lol / 1Ay, (&) dv = Ly (/)e(0),

where in the last equality we use the fact that the Riemannian metric on
G is right translation invariant. It follows easily that |f(01) — f(00)| <
L,,(f)€(p) holds if g is only piecewise continuously differentiable. Con-
sidering all piecewise continuously differentiable curves connecting x

and y we obtain |f(x) — f(y)| < Ly, (f)da(z,y) for all z,y € G.
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Denote by e the identity element of G. For any 0 # X € g, we have
_ _ vX
NGO T ) o o { G
Ty dG’(way) x v#£0 dg(:c,e” QZ)
|f(z) = f(e"* o)
= supsu
y;él([)) 2P da(ea,e’™)
|f(z) = f(e"* o)
> supsup
VA0 @ [ X]]
o I 0]
vz Y[IX]

_ sup 12X =l lax (DI

2o XTI 1

Therefore sup,_, Uf;;)(;x];(i/)' > L,y (f). This proves (8). O

5. LIP-NORMS AND COMPACT GROUP ACTIONS

In this section we recall the definition of compact quantum metric
spaces and prove Theorem 5.2, which enables one to show that certain
seminorm defines a quantum metric, via the help of a compact group
action.

Rieffel has set up the theory of compact quantum metric spaces in
the general framework of order-unit spaces [31, Defintion 2.1]. We
shall need it only for C*-algebras. By a C*-algebraic compact quantum
metric space we mean a pair (A, L) consisting of a unital C*-algebra
A and a (possibly +oo-valued) seminorm L on A satisfying the reality
condition

(9) L(a) = L(a")

for all @ € A, such that L vanishes exactly on C and the metric dy on
the state space S(A) defined by

(10) (v, ¢) = sup [¢(a) — d(a)
L(a)<1

induces the weak*-topology. The radius of (A, L), denote by 74, is
defined to be the radius of (S(A),dr). We say that L is a Lip-norm.

Let A be a unital C*-algebra and let L be a (possibly +oo-valued)
seminorm on A vanishing on C. Then L and || - || induce (semi)norms
L and || - || respectively on the quotient space A = A/C.

Recall that a character of a compact group is the trace function of a
finite-dimensional complex representation of the group [7, Section I1.4].
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Lemma 5.1. Let H be a compact group and Hy be a closed normal
subgroup of H of finite index. Then for any linear combination of
finitely many characters of H, its multiplication with the characteristic
function of Hy is also a linear combination of finitely many characters
of H.

Proof. The products and sums of characters of H are still characters
[7, Proposition 11.4.10]. Thus it suffices to show that the characteristic
function of Hy on H is a linear combination of finitely many characters
of H.

Since H/H, is finite, every C-valued class function on H/H, i.e.,
functions being constant on conjugate classes, is a linear combination
of characters of H/H, [16, Proposition 2.30]. Thus the characteristic
function of {ey/m,} on H/Hy, where e/ p, denotes the identity element
of H/Hy, is a linear combination of characters of H/Hy. Then the
characteristic function Hy on H is a linear combination of characters
of H. O

Recall that a length function on a topological group H is a continuous
R>g-valued function, ¢, on H such that ¢(h) = 0 if and only if A is equal
to the identity element ey of H, that ¢(hihs) < €(hy) + £(hs) for all
hi,hy € H, and that £(h™') = ¢(h) for all h € H.

Suppose that a compact group H has a strongly continuous action
o on a Banach space A as isometric automorphisms. Endow H with
its normalized Haar measure. For any continuous C-valued function ¢
on H, define a linear map o, : A — A by

oola) = /H o(W)on(a) dh

for a € A. Denote by H the set of isomorphism classes of irreducible
representations of H. For each s € H , denote by A, the spectral
subspace of A corresponding to s. For a finite subset J of H , set
Ay =3 s As

The main tool we use for the proof of Theorem 1.1 will be the fol-
lowing slight generalization of [23, Theorem 4.1].

Theorem 5.2. Let A be a unital C*-algebra, let L be a (possibly +oo-
valued) seminorm on A satisfying the reality condition (9), and let o
be a strongly continuous action of a compact group H on A by auto-
morphisms. Assume that L takes finite values on a dense subspace of
A, and that L vanishes on C. Suppose that the following conditions are
satisfied:
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(1) there are some length function ¢ on a closed normal subgroup
Hy of H of finite index and some constant C' > 0 such that
LY < C-L on A, where L* is the (possibly +oo-valued) seminorm
on A defined by

(11) L*(a) = SUP{W

(2) for any linear combination ¢ of finitely many characters on H
we have Lo o, < |l¢ll1 - L on A, where ||¢|1 denotes the L*
norm of p;

(3) for each s € H not being the trivial representation sy of H, the
set {a € As|L(a) < 1,|la]] < r} is totally bounded for some
r > 0, and the only element in Ay vanishing under L is 0;

(4) there is a unital C*-algebra A containing the fixed-point subal-
gebra A?, with a Lip-norm L4, such that L4 extends the re-
striction of L to/\A";

(5) for each s € H/Hy C H not equal to sy, there exists some
constant Cs > 0 such that || - || < CsL on As.

Then (A, L) is a C*-algebraic compact quantum metric space with r4 <
C [y, t(h) dh+zso¢seH//H\O C,(dim(s))?+7r4, where Hy is endowed with
its normalized Haar measure.

‘h € Hy, h # €H}.

We need some preparation for the proof of Theorem 5.2. The follow-
ing lemma generalizes [23, Lemma 3.4].

Lemma 5.3. Let H be a compact group, and let Hy be a closed normal
subgroup of H of finite index. Let f be a continuous C-valued function
on H with f(ey) = 0. Then for any € > 0 there is a nonnegative
function ¢ on H with support contained in Hy such that ¢ is a linear
combination of finitely many characters of H, ||¢||y = 1, and ||¢- f]1 <
€.

Proof. Denote by x the characteristic function of Hy on H. Set g =
fx+e(l—x). Then g € C(H) and g(ey) = 0. By [23, Lemma 3.4]
we can find a nonnegative function ¢ on H such that ¢ is a linear
combination of finitely many characters, ||¢|; = 1, and ||¢ - g||1 < €/2.
Then € [}, #(h) dh < ||¢ - gl[1 < £/2, and hence

Ixdll: = llgl — /H 1= 1/2=172

Set v = x¢/||x¢||1. By Lemma 5.1 ¢ is a linear combination of finitely
many characters of H. One has

- flle = [Ixefll/IIxoll = Ixoglli/lIxoll < (£/2)/(1/2) = e.
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O

For a compact group H and a finite subset J of H ,set J = {3|s €
J}, where § denotes the contragradient representation. Replacing [23,
Lemma 3.4] by Lemma 5.3 in the proof of [23, Lemma 4.4], we get:

Lemma 5.4. Let H be a compact group. For any € > 0 there 1is
a finite subset J = J in H, containing the trivial representation s,
depending only on £ and €/C, such that for any strongly continuous
isometric action o of H on a complex Banach space A with a (possibly
+oo-valued) seminorm L on A satisfying conditions (1) and (2) in
Theorem 5.2, and any a € A, there is some a' € A; with

la’ll < flall,  L(a") < L(a),  and |la—d'|| < cL(a).

If A has an isometric involution being invariant under o, then when a
is self-adjoint we can choose a' also to be self-adjoint.

We are ready to prove Theorem 5.2.

Proof of Theorem 5.2. Most part of the proof of [23, Theorem 4.1] car-
ries over here. In fact, conditions (2)-(4) here are the same as the
conditions (2)-(4) in [23, Theorem 4.1]. Since the proof of Lemma 4.5
in [23] does not involve condition (1) there, this lemma still holds in
our current situation. Replacing [23, Lemma 4.4] by Lemma 5.4 in the
proof of Lemma 4.6 of [23], we see that the latter also holds in our
current situation. To finish the proof of Theorem 5.2, we only need to
prove the following analogue of Lemma 4.7 of [23]:

Lemma 5.5. We have
|-~ <(C [ en)ydh+ > Cidim(s))® + ra)L”
Ho soyésEH//I?o

on (A)sa, where Hy is endowed with its normalized Haar measure.

Proof. By Lemma 5.1 the characteristic function ¢ of Hy on H is a
linear combination of characters of H. Set n = |H/Hy|. Let a € As,.
Then o0,,(a) belongs to Ag, and is fixed by o|g,. We have

o= ow(@l = | | adn- /H on(a) dhl| < / la — on(a)]| dh

< Lz(a)/ ((h) dhgc-L(a)/ ¢(h)dh,

where the last inequality comes from the condition (1). By the condi-
tion (2) we have

L(ony(a)) < |Inelly - L(a) = L(a).
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Note that A%l#o = @Seﬁfls. Say, op,(a) = ZseH//}To as with as € A,.

For each s € I?/Fo, denote by xs the corresponding character of H/H,

thought of as a character of H. Then a; = 0gim(s)xs (Tnp(a)) [23, Lemma
3.2]. Thus

L(as) = L(0dim(s)x: (Tng (@) < || dim(s)xG]l1L(ong(a)) < (dim(s))*L(a),

where the first inequality comes from the condition (2). Note that
as, € Asa. By the condition (5) we have

las]l < CsL(as) < Cy(dim(s))*L(a)
for each s € fT/E) not equal to sg. By the condition (4), we have
16|~ < raL™(D)

for all b € (Asy)sa = (A%)sa [30, Proposition 1.6, Theorem 1.9] [23,
Proposition 2.11]. Thus

las,||” < ral™(as,) = ral(as,) < ral(a).
Therefore we have
lall < fla—oup(@)]l + las ™+ > adll

SU#SEFI//FO
< C-L(a) / ((h)dh +1raL(a) + Z C,(dim(s))*L(a)
Ho S();ﬁsem
as desired. 0
This finishes the proof of Theorem 5.2. U

6. PROOF OF THEOREM 1.1

In this section we prove Theorem 1.1.

Denote by Ky the connected component of K containing the identity
element ex. Take an inner product on £ and use it to get a translation
invariant Riemannian metric on K in the usual way. For each x € K|
set £(x) to be the geodesic distance form ex to x. Then / is a length
function on K.

In order to prove Theorem 1.1, we just need to verify the conditions in
Theorem 5.2 for (A, L, H, Hy,0) = (C*(G/T, p), L,, K, Ko, 3). Recall

that we are given a norm on g, and

L (CI,) — Sup();éXEQ Ha‘i(x(ﬁ)”? lf a e CI(G/F7 10)7
P 00, otherwise,

(12)

for a € C*(G/T, p).
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By Lemma 2.4 the actions o and 3 on C*(G/T, p) commute with

each other. Thus 3 preserves C'(G/T, p) and L,.

Choose the basis Xi,..., Xqim(q) of g in Proposition 3.3 to be of
norm 1. Denote by C the supremum of ||Fjy|| for all 1 < j < dim(G)
and Y in the unit sphere of ¢ (with respect to the inner product on £
above) in Proposition 3.3.

Lemma 6.1. We have L' < (dim(G)C,) - L, on C*(G/T, p).

Proof. Tt suffices to show L’ < (dim(G)C,) - L, on C*(G/T,p). By
Proposition 3.3 every a € C'(G/T, p) is once differentiable with re-
spect to the action 3. By [31, Proposition 8.6] we have Lf(a) =
SUDyegy|=1 |8y (a)]|. Then from (5) in Proposition 3.3 we get Lf(a) <
(dim(G)Ch)L,(a). O

Lemma 6.2. For any linear combination ¢ of finitely many characters
of K we have L, o 3, <||¢||1 - L, on C*(G/T, p).

Proof. We have remarked above that § preserves L,. By Lemma 3.1
one has

(13) LP(CL) = sup ||an (a) - CL”
oxxes X

for every a € C'(G/T, p). Tt follows that L, is lower semi-continuous
on C'(G/T, p) equipped with the relative topology from C(G/T, p) C
C*(GJT, p). By Lemma 3.2 the action (3 is also strongly continuous on
CY(G/T, p) with respect to the norm defined in Lemma 3.2. Then (3, is
also well-defined on C''(G/T, p) for any continuous C-valued function
1 on K. By [23, Remark 4.2.(3)] we get Lemma 6.2. O

The conditions (1) and (2) in Theorem 5.2 for (A, L, H, Hy,0) =
(C*(G/F, p), L,, K, Ky, ) follow from Lemmas 6.1 and 6.2 respectively.

Fix an inner product on g, and denote by L the seminorm on
C’*(@ /T, p) defined by (12) but using this inner product norm instead.
Since g is finite dimensional, any two norms on g are equivalent. There-
fore there exists some constant C; > 0 not depending on p such that
I, < CoL,.

By Lemma 4.1 and Proposition 4.2 the restriction of L/, on C" (GJT, po) C
C(G/T) is the Lipschitz seminorm associated to some metric d on G/I.
The Arzela-Ascoli theorem [12, Theorem VI.3.8] tells us that the set

{a € C*(GT, po)|Lyy(a) < 71,|lal| < o} is totally bounded for any
ri,r2 > 0. Since for each s € K neither the seminorm L, nor the
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C*-norm on B, C C*(G/T, p) depends on p, the condition (3) in The-
orem 5.2 for (A, L, H, Hy,0) = (C*(G/T, p), L,, K, Ky, 3) follows.

From the criterion of Lip-norms in [30, Proposition 1.6, Theorem 1.9
(see also [23, Proposition 2.11]) one sees that the Lipschitz seminorm
associated to the metric on any compact metric space is a Lip-norm
on the C*-algebra of continuous functions on this space. Since L, on
C*(G/T, py) = C(G/T) is no less than the Lipschitz seminorm associ-
ated to the metric d on G/T', from [30, Proposition 1.6, Theorem 1.9]
one concludes that L, is also a Lip-norm on C(G/I'). Therefore we
may take (A, L4) in condition (4) of Theorem 5.2 to be (C(G/T), L,,)
for (A, L, H, Hy,0) = (C*(G/T, p), L,, K, Ky, 3).

Let s € K not being the trivial representation of K, and let a € B;.
Then L), (a) < CyL,(a) = CyL,(a). Thus for any A in the range of a
on G/I" one has |la — AMee/r)llo@em < C2CsL,(a), where Cs denotes
the diameter of G/T" under the metric d. We have

al Cc*(G/Typ) — ||<1||C(G/F) = ||/K<k‘75>5k(a— MC(G/F))dkHC(G/F)

< la = Megemlle@m < CoCsLy(a).
This establishes the condition (5) of Theorem 5.2 for (A, L, H, Hy,0) =
(C*(GYT, p), L,, K, Ko, B).
WeAhave shown that the conditions in Theorem 5.2 hold for (A, L, H, Hy,0) =
(C*(G/T, p), L,, K, Ky, 3). Thus Theorem 1.1 follows from Theorem 5.2.

7. QUANTUM GROMOV-HAUSDORFF DISTANCE

In this section we prove Theorem 1.2.

We recall first the definition of the distance dist,, from [19, Sec-
tion 5]. To simplify the notation, for fixed unital C*-algebras A,
and Ay, when we take infimum over unital C*-algebras B containing
both A; and A, we mean to take infimum over all unital isometric
x-homomorphisms of A; and As into some unital C*-algebra B. De-
note by disth; the Hausdorff distance between subsets of B. For a
(C*-algebraic compact quantum metric spaces (A, L), set

E(A) = {a € Au|La(a) < 1}.

For any C*-algebraic compact quantum metric spaces (Aj, L4,) and
(Asg, L4, ), the distance disty,(A;, Ag) is defined as

disty, (A;, Ay) = inf disty (E(A}), £(A)),

where the infimum is taken over all unital C*-algebras B containing A,
and As.



24 HANFENG LI

Throughout the rest of this section, we fix GG, I';, K such that there
exits p satisfying the conditions (S1)-(S5). We also fix a norm on g.
Denote by €2 the set of all p satisfying the conditions (S1) and (S2),
equipped with the weakest topology making the maps €2 — G sending
p to p(s) to be continuous for each s € K.

Every closed subgroup of a Lie group is also a Lie group [37, Theorem
3.42]. Thus K is a compact abelian Lie group. Then K is the product
of a torus and a finite abelian group [7, Corollary 3.7]. Therefore K
is finitely generated. Let si,...,s, be a finite subset of K generating
K. Then the map ¢ : Q — [[;_, G sending p to (p(s1),...,p(sn)) is
injective, and its image is closed. Furthermore, it is easily checked that
the topology on €2 is exactly the pullback of the relative topology of
©(Q) in H;L:1 (G. Since G is a Lie group, it is locally compact metrizable.
Thus H?Zl G and ) are also locally compact metrizable.

For clarity and convenience, we shall denote the actions « and (3
on C’*(G’ /T, p) by a, and 3, respectively, and denote the C*-norm on
C*(G/T,p) by || - ||,- Consider the (possibly +oco-valued) auxiliary
seminorm L7 on C*(G/T, p) defined by

a,.x(a) —al|
L’(a) = sup lope L
g 0£Xeg | X]]

Lemma 7.1. Let W be a locally compact Hausdorff space with a con-
tinuous map W — ) sending w to p,. Let f be a continuous section
of the continuous field of C*-algebras over W in Proposition 2.9. Then
the function w w— L7 (f,) is lower semi-continuous on W.

w

Proof. Let w' € W. To show that the above function is lower semi-

continuous at w’, we consider the case L7 (fn) < oo. The case
” - e

pr,(fw/) = oo can be dealt with similarly. Let ¢ > 0. Take 0 # X € g

such that

Ly, (Fo)I XN < ey, ex (fur) = furl

It is easily checked that w — «,, .x(fw) is also a continuous section of
the continuous field. Then when w is close enough to w’, we have

e, ex (fur) = furllpy < llp,.ex (fu) = fullp. + el X]|
and hence
Ly (Fu)IX N < [l ex (fu) = fullp, + 26| X[ < (L, (fu) + 28) | X]-
Therefore L7 (fuw) < L) (fuw) + 2e. O

UJ/

pur T ENX]-
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Note that although the *-algebra structure of Cy 1 (G/T, p) (Cy, 1 (G, p)
resp.) depends on p, the Banach space structure, the left transla-
tion action of G' and the right translation action of K on Cy1(G/T, p)
(Cyv1(G,p) resp.) do not depend on p. Thus we may denote by
Co1(G/T'), @ and [ this Banach space and these actions respectively.
Also denote by Cj,(G/T') the set of once differentiable elements of
Co1(G/I') with respect to a.

Lemma 7.2. For any a in @, ;(Bs N Cy,(G/T)), the function p —
L,(a) is continuous on €.

Proof. Say, a = Zse @ for some finite subset F' of K and as € B, N
C5.1(G/T) for each s € F. Then Ly(a) = supxegxj=1 Il 2oser @x(as)ll,
for each p € . Since o commutes with 3, we have ax(as) € Bs.
By Proposition 2.9 the function p — || Y. pax(as)|, is continu-
ous on {2 for each X € g. Since g is a finite-dimensional vector
space and «ay(as) depends on X linearly, it follows easily that the

function (X, p) +— || > ,cp ax(as)|l, is continuous on g x Q. As the
unit sphere of g is compact, one concludes that the function p —
SUD xeq (x|=1 || 2oser ax(as)l|, is continuous on €. O

Fix p' € Q. Let Z be a compact neighborhood of p" in .

Note that the linear span of p — f(p)a € C*(G/T, p) for a in some
B and f € C(Z) is dense in the C*-algebra of continuous sections of
the continuous field over Z in Proposition 2.9. Since Z is a compact
metrizable space, C'(Z) is separable. As G is a Lie group, it is separable.
Then G/T is separable, and hence is a compact metrizable space. Thus

C(G/T) is separable, and hence B is separable for each s € K. On the
other hand, since K is finitely generated, K is countable. Therefore
the C*-algebra of continuous sections of the continuous field over Z in
Proposition 2.9 is separable.

By Proposition 2.5 each C*(G/T, p) is nuclear. Every separable con-
tinuous field of unital nuclear C*-algebras over a compact metric space
can be subtrivialized [6, Theorem 3.2]. Thus we can find a unital C*-
algebra B and unital embeddings C*(G /T, p) — B for all p € Z such
that, via identifying each C*(G/T',p) with its image in B, the con-
tinuous sections of the continuous field over Z in Proposition 2.9 are
exactly the continuous maps Z — B whose images at each p are in
C*(G/T, p).

For any C*-algebraic compact quantum metric space (A, L4) and any
constant R no less than the radius of (A, L4), the set Dg(A) := {a €
Aga|La(a) < 1,]la|| < R} is totally bounded and every a € £(A) can
be written as z + A for some x € Dg(A) and A € R [30, Proposition
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1.6, Theorem 1.9]. In Section 6 we have seen that the conditions in
Theorem 5.2 hold for (A, L, H, Hy,0) = (C’*(G/F, p),L,, K, Ky, §) with
some C,Cs and (A, L4) not depending on p. Thus, by Theorem 5.2
there is some constant R such that the radius of (C*(G/T, p,), L,) is
no bigger than R for all p € Q). For any € > 0, by Lemmas 5.4 and 2.4
there is a finite subset F' C K satisfying that for any p € (2 and any
z € E(C*(GJT, p)) there is some y € E(C*(G/T,p)) N Y ser Bs with
lyllo < llllp and [l —yll, <e.

Lemma 7.3. Let € > 0. Then there is a neighborhood U of pin Z
such that for any p € U and any a € E(C*(G/T,p')) there is some
be E(C*(G/T, p)) with |la—b|p < €.

Proof. According to the discussion above we can find a finite subset Y
of E(C*(G/T,p)) N > .er Bs such that for every a € E(C*(G/T, p))
there are some z € Y and A € R with [ja — (2 + \)|| < . For each
y €Y, write y as Y pys With y, € B,. Since Ly(y) < oo, y is once
differentiable with respect to a,. It is easy to see that each y, is once
differentiable with respect to . Thus, by Lemma 7.2 the function
p +— L,(y) is continuous on €2. Then we can find a constant 6 > 0 and
a neighborhood U of p/ in Z such that d||y,||, < &, |lyy — y,lls < ¢,
and L,(y,) < 140 for all y € Y and p € U, where y, denotes y
as an element in C*(G/T,p). Fix p € U. Set b = 2,/(1 4+ 6). Then
L,(b+X)=1L,(b) <1, and

la =+ Mz < lla= G+ My + 20 = 2lls + 12 = bll,

< e4e4e=3.
O

Lemma 7.4. Let ¢ > 0. Then there is a neighborhood U of plin Z
such that for any p € U and any a € E(C*(G/T,p)) there is some
be E(CHG/T,p')) with |la—b||p < e.

Proof. According to the discussion before Lemma 7.3, it suffices to
show that there is a neighborhood U of p' in Z such that for any p € U
and any a € E(C*(G/T, p)) N BecrB, satistying [lal|, < R there is
some b € £(C*(G/T, p')) with |la — b||g < e. Suppose that this fails.
Then we can find a sequence {p,}nen in Z converging to p and an
an € E(C*(GT, py)) N @yer B, satistying ||anl|,, < R for each n € N
such that ||, —b||g > e for alln € Nand b € E(C*(G/T, o). Write ay,
as > cp ns With a, s € By, Then a,, = [ (k,5)5,, r(an) dk. Thus
lansllpn < llanllp, < R and L, (ans) < L,,(a,) < 1 by Lemma 6.2.
Since the restriction of L, on By does not depend on p, and the set {a €
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By|L,(a) < 1,]la|| < R} is totally bounded, passing to a subsequence
if necessary, we may assume that a, s converges to some a, in B when
n — oo for each s € . Set a = ) __pas. Then (a,),, converges to
ay in B as n — oo, where (a,),, and a, denote a,, and a as elements
in C*(G/T, p,) and C*(G/T, o) respectively. In particular, a is self-
adjoint and ||a||y < lim, e [Jan]],, < R.

By Lemma 3.1 we have L) (a,) = L,,(a,) < 1for alln € N. On the
one-point compactification W = NU{oo} of N, consider the continuous
map W — Q sending n € N to p, and oo to p/. Then the section f
defined as f, = a, € C*(G/T, p,) for n € N and fo, = a € C*(G/T, p)
is a continuous section of the continuous field on W in Proposition 2.9.

Thus, by Lemma 7.1 we have L7,(a) < liminf, .o L} (a,) < 1. By

Lemma 3.4 we can find some self-adjoint b € C*(G/T, p') with ||b]|, <
lally, < R, [|b—aly < ¢/2, and Ly(b) < Li(a) < 1. Then b €

E(C*(GT, p)), and
16— anlls = [Ib—ally <e/2

as n — 0o. Therefore, when n is large enough, we have ||b — a,||p < &,
contradicting our assumption. This finishes the proof of the lemma. []

From Lemmas 7.3 and 7.4 we conclude that Theorem 1.2 holds.

APPENDIX A. COMPARISON OF dist,, AND prox

In this appendix we compare the distance dist,, and the proximity
Rieffel introduced in [35].

A (possibly 4oo-valued) seminorm L on a unital (possibly incom-
plete) C*-norm algebra A is called a C*-metric [35, Definition 4.1] if

(1) L is lower semi-continuous, satisfies the reality condition (9),
and is strongly-Leibniz in the sense that L(ab) < L(a)||b| +
la||L(b) for all a,b € A, L(14) =0, and L(a™') < ||a™||*L(a)
for all a being invertible in A,

(2) L extended to the completion A of A by L(a) = oo fora € A\ A
is a Lip-norm on A,

(3) the algebra {a € A|L(a) < oo} is spectrally stable in A.

In such case, the pair (A, L) is called a compact C*-metric space.

The seminorm L, in Theorem 1.1 may fail to be a C*-metric since
it may fail to be lower semi-continuous. However, it is lower semi-
continuous on C'(G/T, p) by Lemma 3.1. Thus its restriction on the
algebra of smooth elements in C*(G/T, p) with respect to a is a C*-
metric. By [35, Proposition 3.2] its closure L, is a C*-metric on
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C*(GJT, p). Lemma 3.4 tells us that

. lovex (a) — al
L,(a) =

= X
for all a € C*(G/T, p).

In [35, Definition 5.6, Section 14] Rieffel introduced the notions of
prozimity prox(A, B) and complete proximity prox,(A, B) between two
compact C*-metric spaces (A, L4) and (B, Lg). In general, one has
prox, (A, B) > prox(A, B). For each ¢ € N, denote by UCP,(A) the set
of unital completely positive linear maps from the completion A of A
to M,(C). Define prox?(A, B) as the infimum of the Hausdorff distance
of UCP,(A) and UCP,(B) in UCP,(A @ B) under the metric d}, for
L running through C*-metrics L on A & B whose quotients on A and
B agree with L4 and Lg on Ay, and By, respectively. Here the metric
d? is defined as

d%(@? d}) = sup H90<a7 b) - w(a’a b)”
L(a,b)<1
Then prox,(A, B) is defined as sup, prox?(4, B).
Note that the definition of dist,, extends to compact C*-metric
spaces (A, Ls) and (B, Lg) directly.

Theorem A.1. For any compact C*-metric spaces (A, La) and (B, Lg),
one has

disty, (A, B) > prox (A, B).

Proof. The proof is similar to those of [24, Proposition 4.7] and [19,
Theorem 3.7]. Let A be a unital C*-algebra containing A and B. Set
¢ = dist{; (£(A),E(B)). Let € > 0. Define a seminorm L on A @ B by

||a—b||)
c+e ”

It was pointed in the proof of [24, Proposition 4.7] that L extended
to AOB = A® B as in the condition (2) of the definition of C*-
metrics above is a Lip-norm, and that the quotients of L on A and
B agree with L, and Lg on Ay, and B, respectively. It is readily
checked that L satisfies the conditions (1) and (3) in the definition
of C*-metrics. Thus L is a C*-metric on A & B. For any ¢ € N
and ¢ € UCP,(A), by Arveson’s extension theorem [8, Theorem 1.6.1]
extend ¢ to a ¢ in UCP,(A). Set v to be the restriction of ¢ on B.
For any (a,b) € £(A @ B) one has

le(a, b) = ¢(a, b)[| = llp(a) = @) = ll¢(a = D) < fla = bl < c+e.

L(a,b) = max(La(a), Lg(b),
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Thus df (¢,1) < ¢+ . Similarly, for any ¢ € UCP,(B), we can find
some ¢’ € UCP,(A) with d} (¢',¢") < ¢+ . Therefore prox?(4, B) <
c+e. Tt follows that prox?(A, B) < dist,,(A, B), and hence prox,(A, B) <
disty, (A, B) as desired. O

It was pointed out in Section 5 of [19] that one has continuity of
quantum tori and 6-deformation, convergence of matrix algebras to
integral coadjoint orbits of compact connected semisimple Lie groups,
and approximation of quantum tori by finite quantum tori with respect
to dist,,. It follows from Theorem A.l that we also have such conti-
nuity, convergence and approximation with respect to prox, and prox.
In particular, this yields a new proof for [35, Theorem 14.1].
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