vame:  SOLVTIONS

Math 461/561 Final Exam - December 16, 2010

1. (20 points) Complete the following:

a. Let L be a complex Lie algebra. The Killing form on L is the symmetric bilinear form defined
by...
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b. A Lie subalgebra H of a Lie algebra I is said to be a Cartan subalgebra if ...
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c. A subset R of a real inner product space E is a root system if it satisfies the following axioms:
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d. Let R be a root system. The Cartan matriz of R is defined by...
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Then C5= <ap, ai>




2. (20 points) True or false. If false, give a counterexample or explanation.

AE_ a. The roots in the Fy root system all have the same length.
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E_ b. Let L = b(3,C), the 3x3 upper triangular matrices. Then any finite-dimensional L-module
is completely reducible.
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m_f__ ¢. Up to isomorphism, sl{2,C) has a unique irreducible module in each dimension.

Thpes 5By atd Co are 2 rowtsysims
i tae T same Wey/ oue

irreducible then L is simple.

/___ f. The Lie algebra sl(n, F) is simple for any field.
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3. (20 points) Let L = gig(2l,C) where S is the matrix § = ( ?I {)l ) . We write elements of

L as block matrices of shapes adapted to the blocks of S. Calculation shows that:

m
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Let H be the set of diagonal matrices in L. Assume [ = 3 so your matrices are 6 x 6.

(1) Show that H is a Cartan subalgebra.
(2) Work out the root space decomposition.

(3) Find a base for the root system and compute the Cartan matrix.

(4) Give the Dynkin diagram.
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4. (20 points) State Cartan’s first Criterion for a complex Lie algebra to be solvable. Use this
criterion to show that any 2-dimensional Lie algebra is solvable.
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5. (20 points) Let L = sl(3,C) and let oy = €1 — €2, a2 = €2 — €3 be the usual base for the root
tem. . A
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(1) Determine the subalgebra si(a;) = span{ea,, fa; hay } (Which is isomorphic to sl(2, C)).

(2) Consider L as an si(a;) module under the adjoint action. Decompose L as a direct sum

of irreducible si(c1) modules and identify each summand according to the classification of
irreducible si(2, C) modules.
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