-DEFORMATIONS AS COMPACT QUANTUM METRIC SPACES
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ABSTRACT. Let M be a compact spin manifold with a smooth action of the n-
torus. Connes and Landi constructed 6-deformations My of M, parameterized
by nxn real skew-symmetric matrices 6. The My’s together with the canonical
Dirac operator (D, H) on M are an isospectral deformation of M. The Dirac
operator D defines a Lipschitz seminorm on C(My), which defines a metric on
the state space of C(Mp). We show that when M is connected, this metric
induces the weak-* topology. This means that My is a compact quantum
metric space in the sense of Rieffel.

1. INTRODUCTION

In noncommutative geometry there are many examples of noncommutative spaces
deformed from commutative spaces. However, for many of them the Hochschild di-
mension, which corresponds to the commutative notion of dimension, is different
from that of the original commutative space. For instance, the C*-algebras of
the standard Podles quantum 2-spheres and of the quantum 4-spheres of [1] are
isomorphic to each other, and their Hochschild dimension is zero [17].

In [8] Connes and Landi introduced a one-parameter deformation Sj of the 4-
sphere with the property that the Hochschild dimension of Sj equals that of S%.
They also considered general #-deformations, which was studied further by Connes
and Dubois-Violette in [7] (see also [28]). In general, the #-deformation My of
a manifold M equipped with a smooth action of the n-torus 7" is determined
by defining the algebra of smooth functions C*°(Mpy) as the invariant subalgebra
(under the diagonal action of T™) of the algebra C™° (M x Tp) := C°°(M)&C>(Tp)
of smooth functions on M X Ty; here 6 is a real skew-symmetric n X n matrix and Tj
is the corresponding noncommutative n-torus. This construction is a special case
of the strict deformation quantization constructed in [21]. When M is a compact
spin manifold, Connes and Landi showed that the canonical Dirac operator (D, H)
on M and a deformed anti-unitary operator Jy together gives a spectral triple for
C(My), fitting it into Connes’ noncommutative Riemannian geometry framework
[5, 6]. In [7] Connes and Dubois-Violette also showed how #-deformations lead to
compact quantum groups which are deformations of various classical groups (see
also [30, Section 4]).

In this paper we investigate the metric aspect of #-deformation. The study
of metric spaces in noncommutative setting was initiated by Connes in [4] in the
framework of his spectral triple. The main ingredient of a spectral triple is a Dirac
operator D. On the one hand, it captures the differential structure by setting
df =[D, f]. On the other hand, it enables us to recover the Lipschitz seminorm L,
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which is usually defined as

where p is the geodesic metric on the Riemannian manifold, instead by means of
L(f) =|| [D, f] ||, and then one recovers the metric p by

(2) pla,y) = sup |f(z) = f(y)|-
L(f)<1

:x#y}v

In [4, Section 1] Connes went further by considering the (possibly +oo-valued)
metric on the state space of the algebra defined by (2). Motivated by what happens
to ordinary compact metric spaces, in [22, 23, 24] Rieffel introduced “compact
quantum metric spaces” (see Definition 2.9 below) which requires the metric on the
state space to induce the w*-topology. Many examples of compact quantum metric
spaces have been constructed, mostly from ergodic actions of compact groups [22]
or group algebras [26, 18]. Usually it is quite difficult to find out whether a specific
seminorm L on a unital C*-algebra gives a quantum metric, i.e., whether the metric
defined by (2) on the state space induces the w*-topology.

Denote by Ly the seminorm on C(Mp) determined by the Dirac operator D (see
Definition 3.11 below for detail). Notice that when M is connected the geodesic
distance makes M into a metric space. Then our main theorem in this paper is:

Theorem 1.1. Let M be a connected compact spin manifold with a smooth action
of T™. For every real skew-symmetric n X n matriz 6 the pair (C(My), Lg) is a
C*-algebraic compact quantum metric space.

Motivated by questions in string theory, Rieffel also introduced a notion of quan-
tum Gromov-Hausdorff distance for compact quantum metric spaces [24, 25]. It has
many nice properties. Using the quantum Gromov-Hausdorff distance one can dis-
cuss the continuity of #-deformations (with respect to the parameter #) in a concrete
way. This will be done in [16].

This paper is organized as follows. We shall use heavily the theory of locally con-
vex topological vector spaces (LCTVS). In Section 2 we review some facts about
LCTVS, Clifford algebras, and Rieffel’s theory of compact quantum metric spaces.
Connes and Dubois-Violette’s formulation of #-deformations is reviewed in Sec-
tion 3. In Section 4 we prove a general theorem showing that in the presence of
a compact group action, sometimes we can reduce the study of a given seminorm
to its behavior on the isotypic components of this group action. Section 5 contains
the main part of our proof of Theorem 1.1, where we study various differential
operators to derive certain formulas. Finally, Theorem 1.1 is proved in Section 6.

Throughout this paper G will be a nontrivial compact group with identity eq,
endowed with the normalized Haar measure. Denote by G the dual of G, and by
vo the trivial representation. For any v € G let X~ be the corresponding character
on G, and let 4 be the contragradient representation . For any v € G and any
representation of G' on some complex vector space V, we denote by V, the -
isotypic component of V. If 7 is a finite subset of G, we also let Vs = Zvej Vs,

and let J = {y:v€ J}.
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2. PRELIMINARIES

In this section we review some facts about locally convex topological vector
spaces (LCTVS), Clifford algebras, and Rieffel’s theory of compact quantum metric
spaces.

2.1. Locally convex topological vector spaces. We recall first some facts about
LCTVS. The reader is referred to [29, Chapters 5 and 43] for detailed informa-
tion about completion and tensor products of LCTVS. Throughout this paper, our
LCTVS will all be Hausdorff.

For any LCTVS V and W, one can define the projective tensor product of V and
W, denoted by V ®, W, as the vector space V ® W equipped with the so called
projective topology. V ®, W is also a LCTVS, and one can form the completion
Ve, W.

For continuous linear maps 9; : V; — W; (j = 1,2) between LCTVS, the tensor
product linear map 1 ®r Y3 : V1 ®, Vo — W1 &, W5 is also continuous and extends
to a continuous linear map ®7r¢2 ViR Ve — Wi R, Wo.

Let V be a LCTVS, and let o be an action of a topological G on V' by automor-
phisms. We say that the action « is continuous if the map G x V. — V given by
(x,v) — agz(v) is (jointly) continuous. Let V' (resp. W) be a LCTVS and « (resp.
B) be a continuous action of G on V (resp. W). Then the tensor product action
a@.f of G on V@, W is easily seen to be continuous.

A locally convex algebra (LCA) [3] is a LCTVS V with an algebra structure such
that the multiplication V' x V' — V is (jointly) continuous. If furthermore V is a
x-algebra and the %-operation * : V' — V is continuous, let us say that V is a locally
convez x-algebra (LC*A). A locally convex left V-module of V' is a left V-module W
such that the action V' x W — W is (jointly) continuous. For a smooth manifold
M, the space of (possibly unbounded) smooth functions C*°(M) equipped with
usual Fréchet space topology is a LCxA. For a smooth vector bundle E over M,
the space of smooth sections C*° (M, E) is a locally convex C*°(M)-bimodule. If
furthermore F is an algebra bundle with fibre algebras being finite-dimensional,
then C°(M, E) is also a LCA. We shall need Proposition 2.3 below.

Lemma 2.1. Let V and W be two LCTVS. Denote by V and W the completion
of V and W respectively. Then

Ve,W =V, W.
Proof. The natural linear maps ty : V — V and w2 Wo— W are continuous,
so we have the continuous linear map ty @zt : V@.W — V&, W, which is the
unique continuous extension of 1y Qi : VW -V W.
Let vg € V' (resp. wo € W) and a net {v;}jer (resp. {w;}jer) in V (resp. W)

converging to vy (resp. wp). Let p (resp. q) be a continuous seminorm on V' (resp.
W). Consider the continuous tensor product seminorm p&,q on V&, W defined by

(p&20)(n) = inf Y p(efalw))



4 HANFENG LI

for all n € V ®, W, where the infimum is taken over all finite sets of pairs (v}, w},)

such that
n=> v ®w.
k

It satisfies

(r&@=a)(v ® w) = p(v)q(w)
for all v € V and w € W [29, Proposition 43.1]. In particular, we have
(P®r0)(v; @w; — vy @wy) = (pRxq)((v; — vj) @ wj + vy @ (W) — wyr))
< plvj —vy)a(w;s) + plvj)a(w; —wj) — 0

as j,j' — o0o. Since such p&,q form a basis of continuous seminorms on V&, W
[29, page 438], the net {v; ® w;}jer is a Cauchy net in V&, W. Then it converges
to some element in V&.W. Let ¢(vg, wo) = lim; o (v; ® w;). Clearly ¢(vo,wo)
doesn’t depend on the choice of the nets {v;};c; and {w;};cr. So the map ¢ :
V x W — V&,W is well-defined. It is easy to see that ¢ is bilinear and is an
extension of the natural map V x W — V&, W. Denote the extension of p (resp.
q) on V (resp. W) still by p (resp. q). Notice that

(p&ra) (w0, w0)) = (pBna)(fim (v @ wg)) = Jim (pra)(v; @ ;)
= j{rgop(vj)CI(wj) = p(v)q(w).

So ¢ is continuous, and hence the associated linear map 14 Rx W — V&.W is
continuous [29, Proposition 43.4]. Consequently, we have the continuous extension
Y :V&W — V&, W [29, Theorem 5.2].

Notice that V @ W is dense in both V&, W and V&, W. Clearly v and 1y @iy
are inverse to each other when restricted to V ® W. It follows immediately that 1
and ty @ty are isomorphisms inverse to each other between V®ﬂW and V&, .

O
Lemma 2.2. Let V;, W;, H; (j =1,2) be LCTVS, and let ¢; : V; x W; — H; be
continuous bilinear maps; then the bilinear map

V1 @ s (Vi@ V) x (W1 @ Wa) — Hi ® Ha
extends to a continuous bilinear map

V1@x2 1 (Vi®7Va) X (W1 Wa) — H1&QrHa.

Proof. We have the associated continuous linear map ¢; : V; @ W; — H;,5=1,2
[29, Proposition 43.4] and hence the continuous linear map

P1®rp2 (Vi @r W1)®7(Va @ Wa) — H1®-Hs.
By the associativity of the projective tensor product and Lemma 2.1 we have
(Vi @r W)@ (Vo @7 Wa)
= (Vi @x W1) @x Vo) @r W2 = (Vi @r V2) @x W1)@:Wo
= (Vi @x Va)@r (W1 @ Wa) = (Vi@ V2)@r (W10, Wa).

So we get a continuous linear map (Vi®;V2)@x(W1@,Ws) — H;®,H,, which
is equivalent to a continuous bilinear map (V1®,Va) x (W@, W3) — H1®,Ho.
Clearly this extends the bilinear map ¥ @ : (V1@Va)x (W1 @Ws3) — Hi®@Hs. O
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Proposition 2.3. Let V and W be LCA. Then V&,W is also a LCA extending
the natural algebra structure on V@ W. If both V. and W are LC*A, s0 is V&, W.
If H is a locally convex left V-module, then H&,W is a locally convex left V&, W -
module.

Proof. By Lemma 2.2 we have the continuous bilinear map
(VW) x (Ve W) = Ve,W

extending the multiplication of V@ W. Since V@ W is dense in V&, W, clearly the
above bilinear map is associative. In other words, V&, W is a LCA. The assertion
about modules can be proved in the same way.

If both V and W are LCxA, then we have the tensor product of the x-operations
V&,W — V&.W. Since it extends the natural -operation on V @ W, it is easy to
check that it is compatible with the algebra structure. So V&, W is a LCxA. O

For any LCTVS V and W, one can also define the injective tensor product Ve W
of V and W, and form the completion V& W. Let us say that a continuous linear
map 9 : V — W is an isomorphism of V into W if ¢ is injective and ¢ : V' — (V)
is a homeomorphism of topological spaces. The only property about injective tensor
product we shall need is that if 9; is an isomorphism of V; into W; for j = 1,2,
then the corresponding tensor product linear map 11 &2 is an isomorphism of
V1® Vs into W& Wa [29, Proposition 43.7].

Let n > 2, and let 0 be a real skew-symmetric n X n matrix. Denote by Ay
the corresponding quantum torus [19, 20]. It could be described as follows. Let wy
denote the skew-symmetric bicharacter on Z™ defined by

wo(p, q) = €%
For each p € Z" there is a unitary u, in Ag. And Ay is generated by these unitaries
with the relation

upuq = we(p, q)Up+q-

So one may think of vectors in Ay as some kind of functions on Z™ . The n-torus
T™ has a canonical ergodic action 7 on Ay. Notice that Z™ is the dual group of T™.
We denote the duality by (p,z) for z € T™ and p € Z™. Then 7 is determined by

T»L(up) = <p7 $> ul)'

The set A3° of smooth vectors for the action 7 is exactly the Schwarz space S(Z"™)
[2]. Let Xi,---,X, be a basis for the Lie algebra of T". Then we have the
differential Ox,(f) for each f € A° and 1 < j < n. For each k& € N define a
seminorm, ¢, on A3° by
i 1 .. 1n
g == \%ﬂagxk l 8X1 aXn -

Clearly Ag° is a complete LC*A equipped with the topology defined by these qx’s.
On the other hand, it is easy to see that this topology is the same as the usual
topology on S(Z™). Thus A is a nuclear space [29, Theorem 51.5], which means
that for every LCTVS V the injective and projective topologies on V ® Ag° coincide
[29, Theorem 50.1]. So we shall simply use V ® AJ° to denote the (projective or
injective) topological tensor product. The algebraic tensor product will be denoted
by V ®aig Ag°.
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We shall need to integrate continuous functions with values in a LCTVS. For
our purpose, it suffices to use the Riemann integral. Though this should be well-
known, we have not been able to find any reference in the literature. So we include
a definition here.

Lemma 2.4. Let X be a compact space with a probability measure p. Let
I:= { {X1,- -, Xp}: X1, -, Xy are disjoint measurable subsets of X,
keN,U_ X; =X}
be the set of all finite partitions of X into measurable subsets with the fine order,
i.e.
{X0, -+ Xp} > {X1, -+, Xp } if and only if every X is contained in some XJ,.

Let V be a complete LCTVS, and let f : X — V be a continuous map. For each
{X1,---, Xg} in I pick an z; € X, for each j, and let

k
VX1, X} = ZM(X])f(Z‘J)
j=1

Then {vix, ... x,} X1, Xp}er 95 a Cauchy net in V', and its limit doesn’t depend
on the choice of the representatives xy,- -+, .

Proof. Let a continuous seminorm p on V and an € > 0 be given. For each x € X
there is an open neighborhood U, of x such that p(f(z) — f(y)) < e for all y € U,.
Since X is compact, we can cover X with finitely many such U, say Uy, , -+, Uy, -
Let X; = U, and X; = Uy, \ U'_1 X, inductively for all 2 < j < k. Then
{X1, -, Xk} is a finite partition of X. For any {X7{,---, X} > {X1, -+, X},
clearly p(v{X/ X}~ U{Xl,%xk}) < 2¢ no matter how we choose the representa-

15777

tives for {X7, -, X}, } and {X1,---, X} }. This gives the desired result. O

Definition 2.5. Let X be a compact space with a probability measure p, and let
f be a continuous function from X into a complete LCTVS V. The integration of
f over X, denoted by fX fdu, is defined as the limit in Lemma 2.4.

The next proposition is obvious:

Proposition 2.6. Let X be a compact space with a probability measure pu, and let
f1, f2 be continuous functions from X into a complete LCTVS V. Then

[+ pan = [ ndus [ i

/X/\fld,u A/Xfldu

for any scalar \. If ¢ : V. — W is a continuous linear map from V into another
complete LCTVS W, then

[ vosidu=v([ sian)

It is also easy to verify the analogue of the fundamental theorem of calculus:



6-DEFORMATIONS AS COMPACT QUANTUM METRIC SPACES 7

Proposition 2.7. Let f be a continuous map from [0,1] to a complete LCTVS V.
Then

2.2. Clifford algebras. Next we recall some facts about Clifford algebras [11,
Chapter 1] [12, Section 1.8].

Let V be a real vector space of dimension m equipped with a positive-definite
inner product. The corresponding Clifford algebra, denoted by CI(V), is the quo-
tient of the tensor algebra @y>oV ® --- ® V generated by V by the two sided ideal
generated by all elements of the form v ® v+ || v ||? for v € V. The complezified
Clifford algebra, denoted by CI®(V), is defined as CI®(V) := CI(V) ®g C.

CI®(V) has anatural finite-dimensional C*-algebra structure [11, Theorem 1.7.35].
Denote by SO(V') the group of isometries of V preserving the orientation. For each
g € SO(V) the isometry g : V — V induces an algebra isomorphism CI(V) —
CIl(V) and a C*-algebra isomorphism CI®(V) — CI®(V). In this way SO(V) acts
on CU(V) and CI®(V).

Recall that a state ¢ on a C*-algebra A is said to be tracial if p(ab) = p(ba) for
all a,b € A.

Lemma 2.8. When m is even, there is a unique tracial state tr on CI°(V). When

m s odd, let v := imTHel -+ ey be the chirality operator, where eq,---,€e,, is an
orthonormal basis of V.. Then ~ is fized under the action of SO(V') (equivalently,
v doesn’t depend on the choice of the ordered orthonormal basis eq,- -, ey ), and

there is a unique tracial state tr on CI®(V') such that tr(y) = 0. In both cases, tr
is SO(V)-invariant.

Proof. In both cases, the SO(V)-invariance of ¢r follows from the uniqueness. So
we just need to show the uniqueness of tr.

When m is even, CI®(V) is isomorphic to the C*-algebra of 2% by 2% matrices
[11, Theorem 1.3.2]. The uniqueness of ¢r follows from the fact that for any n € N
the C*-algebra of n by n matrices has a unique tracial state [13, Example 8.1.2].

Assume that m is odd now. Then CI®(V) is isomorphic to the direct sum of

two copies of the C*-algebra of 275 by 2”7 matrices [11, Theorem 1.3.2]. Say
CI®(V) = A; @ Ay, where both A; and Ay are isomorphic to the C*-algebra of
2”7 by 27" matrices. Let p; be the projection of CI¢(V) to A;, and let ¢,
be the unique tracial state of A;. Then the tracial states of CI°(V) are exactly
Apropr + (1 —AN)paopg for 0 < A < 1. It is easily verified that v belongs to the
center of CI%(V). So v must be in C- 14, + C - 14,. It's also clear that 42 = 1
and v € C. So v must be £(14, — 1.4,). It follows immediately that CI(V) has a
unique tracial state ¢r satisfying ¢r(v) = 0, namely, tr = %(901 op1 + @a0ps). Ttis
easy to check that v is fixed under the action of SO(V). O

There is a natural injective map V < CI(V). So one may think of V' as a sub-
space of CI(V). The C*-algebra norm on CI®(V) extends the norm on V induced
from the inner product (see [11, Theorem 1.7.22(iv)] for the corresponding state-
ment for the real C*-algebra norm; the proofs are similar). Let M be an oriented
Riemannian manifold of dimension m. Then we have the smooth algebra bundles
CIM and CI®M over M with fibre algebras CI(TM,) and CI®(TM,) respectively,
where T'M, is the tangent space at X € M. These are called the Clifford algebra
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bundle and the complexified Clifford algebra bundle. Since TM, C Cl(TM,), the
complexified tangent bundle TMC® is a subbundle of CI°M. Since CI®(TM,) is
unital, C>° (M) is a subalgebra of C>°(M, CI°M).

2.3. Compact quantum metric spaces. Finally, we review Rieffel’s theory of
compact quantum metric spaces [22, 23, 24, 27]. Though Rieffel has set up his
theory in the general framework of order-unit spaces, we shall need it only for
C*-algebras. See the discussion preceding Definition 2.1 in [24] for the reason of
requiring the reality condition (3) below.

Definition 2.9. [24, Definition 2.1] By a C*-algebraic compact quantum metric
space we mean a pair (A, L) consisting of a unital C*-algebra A4 and a (possibly
~+oo-valued) seminorm L on A satisfying the reality condition

(3) La) = L(a")

for all @ € A, such that L vanishes exactly on C and the metric p;, on the state
space S(A) defined by (2) induces the w*-topology. The radius of (A, L) is defined
to be the radius of (S(A), pr). We say that L is a Lip-norm.

Let A be a unital C*-algebra and let L be a (possibly +oo-valued) seminorm on
A vanishing on C. Then L and || - || induce (semi)norms L and || - ||~ respectively
on the quotient space A = A/C.

Notation 2.10. For any r > 0, let
D.(A):={ac A: La) <1,||a|<r}.
The main criterion for when a seminorm L is a Lip-norm is the following:

Proposition 2.11. [22, Proposition 1.6, Theorem 1.9] Let A be a unital C*-algebra
and let L be a (possibly +oo-valued) seminorm on A satisfying the reality condition
(3). Assume that L takes finite values on a dense subspace of A, and that L vanishes
exactly on C. Then L is a Lip-norm if and only if
(1) there is a constant K >0 such that || - |¥< KL on A;
and (2) for any r > 0, the ball D,(A) is totally bounded in A for | - ||;
or (2°) for some r > 0, the ball D,(A) is totally bounded in A for || - ||.
In this event, r 4 is exactly the minimal K such that || - |~ < KL on (A)s,.

3. CONNES AND DUBOIS-VIOLETTE’S FORMULATION OF #-DEFORMATIONS

Though the Dirac operator does not depend on 6 in Connes and Landi’s formu-
lation of #-deformations in [8, Section 5], it does in Connes and Dubois-Violette’s
formulation in [7]. In this section we review the formulation of #-deformations by
Connes and Dubois-Violette [7, Sections 11 and 13], including the deformation of
both the algebra and the Dirac operator.

Let M be a smooth manifold with a smooth action op; of T". We denote
by o the induced action of T™ on the LCxA C*°(M). Then o is continuous. By
Proposition 2.3 the tensor product completion C°°(M)®AS° is a LCxA. The tensor
product action c®@7~% of T on C®(M)®.AY is also continuous. The deformed
smooth algebra [7, Section 11], denoted by C*°(Mjy), is then defined as the fixed-
point space of this action, i.e. C*°(Mpy) = (C’OO(M)@AEO)"@FI. Clearly, this is a
LCxA.
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Suppose M is equipped with a oj/-invariant Riemannian metric. (For any Rie-
mannian metric on M, we can always integrate it over T™ to make it o ps-invariant.)
Also assume that M is a spin manifold and that op lifts to a smooth action og of
T™ on the spin bundle S, i.e. the following diagram

S — S

0S,e
M — M
OM,x

is commutative for every x € T™. (Usually ops doesn’t lift directly to S, but lifts
only modulo 1, i.e. there is a twofold covering T"™ — T"™ such that oy, lifts to
an action of the two-folding covering on S. Correspondingly, Connes and Dubois-
Violette defined the various deformed structures using tensor product with A%e
instead of Ag. But for the deformed algebras and Dirac operators, the difference is
just a matter of parameterization.) We denote the induced continuous action of T™
on C*(M,S) also by . Then C*°(M,S) is a locally convex left C'*°(M)-module
and

for all f € C®(M),y € C*(M,S) and x € T™. We also have the tensor product
completion C°°(M, S)®.AZ°, which is a locally convex left module over C°°(M)®.43°
by Proposition 2.3. The tensor product action c@7~! of T™ on C*(M, S)RAZ° is
still continuous. The deformed spin bundle, denoted by C*°(My, S), is then defined

1

as the fixed-point space of this action, i.e. C°°(Mjy,S) = (C°°(M, S)RAF)7®™ "
This is a locally convex left C°°(My)-module. Let D be the Dirac operator on
C*>°(M,S). This is a first-order linear differential operator. So it is easy to see that
D is continuous with respect to the locally convex topology on C*°(M,S). Then
we have the tensor product linear map D®I from C°°(M, S)®.A to itself. Notice
that D commutes with the action o, so D®I commutes with the action c®@7!.
Therefore C*°(My, S) is stable under D®I. Denote by Dy the restriction of D&T
to C (Mg, S)

Assume further that M is compact. As usual, one defines a positive-definite
scalar product on C*°(M, S) by

<P >= /Mw,w’)vol,

where vol is the Riemannian volume form. Denote by H = L?(M, S) the Hilbert
space obtained by completion. Then C(M) has a natural faithful representation
on H by multiplication, and we shall think of C(M) as a subalgebra of B(H), the
C*-algebra of all bounded operators on H. The action ¢ uniquely extends to a
continuous unitary representation of T™ in H, which will be still denoted by o.
On the other hand, Ay has an inner product induced by the unique 7-invariant
tracial state. Denote by L?(Ag) the Hilbert space obtained by completion. Then
Ag acts on L?(Ap) faithfully by the GNS construction, and we shall also think
of Ay as a subalgebra of B(L?*(Ag)). The action 7 also extends to a continuous
unitary representation of T in L?(Ay). Let H®L?(Ag) be the Hilbert space tensor
product. Then we have the continuous tensor product action c®7~1 on H&®L?(Ay).
The deformed Hilbert space, denoted by Hy, is defined as the fixed-point space
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of H®L?(Ay) under the action e@77!. Clearly the maps C>°(M,S) — H and
A — L?(Ap) are continuous with respect to the locally convex topologies on
C>=(M, S), Ag and the norm topologies on H, L?(Ap). Then we have the sequence
of continuous linear maps

(M, S)0AF 5 HERL2(Ag) L HOL2(Ay),
where H&,L?(Ap) is the completion of the projective tensor product of H and
L?(Ap). Let @ : C(M, S)®AF — HRL?*(Ag) be the composition. Then ® is
T"-equivariant. So ® maps C*(Mjy, S) into Hy. Let @y be the restriction of ® to
C>(My, S).
Lemma 3.1. Both maps ¢ : C®(M, S)RAL — H®,L*(Ag) and 1 :
HR,L?(Ag) — HRL?(Ag) are injective. Consequently, ® and ®q are injective.
Proof. We’ll prove the injectivity of ¢. The proof for 1 is similar. Recall the

notation at the end of Section 1. We shall need the following well-known fact
several times. We omit the proof.

Lemma 3.2. Let G be a compact group. Let a be a continuous action of G on a
complex complete LCTVS V. For a continuous C-valued function ¢ on G let

p(v) = /G (@) s (v) de

forveV. Then a, : V — V is a continuous linear map. If J is a finite subset of
G and if ¢ is a linear combination of the characters of v € J, then a,(V) C V.

Let

ag =y dim(v)g
(When J is a one-element set {v}, we’ll simply write oy for agy.) Then agz(v) = v
for allv € V7, and az(v) =0 for allv € V., withy € G\ J.

From Proposition 2.6 we also have:

Lemma 3.3. Let G be a compact group with continuous actions « and 3 on complex
complete LCTVS V and W. Let ¢ : V — W be a continuous G-equivariant linear
map, and let p : G — C be a continuous function. Then

(4) poa,=Py00.
In particular, let J be a finite subset of G. Then
poag =Pg00¢.

We shall need the following lemma a few times:

Lemma 3.4. Let G be a compact group, and let h be a continuous C-valued function
on G with h(eg) = 0. Then for any € > 0 there is a nonnegative function ¢ on
G such that ¢ is a linear combination of finitely many characters, || ¢ |1= 1, and
[o-hlh<e

Proof. Notice that the left regular representation of G on L?(G) is faithful. Since
the left regular representation is a Hilbert space direct sum of irreducible represen-
tations, we see that any z # eg acts nontrivially in some ~ € G. Let U be an open
neighborhood of e such that |h(z)| < €/2 for all z € U. For any x € G\U, suppose
that x acts nontrivially in v, € G. Then there is some open neighborhood U, of x
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such that «’ acts nontrivially in ~, for all ' € Ux. Since G \ U is compact, we can
find zq,- -,z € G\U so that Uy, -+, Uy, cover G\U. Let Jou = {Var, ) YV }-
Then no element in G\ U acts trivially in all v € Jy;. Let w1 be the direct sum of
one copy for each v in Jiy U {70}, and let x., be the character of 7.

Let m = m; ®77. Also let x be the character of . Note that x(z) = |xx, (2)|> >0
forallz € G. Let o, = x™/ || X" |l1- Then each ¢, is a linear combination of finitely
many characters. Since every element in G\ U acts nontrivially in 7, x(x) < x(eg)
on G\ U. Therefore it’s easy to see (cf. the proof of Theorem 8.2 in [24]) that
fG\u ©n(z)dx — 0 as n — oo, and hence

limsup/ lon(z)h(x)| de < sup |h(z)| < e.
el

n—-+400 zeU
So when n is big enough, we have that || ¢, - h ||1< €. O

As a corollary of Lemma 3.4 we have:

Lemma 3.5. Let G be a compact group. Let a be a continuous action of G on a
complex complete LCTVS V. Letv € V. If ay(v) =0 for all y € G, then v =0.

Proof. Let p be a continuous seminorm on V', and let € > 0. Define a function h
on G by h(x) = p(v — ay(v)). Then h is continuous on G, and h(eg) = 0. Pick ¢
for h and € in Lemma 3.4. According to the assumption we have o, (v) = 0. Then

(o) = p(v— ay(0) = ([ pl@)(v— as(v))d) < [ p(o)bla)do < e

G G
Since the topology on V is defined by all the continuous seminorms, we see that
v =0. (]

We are ready to prove Lemma 3.1. Let a = I®T acting on V = C°(M, S)®AF,
and let 3 = @7 acting on H®,L?(Ap). Let ¢ be as in Lemma 3.1. Then ¢oa =
(o @. Recall the notation about Ay in subsection 2.1. For any ¢ € Z" = Tn clearly
ag maps C™°(M) ®q14.Ag° onto C*°(M)®ug. Since oy is continuous, by Lemma 3.2
it follows immediately that V, = (V) = C>*(M, S)Qu,. Let f € ker(¢). For any
g € Z™ by Lemma 3.3 ¢(aq(f)) = Bq(o(f)) = 0. Now ay(f) € C*°(M, S) ® uq, and
clearly ¢ restricted to C*° (M, S) ® u, is injective. So ay(f) = 0. From Lemma 3.5
we see that f = 0. (]

Lemma 3.6. The image ®y(C°(My, S)) is dense in Hy.

Clearly ®(C> (M, S)®.A5°) is dense in HR®L?(Ap), so this is an immediate con-
sequence of the following:

Lemma 3.7. Let G be a compact group. Let a and 3 be continuous actions of G on
complex complete LCTVS V' and W respectively. Let ¢ : V. — W be a continuous
G-equivariant linear map such that (V) is dense in W. Then ¢p(V®) is dense in
wh.

Proof. Recall that vy is the trivial representation of G. By Lemma 3.2 3, is
continuous. So (3, (¢(V)) is dense in 3., (W) = WA. But 3,,(¢(V)) = ¢(a., (V)) =
$(V*) according to Lemma 3.3. The conclusion follows. O

The Dirac operator D is essentially self-adjoint on H [15, Theorem 5.7]. Then
D®1 is also essentially self-adjoint on H&L?(Ag) [13, Proposition 11.2.37]. Denote
its closure by DY,
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Lemma 3.8. ®(C>®(M, S)®.A%°) is contained in the domain of DY and
(5) DY 0 ® = & o (D&I).

Proof. For any y € C*®(M,S)®A, take a net y; in C°(M,S) ®quy A3° con-
verging to y. Then ®(y;) — ®(y), (D&I)(y;) — (DRI)(y) and DLQ(@(yj)) =
O((DRI)(y;)) — ®((D&I)(y)). So ®(y) is contained in the domain of D and
DY (@(y)) = ®((DED)(y)). 0

So the intersection of Hg and the domain of DX contains ®4(C>° (Mg, S)), which
is dense in Hy by Lemma 3.6. Clearly D ® I commutes with the action c®7 !, and
thus so does DE°. Hence DL’ maps the intersection of Hy and the domain of DL’
into Hg. Therefore the restriction of DY to ‘Hy is also self-adjoint. The deformed
Dirac operator, denoted by D9L27 is then defined to be this restriction.

Similarly, the maps C*(M) — C(M) and AP — Ay are continuous with
respect to the locally convex topologies on C*°(M), Ag° and the norm topolo-
gies on C(M), Ag. So we have the T"-equivariant continuous linear map ¥ :
Co®(M)®AF — C(M)® Ay , where C(M) @ Ay is the spatial C*-algebraic tensor
product of C'(M) and Ay [31, Appendix T.5].

Definition 3.9. We define the deformed continuous algebra, C(Mpy), to be the
fixed-point algebra (C(M) ® Ag)°®7 .

Then ¥ maps C*°(Mp) into C(Mpy). By similar arguments as in Lemma 3.1 and
3.7 we have

Lemma 3.10. The map V¥ is injective, and V(C>(Mpy)) is dense in C(Mpy).

Clearly Hy is stable under the action of elements in C(My). So we can define ¥y :
C>*(My) — B(Hy) as the composition of C*°(My) — C(Mpy) and the restriction
map of C(Mpy) to B(Hg). We shall see later in Proposition 5.6 that the restriction
map of C(Mpy) to B(Hy) is isometric. So we may also think of C'(Mpy) as a subalgebra
of B(Hy). Then the closure of Wy(C>(Mpy)) is just C(Mp).

We shall see later in Proposition 5.2 that the domain of DGLQ is stable under
Wy(f), and that the commutator [D9L2, Uy (f)] is bounded for every f € C*(Mjy).

Definition 3.11. We define the deformed Lip-norm, denoted by Ly, on C(Mpy) by

Lo(f) = {| IDF 11l it £ € a(C™(My));

~+o00, otherwise .

4. LIP-NORMS AND COMPACT GROUP ACTIONS

In this section we consider a general situation in which there are a seminorm and
a compact group action. We show that under certain compatibility hypotheses we
can use this group action to prove that the seminorm is a Lip-norm. The strategy
is a generalization of the one Rieffel used to deal with Lip-norms associated to
ergodic compact (Lie) group actions [22, 24]. We’'ll see that §-deformations fit into
this general picture.

Throughout this section we assume that GG is an arbitrary compact group which
has a fixed length function [, i.e. a continuous real-valued function, [, on G such
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that

lxy) < Uz)+1(y) forall z,y € G
! l(x) for all x € G

l(z) = 0if and only if = egq,

~—

where eq is the identity of G.

Theorem 4.1. Let A be a unital C*-algebra, let L be a (possibly +oo-valued) semi-
norm on A satisfying the reality condition (3), and let « be a strongly continuous
action of G on A. Assume that L takes finite values on a dense subspace of A, and
that L vanishes on C. Let L' be the (possibly +oo-valued) seminorm on A defined
by
l | aala) —a

Suppose that the following conditions are satisfied:

(1) there is some constant C > 0 such that L' < C - L on A;

(2) for any linear combination ¢ of finitely many characters on G we have L o
a, < |l ¢ |1 -L on A, where oy, is the linear map on A defined in Lemma 3.2;

(3) for each ~ € G with~y # o the ball D, (A,) :={a € A, : L(a) < 1,| a || < 7}
is totally bounded for some r > 0, and the only element in A, vanishing under L
15 0;

(4) there is a unital C*-algebra B containing A, = A, with a Lip-norm Lg,
such that Lg extends the restriction of L to A.,.

Then (A, L) is a C*-algebraic compact quantum metric space with r4 < rp +

C [, l(x)dx.

Remark 4.2. (1) We assume the existence of (B, Lg) in the condition (4) only
for the convenience of application. In fact, conditions (2) and (4) imply that L
restricted to A,, is a Lip-norm on A,: for any a € A,, and € > 0 pick o’ € A
with L(a’) < oo and || @ —a’ ||[< e. Then by Lemma 3.2 a,,(a’) € A,, and
| a—cvyy (@) ||=] ey (@—a’) ||< €. By the condition (2) L(aw,(a’)) < co. Therefore
L takes finite values on a dense subspace of A,. Then from Proposition 2.11 it is
easy to see that L restricted to A, is a Lip-norm on A,,. Consequently, we may
take B to be A, itself.

(2) Conditions (1) and (2) in Theorem 4.1 enable us to reduce the study of L to
that of the restriction of L to each A,. Conditions (3) and (4) say roughly that L
restricted to each A, is a Lip-norm.

(3) Usually it is not hard to verify the condition (2). In particular, by Lemma 4.3
it holds when L is a-invariant and lower semicontinuous on {a € A : L(a) < 400},
and {a € A: L(a) < 400} is stable under ., for every v € G.

cx € G,z #eqg}

Lemma 4.3. Let o be a strongly continuous action of G on a C*-algebra A, and
let L be a (possibly +oo-valued) seminorm on A. Suppose that L is a-invariant
and lower semicontinuous on {a € A : L(a) < +o00}. For any continuous function
p:G—C, if{ac A: L(a) < +oo} is stable under the map o, : A — A defined
in Lemma 3.2, then

Loay, <[ ¢|1-L
on A.
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Proof. We only need to show L(ay(a)) <|| ¢ |1 -L(a) for each a € A with L(a) <
+00. But

glglozag] )olay)

where p is the normalized Haar measure on G, (Ey,---, Ey) is a partition of G,

g € Ej, A(Ej) := sup{max(|p(z) — ¢(y)|, laz(a) — ay(a)]) : z,y € E;} and
A = maxi<;<g A( ;). By the assumptions we have

L(ag(a) < liminf L( Zagj )e(9;))
< hmmqu e(g)l =Lia) | ¢ -

O

For 6-deformations of course A is C'(Mpy). Notice that T™ has a natural action
I® 7 on C(Mp). They will be our G and a.
The following lemma is a generalization of Lemmas 8.3 and 8.4 in [24].

Lemma 4.4. For any € > 0 there is a finite subset J = J in G, containing o,
depending only on | and €/C, such that for any strongly continuous isometric action
a on a complex Banach space V' with a (possibly +oo-valued) seminorm L on V
satisfying conditions (1) and (2) (with A replaced by V') in Theorem 4.1, and for
any v € V, there is some v' € Vy with

[o <l vll, L) < L(v), and [[v—2"[<eL(v).

If V' has an isometric involution * invariant under «, then when v is self-adjoint
we can choose v’ also to be self-adjoint.

Proof. Pick ¢ for | and €/C' as in Lemma 3.4. Then there is a finite subset J C G
such that ¢ is a linear combination of characters x, for v € J. Replacing J by
J U J, we may assume that J = J. For any v € V clearly

[ap@) <l ll-[loll=loll

A simple calculation as in the proof of [24, Lemma 8.3] tells us that

C

Then it follows from the condition (1) in Theorem 4.1 that || v — ay,(v) ||< €L(v).
Also from the condition (2) we see that L(a,(v)) < L(v). So for any v € A, the
element v = a,(v) satisfies the requirement.

Notice that ¢ is real-valued, so when v is self-adjoint, so is a,(v). (]

lv—ap@) || < L) /G p(@)I(x) dr < SIMw).

Proof of Theorem 4.1. We verify the conditions in Proposition 2.11 for (A, L) to
be a compact quantum metric space one by one.

Lemma 4.5. For any a € A if L(a) =0 then a is a scalar.



6-DEFORMATIONS AS COMPACT QUANTUM METRIC SPACES 15

Proof. For any v € J by the condition (2) we have
L(ay(a)) <|| dim()X5 [l1 -L(a) = 0.

By conditions (3) and (4) we see that o, (a) = 0 for v # 7y and that o, (a) € C.

Hence o, (a—a.,(a)) = 0 for all v € G. Then Lemma 3.5 tells us that a = a.,,(a) €
C. O

Lemma 4.6. For any R > 0 the ball
Dr(A)={a€e A: L(a) <1,| a |< R}
is totally bounded.

Proof. For any ¢ > 0 by Lemma 4.4 there is some finite subset J C G such
that for every v € Dgr(A) there exists v/ € Dr(Ag) with || v — v’ ||< e. Let
M = max {|| dim(y)x7 [l1: v € J}. Forany a = }° . ;a, € Dr(Ay) and v € J
we have

I ay (1= @dimy)xs (@) [[<[Fdim(y)3e [l e |< M- R,
and by the condition (2)

L(ay) = L(adim(y (@) <[l dim(3)X5 |1 -L(a) < M.
Therefore

Dr(As) C{> a,€Ag:a, €Ay, L(ay) <M, |l ay||<M-R}.
veT

By the conditions (3), (4) and Proposition 2.11 the latter set is totally bounded.
Then Dgr(Az) is totally bounded. Since e is arbitrary, Dr(A) is also totally
bounded. (]

Lemma 4.7. We have

I~ < (mcfgum dr) L~

on Asq /Re.
Proof. Let a € Asq with L(a) = 1. Let ¢ be the constant function x,, = 1 on
G. Then a, = a,, and || ¢ |[1= 1. As in the proof of Lemma 4.4 we have

ay(a) € (A%)sq and

| a— apa) < I(a) /G o(@)l(z) dz < C - L(a) /

G

l(x)dx = C’/Gl(:v) dz,

where the second inequality comes from the condition (1). Let b = a,(a). By the
condition (2) we have

L) <[l ¢ [l1 -L(a) = 1.
Then by Proposition 2.11
rs 2|07 =a |~ = la-b "=~ - |la—aga) =] @] —C/Gl(x) da.

Therefore we have || - |[¥< (rg + C [ I(z) dx)L™. O

Now Theorem 4.1 follows from Lemmas 4.5-4.7 and Proposition 2.11 immedi-
ately. (I
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5. DIFFERENTIAL OPERATORS AND SEMINORMS

In this section we make preparation for our proof of Theorem 1.1. In Section 6 we
shall verify the conditions in Theorem 4.1 for (C(Mpy), Ly, T™, I ® 7). The seminorm
Ll on C(My) associated to I ® 7 is defined in Definition 5.4. The main difficulty is
to verify the condition (1). We shall see that it is much more convenient to work
on the whole Hilbert space H®L?(Ag) instead of Hy. So we have to study the
corresponding seminorms L? and L' on C(M) ® Ay (see Definitions 5.3 and 5.4).
We prove the comparison formula for L” and L! first, in (20). Then we relate them
to Ly and Lle by proving (22). The information about these various seminorms
is all hidden in differential operators, which involve mainly the theory of LCTVS.
Subsections 5.1 and 5.2 are devoted to analyzing these operators.

5.1. Differential Operators. In this subsection we assume that M is an oriented
Riemannian manifold with an isometric smooth action oy, of T™. Our aim is to
derive the formulas (8), (11) and (12) below.

Let CI°M be the complexified Clifford algebra bundle on M. Then its space
of smooth sections, C>° (M, CI®M), is a LCA containing C*°(M) as a central sub-
algebra, and containing C°°(M,TMF®) as a subspace, where TM® is the com-
plexified tangent bundle. Using the Riemannian metric, we can identify T'M
and T*M canonically. Then C>®(M,T*M®) = C>(M,TMF) is also a subspace
of C>(M,CI°M). Notice that C=(M,S) is a locally convex left module over
C>(M,CI®M). Since AS° is nuclear, the complete tensor products C°°(M)®AL,
C>®(M, TM®)®A3° and C°°(M,T*M®)®AZ can be thought of as complete injec-
tive tensor products, and hence are are all subspaces of C°° (M, CI®M)®AS® (see
the discussion after Proposition 2.3).

In the same way we think of C(M,T*M®) = C(M,TM®) as a subspace of
C(M, CI®M). Since the C*-algebraic norm on C1¢(T'M,,) extends the inner-product
norm on the tangent space T'M,, for each p € M (see the discussion after Lemma 2.8),
clearly the supremum (possibly 4-oo-valued) norm on C(M, CI® M) extends that on
C(M,TM), which is pointwise the inner-product norm.

Clearly the action of T™ on the bundle TM extends to an action on the bundle
CI®M. We denote the induced continuous action on C*°(M,CI®M) also by o.
Much as in Section 3, we can define

C*°(My, CIEM) = (C™(M,CIEM)&AL)E™ ",
C®(My, TMC) = (C®(M,TMC)&AF)"®™ "
C®(My, T*MC) = (C®(M,T*MC)&A)7e7 "

The differential operator d : C*(M) — C>®(M,T*MC) is a first-order linear
operator, and hence easily seen to be continuous. Then we have the tensor product
linear map d®I : C°(M)®AF — C=(M,T*M®)©.A. Notice that d commutes
with the action 0. So d®I commutes with c®7~!, and hence maps C°°(M,) into
C> (Mg, T*MF®). The deformed differential dy is then defined to be the restriction
of d®I to C(Msy).

For any f € C*(M) we have
(7) [D, f] = df as linear maps on C*°(M, S),

where df € C™(M,T*M®) C C>(M,CI°M) acts on C*(M,S) via the left
C>(M, CI°M)-module structure of C°°(M,S). Then it is easy to see that for
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any f € C®(M) Qqig A3 we have
[D®I,f]=(d®I)f as linear maps on C*(M, S) Qa4 Ag°.

This means that the bilinear maps (f, ) — [D®I, f](v)) and (f,v) — ((dSI)f)(x))
from W := (C*°(M)®AF) x (C*°(M, S)®AF) to C>(M, S)®AZ° coincide on the
dense subspace (C*°(M) ®q1q Ag°) x (C*(M,S) Qaig Ag°). Since both of them
are (jointly) continuous, they coincide on the whole of W. In other words, for any
f € C®(M)®AF we have

(8) [D&I, f] = (d®I)f as linear maps on C™°(M, S)®.A5°.

The canonical R-bilinear pairing C°(M,TM) x C>*°(M,T*M) — C*(M) ex-
tends to a C-bilinear pairing C°° (M, TM®) x C*°(M,T*M®) — C> (M), which is
clearly continuous. For any Y € C°(M,TMF) let iy be the corresponding con-
traction C>° (M, T* M®) — C*(M). Then we have the tensor-product map iy &1 :
C® (M, T*MC)®A3 — C®(M)&® AF. Let Oy : C°(M) — C*°(M) be the deriva-
tion with respect to Y. Since Oy is a first-order linear operator, it is continuous.
Then we also have the tensor-product map dy @I : C°(M)RA — C=(M)QAF.
For any f € C°°(M) it is trivial to see that

Iy (f) = iv (df).
Then for any f € C®°(M) ®qiq A° clearly

Oy @ I)(f) = ((iy ® I) o (d @ I))(f).
By the same argument as for (8), for any f € C°°(M)®.A° we then have

(9) Oy ®I)(f) = ((iy®I) o (d&I))(f)-

Since the tracial state tr : CI®(TM,) — C in Lemma 2.8 is invariant under
the action of SO(T'M,) for each p € M, we can use them pointwisely to define
a linear map C*°(M,CI*M) — C>(M), which is clearly continuous. We de-
note this map also by tr. Then tr is still tracial in the sense that tr(f - g) =
tr(g - f) for any f,g € C®°(M,CI°M). We have the tensor-product linear map
trel : C®(M,CI*M)®A — C®°(M)®AP. For any Y € C®(M,TM®) C
C>®(M,CI°M) and Z € C=(M,T*M®) C C>®(M,CI°M), recalling that we have
a canonical identification of C°°(M,TM®) and C>=(M,T*M®), we get

1 1
tr(Y~Z):§tr(Y-Z+Z-Y):5tr(—2<Y,Z>)=—<Y,Z>= —iy(2),

where Y - Z is the multiplication in C*°(M,CI®M), and < -,- > is the C°°(M)-
valued C°°(M)-bilinear pairing on C*(M,TMF). So iy =tro (~Y) on
C®(M,T*M®). Theniy @ [ = (tr@I) o ((-=Y) ® 1) on C®°(M,T*M®) @41, AL.
Since both iy ®I and (tr&I) o ((—Y) ® 1) are continuous maps from

C®(M, T*MC)RAZ to C®(M)DAL, we get

(10) iy®I = (tr&I) o ((-=Y) ® 1).

as maps C® (M, T*M©)® AP — C=(M)®.A. Combining (9) and (10) together,
for any f € C°°(M)®A we get

(11) Oy @I)(f) = ((tr&I) o ((=Y) @ 1) o (dD1))(f)-

Let Lie(T") be the Lie algebra of T". For any X € Lie(T") we denote by X7
the vector field on M generated by X.
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Lemma 5.1. For any X € Lie(T") and any f € C*°(M)®A we have

t—0 t

= (0_x#®I)(f)

Proof. For any f € C*°(M) and x € T™ clearly

(O_x#)(f) = }%%’
(0-x#)(o(f)) = lim "e”‘(%(ft))—%(f)
= o2 oo e,

where the limits are taken with respect to the locally convex topology in C*°(M).
(Here we have —X7# instead of X# in the first equation because (o.:x (f))(p) =
f(oe—ex(p)) for any p € M.) So we see that the map ¢ — I_x#(o.x(f)) is
continuous. When M is compact, we know that

(13) o-etx(f) _f:/OIan#(UeSX(f)) dS:/O Ue‘”"(an#(f))dsv

where the integral is taken with respect to the supremum norm topology in C'(M).
Notice that the inclusion C*° (M) — C(M) is continuous when C*° (M) is endowed
with the locally convex topology and C(M) is endowed with the norm topology.
By Proposition 2.6 the integral fot Oesx (0_x#(f)) ds is also defined in C°° (M), and
is mapped to the corresponding integral in C(M) under the inclusion C*°(M) —
C(M). Therefore we see that (13) also holds with respect to the locally convex
topology in C°°(M). For noncompact M, since the locally convex topology on
C>*(M) is defined using seminorms from compact subsets of local trivializations,
it is easy to see that (13) still holds.
Now for any f € C®(M) ®qiq A clearly we have

(ux @ I)(f) - f = / (Oeex ® D((O_xs ® I)(f)) ds

in C>°(M)®.A. For fixed X notice that f — (0.x®I)(f)— f is a continuous map
from C"’o( JRAS to itself. It is also easy to see that both f +— (0_x#®I)(f) and
f fo 0esx®I)(f)ds are continuous maps from C*°(M)®AZ° to itself. So the
map f — fo 0osx R ((O_x#RI)(f)) ds from C®(M)®AZ to itself is continuous.
Therefore, for any f € C*°(M)®.A we have

(Gax&D(f) — f = / (Gex ) (O_x4 ET)(f)) ds.
Now (12) follows from Proposition 2.7. d

5.2. Seminorms. In this subsection we assume that M is an m-dimensional com-
pact Spin manifold, and that the action oj; lifts to an action on S. Notice that
the fibres of CIM are all isomorphic to the C*-algebra CI®(R™), where R™ is
the standard m-dimensional Euclidean space. Clearly C°° (M, CI®M) generates a
continuous field of C*-algebras [9, Secton 10.3] over M with continuous sections
[ = C(M,CI°M). Recall that H is the Hilbert space completion of C>°(M, S).
So the algebra C(M, CI®M) has a natural faithful representation on H. It is easy
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to see that the inclusion C°°(M,CI°M) — C(M,CI°M) is continuous with re-
spect to the locally convex topology on C°°(M,CI®M) and the norm topology
on C(M,CI°M). Just as in the case of C®°(M)®AP — C(M)® Ay in Sec-
tion 3, we have a T"-equivariant continuous linear map C°°(M, CI®M )®Ag° —
C(M,CI°M) ® Ay extending this former one. We still denote it by ¥. As in Lem-
mas 3.1 and 3.10, ¥ is in fact injective. Clearly ¥ is a x-algebra homomorphism.
Let C(My, CICMy) be (C(M, CIEM)®.Ag)°®™ . We also have the homomorphism
C>(Mjy,CI°My) — B(Hy), which we still denote by ¥,.

Proposition 5.2. For any f € C®°(M)®AP the domain of DL’ s stable under
(f), and

(14) DM, w(f)] = V(D).
When f is in C*°(My), the domain of DQL2 is stable under Wy(f), and
(15) (D" Wo(f)] = Vo(do)-

Proof. By Lemma 2.3 C°°(M, S)®A% is a locally convex left module over the
algebra C°°(M, CI°M) ®.AP. So we have the continuous maps:

(C=(M, CICM)QAF) x (C®(M, S)RAF) — C™(M, 8)0AF 5 HRL?(Ay).
On the other hand, we have continuous maps:

(C°°(M, CICM)AS®) x (C=(M,S)SAF)

22 B(HRL?(Ap)) x HEL?(Ag) — HEL?(Ay).

The two compositions coincide on (C°° (M, CICM) @415 AFL) X (C® (M, S) Ra1g AL).
So they coincide on the whole of (C>°(M, CICM)®AF) x (C>=(M, )® ) In
other words, for any f € C°°(M,CI®M)®A° and any ¢ € C®(M,S)®

have

(16) V(f) B() = O(f1).
Then for any f € C>®(M,CI°M)®AL and 1 € C(M, S)®AF we have
O(IDAI, f]())

= ((DBI)(fv) - F(DENY) L DY (@(f4)) - B(F(DEI)Y))
= DE((w(f))(@(4)) — U(f) - (DEI))

@ DL2<< U()) (@) — (DX (D)) = [DX, W (f))(@()).
So for any f € C(M,CI°M)SAF we have
(17) ®o[D&I, f] = DX, ¥(f)] 0 &

as linear maps from C>(M, S)®A° to HRL?(Ag). When f is in C=°(M)®.A we
also have

oo (DAL, f] Y 0o ((deD)f) D ([ddI)f) o b,

Therefore, for any f € C*°(M)®.A we have
(18) (DY w(f)] 0 ® = W((d&I)f) o @.



20 HANFENG LI

For any z in the domain of DL take a net ¢; in C°°(M, S)@A3 with ®(¢);) — 2
and DL* (®(¢);)) — DY (2). Then

18)

DE (U))@)) = (W(H))DY (@) + T(dRT)(£))(D(;))
— (DY (2) + T((dDI)()(2),

and
(W) — (¥ (f))(2).
So (¥(f))(z) is in the domain of DL°, and

DY ((T())(2)) = (¥(f))(DY(2)) + T((RI)(f))(2)-

Therefore the domain of DX is stable under W(f), and [DX°, W(f)] = U((d&I)f).
The assertions about C*°(Mjy) follow from those about C>(M)&.A. O

By Proposition 5.2 we see that the commutator [DLz, f] is bounded for any
f €U (C®(M)®A). Corresponding to Ly defined in Definition 3.11 we have:

Definition 5.3. We define a seminorm, denoted by L?, on C(M) ® Ay by

LP(f) o= { DY f11l,if f € WOX(M)BAF);

400, otherwise .

Fix an inner product on Lie(T™), and use it to get a translation-invariant Rie-
mannian metric on T” in the usual way. We get a length function [ on T™ by setting
I(x) to be the geodesic distance from x to er» for x € T™. Notice that I@ T =0 ® [
is a nontrivial action of T™ on C'(Mjy). To make use of Theorem 4.1 we define two
seminorms:

Definition 5.4. We define a (possibly +oo-valued) seminorm L! on C(M) ® Ay
for the action o ® I via (6):

(0@ De(f) = 1|
I(x)
We also define a (possibly +oo-valued) seminorm L on C(My) for the action I ®7:

I®7)e(f) = [l
I(x)

LY(f) = sup{” cx €Tz # e}

LLy(f) := sup{” cx €Tz #em}.

Then
(19) Ly =1

on C(Mjy), because there I @ 7 = o ® 1.
Our first key technical fact is the following comparison between L' and L?:

Proposition 5.5. Let C be the norm of the linear map X +— X7 from Lie(T") to
C>®(M,TM) C C(M,CI°M). Then on C(M) ® Ag we have

(20) L'<c-LP.
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Proof. Let X € Lie(T™). For any f € C*°(M)®.A3° we have

(Wo (0_x+@D)(f) 2 w(lim ("etX®ft)(f) — 1
= }%W((UetX(gIt)(f)*f)
_ iy Gex @ DY(S)) —V(f)
t—0 t

It follows immediately that ¥(f) is once-differentiable with respect to the action
o ®I. In fact, U(f) is easily seen to be smooth for the action o ® I, though we
don’t need this fact here. By [24, Proposition 8.6]

(0ex @ D(¥(S)) = ¥(f)

LY(¥(f)) = sup || lim I

IXj=1 " =0 t
Then we get
L) = swp (W @_xsOD)) |
I1X11=1
= s [ (Pl o (XH) @ 1o @B |

Notice that the linear map tr : (M, CIM) — C>°(M) extends to C (M, CI°M)
— C(M), which we still denote by tr. By Lemma 2.8 the map tr : CIS(R™) — C is
positive. Then so is tr : C(M,CI°M) — C(M). Since C(M) is commutative, tr :
C(M,CI®M) — C(M) is completely positive [10, Lemma 5.1.4]. Then we have the
tensor-product completely positive map [14, Proposition 8.2] tr®1 : C(M,CI®M)®
Ay — C(M) ® Ag. Consequently, we have | tr @ I ||=|| ((r @ 1)(1® 1) ||= 1 [10,
Lemma 5.1.1]. In fact, tr ® I is easily seen to be a conditional expectation in the
sense of [13, Exercise 8.7.23], though we don’t need this fact here. Clearly

(21) (tr@I)oW =Wo (trel)

holds on C°° (M, CI®M) ®a14 Ag°. Since both maps here are continuous, (21) holds
on the whole of C>°(M, CI®M)®A3°. For any Y € C*°(M,CI°M) C C(M,CI°M),
we have

I (@ o (tr&l) o (-Y) @ 1) o (dD))(f) ||
1

D (renovoe((-Y)@1)o (@RD)(/) |
< @o((=Y)®1)o(daD)(f) =] ¥((-Y) @ 1) - ¥((d&I)(f)) |l
< NUEY)@D) - e @dRDH)) =Y 1] - [ e (den)() Il -

Recall that X# € C(M,TM) C C>(M,CI®M). Therefore

LNu(f) = S | (Wo (tr&l) o ((=X*) @ 1) o (d&I))(f) |
< S | X# |- | O dD)(f)) |=C || ¥ ((d&I)(f)) |
(14)

= C|[D¥, ()] |=C - LP(w(f)
as desired. =
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5.3. Restriction Map. Our goal in this subsection is to prove the second key
technical fact:

Proposition 5.6. The restriction map from C(Mg, CI*M) to B(Hy) is isometric.
In particular, for any f € C° (Mg, CICM) we have

(22) W) I=1a () -

First of all, Proposition 5.6 justifies our way of taking C'(Mpy) as a subalgebra
of B(Hp) via restriction to Hy. Secondly, it enables us to compute Ly using our
seminorm L in Subsection 5.2, and hence to compare it with L}:

Corollary 5.7. On C(Mpy) we have

(23) Lo=1L",
and
(24) Ly < C - L.

Proof. We prove (23) first. Since W is injective it suffices to show (23) on ¥(C*°(My)).
For any f € C*°(Mpy) we have

LP() = DY w2 w@sn ) =l wdef) |2 woldef) |

C ) DE, wa(f)] = La(Wa(f)),

which yields (23). Then on C(My) we have

(20)
L2 o p @ o,
O

Instead of proving Proposition 5.6 directly, we shall prove a slightly more general
form. Let A be a unital C*-algebra with a strongly continuous action o of T", which
we shall set to be C(M,CI®M) later. Assume that A C B(H) and that T™ has
a strongly continuous unitary representation on H, which we still denote by o,
such that the action o on A is induced by conjugation. Then the C*-algebraic
spatial tensor product A ® Ay [31, Appendix T.5] acts on H®L?(Ag) faithfully.
For any ¢ € Z" = T" let (H®L?(Ag)), be the g-isotypic subspace of H®L?(Ajp)
for the action o®7~!. Notice that (H®L?*(Ag)), is stable under the action of
(A® Ag)°®™ " for each q € Z".

Proposition 5.8. For any f € (A® A9)0®771 and q € Z™ we have
(25) I f1I=N flonorzcany, Il
where (HRL?(Ag)), is the g-isotypic component of HRL?(Ag) under @7 1.

Proof. Think of —fq as an element of T" via the natural projection R” — R"/Z" =
T™. For any p € Z", recalling the skew-symmetric bicharacter wy in Section 2, we
have

UqgUpU—q = WH(Q7p)w9(q + D, _Q)up = WQ(q, 2p)up = <p7 _0q> Up = T*Gq(up)'
It follows immediately that for any b € Ay we have

Ugbu_gq = T_gq(b).
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Consequently, for any f € A® Ay we have
(1@ug) f(1@u—q) = ®T)-gq(f)

Therefore
(26) (1®ug)ofo(l®u_g)=(IRT)_gg0 fo(IRT)yg

on HR®L?(Ay). Clearly 1 ® u_, is in the g-isotypic component of A @ Ay under
o®717 1 So 1®@u_, restricted to (H®L?(Ag))o is a unitary map onto (H®L?(Ag)),-
Since I®&7 and o®7~! commute with each other, I&T preserves (H&L?(Ap))q-
Thus (26) tells us that for any f € (A®.A45)°®™ " the two restrictions Flrar2(as))o
and f|(n@L2(4,)), are unitarily conjugate to each other. Hence

I flrerzasno 1= Flon@rzcan,
for all ¢ € Z™. Then (25) follows immediately. O

Now Proposition 5.6 is just a consequence of Proposition 5.8 applied to A =
C(M,CI®M).

6. PROOF OF THEOREM 1.1

In this section we prove Theorem 1.1 by verifying the conditions in Theorem 4.1
for the quadruple (C(Mpy), Ly, T™,I ® 7). Clearly Ly satisfies the reality condition
(3). The condition (1) is already verified in (24).

Let « = I @ 7, and let & = I®7. Notice that « is in fact an action of T" on
C(M)® Ay, under which C(Mpy) is stable. For any f € C(My) and any continuous
function ¢ : T" — C clearly a,(f) doesn’t depend on whether we think of f as
being in C(Mg) or C(M)® Ag, where a, is the linear map on C(M)® Ag or C(Mp)
defined in Lemma 3.2.

Now we verify the condition (2):

Proposition 6.1. Let ¢ € C(T"). Then ¥(C®(M)®AL) and We(C>(My)) are
both stable under o,. We have

(27) LPoay, <)l ¢ | -LP
on C(M) ® Ag, and

(28) Lyoay, <[ ¢l Lo
on C(Mpy).

Proof. For any f € C*(M)®.AZ by Lemma 3.3 we have a,(¥(f)) = ¥ (4, (f))

€ V(C®(M,S)®AL). So ¥(C®(M)®AZF) is stable under «,. For any g €

C*°(Mp) by Lemma 3.3 we have d&,(g) € C°°(Mp). Then o, (¥y(g)) = e (¥(g)) =

U(ay(g)) € U(C™(Mg)) = Vg(C>®(Mpy)). So ¥e(C>°(Mpy)) is also stable under a,.
Notice that DX” is invariant under the conjugation of c®I, and hence DQL2 is

invariant under the conjugation of the restriction of c®I to Hg. Then clearly L

and Ly are invariant under a.. Also notice that seminorms defined by commutators

are lower semicontinuous [23, Proposition 3.7]. Then (27) and (28) follow from
Remark 4.2(3). O
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We proceed to verify the conditions (3) and (4). For each ¢ € Z" = T7 let
(C(Mg))q be the g-isotypic component of C(Mp) under o throughout the rest of
this section. Also let (C(M)), and (C*°(M)), be the g-isotypic components of
C(M) and C*°(M) under o. We need:

Lemma 6.2. For each ¢ € Z™ we have

(29) (C(Mpg))g = (C(M))q ® uq,
and
(30) (C(Mg))g N We(C™(Mp)) = (C(M))q @ ug.

Proof. Let V.= C>®(M)®A, and let W = C(M) ® Ap. Let V; and W, be the g-
isotypic component of V and W under & and « respectively. By similar arguments
as in Lemma 3.1, we have V, = C>°(M) ® uy and W, = C(M) ® u,. Then

(C(Mp))g = Wy "W = (C(M) @ ug)"®" " = (C(M))q ® ug.
Since ¥ is injective, we also have
(C(Mg))g NT(C=(Mg)) = U(V,NVoE ) = W((CF(M) @ug) ¢ )
= \II((COO(M))q ® uq)) = (COO(M))q ® uq.
O

The geodesic distance on M defines a seminorm L, on C(M) via (1). This makes
C(M) into a compact quantum metric space (see the discussion after Lemma 4.6
in [24]). Let 73 be the radius. Define a new seminorm L on C(M) by L = L,
on C*(M), and L = 400 on C(M) \ C*(M). Since L > L,, by Proposition 2.11
clearly L is also a Lip-norm and has radius no bigger than rj;. It is well known
[4, 5] that

(31) L(f) =l df I=11 D f11]

for all f € C*°(M), where we denote the closure of D on H also by D. Notice that
for any f = fq @ uq € (C*(M))q ® ug we have

LP(f) =l (DX, A1 =1l (D, £l @ g |=1 (D, £) 12 L)
Combining this with (23), we get

(32) Lo(fq ® uq) = L(fy)

for fy®@uq € (C°(M))q ®uy. From (32), (29) and (30) we see that Lg restricted to
(C(Mg))q can be identified with L restricted to (C'(M)),. Then conditions (3) and
(4) of Theorem 4.1 follow immediately. Then Theorem 1.1 is just a consequence
of Theorem 4.1 applied to (C(Mp), Ly, T™, ). We also see that (C'(My), Lg) has
radius no bigger than ry + C [, I(x) dz.
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