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MANAKOV SYSTEM WITH NONZERO BOUNDARY CONDITIONS∗
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Abstract. The inverse scattering transform for the defocusing Manakov system with nonzero
boundary conditions at inﬁnity is rigorously studied. Several new results are obtained: (i) The
analyticity of the Jost eigenfunctions is investigated, and precise conditions on the potential that
guarantee such analyticity are provided. (ii) The analyticity of the scattering coeﬃcients is established. (iii) The behavior of the eigenfunctions and scattering coeﬃcients at the branch points is
discussed. (iv) New symmetries are derived for the analytic eigenfunctions (which diﬀer from those in
the scalar case). (v) These symmetries are used to obtain a rigorous characterization of the discrete
spectrum and to rigorously derive the symmetries of the associated norming constants. (vi) The
asymptotic behavior of the Jost eigenfunctions is derived systematically. (vii) A general formulation
of the inverse scattering problem as a Riemann–Hilbert problem is presented. (viii) Precise results
guaranteeing the existence and uniqueness of solutions of the Riemann–Hilbert problem are provided.
(ix) Explicit relations among all reﬂection coeﬃcients are given, and all entries of the scattering matrix are determined in the case of reﬂectionless solutions. (x) A compact, closed-form expression
is presented for general soliton solutions, including any combination of dark-dark and dark-bright
solitons. (xi) A consistent framework is formulated for obtaining solutions corresponding to double
zeros of the analytic scattering coeﬃcients, leading to double poles in the Riemann–Hilbert problem,
and such solutions are constructed explicitly.
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1. Introduction. Scalar and vector nonlinear Schrödinger (NLS) equations are
universal models for the evolution of weakly nonlinear dispersive wave trains. As
such, they appear in many physical contexts, such as deep water waves, nonlinear optics, acoustics, and Bose–Einstein condensation (e.g., see [5, 23, 35, 39] and references
therein). Many of these equations are also completely integrable inﬁnite-dimensional
Hamiltonian systems, and as such they possess a remarkably rich mathematical structure. As a consequence, they have been the object of considerable research over the
last ﬁfty years (e.g., see [3, 5, 8, 19, 21, 30] and references therein). In particular, it is
well known that for the integrable cases, the initial value problem can in principle be
solved by the inverse scattering transform (IST), a nonlinear analogue of the Fourier
transform.
This work is concerned with the Manakov system, namely, the two-component
vector NLS equation
(1.1)

iqt + qxx + 2σ(qo2 − q2 )q = 0,

with the following nonzero boundary conditions (NZBC) at inﬁnity:
(1.2)

lim q(x, t) = q± = qo eiθ± .

x→±∞
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Hereafter, q = q(x, t) and qo are two-component vectors, · is the standard Euclidean
norm, θ± are real numbers, qo = qo  > 0, and subscripts x and t denote partial
diﬀerentiation throughout. The extra term qo2 in (1.1) is added so that the asymptotic
values of the potential are independent of time. We discuss (1.1) in the defocusing
case (σ = 1).
The IST for the scalar NLS equation (i.e., the one-component reduction of (1.1))
was developed by Zakharov and Shabat in [41] for the focusing case and in [42] for
the defocusing case (see also [1, 5, 6, 19]). The IST for (1.1) in the case with zero
boundary conditions (ZBC) (i.e., when qo = 0) was derived in [29] and revisited and
generalized to an arbitrary number of components in [3]. On the other hand, the IST
for the Manakov system (1.1) with NZBC remained an open problem for a long time.
A successful approach to the IST for this problem was recently presented in [31], but
several issues were not addressed. (Indeed, several questions remain open even in the
scalar case with NZBC; e.g., see [11, 18].)
The ﬁrst purpose of this work is to develop the IST for the defocusing Manakov
system with NZBC in a rigorous way. Several new results are obtained: (i) Precise
conditions on the potential that guarantee the analyticity of the Jost eigenfunctions
are provided. (ii) The analyticity of the scattering coeﬃcients is established. (iii) The
behavior of the eigenfunctions and scattering coeﬃcients at the branch points is elucidated. (iv) New symmetries are derived for the analytic eigenfunctions, which diﬀer
from the symmetries of the scalar case. (v) These symmetries are used to obtain a
rigorous characterization of the discrete spectrum and to rigorously derive the symmetries of the associated norming constants. (vi) The asymptotic behavior of the
Jost eigenfunctions is derived systematically. (vii) A general formulation of the inverse scattering problem as a Riemann–Hilbert problem is presented. (viii) Explicit
relations among all reﬂection coeﬃcients are given, and all entries of the scattering
matrix are determined in the case of reﬂectionless solutions. (ix) A compact, closedform expression is presented for general soliton solutions, including any combination
of dark-dark and dark-bright solitons.
The second purpose of this work is to use the above results to derive novel solutions
of the defocusing Manakov system. For most integrable nonlinear partial diﬀerential
equations (PDEs), solitons are associated with the zeros of the analytic scattering
coeﬃcients. In the development of the IST, it is commonly assumed for simplicity
that such zeros are simple. On the other hand, in some cases, the analytic scattering
coeﬃcients are allowed to have double zeros. Indeed, it is well known that solutions
corresponding to such double zeros exist for the scalar focusing NLS equation [41].
On the contrary, for the scalar defocusing NLS, no such solutions exist since one can
prove that the zeros of the analytic scattering coeﬃcients are always simple [19] (as in
the case of the Korteweg–de Vries equation). On the other hand, the proof does not
generalize to the defocusing vector system. Here, we use the rigorous formulation of
the IST described above to write down a consistent framework for obtaining solutions
corresponding to double zeros of the analytic scattering coeﬃcients, leading to double
poles in the Riemann–Hilbert problem, and we construct such “double-pole solutions”
explicitly. To the best of our knowledge, such solutions are new.
The outline of this work is the following: In section 2, we formulate the direct
problem (taking into account automatically the time evolution). In section 2.5, we
characterize the discrete spectrum. In section 3, we formulate the inverse problem.
In section 3.6, we discuss the soliton solutions, and in section 4, we present novel
double-pole solutions. The proofs of all theorems, lemmas, and corollaries in the text
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are given in the appendix. Throughout, an asterisk denotes complex conjugation, and
superscripts T and † denote, respectively, matrix transpose and matrix adjoint. Also,
we denote, respectively, with Ad , Ao , Abd , and Abo the diagonal, oﬀ-diagonal, block
diagonal, and block oﬀ-diagonal parts of a 3 × 3 matrix A.
2. Direct scattering. As usual, the IST for an integrable nonlinear PDE is
based on its formulation in terms of a Lax pair. The 3 × 3 Lax pair associated with
the Manakov system (1.1) is
(2.1a)
where
(2.1b)
(2.1c)

φx = X φ,

φt = T φ,

X(x, t, k) = −ikJ + Q , T(x, t, k) = 2ik 2 J − iJ(Qx − Q2 + qo2 ) − 2kQ ,




1 0T
0 rT
J=
,
Q(x, t) =
,
0 −I
q 0

r(x, t) = q∗ , and I and 0 are the appropriately sized identity matrix and zero matrix,
respectively. That is, (1.1) is the compatibility condition φxt = φtx (as is easily veriﬁed
by direct calculation and noting that JQ = −QJ). As usual, the ﬁrst half of (2.1a)
is referred to as the scattering problem, k as the scattering parameter, and q(x, t)
as the scattering potential. The direct problem in IST consists of characterizing the
eigenfunctions and scattering data based on the knowledge of the scattering potential.
Unlike the usual approach to IST for the defocusing NLS equation and the Manakov
system with NZBC, here we formulate the IST in a way that allows the reduction
qo → 0 to be taken explicitly throughout. Also, it will be convenient to consider
φ(x, t, k) as a 3 × 3 matrix. Some basic symmetry properties of the scattering problem
are discussed in Appendix A.1. We should point out that, unlike [31], the direct
problem is done here without assuming that q+ is parallel to q− .
2.1. Riemann surface and uniformization. One can expect that, as x →
±∞, the solutions of the scattering problem are approximated by those of the asymptotic scattering problems
(2.2)

φx = X± φ,

where X± = −ikJ+Q± = limx→±∞ X. The eigenvalues of X± are ik and ±iλ, where
λ(k) = (k 2 − qo2 )1/2 .

(2.3)

As in the scalar case [42], these eigenvalues have branching. To deal with this, as in
[19, 31], we introduce the two-sheeted Riemann surface deﬁned by (2.3). The branch
points are the values of k for which λ(k) = 0, i.e., k = ±qo . As in [31], we take the
branch cut on (−∞, −qo ] ∪ [qo , ∞), and we deﬁne λ(k) so that Im λ ≥ 0 on sheet I
and Im λ(k) ≤ 0 on sheet II (see [31] for further details). Next, we introduce the
uniformization variable by deﬁning
(2.4)

z = k + λ.

The inverse transformation is
(2.5)

k = (z + qo2 /z)/2,

λ = (z − qo2 /z)/2 .

We can then express all k-dependence of eigenfunctions and scattering data (including
the one resulting from λ) in terms of z, thereby eliminating all square roots. The
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branch cuts on the two sheets of the Riemann surface are mapped onto the real zaxis, CI is mapped onto the upper half plane of the complex z-plane, CII is mapped
onto the lower half plane of the complex z-plane, z(∞I ) = ∞ if Im(k) > 0, z(∞I ) = 0
if Im(k) < 0, z(∞II ) = 0 if Im(k) > 0, z(∞II ) = ∞ if Im(k) < 0, z(k, λI )z(k, λII ) = qo2 ,
|k| → ∞ in the upper half plane of CI corresponds to z → ∞ in the upper half zplane, |k| → ∞ in the lower half plane of CII corresponds to z → ∞ in the lower half
z-plane, |k| → ∞ in the lower half plane of CI corresponds to z → 0 in the upper
half z-plane, and |k| → ∞ in the upper half plane of CII corresponds to z → 0 in
the lower half z-plane. Finally, the segments k ∈ [−qo , qo ] in each sheet correspond,
respectively, to the upper half and lower half of the circle Co of radius qo centered at
the origin in the complex z-plane. Throughout this work, subscripts ± will denote
normalization as x → −∞ or as x → ∞, respectively, whereas superscripts ± will
denote analyticity (or, more generally, meromorphicity) in the upper or lower half of
the z-plane, respectively.
2.2. Jost solutions and scattering matrix. The continuous spectrum consists of all values of k (in either sheet) such that λ(k) ∈ R; that is, k ∈ R \ (−qo , qo ).
In the complex z-plane, the corresponding set is the whole real axis. For any twocomponent complex-valued vector v = (v1 , v2 )T , we deﬁne its orthogonal vector as
v⊥ = (v2 , −v1 )† so that v† v⊥ = (v⊥ )† v = 0. (Note that this deﬁnition diﬀers from
that of [31].) We may then write the eigenvalues and the corresponding eigenvector
matrices of the asymptotic scattering problem (2.2) as


1
0
−iqo /z
,
(2.6)
iΛ(z) = diag(−iλ, ik, iλ), E± (z) =
iq± /z q⊥
q± /qo
± /qo
respectively, so that
(2.7)

X± E± = E± iΛ.

This normalization is a generalization of the one recently used in [11] for the scalar
case. One could employ the invariances of the Manakov system to ﬁx the asymptotic
polarization vectors q± /qo so as to obtain a simpler eigenfactor matrix. (The transformation of the Jost solutions and scattering matrix under each of the invariances of
the Manakov system is discussed in Appendix A.1.) However, it will not be necessary
to do so. It will be useful to note that
⎞
⎛
1
iq†± /z
1 ⎜
⎟
†
(2.8) det E± (z) = 1 − qo2 /z 2 := γ(z), E−1
γ(z)(q⊥
⎝ 0
± (z) =
± ) /qo ⎠ .
γ(z)
−iqo /z
q†± /qo
Let us now discuss the asymptotic time dependence. As x → ±∞, we expect that
the time evolution of the solutions of the Lax pair will be asymptotic to
(2.9)

φt = T± φ,

where T± = 2ik 2 J + H± and H± = iJQ2± − iqo2 J − 2kQ± . The eigenvalues of T± are
−i(k 2 +λ2 ) and ±2ikλ. Since the boundary conditions are constant, the consistency of
the Lax pair (2.1a) implies [X± , T± ] = 0, so X± and T± admit common eigenvectors.
Namely,
(2.10)

T± E± = −iE± Ω,
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where Ω(z) = diag(−2kλ, k 2 + λ2 , 2kλ). Then for all z ∈ R, we can deﬁne the
Jost solutions φ± (x, t, z) as the simultaneous solutions of both parts of the Lax pair
satisfying the boundary conditions
(2.11)

φ± (x, t, z) = E± (z)eiΘ(x,t,z) + o(1),

x → ±∞,

where Θ(x, t, z) is the 3 × 3 diagonal matrix
(2.12)

Θ(x, t, z) = Λ(z)x − Ω(z)t = diag(θ1 (x, t, z), θ2 (x, t, z), −θ1 (x, t, z)).

The advantage of introducing simultaneous solutions of both parts of the Lax pair is
that the scattering coeﬃcients will be independent of time. For comparison purposes,
we note that the deﬁnition of the Jost solutions in this work diﬀers from that in [31].
More precisely, the matrix φ± (x, t, z) deﬁned by (2.11) equals the matrix Jost eigenfunction in [31] multiplied by diag(1/z, i/qo, i/qo ). A similar change applies to the
Jost eigenfunctions of the adjoint problem.
To make the above deﬁnitions rigorous, we factorize the asymptotic behavior of
the potential and rewrite the ﬁrst part of the Lax pair (2.1a) as
(2.13)

(φ± )x = X± φ± + ΔQ± φ± ,

where ΔQ± = Q − Q± . We remove the asymptotic exponential oscillations and
introduce modiﬁed eigenfunctions,
μ± (x, t, z) = φ± (x, t, z)e−iΘ(x,t,z) ,

(2.14)
so that

lim μ± (x, t, z) = E± (z).

(2.15)

x→±∞

iΘ(x,t,z)
Introducing the integrating factor ψ± (x, t, z) = e−iΘ(x,t,z) E−1
,
± (z)μ± (x, t, z)e
we can then formally integrate the ODE for μ± (x, t, z) to obtain

(2.16a)
x

μ− (x, t, z) = E− (z) +
(2.16b)
μ+ (x, t, z) = E+ (z) −

−∞
∞

−i(x−y)Λ(z)
E− (z)ei(x−y)Λ(z) E−1
dy,
− (z)ΔQ− (y, t)μ− (y, t, z)e

−i(x−y)Λ(z)
E+ (z)ei(x−y)Λ(z) E−1
dy.
+ (z)ΔQ+ (y, t)μ+ (y, t, z)e

x

One can now rigorously deﬁne the Jost eigenfunctions as the solutions of the
integral equations (2.16). In fact, in Appendix A.2, we prove the following.
Theorem 2.1. If Q(·, t) − Q− ∈ L1 (−∞, a) or, correspondingly, Q(·, t) − Q+ ∈
1
L (a, ∞) for any constant a ∈ R, the following columns of μ− (x, t, z) or, correspondingly, μ+ (x, t, z) can be analytically extended onto the corresponding regions of the
complex z-plane:
(2.17)
μ−,3 (x, t, z), μ+,1 (x, t, z) : Im z < 0.
μ−,1 (x, t, z), μ+,3 (x, t, z) : Im z > 0,
Equation (2.14) implies that the same analyticity and boundedness properties
also hold for the columns of φ± (x, t, z).
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We now introduce the scattering matrix. If φ(x, t, z) solves (2.1a), we have
∂x (det φ) = trX det φ and ∂t (det φ) = trT det φ. Since trX = ik and trT = −i(k 2 +
λ2 ), we have
∂
∂
det(φ± (x, t, z)e−iΘ(x,t,z) ) =
det(φ± (x, t, z)e−iΘ(x,t,z) ) = 0.
∂x
∂t
Then (2.11) implies
(2.18)

det φ± (x, t, z) = γ(z)eiθ2 (x,t,z) ,

(x, t) ∈ R2 ,

z ∈ R \ {±qo } .

That is, φ− and φ+ are two fundamental matrix solutions of the Lax pair, so there
exists a 3 × 3 matrix A(z) such that
(2.19)

φ− (x, t, z) = φ+ (x, t, z)A(z),

z ∈ R \ {±qo } .

As usual, A(z) = (aij (z)) is referred to as the scattering matrix. Note that with our
conventions, A(z) is independent of time. Moreover, (2.18) and (2.19) imply
(2.20)

det A(z) = 1 ,

z ∈ R \ {±qo } .

It is also convenient to introduce B(z) := A−1 (z) = (bij (z)). In the scalar case, the
analyticity of the diagonal scattering coeﬃcients follows from their representations as
Wronskians of analytic eigenfunctions. This approach, however, is not applicable to
the vector case [31]. Nonetheless, using an alternative integral representation for the
eigenfunctions in Appendix A.3 (which generalizes the ideas developed in [18] for the
defocusing scalar case), a straightforward application of the Neumann series (as in
Appendix A.3) yields the following.
Lemma 2.2. The analytic modiﬁed eigenfunctions μ±,1 (x, t, z) and μ±,3 (x, t, z)
remain bounded for all x ∈ R and for all z in their corresponding regions of analyticity.
This result will be important to the classiﬁcation of the discrete spectrum (discussed in section 2.5), as it will allow one to characterize the appropriate domains for
the discrete eigenvalues. Then, in Appendix A.4 we prove the following.
Theorem 2.3. Under the same hypotheses as in Theorem 2.1, the following
scattering coeﬃcients can be analytically extended oﬀ of the real z-axis in the following
regions:
(2.21)

a11 (z), b33 (z) :

Im z > 0,

a33 (z), b11 (z) :

Im z < 0.

Note how, in contrast to the ZBC case [3], nothing can be proved about the
remaining entries of the scattering matrix. Note that, as in the scalar case, the scattering matrix at the branch points becomes singular. The behavior of eigenfunctions
and scattering matrix at the branch points is discussed in section 2.5.
It is important to note that the results in Lemma 2.2 and Theorem 2.3 were not
present in [31].
2.3. Adjoint problem and auxiliary eigenfunctions. A complete set of analytic eigenfunctions is needed to solve the inverse problem, but φ±,2 are nowhere
analytic in general. To obviate this problem, as in [31], we consider the so-called
adjoint Lax pair (using the terminology of [26]):
(2.22)

φ̃x = X̃ φ̃ ,

φ̃t = T̃ φ̃ ,
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where X̃ = ikJ + Q∗ and T̃ = −2ik 2 J + iJQ∗x − iJ(Q∗ )2 + iqo2 J − 2kQ∗ . Hereafter,
tildes will denote that a quantity is deﬁned for the adjoint problem (2.22) instead of
the original one (2.1a). Note that X̃ = X∗ and T̃ = T∗ for all z ∈ R.
Proposition 2.4. If ṽ(x, t, z) and w̃(x, t, z) are two arbitrary solutions of the
adjoint problem (2.22), then
(2.23)

u(x, t, z) = eiθ2 (x,t,z) J[ṽ × w̃](x, t, z) ,

where “×” denotes the usual cross product, is a solution of the Lax pair (2.1a).
The ﬁrst half of Proposition 2.4 (corresponding to the scattering problem) was
obtained in [31]. We use this result to construct two additional analytic eigenfunctions,
one in each half plane. We do so by constructing Jost eigenfunctions for the adjoint
problem. The eigenvalues of X̃± are −ik and ±iλ. Denoting the corresponding
eigenvalue matrix as −iΛ(z) = diag(iλ, −ik, −iλ), we can choose the eigenvector
matrix as Ẽ± (z) = E∗± (z). Note that det Ẽ± (z) = γ(z). As x → ±∞, we expect that
the solutions of the second half of (2.22) will be asymptotic to those of φ̃t = T̃± φ̃.
The eigenvalues of T̃± are i(k 2 + λ2 ) and ±2ikλ, and (2.10) imply T̃± Ẽ± = Ẽ± iΩ.
As before, for all z ∈ R, we then deﬁne the Jost solutions of the adjoint problem as
the simultaneous solutions φ̃± of (2.22) such that
(2.24)

φ̃± (x, t, z) = Ẽ± (z)e−iΘ(x,t,z) + o(1),

x → ±∞.

Introducing modiﬁed eigenfunctions μ̃± (x, t, z) = φ̃± (x, t, z)eiΘ(x,t,z) as before, we
ﬁnd that the following columns of μ̃± (x, t, z) can be extended into the complex plane:
μ̃−,3 (x, t, z), μ̃+,1 (x, t, z) : Im z > 0,

μ̃−,1 (x, t, z), μ̃+,3 (x, t, z) : Im z < 0.

But the columns μ̃±,2 cannot be extended in general. As before, φ̃± are both fundamental matrix solutions of the same problem, and therefore there exists an invertible
3 × 3 matrix Ã(z) such that
(2.25)

φ̃− (x, t, z) = φ̃+ (x, t, z)Ã(z).

The same techniques used for the original scattering matrix show that for suitable
potentials, the following coeﬃcients can be analytically extended into the following
regions:
(2.26)

ã11 (z), b̃33 (z) :

Im z < 0,

ã33 (z), b̃11 (z) :

Im z > 0 ,

where B̃(z) = Ã−1 (z). In light of these results, we can deﬁne two new solutions of
the original Lax pair (2.1a):
(2.27a)

χ(x, t, z) = −eiθ2 (x,t,z) J[φ̃−,3 × φ̃+,1 ](x, t, z)/γ(z).

(2.27b)

χ(x, t, z) = −eiθ2 (x,t,z) J[φ̃−,1 × φ̃+,3 ](x, t, z)/γ(z),

By construction, we have the following.
Lemma 2.5. Under the same hypotheses as in Theorem 2.1, χ(x, t, z) is analytic
for Im z > 0, while χ(x, t, z) is analytic for Im z < 0.
For comparison purposes, note that the auxiliary eigenfunctions deﬁned in [31]
equal the ones deﬁned in (2.27) times −iqo zγ(z).
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Following [31], we now establish a relation between the adjoint Jost eigenfunctions
and the eigenfunctions of the original Lax pair (2.1a) (see proofs in Appendix A.5).
Lemma 2.6. For z ∈ R and for all cyclic indices j, , and m,
(2.28a)

φ±,j (x, t, z) = −eiθ2 (x,t,z) J[φ̃±, × φ̃±,m ](x, t, z)/γj (z),

(2.28b)
where

φ̃±,j (x, t, z) = −e−iθ2 (x,t,z) J[φ±, × φ±,m ](x, t, z)/γj (z),
γ1 (z) = −1,

(2.28c)

γ2 (z) = γ(z),

γ3 (z) = 1.

Corollary 2.7. The scattering matrices A(z) and Ã(z) are related by
Ã(z) = Γ(z)(A−1 (z))T Γ−1 (z),

(2.29)

where Γ(z) = diag(−1, γ(z), 1).
Corollary 2.8. For all z ∈ R, the nonanalytic Jost eigenfunctions have the
following decompositions:
(2.30a)
φ−,2 (x, t, z) =

1
1
[a32 (z)φ−,3 (z) − χ(z)] =
[a12 (z)φ−,1 (z) + χ(z)] ,
a33 (z)
a11 (z)

(2.30b)
φ+,2 (x, t, z) =

1
1
[b12 (z)φ+,1 (z) − χ(z)] =
[b32 (z)φ+,3 (z) + χ(z)] ,
b11 (z)
b33 (z)

where the (x, t)-dependence was omitted from the right-hand side for simplicity.
The use of the adjoint eigenfunctions will be instrumental in obtaining many of
the results in the following sections.
In addition, similarly to the Jost eigenfunctions it will be useful to remove the
exponential oscillations of χ̄ and χ and deﬁne the modiﬁed auxiliary eigenfunctions as
(2.31)

m̄(x, t, z) = χ̄(x, t, z)e−iθ2 (x,t,z) ,

m(x, t, z) = χ(x, t, z)e−iθ2 (x,t,z) .

Then, using Lemma 2.2 and (2.27), it is straightforward to characterize the asymptotic
behavior of the auxiliary eigenfunctions as x → ±∞.
Lemma 2.9. As x → ±∞, the modiﬁed auxiliary eigenfunctions remain bounded
in their corresponding domains of analyticity.
These results will be key to the full characterization of the discrete spectrum (cf.
section 2.5), as we will see that the eigenfunctions behave diﬀerently for large |x|
depending on whether a given point z ∈ C is inside or outside of Co .
2.4. Symmetries. For the NLS equation and the Manakov system with ZBC,
the only symmetry of the scattering problem is the mapping k → k ∗ . For the same
equations with NZBC, however, the symmetries are complicated by the presence of
a Riemann surface with the need to keep track of each sheet. Correspondingly, the
problem admits two symmetries. The symmetries are also complicated by the fact
that, after removing the asymptotic oscillations, the Jost solutions do not tend to the
identity matrix. Recall that λII (k) = −λI (k), z = k+λ, qo2 /z = k−λ, λ = (z−qo2 /z)/2,
and k = (z + qo2 /z)/2.
2.4.1. First symmetry. Consider the transformation z → z ∗ (upper/lower half
plane), which implies (k, λ) → (k ∗ , λ∗ ).
Proposition 2.10. If φ(x, t, z) is a fundamental matrix solution of the Lax
pair (2.1a), so is w(x, t, z) = J(φ† (x, t, z ∗ ))−1 .
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Proposition 2.10 is proved in Appendix A.6. There, we also show that, as a
consequence, we have the following.
Lemma 2.11. For all z ∈ R, the Jost eigenfunctions satisfy the symmetry
(2.32)

J(φ†± (x, t, z))−1 C(z) = φ± (x, t, z),

where
(2.33)

C(z) = −γ(z)Γ−1 (z) = diag(−γ(z), 1, γ(z)) .

It will also be convenient to note also that
1
T
(φ±,2 × φ±,3 , φ±,3 × φ±,1 , φ±,1 × φ±,2 )(x, t, z).
(φ−1
± (x, t, z)) =
det φ± (x, t, z)
Then substituting (2.30) into (2.32) and using the Schwarz reﬂection principle yields
the following.
Lemma 2.12. The analytic Jost eigenfunctions obey the following symmetry relations:
1
J [χ × φ−,3 ] (x, t, z)e−iθ2 (x,t,z) , Im z ≤ 0,
(2.34a)
φ∗−,1 (x, t, z ∗ ) = −
a33 (z)
1
φ∗+,1 (x, t, z ∗ ) =
J [χ × φ+,3 ] (x, t, z)e−iθ2 (x,t,z) , Im z ≥ 0,
(2.34b)
b33 (z)
1
φ∗−,3 (x, t, z ∗ ) =
J [χ × φ−,1 ] (x, t, z)e−iθ2 (x,t,z) , Im z ≥ 0,
(2.34c)
a11 (z)
1
J [χ × φ+,1 ] (x, t, z)e−iθ2 (x,t,z) , Im z ≤ 0.
φ∗+,3 (x, t, z ∗ ) = −
(2.34d)
b11 (z)
Moreover, using (2.32) in the scattering relation (2.19), we conclude as follows.
Lemma 2.13. The scattering matrix and its inverse satisfy the symmetry relation
(2.35)

(A(z))† = Γ−1 (z)B(z)Γ(z).

z ∈ R.

Componentwise, for z ∈ R, (2.35) yields
(2.36a)
(2.36b)
(2.36c)

1 ∗
a (z), b13 (z) = −a∗31 (z),
γ(z) 21
b21 (z) = −γ(z)a∗12 (z), b22 (z) = a∗22 (z), b23 (z) = γ(z)a∗32 (z),
1 ∗
a (z), b33 (z) = a∗33 (z).
b31 (z) = −a∗13 (z), b32 (z) =
γ(z) 23
b11 (z) = a∗11 (z),

b12 (z) = −

The Schwarz reﬂection principle then allows us to conclude that
(2.37)

b11 (z) = a∗11 (z ∗ ),

Im z ≤ 0,

b33 (z) = a∗33 (z ∗ ),

Im z ≥ 0.

We can also obtain similar symmetry relations for the auxiliary eigenfunctions.
Corollary 2.14. The auxiliary analytic eigenfunctions satisfy the following
symmetry relations:
(2.38a)

χ(x, t, z) = −eiθ2 (x,t,z) J[φ∗−,1 × φ∗+,3 ](x, t, z ∗ )/γ(z),

Im z < 0,

(2.38b)

χ(x, t, z) = −eiθ2 (x,t,z) J[φ∗−,3 × φ∗+,1 ](x, t, z ∗ )/γ(z),

Im z > 0.

In addition, the proof of Corollary 2.14 and (2.28) yield
(2.39)

φ∗±,j (x, t, z) = −e−iθ2 (x,t,z) J[φ±, × φ±,m ](x, t, z)/γj (z),

where j, , and m are cyclic indices and z ∈ R.
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2.4.2. Second symmetry. Consider the transformation z → qo2 /z (outside/
inside the circle of radius qo centered at 0), implying (k, λ) → (k, −λ). We use this
symmetry to relate the values of the eigenfunctions on the two sheets (particularly,
across the cuts), where k is arbitrary but ﬁxed (on either sheet). It is easy to show
the following.
Proposition 2.15. If φ(x, t, z) is a solution of the Lax pair, so is
W(x, t, z) = φ(x, t, qo2 /z).
In Appendix A.6 we then show that, as a consequence, we have the following.
Lemma 2.16. The Jost eigenfunctions satisfy the following symmetry relations:
φ± (x, t, z) = φ± (x, t, qo2 /z)Π(z) ,

(2.40)

z ∈ R,

where
⎛

0
Π(z) = ⎝ 0
iqo /z

(2.41)

0
1
0

⎞
−iqo /z
0 ⎠.
0

As before, the analyticity properties of the eigenfunctions then allow us to extend
some of the above relations:
iqo
φ±,1 (x, t, qo2 /z), Im z ≷ 0,
z
φ±,2 (x, t, z) = φ±,2 (x, t, qo2 /z), z ∈ R.

φ±,3 (x, t, z) = −

(2.42a)
(2.42b)

We again use (2.19) to obtain the following lemma.
Lemma 2.17. The scattering matrix satisﬁes the symmetry relation
A(qo2 /z) = Π(z)A(z)Π−1 (z) ,

(2.43)

z ∈ R.

Componentwise, we have
(2.44a)
(2.44b)
(2.44c)

a11 (z) = a33 (qo2 /z),
a21 (z) =

iqo
a23 (qo2 /z),
z

a31 (z) = −a13 (qo2 /z),

a12 (z) = −

iz
a32 (qo2 /z),
qo

a22 (z) = a22 (qo2 /z),
a32 (z) =

a13 (z) = −a31 (qo2 /z),
a23 (z) = −

iz
a12 (qo2 /z),
qo

iqo
a21 (qo2 /z),
z

a33 (z) = a11 (qo2 /z).

An identical set of equations holds for the elements of B(z). The analyticity properties
of the scattering matrix entries then allow us to conclude that
(2.45)

a11 (z) = a33 (qo2 /z),

b33 (z) = b11 (qo2 /z),

Im z ≥ 0 .

Finally, we combine (2.42) with (2.38) to conclude the following.
Lemma 2.18. The auxiliary eigenfunctions satisfy the symmetry relation
(2.46)

χ(x, t, z) = −χ(x, t, qo2 /z),

Im z ≥ 0.
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2.4.3. Combined symmetry and reﬂection coeﬃcients. Of course, one can
combine the above two symmetries to obtain relations between eigenfunctions and
scattering coeﬃcients evaluated at z and at qo2 /z ∗ . We omit these relations for brevity.
The following reﬂection coeﬃcients will appear in the inverse problem:
(2.47)

ρ1 (z) =

a∗ (z)
b13 (z)
= − 31
,
b11 (z)
a∗11 (z)

ρ2 (z) =

b∗ (z)
a21 (z)
= −γ(z) 12
.
a11 (z)
b∗11 (z)

Using the symmetries of the scattering coeﬃcients, we can also express the reﬂection
coeﬃcients as
(2.48)

ρ1 (qo2 /z) = −

a∗ (z)
b31 (z)
= 13
,
b33 (z)
a∗33 (z)

ρ2 (qo2 /z) =

iz b∗32 (z)
iz a23 (z)
= γ(z)
.
qo a33 (z)
qo b∗33 (z)

On the other hand, unlike the scalar case [42, 11, 18], the symmetries of the scattering
coeﬃcients do not result in any symmetry relations among these reﬂection coeﬃcients.
Once the trace formulae for the analytic scattering coeﬃcients are obtained in section 3.3, we will show that one can combine all of the above symmetries to reconstruct
the entire scattering matrix.
2.5. Discrete spectrum. Recall that in the 2 × 2 scattering problem for the
NLS equation with NZBC, there is a one-to-one correspondence between zeros of the
analytic scattering coeﬃcients and discrete eigenvalues, each of which corresponds
to the presence of a bound state. Moreover, the self-adjointness of the scattering
problem implies that such discrete eigenvalues k must be real, and one can show that
no discrete eigenvalues can arise inside the continuous spectrum. Thus, in the z-plane,
the discrete eigenvalues are conﬁned to the circle Co . The scattering problem in (2.1a)
for the Manakov system is also self-adjoint, and a similar constraint as for the scalar
NLS equation exists for the proper eigenvalues of the scattering problem.
Lemma 2.19 (see [31]). Let v(x, t, z) be a nontrivial solution of the scattering
problem in (2.1a). If v(x, t, z) ∈ L2 (R), then z ∈ Co .
Nonetheless, it was shown in [31] that in order to fully characterize the inverse
problem, one needs to also consider zeros of the analytic scattering coeﬃcients oﬀ the
circle Co . This does not contradict Lemma 2.19 since, as discussed below, the zeros of
the analytic scattering coeﬃcients oﬀ Co do not lead to bound states. More precisely,
we will see that zeros of a11 (z) inside Co are allowed, and that these zeros lead to
eigenfunctions that do not decay at both space inﬁnities.
In light of the analyticity properties of the eigenfunctions, to characterize the
discrete spectrum it is convenient to introduce the following 3 × 3 matrices:
(2.49a)

Φ+ (x, t, z) = (φ−,1 (x, t, z), χ(x, t, z), φ+,3 (x, t, z)),

(2.49b)

Φ− (x, t, z) = (φ+,1 (x, t, z), −χ̄(x, t, z), φ−,3 (x, t, z)),

which are analytic for Im z > 0 and Im z < 0, respectively. Using the decompositions (2.30) we obtain
(2.50a)
(2.50b)

det Φ+ (x, t, z) = a11 (z)b33 (z)γ(z) eiθ2 (x,t,z) ,
−

det Φ (x, t, z) = a33 (z)b11 (z)γ(z) e

iθ2 (x,t,z)

,

Im z ≥ 0,
Im z ≤ 0.

(As customary, (2.50) are ﬁrst obtained along the real z-axis, where the decompositions (2.30) hold, and then extended to the respective domains of analyticity by a
continuation principle.) Thus, the columns of Φ+ (x, t, z) become linearly dependent
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at the zeros of a11 (z) and b33 (z) in the upper half plane, and those of Φ− (x, t, z) at
the zeros of a33 (z) and b11 (z) in the lower half plane. Even though such zeros do not
lead to bound states when z ∈
/ Co , they nonetheless must be included as part of the
discrete spectrum in the inverse problem.
Lemma 2.20 (see [31]). Suppose a11 (z) has a zero zn in the upper half z-plane.
Then
(2.51)

a11 (zn ) = 0 ⇔ b11 (zn∗ ) = 0 ⇔ a33 (qo2 /zn ) = 0 ⇔ b33 (qo2 /zn∗ ) = 0.

Lemma 2.20 implies that discrete eigenvalues ζn lying on the circle Co appear
in complex conjugate pairs {ζn , ζn∗ }, whereas discrete eigenvalues zn oﬀ Co appear in
symmetric quartets
{zn , zn∗ , qo2 /zn , qo2 /zn∗ } .
The following lemmas are also instrumental in the characterization of the discrete
spectrum.
Lemma 2.21. If Im zo > 0 and zo ∈
/ Co , then χ(x, t, zo ) = 0.
Lemma 2.22. Suppose Im zo > 0. Then the following statements are equivalent:
(i) χ(x, t, zo ) = 0.
(ii) χ̄(x, t, qo2 /zo ) = 0.
(iii) χ(x, t, qo2 /zo∗ ) = 0.
(iv) χ̄(x, t, zo∗ ) = 0.
(v) There exists a constant bo such that φ−,3 (x, t, zo∗ ) = bo φ+,1 (x, t, zo∗ ).
(vi) There exists a constant b̃o such that φ−,1 (x, t, qo2 /zo∗ ) = b̃o φ+,3 (x, t, qo2 /zo∗ ).
(vii) There exists a constant b̂o such that φ−,1 (x, t, zo ) = b̂o φ+,3 (x, t, zo ).
(viii) There exists a constant b̌o such that φ−,3 (x, t, qo2 /zo ) = b̌o φ+,1 (x, t, qo2 /zo ).
We are are now ﬁnally ready to characterize the behavior of the eigenfunctions
in correspondence of the discrete spectrum. The two theorems that follow are proved
in Appendix A.7 without assuming that the oﬀ-diagonal scattering coeﬃcients can be
extended oﬀ the real z-axis (as was done in [31] instead).
Theorem 2.23. Let ζn be a zero of a11 (z) in the upper half plane with |ζn | = qo .
Then χ(x, t, ζn ) = χ̄(x, t, ζn∗ ) = 0. As a result, there exist constants cn and cn such
that
(2.52)

φ−,3 (x, t, ζn∗ ) = cn φ+,1 (x, t, ζn∗ ).

φ−,1 (x, t, ζn ) = cn φ+,3 (x, t, ζn ),

Theorem 2.24. Let zn be a zero of a11 (z) in the upper half plane with |zn | = qo .
Then |zn | < qo and b33 (zn ) = 0. Moreover, there exist constants dn , dˇn , dˆn , and dn
such that
(2.53a)
φ−,3 (x, t, qo2 /zn ) = dˇn χ̄(x, t, qo2 /zn ),
φ−,1 (x, t, zn ) = dn χ(x, t, zn )/b33 (zn ),
(2.53b)
χ̄(x, t, z ∗ ) = dn φ+,1 (x, t, z ∗ ).
χ(x, t, q 2 /z ∗ ) = dˆn φ+,3 (x, t, q 2 /z ∗ ),
o

n

o

n

n

n

We should remark on the importance of these results. Recall from Lemma 2.19
that the only points in the discrete spectrum corresponding to bound states arise for
real values of k, corresponding to z ∈ Co . Indeed, the results of Theorem 2.23 imply
that each zero of a11 (z) on Co does indeed correspond to a bound state. On the
other hand, it is Lemma 2.19 that leads to the constraint |zn | < qo in Theorem 2.24.
This is because, if |zn | > qo , the ﬁrst of (2.53a), combined with the asymptotics in
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Lemma 2.2, implies that φ−,1 (x, t, zn ) vanishes as x → ±∞. This is, of course, a bound
state, which would contradict Lemma 2.19. Conversely, if |zn | < qo , the eigenfunction
φ−,1 (x, t, zn ) grows exponentially as x → ∞, which does not contradict Lemma 2.19
(since the eigenfunction is not in L2 (R)), and this case is therefore allowed. Indeed,
as we will see in section 3.6, this case leads to dark-bright soliton solutions of the
Manakov system.
1
Lemma 2.25. Assume that a11 (z) has simple zeros {ζn }N
n=1 on Co . Then the
norming constants in (2.52) obey the following symmetry relations:
(2.54)

cn = −cn ,

c∗n =

b11 (ζn∗ )
cn ,
a33 (ζn∗ )

n = 1, . . . , N1 .

2
Lemma 2.26. Assume that a11 (z) has zeros {zn }N
n=1 oﬀ the circle Co . (Note
that now it is not necessary to assume that such zeros are simple.) Then the norming
constants in (2.53) obey the following symmetry relations for n = 1, . . . , N2 :

(2.55)

izn dn
,
dˇn =
qo b33 (zn )

dn = −

d∗n
,
γ(zn∗ )

iqo d∗n
dˆn = ∗
.
zn γ(zn∗ )

2.6. Asymptotic behavior as z → ∞ and z → 0. To normalize the
Riemann–Hilbert problem (RHP), it will be necessary to examine the asymptotic
behavior both as z → ∞ and as z → 0. Consider the following formal expansion for
μ+ (x, t, z):
∞

μ+ (x, t, z) =

(2.56a)

μn (x, t, z),
n=0

where
μ0 (x, t, z) = E+ (z),

(2.56b)
(2.56c)
μn+1 (x, t, z) = −

∞

−i(x−y)Λ(z)
E+ (z)ei(x−y)Λ(z) E−1
dy.
+ (z)ΔQ+ (y, t)μn (y, t, z)e

x

Recall that subscripts “bd” and “bo” denote, respectively, the block diagonal and
block oﬀ-diagonal parts of a given matrix. Using (2.56a), in Appendix A.8 we prove
the following.
Lemma 2.27. For all m ≥ 0, (2.56a) provides an asymptotic expansion for the
columns of μ+ (x, t, z) as z → ∞ in the appropriate region of the complex z-plane,
with
(2.57a)
(2.57b)

[μ2m ]bd = O(1/z m ),
[μ2m+1 ]bd = O(1/z m+1 ),

[μ2m ]bo = O(1/z m+1 ),
[μ2m+1 ]bo = O(1/z m+1 ).

Lemma 2.28. For all m ≥ 0, (2.56a) provides an asymptotic expansion for the
columns of μ+ (x, t, z) as z → 0 in the appropriate region of the complex z-plane, with
(2.58a)
(2.58b)

[μ2m ]bd = O(z m ),
[μ2m+1 ]bd = O(z m ),

[μ2m ]bo = O(z m−1 ),
[μ2m+1 ]bo = O(z m ).

Then, evaluating explicitly the ﬁrst few terms in (2.56a), we obtain the following.
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Corollary 2.29. As z → ∞ in the appropriate regions of the complex plane,


1
μ±,1 (x, t, z) =
+ O(1/z 2 ),
(i/z)q(x, t)
(2.59)


−iq† (x, t)q± /(qo z)
μ±,3 (x, t, z) =
+ O(1/z 2 ).
q± /qo
Similarly, as z → 0 in the appropriate regions of the complex plane,
 †

q (x, t)q± /qo2
μ±,1 (x, t, z) =
+ O(z),
(i/z)q±
(2.60)


−iqo /z
μ±,3 (x, t, z) =
+ O(z).
q(x, t)/qo
We now compute the asymptotic behavior of the auxiliary eigenfunctions χ(x, t, z)
and χ̄(x, t, z). We recall the deﬁnition of the modiﬁed auxiliary eigenfunctions (2.31)
and combine the above asymptotics with (2.38) to obtain the following.
Lemma 2.30. As z → ∞ in the appropriate regions of the complex plane,


−iq† (x, t)q⊥
− /(qo z)
m(x, t, z) =
+ O(1/z 2 ),
q⊥
− /qo
 †

iq (x, t)q⊥
+ /(qo z)
m̄(x, t, z) =
+ O(1/z 2 ).
−q⊥
+ /qo
Similarly, as z → 0 in the appropriate regions of the complex plane,




0
0
m(x, t, z) =
+ O(z), m̄(x, t, z) =
+ O(z).
q⊥
−q⊥
+ /qo
− /qo
Next, we ﬁnd the asymptotic behavior of the scattering matrix entries.
Corollary 2.31. As z → ∞ in the appropriate regions of the complex plane,
(2.61a)

a11 (z) = 1 + O(1/z),

(2.61b)

a33 (z) =

b33 (z) =

1 †
q q− + O(1/z),
qo2 +

1 †
q q+ + O(1/z),
qo2 −

b11 (z) = 1 + O(1/z).

Similarly, as z → 0 in the appropriate regions of the complex plane,
1 †
q q− + O(z),
qo2 +

(2.62a)

a11 (z) =

(2.62b)

a33 (z) = 1 + O(z),

b33 (z) = 1 + O(z),

b11 (z) =

1 †
q q+ + O(z).
qo2 −

Finally, we ﬁnd the asymptotic behavior of the oﬀ-diagonal scattering matrix
entries.
Corollary 2.32. As z → ∞ on the real z-axis,
⎛
⎞
0
0
0
1
†
⎠ + O(1/z) ,
0
−(q⊥
(2.63)
[A±1 (z)]o = 2 ⎝0
∓ ) q±
qo
† ⊥
0 q± q∓
0
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(2.64)

a22 (z) =

1 †
q q+ + O(1/z),
qo2 −

b22 (z) =

1 †
q q− + O(1/z).
qo2 +

Similarly, as z → 0 on the real z-axis,
⎛
⎞
0
0 0
iq
o ⎝ ⊥ †
(q∓ ) q± 0 0⎠ + O(1),
(2.65)
[A±1 (z)]o =
z
0
0 0
1 †
1
b22 (z) = 2 q†+ q− + O(z).
(2.66)
a22 (z) = 2 q− q+ + O(z),
qo
qo
Note that, unlike what happens in the scalar case and in the case with ZBC,
not all oﬀ-diagonal entries of the scattering matrix vanish as z → ∞. As we will
see, however, this does not complicate the inverse problem since all the reﬂection
coeﬃcients will still vanish as z → ∞.
2.7. Behavior at the branch points. We now discuss the behavior of the
Jost eigenfunctions and the scattering matrix at the branch points k = ±qo . The
complication there is due to the fact that λ(±qo ) = 0, and therefore, at z = ±qo ,
the two exponentials e±iλx reduce to the identity. Correspondingly, at z = ±qo ,
the matrices E± (z) are degenerate. Nonetheless, the term E± (z) ei(x−y)Λ(z) E−1
± (z)
appearing in the integral equations for the Jost eigenfunctions remains ﬁnite as z →
±qo :
(2.67)

lim E± (z)eiξΛ(z) E−1
± (z) =

z→±qo

1 ∓ iqo ξ
ξq±

ξq†±
1
qo2 U± (ξ)

,

⊥ †
where ξ = x − y and U± (ξ) = (1 ± iqo ξ)q± q†± + e±iqo ξ q⊥
± (q± ) . Thus, if q → q±
suﬃciently fast as x → ±∞, the integrals in (2.16) are also convergent at z = ±qo ,
and the Jost solutions admit a well-deﬁned limit at the branch points. Nonetheless,
det φ± (x, t, ±qo ) = 0 for all (x, t) ∈ R2 . Thus, the columns of φ± (x, t, qo ) (as well as
those of φ± (x, t, −qo )) are linearly dependent. Comparing the asymptotic behavior of
the columns of φ± (x, t, ±qo ) as x → ±∞, we obtain

(2.68)

φ±,1 (x, t, qo ) = iφ±,3 (x, t, qo ),

φ±,1 (x, t, −qo ) = −iφ±,3 (x, t, −qo ).

Next, we characterize the limiting behavior of the scattering matrix near the branch
points. It is easy to express all entries of the scattering matrix A(z) as Wronskians:
(2.69a)

aj (z) =

z2
Wj (x, t, z)e−iθ2 (x,t,z) ,
z 2 − qo2

where
(2.69b)

Wj (x, t, z) = det(φ−, (x, t, z), φ+,j+1 (x, t, z), φ+,j+2 (x, t, z)) ,

and j + 1 and j + 2 are calculated modulo 3. We then have the following Laurent
series expansions about z = ±qo :
(2.70)

aij (z) =

aij,±
(o)
+ aij,± + O(z ∓ qo ),
z ∓ qo

z ∈ R \ {±qo } ,

where, for example,
(2.71a)

a11,± = ±

qo
W11 (x, t, ±qo ) e∓iqo (x∓qo t) ,
2
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(2.71b) a11,± = ±

qo d
W11 (x, t, z)|z=±qo e∓iqo (x∓qo t) + W11 (x, t, ±qo ) e∓iqo (x∓qo t) .
2 dz

Summarizing, the asymptotic expansion of A(z) in a neighborhood of the branch
point is
(2.72)

1
(o)
A± + A± + O(z ∓ qo ),
z ∓ qo

A(z) =
(o)

(o)

where A± = (aij,± ),
⎛

(2.73)

⎞
⎛
1 0 ∓i
0 1
A± = a11,± ⎝ 0 0 0 ⎠ + a12,± ⎝0 0
∓i 0 −1
0 ∓i

⎞
0
0⎠ ,
0

and a12,± = ±(qo /2)W12 (x, t, ±qo )e∓iqo (x∓qo t) . Note that the second row of A± is
identically zero because a2j,± = ±(qo /2)W2j (x, t, ±qo )e∓iqo (x∓qo t) , which is zero by
virtue of (2.68). Finally, it is straightforward to see from (2.73) and the symmetry
(2.35) that
(2.74)

lim ρ1 (z) = ∓i,

lim ρ2 (z) = 0,

z→±qo

z→±qo

where the reﬂection coeﬃcients ρ1 (z) and ρ2 (z) are as deﬁned in (2.47).
3. Inverse problem. As usual, the inverse scattering problem is formulated in
terms of an appropriate RHP. To this end, one needs a suitable jump condition that relates eigenfunctions that are meromorphic in the upper half z-plane to eigenfunctions
that are meromorphic in the lower half z-plane. For simplicity, in the development of
the inverse problem in this section and the next one we will restrict ourselves to the
class of potentials such that q+ is parallel to q− .
3.1. Riemann–Hilbert problem. The starting point for the formulation of
the inverse problem is the scattering relation (2.19), which will lead to a jump condition for the RHP. The derivation, however, is considerably more involved than in the
scalar case. The reason is that some of the Jost eigenfunctions are not analytic, and
therefore (2.19) must be reformulated in terms of the fundamental analytic eigenfunctions Φ± (x, t, z) deﬁned in (2.49). Proceeding in this way, in Appendix A.9 we prove
the following lemma.
±
±
Lemma 3.1. The meromorphic matrices M± (x, t, z) = (m±
1 , m2 , m3 ), deﬁned
as
(3.1a)
M+ (x, t, z) = Φ+ e−iΘ diag



1
1
,
,1
a11 b33




=

μ−,1 m
,
, μ+,3
a11 b33


,

Im z > 0,

(3.1b)


 

1
1
m̄ μ−,3
,
,
M− (x, t, z) = Φ− e−iΘ diag 1,
= μ+,1 , −
,
b11 a33
b11 a33

Im z < 0,

satisfy the jump condition
(3.2)

M+ (x, t, z) = M− (x, t, z)(I − e−iKΘ(x,t,z) L(z)eiKΘ(x,t,z) ),

z ∈ R,
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where K = diag(−1, 1, −1) as before and
⎛

|ρ2 |2
⎜ γ

L(z) = ⎜
⎝


− ρ∗1 ρ̂∗1 +

iqo ∗
zγ ρ2 ρ̂2



ρ∗
2
γ

+

qo2
z2 γ 2

−ρ2 + iqzo ρ∗1 ρ̂2
ρ∗1

ρ∗2 |ρ̂2 |2 −
q2

iqo ∗ ∗
zγ ρ̂1 ρ̂2

− z2oγ |ρ̂2 |2
iqo ∗
zγ ρ̂2

iqo ∗
zγ ρ2 ρ̂2 +
− iqzo ρ̂2

ρ̂∗1

⎞
⎟
⎟,
⎠

0

where for brevity we denoted ρj = ρj (z) and ρ̂j = ρj (qo2 /z) for j = 1, 2.
Note the appearance of the matrix K in the jump condition, which can be traced
to the use of (2.30) to eliminate the nonanalytic eigenfunctions. In order for the
above RHP to admit a unique solution, one must also specify a suitable normalization
condition. In this case, this condition is provided by the leading-order asymptotic
behavior of M± as z → ∞ and the pole contribution at 0 to help regularize the
RHP (3.2). Using the information from section 2.6, we have the following.
Lemma 3.2. The matrices M± (x, t, z) deﬁned in (3.1) have the following asymptotic behavior:
(3.3a)
(3.3b)

M± (x, t, z) = M∞ + O(1/z) ,
±

M (x, t, z) = (i/z)M0 + O(1) ,

where
(3.3c)


M∞ =

1
0

0
q⊥
+ /qo


0
,
q+ /qo

z → ∞,

Im z ≷ 0 ,

z → 0,

Im z ≷ 0 ,



0
q+

M0 =

0
0


−qo
.
0

Note that both behaviors are expressed in terms of the value of the potential as
x → ∞ (instead of that as x → −∞). This is because (2.19) breaks the symmetry
between μ− and μ+ .
In addition to the asymptotics in Lemma 3.2, to fully specify the RHP (3.2) one
must also specify residue conditions. This is done using the characterization of the
discrete spectrum obtained in section 2.5. For the remainder of this section, we assume
N2
1
that the zeros {ζn }N
n=1 and {zn }n=1 of a11 (z) of the analytic scattering coeﬃcients
are all simple. Then in Appendix A.9 we prove the following.
Lemma 3.3. The meromorphic matrices deﬁned in Lemma 3.1 satisfy the following residue conditions:
(3.4a)
− ∗
−
∗ M ](x, t) = C n (0, 0, m (ζ )),
[Resz=ζn M+ ](x, t) = Cn (m+
n
3 (ζn ), 0, 0), [Resz=ζn
1
(3.4b)
− 2
−
[Resz=zn M+ ](x, t) = Dn (m+
2 (zn ), 0, 0), [Resz=qo2 /zn M ](x, t) = −Ďn (0, 0, m2 (qo /zn )),
(3.4c)
+ 2
∗
+
∗
∗ M ](x, t) = D̂n (0, m (q /z ), 0),
[Resz=zn∗ M− ](x, t) = −D n (0, m−
o
n
1 (zn ), 0), [Resz=qo2 /zn
3
with
Cn (x, t) =
Dn (x, t) =

cn

a11 (ζn )

dn
a11 (zn )
ˆ

D̂n (x, t) =

e−2iθ1 (ζn ) ,

e−i(θ1 −θ2 )(zn ) ,

dn
b33 (qo2 /zn∗ )

C n (x, t) =
Ďn (x, t) =

∗

ei(θ1 −θ2 )(zn ) ,

cn

a33 (ζn∗ )

e−2iθ1 (ζn ) ,

dˇn b33 (zn ) −i(θ1 −θ2 )(zn )
e
,
a33 (qo2 /zn )

Dn (x, t) =

∗
dn
ei(θ1 −θ2 )(zn ) ,
b11 (zn∗ )
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n = 1, . . . , N1 for equations involving ζn , and n = 1, . . . , N2 for equations involving
zn .
As usual, the formulation of the RHP involves “continuous spectral data” (namely,
the reﬂection coeﬃcients, which determine the matrix L(z) for all z ∈ R) “discrete
spectral data” (namely, the discrete eigenvalues and norming constants, which determine the residue conditions), and the normalization as z → ∞ (the normalization
as z → 0 is then determined via the symmetries). Moreover, the norming constants
appearing in Lemma 3.3 are related by the following equations.
Lemma 3.4 (symmetries of the residues). The functions Cn , C̄n , Dn , Ďn , D̂n ,
and D̄n deﬁned in Theorem 3.7 obey the following symmetry relations:
(3.5a)

C n (x, t) = e−2iarg(ζn ) Cn (x, t) = Cn∗ (x, t),

(3.5b)
Ďn (x, t) = −

iqo
Dn (x, t),
zn

Dn (x, t) = −

Dn∗ (x, t)
,
γ(zn∗ )

D̂n (x, t) = −

iqo3 Dn∗ (x, t)
.
(zn∗ )3 γ(zn∗ )

Correspondingly, the minimal set of spectral data is composed of the continuous reﬂection coeﬃcients ρ1 (z) and ρ2 (z), the boundary condition q+ , the disN2
N1
1
crete eigenvalues {ζn }N
n=1 and {zn }n=1 , and the norming constants {Cn (x, t)}n=1
N2
and {Dn (x, t)}n=1 . Moreover, note that (3.5a) in Lemma 3.4 immediately implies the
following.
Corollary 3.5. The norming constants Cn for the discrete eigenvalues on the
circle satisfy the constraint arg(Cn ) = arg(ζn ) for n = 1, . . . , N1 .
This result is not surprising, since it is the same as in the scalar case [19]. On
the other hand, no such constraint exists for the eigenvalues oﬀ the circle. As we will
see later, this diﬀerence will translate into the number of degrees of freedom of the
corresponding soliton solutions generated by each eigenvalue (cf. section 3.5).
Remark 3.6. Summarizing, the RHP for the inverse problem is formulated as
follows. Given
(i) the boundary condition q+ ;
(ii) the reﬂection coeﬃcients ρ1 (z) and ρ2 (z) for z ∈ (−∞, −qo ) ∪ (qo , ∞);
N2
1
(iii) the discrete eigenvalues {ζn }N
n=1 and {zn }n=1 on and oﬀ the circle, respectively,
N2
1
and the corresponding norming constants {Cn (x, t)}N
n=1 and {Dn (x, t)}n=1 ;
(iv) the symmetries (2.48) and (3.5),
ﬁnd a sectionally meromorphic function M(x, t, z) satisfying the jump condition (3.2),
the normalization conditions (3.3), and the residue conditions (3.4).
Recall that the symmetries (2.48) yield the reﬂection coeﬃcients for z ∈ (−qo , qo ).
Also, limz→∞ ρj (z) = 0 for j = 1, 2 (cf. (2.63)), while limz→±qo ρ1 (z) = ∓i and
limz→±qo ρ2 (z) = 0 (cf. (2.74)).
3.2. Formal solution of the RHP and reconstruction formula. The RHP
deﬁned in the previous section consists of ﬁnding a sectionally meromorphic matrix
M(x, t, z) which equals M± (x, t, z) for Im z ≷ 0 and satisﬁes the jump condition (3.2)
as well as the asymptotics and residue conditions in Lemmas 3.2 and 3.3. The solution of this RHP can be expressed in terms of a mixed system of algebraic-integral
equations, which are obtained by subtracting the asymptotic behavior at inﬁnity,
by regularizing (i.e., subtracting any pole contributions from the discrete spectrum)
and then applying Cauchy projectors. Speciﬁcally, in Appendix A.9, we prove the
following.
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Theorem 3.7. The solution of the RHP deﬁned by Lemmas 3.1, 3.2, and 3.3 is
given by
M− (ζ) −iKΘ(ζ)
1
e
L(ζ)eiKΘ(ζ) dζ
2πi R ζ − z
 N2
Resz=zj∗ M−
Resz=ζi∗ M−
Resz=zj M+
+
+
+
z − ζi∗
z − zj∗
z − zj
j=1

(3.6) M(x, t, z) = M∞ + (i/z)M0 −
N1

+
i=1



Resz=ζi M+
z − ζi

N2

+
j=1

Resz=qo2 /zj∗ M+
Resz=qo2 /zj M−
+
z − qo2 /zj
z − qo2 /zj∗

,

where M(x, t, z) = M± (x, t, z) for Im z ≷ 0, respectively.
Moreover, the eigenfunctions in the residue conditions in Lemma 3.3 are given by


(M− e−iKΘ LeiKΘ )1 (ζ)
1
1
dζ
(x,
t,
w)
=
(3.7a) m−
−
1
(i/w)q+
2πi R
ζ −w
 N2 

N1 
Ci
Dj
+
+
m+
(ζ
)
+
m
(z
)
,
w = ζn∗ , zn∗ ,
i
j
3
2
w
−
ζ
w
−
z
i
j
i=1
j=1


1
(M− e−iKΘ LeiKΘ )3 (ζ)
−iqo /w
dζ
−
q+ /qo
2πi R
ζ −w
 N2 

N1 
Ďj
Ci
− ∗
− 2
+
m
(ζ
)
−
m
(q
/z
)
,
w = ζn , qo2 /zn∗ ,
j
i
o
1
2
∗
2 /z
w
−
ζ
w
−
q
j
o
i
i=1
j=1

(3.7b) m+
3 (x, t, w) =



1
(M− e−iKΘ LeiKΘ )2 (ζ)
0
2
) =
(3.7c) m−
−
(x,
t,
q
/z
dζ
j
o
2
q⊥
2πi R
ζ − qo2 /zj 
+ /qo
 N 


N2
2
D̂j
Dj
− ∗
+ 2
∗
m (z ) +
m (q /z ) ,
−
qo2 /zj  − zj∗ 1 j
qo2 /zj  − qo2 /zj∗ 3 o j
j=1
j=1

(3.7d)

m+
2 (x, t, zj  )


=



(M− e−iKΘ LeiKΘ )2 (ζ)
dζ
ζ − zj 
R
 N 


N2
2
D̂j
Dj
− ∗
+ 2
∗
−
m (z ) +
m (q /z ) .
zj  − zj∗ 1 j
zj  − qo2 /zj∗ 3 o j
j=1
j=1

0
q⊥
+ /qo

−

1
2πi

Throughout, the (x, t)-dependence was omitted from the right-hand side of all equations
for simplicity.
As usual, once the solution of the RHP has been obtained, one can reconstruct
the potential in terms of the norming constants and scattering coeﬃcients by comparing the resulting asymptotics of the eigenfunctions to that obtained from the direct
scattering problem. In this way, in Appendix A.9 we prove the following.
Theorem 3.8 (reconstruction formula). Let M(x, t, z) be the solution of the
RHP in Theorem 3.7. The corresponding solution q(x, t) = (q1 (x, t), q2 (x, t))T of the
defocusing Manakov system with NZBC (1.2) is reconstructed as
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(3.8) qk (x, t) = q+,k −

1
2π
N1

−i
i=1

R

725

(M− e−iKΘ LeiKΘ )(k+1)1 (x, t, ζ)dζ

Ci (x, t)m+
(k+1)3 (x, t, ζi ) − i

N2

Dj (x, t)m+
(k+1)2 (x, t, zj ).

j=1

3.3. Trace formula and asymptotic phase diﬀerence. The last task of the
inverse problem is that of reconstructing the analytic scattering coeﬃcients from the
scattering data (i.e., the discrete eigenvalues and the reﬂection coeﬃcients). In Appendix A.9, we prove the following.
Lemma 3.9 (trace formula). The analytic scattering coeﬃcient a11 (z) deﬁned
in (2.19) is given by
N1
N2

z − ζn 
z − zn
(3.9) a11 (z) =
∗
∗
z
−
ζ
n n=1 z − zn
n=1




dζ
1
ζ2
2
× exp −
log 1 − |ρ1 (ζ)|2 − 2
|ρ
(ζ)|
.
2
2πi R
ζ − qo2
ζ −z
Expressions for the other analytic coeﬃcients follow immediately from the symmetries (2.35) and (2.43). Explicitly, b11 (z) = b33 (qo2 /z) = a∗11 (z ∗ ) = a∗33 (qo2 /z ∗ ).
Comparing (3.9) with the asymptotic behavior of a11 (z) as z → 0 in (2.62a) yields
the following.
Corollary 3.10. The asymptotic phase diﬀerence Δθ = θ+ − θ− between the
limiting values of the potential is given by the expression
(3.10)


N1
N2
dζ
1
ζ2
2
2
.
arg ζn − 2
arg zn −
log 1 − |ρ1 (ζ)| − 2
|ρ (ζ)|
Δθ = −2
2 2
2π
ζ
−
q
ζ
R
o
n=1
n=1
Equation (3.10) is the generalization of the so-called theta condition that was
obtained in [19] for the scalar case (i.e., for the NLS equation). Note, however,
that (3.10) does not imply that there exists an additional constraint on the spectral
data. Rather, (3.10) simply means that the asymptotic phase shift is determined
uniquely by the spectral data as part of the inverse problem, and therefore one cannot
prescribe it independently.
Finally, we note that one can reconstruct the entire scattering matrix in terms of
the trace formulae and reﬂection coeﬃcients. Explicitly, combining (2.47) and (2.48)
with the deﬁnition B(z) = A−1 (z) yields the following for z ∈ R:
(3.11a)
(3.11b)
(3.11c)

a12 (z) = a∗11 (z)a∗11 (qo2 /z)[(iqo /z)ρ1 (z)ρ∗2 (qo2 /z) + ρ∗2 (z)]/γ(z),
a22 (z) = a∗11 (z)a∗11 (qo2 /z)[1 + ρ1 (z)ρ1 (qo2 /z)],
a32 (z) = a∗11 (z)a∗11 (qo2 /z)[ρ1 (qo2 /z)ρ∗2 (z) − (iqo /z)ρ∗2 (qo2 /z)]/γ(z).

(Recall that a13 (z) and a23 (z) can be obtained directly in terms of the reﬂection
coeﬃcients and the analytic scattering coeﬃcients via (2.48).)
3.4. Existence and uniqueness of the solution of the RHP. The representation (3.6) of the solution of the RHP was derived under the assumption of existence.
An obvious and important issue is whether rigorous results can be obtained about existence and uniqueness of solutions. In Appendix A.10 we show that (restricting
ourselves for simplicity to the case in which no discrete spectrum is present) the issue
of uniqueness can be answered in a straightforward way.
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Theorem 3.11. Suppose that no discrete spectrum is present. If the RHP deﬁned
by Lemmas 3.1, 3.2, and 3.3 admits a solution, this solution is unique.
On the other hand, the issue of existence is much more subtle. One can reduce the
question of existence of a solution of the RHP to one of the existence of a solution of an
appropriately formulated integral equation, which we introduce next. Let us denote
by I the identity operator on L2 (R) and deﬁne the Cauchy projection operators as
(3.12a)

(P ± f )(s) =

1
lim
2πi →0+

R

f (ζ)
dζ ,
ζ − (s ± i)

which are also well deﬁned in L2 (R), and recall that (P ± f )(s) = limz→s (P f )(z),
where P denotes the Cauchy-type integral
(3.12b)

(P f )(z) =

1
2πi

R

f (ζ)
dζ ,
ζ −z

z∈
/ R,

and the limit is taken from the upper or lower half plane, respectively. We begin by
rewriting the jump condition (3.2) as
M+ (x, t, s) = M− (x, t, s)V(x, t, s) ,

s ∈ R,

where the jump matrix V(x, t, s) is
V(x, t, s) = I − e−iKΘ(x,t,s) L(x, t, s)eiKΘ(x,t,s) ,

s ∈ R.

Hereafter, for simplicity we omit the dependence on x and t for the remainder of this
section. Without loss of generality we may decompose the jump matrix as
(3.13)

−1
(s)V− (s),
V(s) = V+

s ∈ R,

where V± (s) are, respectively, upper/lower triangular matrices. (Note that here the
subscripts ± do not indicate normalization as x → ±∞ as in the rest of this work.)
Next we deﬁne
(3.14)

W± = ±(I − V± ),

W = W+ + W− ,

where, for brevity, we have omitted the s dependence. Finally, we use these quantities
to deﬁne a new operator Pw in L2 (R) by (3.15):
(3.15)

Pw f = P + (f W+ ) + P − (f W− ).

In Appendix A.10 we then follow the approach of [6, 7, 14] to prove the following.
Theorem 3.12. Suppose that no discrete spectrum is present. If L(·) ∈ L2 (R) ∩
∞
L (R) and I − Pw has Fredholm index zero, the RHP deﬁned by Lemmas 3.1, 3.2,
and 3.3 admits a unique solution.
Note that stronger results could be obtained. For example, using techniques similar to those in [6, 7, 15], one can show that if q(x, t) − q± decay suﬃciently rapidly as
x → ±∞, the scattering coeﬃcients are inﬁnitely diﬀerentiable functions, and therefore the condition L(·) ∈ L∞ (R) can be removed, since it is automatically satisﬁed.
Similarly, one can show that the asymptotic behavior in Corollaries 2.31 and 2.32
implies L(·) ∈ L2 (R). Similarly, the possible presence of a discrete spectrum can be
taken into account without much diﬃculty. Essentially, in this case the inverse problem can be reduced to the inversion of a linear operator of the form T = I + T1 + T2 ,
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where T1 has small norm and T2 is compact [7]. For brevity, however, we omit a proof
of these results.
A more subtle issue is the requirement in Theorem 3.12 that the Fredholm index
of the operator I − Pw be zero. One can again use the methods of [6, 7, 14] to show
that this is a consequence of the properties of the scattering data. A detailed proof of
this result, however, is nontrivial, and it is therefore omitted for simplicity. We refer
the reader to [6, 7, 14] for a discussion of this issue in related contexts.
3.5. Reﬂectionless potentials and pure soliton solutions. We now look at
potentials q(x, t) for which there is no jump from M+ to M− across the continuous
spectrum. In this case, the reﬂection coeﬃcients from (2.47) vanish identically, and
the inverse problem reduces to an algebraic system whose solution yields the soliton
solutions of the integrable nonlinear equation. Note ﬁrst that the scattering matrices
contain oﬀ-diagonal elements that do not appear in the deﬁnition of the reﬂection
coeﬃcients. Nonetheless, the ﬁrst and second symmetries combined with the fact
that B(z) = A−1 (z) allow us to conclude the following.
Lemma 3.13. The scattering matrices A(z) and B(z) are diagonal in the reﬂectionless case.
By virtue of Corollary 3.5, we can parametrize the functions Cn (x, t) in Theorem 3.7 as follows:
Cn (x, t)e2iθ1 (x,t,ζn ) = 2|λ(ζn )|e2|λ(ζn )|ξn +iϕn ,

n = 1, . . . , N1 ,

where ξn and ϕn are real parameters and where ϕn = arg(ζn ) + mπ (m = 0, 1) were
found by comparing the ﬁrst and second equations of (3.5a). We will see that m = 0, 1
for singular and for regular soliton solutions, respectively.
Theorem 3.14. In the reﬂectionless case, the solution (3.8) of the defocusing
Manakov system with NZBC may be written




1
q+,n YT
det Gaug
1
=
(3.16)
q(x, t) =
, n = 1, 2,
Gaug
aug ,
n
Bn
G
det G det G2
where
T

djk

Bn = (Bn1 , . . . , Bn(N1 +N2 ) )T , G = I + F, Y = (Y1 , . . . , YN1 +N2 ) ,
⎧
⎪
i = 1, . . . , N1 ,
⎪
⎨q+,n /qo ,
N2
Bni =
iq+,n
r


⎪
(−1)n+1 +,n
⎪
qo −
∗ dji , i = N1 + 1, . . . , N1 + N2 ,
⎩
z
j
j=1
⎧
iζk (2)
⎪
j, k = 1, . . . , N1 ,
⎪
⎪− qo dk (ζj ),
⎪
⎪
⎪
⎪d(4)
j = 1, . . . , N1 , k = N1 + 1, . . . , N1 + N2 ,
⎪
k−N1 (ζj ),
⎪
⎪
⎪N
⎨
2
(1)
Fjk =
dj dk (z∗ ),
j = N1 + 1, . . . , N1 + N2 , k = 1, . . . , N1 ,
⎪
⎪
⎪
=1
⎪
⎪
⎪
N2
⎪
⎪
(3)
⎪
⎪
dj dk−N1 (z∗ ), j, k = N1 + 1, . . . , N1 + N2 ,
⎪
⎩
=1

izj∗ (6)
iCn (x, t),
n = 1, . . . , N1 ,
(5)
= dj (zk−N1 ) +
d (zk−N1 ), Yn =
qo j
iDn−N1 (x, t), n = N1 + 1, . . . , N1 + N2 ,

and n = n + (−1)n+1 .
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Recall that the norming constants Cn associated with discrete eigenvalues on the
circle satisfy the constraint in Corollary 3.5, whereas no such constraint exists for
the norming constants Dn associated with discrete eigenvalues oﬀ the circle. (Also
recall that discrete eigenvalues on the circle are parametrized by one real constant,
while those oﬀ the circle are parametrized by two real constants.) Correspondingly,
discrete eigenvalues on the circle generate the usual dark soliton solutions, which have
two real degrees of freedom: the soliton depth (governed by the discrete eigenvalue)
and the soliton position oﬀset (governed by the norming constant). In contrast,
discrete eigenvalues oﬀ the circle generate dark-bright soliton solutions, which have
two additional degrees of freedom in addition to those of dark solitons: the amplitude
of the bright component (also governed by the discrete eigenvalue) and its phase (also
governed by the norming constant).
3.6. Explicit solutions. In the case of just one discrete eigenvalue in each fundamental domain (circle or disk), the resulting soliton solutions assume a particularly
simple form.
For example, considering a single pair of eigenvalues on the circle (N1 = 1 and
N2 = 0) and parametrizing the discrete eigenvalue and norming constant as
ζ1 = qo eiα ,

c1 = eξ+i(α+π/2+(m−1)π) ,

0 < α < π,

ξ ∈ R,

m = 0, 1 ,

from (3.16) one obtains the following singular/regular dark soliton solution of the
Manakov system (corresponding to m = 0 and m = 1, respectively):


(−1)m+1 
q+ .
q(x, t) = eiα cos α − i sin α tanh[qo sin α(x − 2qo t cos α) − ξ/2]
Similarly, considering a single quartet of eigenvalues oﬀ the circle (N1 = 0 and
N2 = 1) and introducing the parametrizations
z1 = Z eiα ,

d1 = eξ+iφ ,

0 < Z < qo ,

0 < α < π,

ξ, φ ∈ R ,

from (3.16) one obtains the following dark-bright soliton solution of the Manakov
system:


2
q(x, t) = eiα cos α − i sin α tanh U (x, t) q+ + Vo ei[Z x cos α−Z t cos(2α)] sech U (x, t)q⊥
+,
where
1
2



Z 2 (qo2 − Z 2 )
qo4 + Z 4 − 2Z 2 qo2 cos(2α)

U (x, t) = Z sin α (x − 2Zt cos α) − ξ − log

i qo2 − Z 2 (qo2 e2iα − Z 2 )(1 − e2iα ) i[φ−3α]

.
e
Vo =
2qo qo4 + Z 4 − 2Z 2 qo2 cos(2α)


,

Note how the bright soliton part (which is aligned with q⊥
+ ) is always along an orthogonal polarization to that of the dark soliton part (which is aligned with q+ ).
Of course, (3.16) allow one to produce multisoliton solutions just as easily (but
the resulting expressions will be more complicated). For example, Figure 1 shows a
two-dark soliton solution (N1 = 2, N2 = 0), Figure 2 shows a two-dark-bright soliton
solution (N1 = 0, N2 = 2), and Figure 3 shows a two-dark, two-dark-bright soliton
solution (N1 = N2 = 2).
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Fig. 1. A two-dark soliton solution of the defocusing Manakov system obtained by taking
N1 = 2, N2 = 0, q+ = (1, 0)T , ζ1 = eiπ/2 , ζ2 = eiπ/4 , ξ1 = ξ2 = 0.

Fig. 2. A two-dark-bright soliton solution of the defocusing Manakov system obtained by taking
N1 = 0, N2 = 2, q+ = (1, 0)T , z1 = 0.5eiπ/2 , z2 = 0.75eiπ/4 .

Fig. 3. A two-dark, two-dark-bright soliton solution of the defocusing Manakov system obtained
by taking N1 = 2, N2 = 2, q+ = (1, 0)T , ζ1 = eiπ/2 , ζ2 = eiπ/5 , ξ1 = ξ2 = 0, z1 = 0.5eiπ/2 ,
z2 = 0.75eiπ/4 .
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4. Double-pole solutions. In this section, we present novel solutions of the
Manakov system obtained when the analytic scattering coeﬃcients have a double
zero. Recall that such a situation is allowed in the focusing NLS equation, even with
ZBC [41], but is not possible in the defocusing NLS equation [19]. For brevity, we refer
to the corresponding solutions as “double-pole” solutions of the Manakov system, but
it should be clear that it is only the meromorphic matrices in the RHP that possess
double poles, while the solutions of the Manakov system are regular in the whole
xt-plane.
Suppose that a11 (zo ) = a11 (zo ) = 0 and a11 (zo ) = 0, with |zo | < qo . As before,
in order to regularize the RHP (3.2), one must subtract the residue contributions.
As we will see, however, the principal part of the Laurent series expansion of the
meromorphic matrices contains additional terms, which must also be subtracted. As a
result, the derivatives of the eigenfunctions with respect to z will appear as additional
unknowns in the RHP. In turn, this will result in the presence of additional norming
constants, whose symmetries must also be properly characterized. The proofs of all
the results presented in this section are collected in Appendix A.12.
4.1. Behavior of the eigenfunctions at a double pole. For brevity, we suppress the (x, t)-dependence of the eigenfunctions on the right-hand sides of equations
throughout this and the following section when doing so introduces no confusion.
Lemma 4.1. Suppose that a11 (zo ) = a11 (zo ) = 0 and a11 (zo ) = 0, with |zo | < qo .
There exist constants do , dˆo , dˇo , d¯o , fo , fˆo , fˇo , f¯o , go , ĝo , ǧo , and ḡo such that
(4.1a)
(4.1b)

φ−,1 (x, t, zo ) = do χ (zo ) + fo χ(zo ) + go φ+,3 (zo ),
χ (x, t, q 2 /z ∗ ) = dˆo φ (q 2 /z ∗ ) + fˆo φ+,3 (q 2 /z ∗ ) + ĝo φ−,1 (q 2 /z ∗ ),
o

o

+,3

o

o

o

o

o

(4.1c)

φ−,3 (x, t, qo2 /zo ) = dˇo χ̄ (qo2 /zo ) + fˇo χ̄(qo2 /zo ) + ǧo φ+,1 (qo2 /zo ),

(4.1d)

χ̄ (x, t, zo∗ ) = do φ+,1 (zo∗ ) + f o φ+,1 (zo∗ ) + go φ−,3 (zo∗ ).

o

Note that do , . . . , d¯o are the same constants appearing in the relations (2.53) for
a single eigenvalue, whereas fo , . . . , f¯o and go , . . . , ḡo appear as a result of the double
multiplicity. It will be useful to express (4.1) in terms of the modiﬁed eigenfunctions:
(4.2a)
μ−,1 (x, t, zo ) = −iθ1 (zo )μ−,1 (zo ) + (ido θ2 (zo ) + fo ) m(zo ) ei(θ2 −θ1 )(zo )
+ do m (zo )ei(θ2 −θ1 )(zo ) + go μ+,3 (zo )e−2iθ1 (zo ) ,
(4.2b)
2
∗
m (x, t, qo2 /zo∗ ) = −iθ2 (qo2 /zo∗ )m(qo2 /zo∗ ) + ĝo μ−,1 (qo2 /zo∗ )ei(θ1 −θ2 )(qo /zo )



2
∗
+ −idˆo θ1 (qo2 /zo∗ ) + fˆo μ+,3 (qo2 /zo∗ ) + dˆo μ+,3 (qo2 /zo∗ ) e−i(θ1 +θ2 )(qo /zo ) ,
(4.2c)
2
μ−,3 (x, t, qo2 /zo ) = iθ1 (qo2 /zo )μ−,3 (qo2 /zo ) + ǧo μ+,1 (qo2 /zo )e2iθ1 (qo /zo )


2
+ idˇo θ2 (qo2 /zo ) + fˇo m̄(qo2 /zo ) + dˇo m̄ (qo2 /zo ) ei(θ1 +θ2 )(qo /zo ) ,
(4.2d)


∗
m̄ (x, t, zo∗ ) = ido θ1 (zo∗ ) + f o μ+,1 (zo∗ ) + do μ+,1 (zo∗ ) ei(θ1 −θ2 )(zo )
∗

− iθ2 (zo∗ )m̄(zo∗ ) + go μ−,3 (zo∗ )e−i(θ1 +θ2 )(zo ) .
These expressions will allow us to obtain the generalization of the residue relations.
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Let P−2 [F ]|z=zo denote the coeﬃcient of 1/(z − zo )2 in the Laurent series expansion
of a meromorphic function F (z) near z = zo . The following result is trivial.
Proposition 4.2. Suppose that f (z) and a(z) are analytic functions of z in a
neighborhood of z = zo . Also, suppose a(z) has a double zero at z = zo and f (zo ) = 0.
Then
 
 
f
f
2f  (zo ) 2 f (zo )a (zo )
2f (zo )
−
.
,
P−2
(4.3)
Resz=zo
= 
= 
a
a (zo )
3 (a (zo ))2
a
a (zo )
z=zo
Corollary 4.3. Under the hypotheses of Lemma 4.1, we have




μ−,1
μ−,3
P−2
P−2
(x, t) = Ko m(zo ),
(x, t) = Ǩo m̄(qo2 /zo ),
a11
a33
z=zo
z=qo2 /zo




m̄
m
P−2 −
P−2
(x, t) = −K o μ+,1 (zo∗ ),
(x, t) = K̂o μ+,3 (qo2 /zo∗ ),
∗
b
b
2
∗
z=zo
11
33
z=qo /zo




μ−,1
Resz=zo
(x, t) = Ko m (zo ) + Ko Fo + i(x − 2zo t) m(zo ) + Go μ+,3 (zo ),
a11




μ−,3
iz 2
Resz=qo2 /zo
(x, t) = Ǩo m̄ (qo2 /zo ) + Ǩo F̌o − 2o (x − 2zo t) m̄(qo2 /zo )
a33
qo

+ Ǧo μ+,1 (qo2 /zo ),




m̄
Resz=zo∗ −
(x, t) = −K o μ+,1 (zo∗ ) − K o F o − i(x − 2zo∗ t) μ+,1 (zo∗ )−Go μ−,3 (zo∗ ),
b11




m
i(zo∗ )2
∗
Resz=qo2 /zo∗
(x
−
2z
t)
μ+,3 (qo2 /zo∗ )
(x, t) = K̂o μ+,3 (qo2 /zo∗ ) + K̂o F̂o +
o
b33
qo2
+ Ĝo μ−,1 (qo2 /zo∗ ),

where
Ko (x, t) =

ˇ

2do −i(θ1 −θ2 )(zo )
e
,
a11 (zo )

Ǩo (x, t) =

2do
e−i(θ1 −θ2 )(zo ) ,
a33 (qo2 /zo )
ˆ

∗
2do i(θ1 −θ2 )(zo∗ )
2do
e
,
K̂o (x, t) =  2 ∗ ei(θ1 −θ2 )(zo ) ,

∗
b11 (zo )
b33 (qo /zo )
(z
)
fo
a
2g
o
o
, Go (x, t) = 
e−2iθ1 (zo ) ,
Fo =
− 11
do
3a11 (zo )
a11 (zo )
fˇo
a (qo2 /zo )
2ǧo
F̌o =
, Ǧo (x, t) =  2
e−2iθ1 (zo ) ,
− 33
3a33 (qo2 /zo )
a33 (qo /zo )
dˇo
∗
f
b (zo∗ )
2g
F o = o − 11
Go (x, t) =  o∗ e−i(θ1 +θ2 )(zo ) ,
 (z ∗ ) ,
3b
b
(z
)
do
11 o
11 o
2
∗
∗
(q
/z
)
fˆo
b
2ĝo
o
o
F̂o =
, Ĝo (x, t) =  2 ∗ e−i(θ1 +θ2 )(zo ) .
− 33

2
∗
ˆ
3b33 (qo /zo )
b33 (qo /zo )
do

K o (x, t) =

4.2. Symmetries with double poles. The symmetries of the eigenfunctions
and scattering coeﬃcients are also more involved than in the case of simple zeros.
Lemma 4.4. Suppose that a11 (zo ) = a11 (zo ) = 0 and a11 (zo ) = 0, with |zo | < qo .
The analytic scattering coeﬃcients obey the following symmetry relations:
(n)

(n)

a11 (zo ) = (b11 (z))∗ |z=zo∗ ,

(n)

(n)

b33 (zo ) = (a33 (z))∗ |z=zo∗ ,

n = 2, 3,
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!
!
(zo∗ )4 
q4
b11 (z)!z=z∗ , a11 (zo ) = o4 (a33 (z))!z=q2 /zo ,
4
o
o
qo
zo
∗ 5
!
(zo )
2
∗
!
b
(6b11 (z) + zo∗ b
33 (qo /zo ) = −
11 (z)) z=zo∗ ,
qo6
 !!

qo4
qo2 
!


a11 (zo ) = − 5 6a33 (z) + a33 (z) !
.
! 2
zo
zo
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b33 (qo2 /zo∗ ) =

z=qo /zo

Lemma 4.5. Suppose that a11 (zo ) = a11 (zo ) = 0 and a11 (zo ) = 0, with |zo | < qo .
The eigenfunctions obey the following symmetry relations:


iqo
q2
φ+,1 (x, t, zo∗ ) = − ∗ 2 φ+,3 (x, t, qo2 /zo∗ ) + o∗ φ+,3 (x, t, qo2 /zo∗ ) ,
(4.4a)
(zo )
zo


iqo
q2
φ−,1 (x, t, zo ) = − 2 φ−,3 (x, t, qo2 /zo ) + o φ−,3 (x, t, qo2 /zo ) ,
(4.4b)
z
zo

o
2
iqo
q
φ+,3 (x, t, zo ) = 2 φ+,1 (x, t, qo2 /zo ) + o φ+,1 (x, t, qo2 /zo ) ,
(4.4c)
zo
zo


iqo
qo2 

∗
2
∗
2
∗
φ−,3 (x, t, zo ) = ∗ 2 φ−,1 (x, t, qo /zo ) + ∗ φ−,1 (x, t, qo /zo ) ,
(4.4d)
(zo )
zo
2
q
q2
χ (x, t, zo ) = o2 χ̄ (x, t, qo2 /zo ),
(4.4e)
χ̄ (x, t, zo∗ ) = ∗o 2 χ (x, t, qo2 /zo∗ ).
zo
(zo )
Lemma 4.6. Under the hypotheses of Lemma 4.5, the norming constants in
Lemma 4.1 obey the following symmetry relations:
(4.5a)
(4.5b)

(4.5c)

[b33 (zo )]∗ ∗
iqo [b33 (zo )]∗ ∗
do , dˆo = ∗
d ,
∗
γ(zo )
zo γ(zo∗ ) o
!



 !
γ(z)
γ(zo ) ∗
iqo dˇo
qo2 ˇ
∗
!
fo = −
f − do
, fo =
+ 2 fo ,
!
b33 (zo ) o
b33 (z) !
zo zo
zo
z=zo


iz ∗ dˆo
qo2 ˆ
fo = o
−
fo , go = ǧo = ḡo = ĝo = 0.
qo zo∗
(zo∗ )2
izo
do ,
dˇo =
qo

do = −

In turn, the symmetries in Lemma 4.6 yield
iqo3
[b33 (zo )]∗ ∗
Ko (x, t),
Ko (x, t), K o (x, t) = −
3
zo
γ(zo∗ )
iq 5 [b33 (zo )]∗ ∗
(z ∗ )2
3z ∗
K̂o (x, t) = ∗o 5
Ko (x, t), F̂o = − o2 F o + 2o ,
∗
(zo )
γ(zo )
qo
qo

 !!
b33 (zo ) γ(z)
∗
!
,
Fo = F o +
!
γ(zo )
b33 (z) !
z=zo

 !!
zo2 ∗ zo
zo2 b33 (zo ) γ(z)
!
F̌o = − 2 F o + 2 − 2
,
!
qo
qo
qo γ(zo )
b33 (z) !
Ǩo (x, t) =

z=zo

Go (x, t) = Ǧo (x, t) = Ḡo (x, t) = Ĝo (x, t) = 0.
It is then straightforward to combine the notation of this section with the deﬁnition
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of the meromorphic matrices (3.1) to obtain the residue conditions:
(4.6a)
M+
−2,zo (x, t)
(4.6b)
M−
−2,zo∗ (x, t)
(4.6c)
M+
−1,zo (x, t) =
(4.6d)
M−
−1,zo∗ (x, t) =


=



P−2
z=zo

μ−,1
a11




, 0, 0 ,

M−
−2,qo2 /zo (x, t)


=



 
m̄
= 0, P−2 −
, 0 , M+
−2,qo2 /zo∗ (x, t) =
b11
z=zo



Resz=zo



μ−,1
a11




, 0, 0 ,

M−
−1,qo2 /zo (x, t) =

0, 0, P−2

z=qo2 /zo


0, P−2

z=qo2 /zo∗

μ−,3
a33

m
b33


,


,0 ,




μ−,3
0, 0, Resz=qo2 /zo
,
a33



 

 
m
m̄
+
0, Resz=zo∗ −
, 0 , M−1,q2 /z∗ (x, t) = 0, Resz=qo2 /zo∗
,0 ,
o
o
b11
b33

where the individual columns are given in Corollary 4.3.
4.3. Inverse problem and reﬂectionless solutions with double poles.
Both the RHP and the reconstruction formula are aﬀected by the appearance of the
derivatives of the eigenfunctions. For simplicity, from now on we restrict our attention
to situations in which a11 (z) has just one double zero and is nonzero everywhere else.
The methodology, however, is easily extended to include any combination of single
and double zeros, as well as to zeros of higher order.
Like in the case of simple zeros, the RHP consists of ﬁnding a sectionally meromorphic matrix M(x, t, z) which equals M± (x, t, z) for Im z ≷ 0 and satisﬁes the jump
condition (3.2) as well as the asymptotics (3.3). On the other hand, the residue conditions are now diﬀerent and are given by (4.6). As in section 3.2, the solution of this
RHP can be expressed in terms of a mixed system of algebraic-integral equations,
which are obtained by subtracting the asymptotic behavior at inﬁnity, regularizing
(i.e., subtracting any pole contributions from the discrete spectrum), and then applying Cauchy projectors. Speciﬁcally, in Appendix A.12 we prove the following.
Theorem 4.7. Suppose that a11 (zo ) = a11 (zo ) = 0 and a11 (zo ) = 0, with
|zo | < qo , and a11 (z) = 0 for z = zo . The solution of the RHP deﬁned by Lemmas 3.1 and 3.2 with residue conditions (4.6) is given by
M− (ζ) −iKΘ(ζ)
1
e
L(ζ)eiKΘ(ζ) dζ
2πi R ζ − z

2 
M+
M−
M−
M+
−n,zo∗
−n,qo2 /zo∗
−n,qo2 /zo
−n,zo
+
+
+
+
.
(z − zo )n
(z − qo2 /zo∗ )n
(z − zo∗ )n
(z − qo2 /zo )n
n=1

(4.7) M(x, t, z) = M∞ + (i/z)M0 −

Moreover, the eigenfunctions in the residue conditions in (4.6) are given by


Ko
1
∗
(4.8a) μ+,1 (x, t, zo ) =
m (zo )
+ ∗
(i/zo∗ )q+
zo − zo
−

1
2πi

(M− e−iKΘ LeiKΘ )1 (ζ)
dζ
ζ − zo∗
R


Ko
Ko
+
+ ∗
(Fo + i(x − 2zo t)) m(zo ),
(zo∗ − zo )2
zo − zo
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(4.8b)
m(x, t, zo )
=
b33 (zo )

+


Ko
i(zo∗ )3
K̂o
μ (z ∗ )
+
+ −
zo − zo∗
qo3 zo − qo2 /zo∗ +,1 o



K̂o
i(zo∗ )2
zo∗
izo∗
2
∗
∗
1 + (zo − qo /zo ) F̂o +
(x − 2zo t) − 2
−
qo (zo − qo2 /zo∗ )2
qo2
qo
"


Ko
−
1 + (zo − zo∗ )(F o − i(x − 2zo∗ t)) μ+,1 (zo∗ )
∗
2
(zo − zo )


0
q⊥
+ /qo





−
m (x, t, zo )
=
b33 (zo )

(M− e−iKΘ LeiKΘ )2 (ζ)
dζ,
(ζ − zo )2
R


Ko
0

∗
m (zo )
μ+,1 (x, t, zo ) = −
− ∗
iq+ /(zo∗ )2
(zo − zo )2
−

(4.8d)

R

(M− e−iKΘ LeiKΘ )2 (ζ)
dζ,
ζ − zo



Ko
2 + (zo − zo∗ )(F o − i(x − 2zo∗ t))
(zo − zo∗ )3
"

K̂o
izo∗
zo∗
i(zo∗ )2
2
∗
−
+ 2 − F̂o −
(x − 2zo t)
μ+,1 (zo∗ )
−
qo (zo − qo2 /zo∗ )2
zo − qo2 /zo∗
qo
qo2


K̂o
i(zo∗ )3
b33 (zo )
Ko

∗
+
−
(z
)
+
m(zo )
μ
+,1
o
(zo − zo∗ )2
qo3 (zo − qo2 /zo∗ )2
(b33 (zo ))2


(4.8c)



1
2πi

−

1
2πi

1
2πi

R

(M− e−iKΘ LeiKΘ )1 (ζ)
dζ
(ζ − zo∗ )2

Ko
[2 + (zo∗ − zo )(Fo + i(x − 2zo t))] m(zo ).
− ∗
(zo − zo )3
Throughout, the (x, t)-dependence was omitted from the right-hand side of all equations
for simplicity.
Similarly to the case of simple zeros, the norming constants can be appropriately
redeﬁned in such a way that the above residue conditions are formulated only in terms
of the columns of the meromorphic matrix M(x, t, z)—plus its derivatives in this case.
For simplicity, however, we omit the relevant calculations. Also, similarly to the case
of simple zeros, from the asymptotic behavior of the solution of the RHP we can
reconstruct the solution of the Manakov system.
Theorem 4.8. Under the same hypotheses as those of Theorem 4.7, the solution
of the defocusing Manakov system with NZBC (1.2) is reconstructed as
#


$
(4.9) qk (x, t) = q+,k − iKo (x, t) mk+1 (x, t, zo ) + Fo + i(x − 2zo t) mk+1 (x, t, zo )
1
−
(M− e−iKΘ LeiKΘ )(k+1)1 (x, t, ζ)dζ,
k = 1, 2.
2π R
The trace formula is also diﬀerent in the presence of double poles. Indeed, one
can use an approach analogous to that used in deriving (3.9) to prove

 ⎫
⎧
ζ2

2
2
2
⎬
⎨
log
1
−
|ρ
(ζ)|
−
|ρ
(ζ)|
1
2
2
2
ζ −qo
z − zo
1
a11 (z) =
dζ .
exp −
∗
⎭
⎩ 2πi R
z − zo
ζ −z
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As before, the trace formula for b33 (z) is obtained from the above using the symmetries (2.35) and (2.43).
Similarly to before, we now restrict our attention to the reﬂectionless case.
Lemma 4.9. Under the same hypotheses as those in Theorem 4.7, the defocusing
Manakov system with NZBC (1.2) is given by following system of linear equations:
(4.10a)
μ+,1 (x, t, zo∗ )


=

(4.10b)
m(x, t, zo )
=
b33 (zo )

+

1
(i/zo∗)q+


+

Ko
m (zo )
zo∗ − zo


Ko
Ko
+ ∗
(Fo + i(x − 2zo t)) m(zo ),
+
(zo∗ − zo )2
zo − zo


K̂o
Ko
i(zo∗ )3
+
μ (z ∗ )
+ −
zo − zo∗
qo3 zo − qo2 /zo∗ +,1 o



K̂o
iz ∗
i(zo∗ )2
zo∗
2
∗
∗
F̂
− o
−
q
/z
)
+
(x
−
2z
t)
−
1
+
(z
o
o
o
o
o
qo (zo − qo2 /zo∗ )2
qo2
qo2
"


Ko
−
1 + (zo − zo∗ )(F o − i(x − 2zo∗ t)) μ+,1 (zo∗ ),
(zo − zo∗ )2


(4.10c)

0
q⊥
+ /qo









Ko
2 + (zo − zo∗ )(F o − i(x − 2zo∗ t))
∗
3
(zo − zo )
"

K̂o
izo∗
zo∗
i(zo∗ )2
2
∗
−
+ 2 − F̂o −
(x − 2zo t))
μ+,1 (zo∗ )
−
qo (zo − qo2 /zo∗ )2
zo − qo2 /zo∗
qo
qo2


K̂o
Ko
i(zo∗ )3
b (zo )
+
−
m(zo ),
μ+,1 (zo∗ ) + 33
∗
2
3
2
∗
2
(zo − zo )
qo (zo − qo /zo )
(b33 (zo ))2

m (x, t, zo )
=
b33 (zo )

(4.10d) μ+,1 (x, t, zo∗ ) = −




Ko
0
m (zo )
− ∗
iq+ /(zo∗ )2
(zo − zo )2
Ko
− ∗
[2 + (zo∗ − zo )(Fo + i(x − 2zo t))] m(zo ),
(zo − zo )3

where, as above, the (x, t)-dependence was omitted from the right-hand side of each
equation for simplicity.
Note that the scattering coeﬃcient b33 (z) appearing in the above system is known
in closed form in the reﬂectionless case thanks to the trace formulae.
4.4. Double-pole dark-bright solitons of the Manakov system. We now
present an explicit solution of the defocusing Manakov system with NZBC corresponding to double zeros of the analytic scattering coeﬃcients. Consider, for simplicity, the
case of a discrete eigenvalue along the imaginary axis. Without loss of generality,
we can parametrize the background state, the discrete eigenvalue, and the norming
constants as
q+ = (1, 0)T ,

zo = iZ,

do =

κ3/2 Zξ+iφ
e
,
Zν

f o = κ6 νn eZξ+i(f −φ) ,

where
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Fig. 4. A solution of the defocusing Manakov system obtained when the analytic scattering
coeﬃcient a11 (z) has a double zero at zo , with q+ = (1, 0)T , zo = .5eiπ/2 , do = i, f o = 1.

ν = 1 − Z 2,

κ = 1 + Z 2,

and with ξ, φ, n, and f arbitrary real constants and 0 < Z < 1. Solving the linear
system of equations (4.8) and inserting these expressions into (4.9), we obtain the
double-pole dark-bright soliton solution


1
q1n (x, t)
(4.11)
q(x, t) =
,
qd (x, t) q2n (x, t)
with
q1n (x, t) = κ2 cosh[2Ξ(x)] + p1Z (x, t) + p1f (x, t),
q2n (x, t) = 4ei(φ+Z

2

t)

{(Zκ3/2 ν x + so ) cosh[Ξ(x)] − (2iZ 2 κ3/2 ν t − s1 ) sinh[Ξ(x)]},

qd (x, t) = κ2 cosh[2Ξ(x)] + p2Z (x, t) + p2f (x, t)
and
Ξ(x) = Z(x − ξ) ,

p1Z (x, t) = −p2Z (x, t) + 8iZ 2 κν t + (2 − 4Z 4 + 2Z 8 )/κν ,

p2Z (x, t) = 2Z 2 κν x2 + 4Z(1 − 3Z 2 )x + 8Z 4 κν t2
+ [3 − Z 2 (10 − 20Z 2 − 2Z 4 − Z 6 )]/κν ,
p1f (x, t) = −p2f (x, t) − 4iκ1/2 νn cos f ,
p2f (x, t) = 4κ−1/2 n[−2Z 2 κν t cos f + (1 − 3Z 2 + Zκν x) sin f ] + 2νn2 ,
so = κνn sin f + (1 − 3Z 2 )κ1/2 ,

s1 = iκνn cos f + Z 2 κ3/2 .

Figure 4 shows a typical proﬁle of this solution. The center of mass of the solution is
localized at x = ξ. The solution appears to be similar to a superposition of two darkbright solitons with the same velocity (which is zero in this case since the eigenvalue is
along the imaginary axis). On the other hand, the two solitons attract each other and
diverge logarithmically, as is evident from the ﬁgure. This behavior is very similar to
that of double-pole solutions of the scalar focusing NLS with ZBC, although in that
case the corresponding solutions are just bright solitons.
An especially simple expression is obtained when n = 0 (i.e., by setting f¯o = 0),
in which case (4.11) reduces to
q1n (x, t) = κ2 cosh[2Ξ(x)] + p1Z (x, t) ,
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Fig. 5. A solution of the defocusing Manakov system obtained when the analytic scattering
coeﬃcient a11 (z) has a double zero at zo , with q+ = (1, 0)T , zo = .5e2πi/5 , do = 2 + i, f o = 3i.

q2n (x, t) = 4κ1/2 ei(φ+Z

2

t)

{(1 − 3Z 2 + Zκν x) cosh[Ξ(x)] + Z 2 κ(1 − 2iν t) sinh[Ξ(x)]},

qd (x, t) = κ2 cosh[2Ξ(x)] + p2Z (x, t) ,
with p1Z (x, t), p2Z (x, t), and Ξ(x) as above. Note, however, that no choice of norming
constants exists for which the two solitons are stationary with respect to each other.
This situation is similar to the double-pole solutions of the scalar focusing NLS with
ZBC. Also, in the limit Z → 1− , (4.11) reduces to the constant background solution.
Of course, double-pole solutions with discrete eigenvalues oﬀ the imaginary axis
can also be easily obtained. An example of such a solution is shown in Figure 5.
Modulo the nonzero velocity, the behavior of this solution is similar to that of the
stationary solution. We emphasize, however, that while in the case of ZBC the moving
solutions can be obtained from the stationary ones simply by applying a Galilean
transformation, this is not the case with NZBC. This diﬀerence can be understood
both from a physical and a spectral point of view. For the former, note that both the
stationary and the moving solutions satisfy the same constant boundary conditions
q(x, t) → q± as x → ±∞, whereas Galilean-boosted stationary solutions would have
an oscillating phase with respect to x as x → ±∞. From a spectral point of view,
note that for the Galilean-boosted stationary solution, the real part of the discrete
eigenvalue is along the imaginary axis, i.e., above the midpoint of the branch cut. In
contrast, for the traveling solution, the discrete eigenvalue does not lie directly above
the branch cut. The same diﬀerence applies to soliton solutions obtained from simple
zeros of the scattering coeﬃcients.
5. Conclusions. As we have seen in the previous sections, unlike the case of
ZBC, the IST for the Manakov system with NZBC presents signiﬁcant diﬀerences
from the IST for the scalar case (i.e., the NLS equation). The most obvious of these
are (i) the need to introduce the adjoint problem to obtain auxiliary eigenfunctions and
complete the eigenfunction bases; (ii) the more complicated symmetries among the
eigenfunctions involving said auxiliary eigenfunctions; (iii) the existence of eigenvalues
oﬀ of Co and the corresponding dark-bright soliton solutions; (iv) the existence of
double-pole solutions.
Another important diﬀerence between the scalar case and the Manakov system
is that for the latter, one cannot exclude the possibility of zeros along the continuous
spectrum. Indeed, a direct expansion of the determinant of the scattering matrix
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yields, for all z ∈ R \ {±qo },
det A(z) = b11 (z)a11 (z) + b12 (z)a21 (z) + b13 (z)a31 (z),
which, applying (2.35), yields
(5.1)

|a11 (z)|2 = 1 + |a21 (z)|2 /γ(z) + |a31 (z)|2 .

Since γ(z) < 0 for z ∈ (−qo , qo ), we cannot exclude possible zeros of a11 (z) in the
interval (−qo , qo ). Similar results follow for a33 (z), b11 (z), and b33 (z). Thus, this
situation is more similar to that of the focusing NLS equation with ZBC, which is
known to admit zeros of the analytic scattering coeﬃcients along the real k-axis [5, 43].
It should be mentioned that in the scalar case, no area theorem is possible with
NZBC [9, 11]. That is, a class of potentials can be produced for which discrete
eigenvalues exist for arbitrarily small deviations from the uniform background. Since
every solution of the scalar NLS equation can be trivially extended to a solution of the
Manakov system, these results imply that no area theorem is possible for the latter
as well. (This is in contrast to the scalar case with ZBC, where a precise lower bound
can be found for the L1 norm of the potential for the existence of discrete eigenvalues
[5, 28].) Similarly, (3.10) indicates that the continuous spectrum can provide a nonzero contribution to the asymptotic phase diﬀerence. Speciﬁc examples illustrating
such situations were provided in [10, 11] for the scalar case, and of course extend
trivially to the Manakov system.
From an applied point of view, we expect the results of this paper to be useful in
characterizing recent experiments in nonlinear optics [12, 20, 36] and Bose–Einstein
condensation [22, 40]. Conversely, from a theoretical point of view, the results in this
paper pave the way for studying several open problems: (i) an investigation of the
possible existence of double zeros on Co (see [19] for a proof of the nonexistence of such
zeros in the scalar case); (ii) an investigation of the possible existence of real spectral
singularities (known to exist in the scalar focusing case [4, 25, 43] and known not to
exist in the scalar defocusing case [19]); (iii) a study of the long-time asymptotics
using the Deift–Zhou method [16, 17] (see [24, 37, 38] for the scalar case); (iv) the
development of an appropriate perturbation theory (see [2, 27] for the scalar case);
(v) the extension of the present approach to the N -component case. (In this regard, we
remark that the N -component case was recently studied in [32] using the approach of
[7], but the results of [32] were incomplete due to the lack of a proper characterization
of the symmetries of the analytic eigenfunctions. We believe that the novel approach
to the symmetries presented in this work will provide the missing link to resolve this
diﬃculty and allow the construction of nontrivial explicit multicomponent solutions.)
Finally, we reiterate that here the direct problem was developed without requiring
that the asymptotic polarizations q+ and q− be collinear. The advantage of imposing
the condition |q†+ q− | = qo is that it ensures that the limits of the analytic scattering
coeﬃcients as z → 0, ∞ are at most a phase (cf. Corollary 2.31). In turn, this simpliﬁes
the asymptotic behavior of the meromorphic matrices M± (x, t, z) appearing in the
RHP, as deﬁned in (3.1) (cf. Lemma 3.2). On the other hand, there are no obstacles to
formulating the inverse problem with general q± , as long as these asymptotic vectors
are not orthogonal (i.e., as long as q†+ q− = 0). Doing so might be important as it
might lead to new and possibly physically relevant exact solutions. Conversely, the
case q†+ q− = 0 requires some additional care, as in this case the matrices M± (x, t, z)
acquire additional poles as z → ∞ and/or z → 0, which then need to be subtracted
in order to regularize the resulting RHP.
We plan to study some of the above problems in the near future.
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Appendix. The following sections contain the proofs of all the results presented
in the main text.
A.1. IST and the invariances of the Manakov system. Recall that if q(x, t)
is any solution of the scalar defocusing NLS equation, qnls (x, t) = (0, q(x, t))T is a
solution of the Manakov system. Also, if q(x, t) is any solution of the Manakov
system and α, v, xo , and to are any real constants, q̄(x, t) = eiα q(x, t) and q̂(x, t) =
q(x − xo , t − to ) are solutions of the Manakov system as well. Finally, for any constant
unitary 2 × 2 matrix U (i.e., UU† = U† U = I), q̌(x, t) = Uq(x, t) is also a solution.
We next show how each transformation aﬀects the IST.
Lemma A.1. Let φ±,nls (x, t, z) and Anls (z) = (aij,nls (z)) denote the 2 × 2 Jost
solutions and scattering matrix of the IST for the scalar case, respectively. We have
⎞
⎛
φ±,11,nls
0
eiθ± φ±,12,nls
⎠,
φ± (x, t, z) = ⎝
0
e−iθ± eiθ2 (x,t,z)
0
iθ±
φ±,21,nls
0
e φ±,22,nls
⎞
⎛
iθ−
0
e a12,nls (z)
a11,nls (z)
⎠,
0
A(z) = ⎝
0
ei(θ+ −θ− )
−iθ+
−i(θ+ −θ− )
e
a21,nls (z)
0
e
a22,nls (z)
where the normalization in [11] for the IST in the scalar case was used.
Lemma A.2. Let φ̄± (x, t, z) and Ā(z) be the Jost solutions and scattering matrix
corresponding to q̄(x, t). We have
(A.2a)

φ± (x, t, z) = ei(α/2)J φ̄± (x, t, z) diag(e−iα/2 , e3iα/2 , e−iα/2 ),

(A.2b)

A(z) = diag(e−iα/2 , e3iα/2 , e−iα/2 )Ā(z) diag(eiα/2 , e−3iα/2 , eiα/2 ).

Proof. Since ei(α/2)J φ̄± (x, t, z) solves the asymptotic scattering problem (2.2), we
may choose Ē± (z) = e−i(α/2)J E± (z) diag(eiα/2 , e−3iα/2 , eiα/2 ). Then since ei(α/2)J φ̄±
and φ± are both fundamental matrix solutions of the asymptotic scattering problem,
there exists an invertible 3×3 matrix C̄(z) such that φ± (x, t, z) = ei(α/2)J φ̄± (x, t, z)C̄(z).
Comparing the asymptotics as x → ±∞ of φ± with those of ei(α/2)J φ̄± C̄ yields
C̄(z) = diag(e−iα/2 , e3iα/2 , e−iα/2 ). Combining (A.2a) with the fact that φ̄− = φ̄+ Ā
yields (A.2b).
The proofs of the remaining lemmas in this section are omitted since they are
similar to the proof of Lemma A.2.
Lemma A.3. Let φ̂± (x, t, z) and Â(z) be the Jost solutions and scattering matrix
corresponding to q̂(x, t). We have
φ± (x, t, z) = φ̂± (x, t, z)eiΘ(xo ,to ,z) ,

A(z) = e−iΘ(xo ,to ,z) Â(z)eiΘ(xo ,to ,z) .

Lemma A.4. Let φ̌± (x, t, z) and Ǎ(z) be the Jost solutions and scattering matrix
corresponding to q̌(x, t). We have
φ± (x, t, z) = diag(1, U† )φ̌± (x, t, z) diag(1, eiu , 1),
A(z) = diag(1, e−iu , 1)Ǎ(z) diag(1, eiu , 1),
where det U = eiu , with u ∈ R.
Finally, note that the Manakov system also possesses a Galilean invariance; i.e., if
q(x, t) is a solution, so is q̆(x, t) = eiv(x−vt) q(x − 2vt, t). Note, however, that if q(x, t)
does not vanish as x → ±∞, q̆(x, t) is outside the class of potentials for which the
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IST can be applied. Therefore, no simple correspondence between the Jost solutions
and scattering matrices can be established.
Definition A.5. We say that q(x, t) is a reducible solution of the Manakov system if there exists a constant unitary 2×2 matrix U such that q(x, t) = U(0, qs (x, t))T ,
where qs (x, t) is a solution of the scalar defocusing NLS.
Note that there is no loss in generality in assuming that the zero in the above
vector is in the ﬁrst entry. We can then combine Lemma A.1 with Lemma A.4 to
obtain the following.
Lemma A.6. If q(x, t) is reducible,
⎛
⎞
a11,nls (z)
0
eiθ− a12,nls (z)
⎠ diag(1, eiu , 1),
0
ei(θ+ −θ− )
0
A(z) = diag(1, e−iu , 1) ⎝
−iθ+
−i(θ+ −θ− )
a21,nls (z)
0
e
a22,nls (z)
e
where det U = eiu , with u ∈ R, and the aij,nls (z) are deﬁned as in Lemma A.1.
A comparison with solutions of the scalar defocusing NLS [11] immediately yields
the following.
Corollary A.7. If q(x, t) is reducible, the analytic scattering coeﬃcients can
only have zeros on Co .
The converse of Corollary A.7 is, however, not true due to the presence of radiation. Also, an immediate consequence of Deﬁnition A.5 is the following.
Corollary A.8. If the analytic scattering coeﬃcients have double zeros on Co ,
then the corresponding solution of the defocusing Manakov system is not reducible.
A.2. Analyticity of the eigenfunctions.
Proof of Theorem 2.1. We start by rewriting the ﬁrst of the integral equations (2.16) that deﬁne the Jost eigenfunctions:
(A.3)


x
−i(x−y)Λ(z)
ei(x−y)Λ(z) E−1
(z)ΔQ
(y,
t)μ
(y,
t,
z)e
dy
.
μ− (x, t, z) = E− (z) I +
−
−
−
−∞

The limits of integration imply that x − y is always positive for μ− (and always
negative for μ+ ). Also, note that the matrix products in the right-hand side of (A.3)
operate columnwise. In particular, letting W (x, z) = E−1
− μ− , for the ﬁrst column w
of W , one has
⎛ ⎞
1
x
(A.4)
w(x, t, z) = ⎝0⎠ +
G(x − y, z)ΔQ− (y, t)E− (z) w(y, t, z) dy ,
−∞
0
where

G(ξ, z) = diag 1, ei(k(z)+λ(z))ξ , e2iλ(z)ξ E−1
− (z) .

(A.5)

Now, we introduce a Neumann series representation for w:
∞

w(x, z) =

(A.6a)

w(n) ,

n=0

with
(A.6b)

w(0)

⎛ ⎞
1
= ⎝0⎠ ,
0

w(n+1) (x, t, z) =

x

C(x, y, t, z) w(n) (y, t, z) dy ,

−∞
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and where C(x, y, t, z) = G(x − y, z)ΔQ(y, t)E− (z). Introducing the L1 vector norm
w = |w1 | + |w2 | + |w3 | and the corresponding subordinate matrix norm C, we
then have
(A.7)

w(n+1) (x, t, z) ≤

x
−∞

C(x, y, t, z)w(n) (y, t, z) dy .

Note that E±  ≤ 1 + qo /|z| and E−1
±  ≤ (1 + qo /|z|)/|γ(z)|. The properties of the
matrix norm imply
(A.8)
C(x, y, t, z) ≤  diag(1, ei(k+λ)(x−y) , e2iλ(x−y) )E− (z)ΔQ(y, t)E−1
− (z)
≤ c(z) (1 + e−(kim (z)+λim (z))(x−y) + e−2λim (z)(x−y) ) q(y, t) − q−  ,
where λim (z) = Im λ(z), kim (z) = Im k(z), and c(z) = (1 + qo /|z|)2 /|γ(z)|. Now,
recall that Im λ(z) > 0 for z in CI . On the other hand, c(z) → ∞ as z → ±qo . Thus,
given  > 0, we restrict our attention to the domain (CI ) = CI \ (B (qo ) ∪ B (−qo )),
where B (zo ) = {z ∈ C : |z − zo | < qo }. It is straightforward to show that c =
maxz∈(CI ) c(z) = 2 + 2/. Next, we prove that for all z ∈ (CI ) and for all n ∈ N,
(A.9a)

w(n) (x, t, z) ≤

M n (x, t)
,
n!

where
x

(A.9b)

M (x, t) = 2c
−∞

q(y, t) − q−  dy .

We will prove the result by induction, following [3]. The claim is trivially true for n =
0. Also, note that for all z ∈ CI and for all y ≤ x, one has 1 + e−(kim(z)+λim (z))(x−y) +
e−2λim (x−y) ≤ 3. Then, if (A.9a) holds for n = j, (A.7) implies
(A.10)
x
3c
1
M j+1 (x, t) ,
q(y, t) − q−  M j (y, t) dy =
w(j+1) (x, t, z) ≤
j! −∞
j!(j + 1)
proving the induction step (namely, that the validity of (A.9a) for n = j implies
its validity for n = j + 1). Thus, if q(x, t) − q− ∈ L1 (−∞, a] for all ﬁnite a ∈ R
and for all  > 0, then the Neumann series converges absolutely and uniformly with
respect to x ∈ (−∞, a) and to z ∈ (CI ) . Similar results hold for μ+ (x, t, z). Since a
uniformly convergent series of analytic functions converges to an analytic function, this
/
demonstrates the validity of (2.17). Note that since q+ = q− in general, q(x, t)−q− ∈
L1 (R), and therefore one cannot take a = ∞. This problem can be resolved using an
approach similar to that of [32] or alternatively by deriving a diﬀerent set of integral
equations for the Jost eigenfunctions, as discussed in the following section. Note also
that, as in the scalar case, additional conditions need to be imposed on the potential
to establish convergence of the Neumann series at the branch points [18].
A.3. Alternative integral representation for the Jost eigenfunctions. In
order to derive the analyticity properties of the scattering coeﬃcients, we found it necessary to introduce an alternative integral representation for the Jost eigenfunctions.
While the resulting equations are slightly more complicated than the standard integral equations (2.16), this representation has the advantage of allowing one to prove
explicitly that μ± (x, t, z) remain bounded for all x ∈ R in their regions of analyticity.
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We follow an approach similar to that used in [18] for the scalar case. Since the
scattering matrix is time-independent, it is suﬃcient to do the calculations at t = 0.
With this understanding, we omit the time dependence from the potential and the
eigenfunctions throughout this subsection.
We ﬁrst note that the scattering problem (2.13) is equivalent to the problem
(A.11)

φx = X̄(x, z) φ + (Q(x) − Qf (x)) φ,

where
(A.12) X̄(x, z) = H(x)X+ (z) + H(−x)X− (z),

Qf (x) = H(x)Q+ + H(−x)Q− ,

and H(x) denotes the Heaviside function (namely, H(x) = 1 if x ≥ 0 and H(x) = 0
otherwise). The advantage of using (A.11) instead of (2.13) is that the “forcing” term
Q − Qf vanishes both as x → −∞ and as x → ∞, which leads to integral equations
that are better behaved. (Correspondingly, the factorized problem (A.11) is now the
same for both φ− and φ+ .) For z ∈ R, we introduce fundamental eigenfunctions
φ̄± (x, z) as square matrix solutions of (A.11) satisfying
(A.13)

φ̄± (x, z) = exX± (z) [I + o(1)],

x → ±∞.

By solving (A.11) in a way similar to that of (2.16), we obtain
x

(A.14a)
(A.14b)

φ̄− (x, z) = Gf (x, 0, z) +
φ̄+ (x, z) = Gf (x, 0, z) −

−∞
∞

Gf (x, y, z)[Q(y) − Qf (y)]φ̄− (y, z) dy,
Gf (x, y, z)[Q(y) − Qf (y)]φ̄+ (y, z) dy,

x

where Gf (x, y, z) is the special solution of the homogeneous problem, i.e., Gx (x, y, z) =
X̄(x, z)G(x, y, z), satisfying the “initial conditions” G(x, x, z) = I. Namely,

(A.15)

⎧ (x−y)X (z)
+
e
,
⎪
⎪
⎪
⎨e(x−y)X− (z) ,
Gf (x, y, z) =
⎪exX+ (z) e−yX− (z) ,
⎪
⎪
⎩ xX− (z) −yX+ (z)
e
,
e

x, y ≥ 0,
x, y ≤ 0,
x, −y ≥ 0,
x, −y ≤ 0.

Using (A.14), we conclude that
(A.16)

φ̄± (x, z) = Gf (x, 0, z) [A∓ (z) + o(1)] ,

x → ∓∞,

z ∈ R,

where
(A.17)

A∓ (z) = I ∓

R

Gf (0, y, z) [Q(y) − Qf (y)] φ̄± (y, z) dy.

Since exX± (z) are bounded for x ∈ R when z ∈ R, assuming that Q(x)−Qf (x) ∈ L1 (R)
and applying Gronwall’s inequality implies φ̄± (x, z) are bounded as x → ∓∞. In
addition, comparing (A.15) with the solutions of the asymptotic scattering problem
(2.2) yields φ̄± (x, z)E± (z) = φ± (x, z), so (A.14) imply
x

(A.18a) φ− (x, z) = Gf (x, 0, z)E− (z) +

−∞

Gf (x, y, z)[Q(y) − Qf (y)]φ− (y, z) dy,
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Gf (x, y, z)[Q(y) − Qf (y)]φ+ (y, z) dy.

x

Note that (A.18a) coincides with (2.16a) for all x ≤ 0, and (A.18b) coincides with
(2.16b) for all x ≥ 0. Additionally, assuming q(x) − q+ ∈ L1 (0, ∞) and q(x) − q− ∈
L1 (−∞, 0) implies Q(x) − Qf (x) ∈ L1 (R), so we can use this information and (A.18)
to prove Theorem 2.1 as well as to establish that μ± (x, z) = φ± (x, z)e−ixΛ(z) remain
bounded as x → ∓∞. This result will be instrumental in proving the analyticity of
the entries of the scattering matrix (see Theorem 2.3 and the following section).
A.4. Analyticity of the scattering matrix.
Proof of Theorem 2.3. We compare the asymptotics as x → ∞ of φ− (x, z) from
(A.16) with those of φ+ (x, z)A(z) from (2.11) to obtain
A(z) = E−1
+ (z)A+ (z)E− (z).

(A.19)

The expression in (A.19) simpliﬁes to the following integral representation for the
scattering matrix:
∞

(A.20) A(z) =

e−iyΛ(z) E−1
+ (z)[Q(y) − Q+ ]φ− (y, z) dy


0
−1
−iyΛ(z) −1
e
E− (z)[Q(y) − Q− ]φ− (y, z) dy .
+ E+ (z)E− (z) I +
0

−∞

A similar expression can be found for B(z). We can now examine the individual entries
of (A.20). In particular, the 1, 1 entry of (A.20) yields an integral representation for
a11 (z), and the corresponding two integrands from (A.20) are, respectively,


1 iλy i †
e
q Δq(y) φ−,11 (y, z) + Δr1 (y)φ−,21 (y, z) + Δr2 (y)φ−,31 (y, z) ,
(A.21a)
γ(z)
z +
3

(A.21b)



c11 (z)T1j (y, z) + c12 (z)T2j (y, z)e−i(k+λ)y

j=1


+ c13 (z)T3j (y, z)e−2iλy φ−,j1 (y, z)eiλy ,

where Δq(x) = q(x) − qf (x) (similarly for Δr(x)) and
E−1
+ (z)E− (z) = (cij (z)),

E−1
− (z)[Q(y) − Q− ] = (Tij (y, z)).

Recall that φ−,1 (y, z)eiλ(z)y is analytic for Im z > 0 and bounded over y ∈ R, so each
term in (A.21a) is analytic for Im z > 0 and bounded when y > 0. Thus, the ﬁrst
integral in the representation (A.20) for a11 (z) deﬁnes an analytic function for all
Im z > 0. Further, recalling that Im λ(z) and Im(k(z) + λ(z)) have the same sign,
we conclude that each term in (A.21b) is analytic for Im z > 0 and bounded when
y < 0, so the second integral also deﬁnes an analytic function for all Im z > 0. Thus,
the integral representation (A.20) for a11 (z) can be analytically extended oﬀ the real
z-axis onto the upper half of the z-plane. The remainder of Theorem 2.3 is proved
similarly.
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A.5. Adjoint problem.
Proof of Proposition 2.4. The result follows by noting that, in the defocusing case,
QT = Q∗ , implying Q† = Q, and by using the fact that for any vectors u, v ∈ C3
one has
[(Ju) × v] + [u × (Jv)] + [u × v] + [(Ju) × (Jv)] = 0,
J[u × v] = (Ju) × (Jv),
Q[u × v] + [(QT u) × v] + [u × (QT v)] = 0,
JQ2 [u × v] + [(J(QT )2 u) × v] + [u × (J(QT )2 v)] = 0.
Proof of Lemma 2.6. We verify (2.28a) with j = 3. Equations (2.24) and (2.23)
yield
v± (x, t, z) = −e−iθ1 (x,t,z) E±,3 (z) + o(1),

x → ±∞.

However, v± must be a linear combination of the columns of φ± , so there exist
scalar functions a± (z), b± (z), and c± (z) such that v± (x, t, z) = a± (z)φ±,1 (x, t, z) +
b± (z)φ±,2 (x, t, z) + c± (z)φ±,3 (x, t, z). Comparing the asymptotics as x → ±∞ in
(2.11) with those of v± yields a± (z) = b± (z) = 0 and c± (z) = −1. The rest of
Lemma 2.6 is proved similarly.
Proof of Corollary 2.7. We suppress the x-, t-, and z-dependence for brevity. Combining (2.28) and (2.19) yields φ̃+,1 = (b22 b33 − b32 b23 )φ̃−,1 + γ(b32 b13 − b12 b33 )φ̃−,2 +
(b22 b13 − b12 b23 )φ̃−,3 . Combining this with (2.25) yields
b̃11 = b22 b33 − b32 b23 ,

b̃21 = γ(b12 b33 − b32 b13 ),

b̃31 = b22 b13 − b12 b23 .

Using a similar process, we ﬁnd that
b̃12 =

1
(b33 b21 − b23 b31 ),
γ

b̃13 = b31 b22 − b21 b32 ,

b̃22 = b33 b11 − b13 b31 ,

b̃32 =

b̃23 = γ(b31 b12 − b11 b32 ),

1
(b13 b21 − b23 b11 ),
γ

b̃33 = b11 b22 − b21 b12 .

Next, note that
⎛

b22 b33 − b23 b32
AT = ⎝b13 b32 − b12 b33
b12 b23 − b13 b22

b23 b31 − b21 b33
b11 b33 − b13 b31
b13 b21 − b11 b23

⎞
b21 b32 − b22 b31
b12 b31 − b11 b32 ⎠ .
b11 b22 − b12 b21

Combining all this information, we ﬁnally obtain (2.29).
Proof of Corollary 2.8. Substituting (2.25) into (2.27) yields the following for
z ∈ R:
(A.22a)



γ(z) χ̄(x, t, z) = eiθ2 (x,t,z) J [b̃23 (z)φ̃−,2 (x, t, z) + b̃33 (z)φ̃−,3 (x, t, z)] × φ̃−,1 (x, t, z)] ,

(A.22b)



γ(z) χ(x, t, z) = eiθ2 (x,t,z) J [b̃11 (z)φ̃−,1 (x, t, z) + b̃21 (z)φ̃−,2 (x, t, z)] × φ̃−,3 (x, t, z) .

Applying (2.28) to (A.22) yields the following for z ∈ R:
(A.23a)

γ(z)χ̄(x, t, z) = b̃23 (z)φ−,3 (x, t, z) − b̃33 (z)γ(z)φ−,2 (x, t, z),
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γ(z)χ(x, t, z) = b̃11 (z)γ(z)φ−,2 (x, t, z) + b̃21 (z)φ−,1 (x, t, z).

We apply (2.29) to (A.23) to obtain (2.30a). Similarly, we obtain
(A.24a)
(A.24b)

γ(z)χ̄(x, t, z) = −ã11 (z)γ(z)φ+,2 (x, t, z) − ã21 (z)φ+,1 (x, t, z),
γ(z)χ(x, t, z) = −ã23 (z)φ+,3 (x, t, z) + ã33 (z)γ(z)φ+,2 (x, t, z).

We then combine (A.24) with (2.29) to obtain (2.30b).
A.6. Symmetries.
Proof of Proposition 2.10. Let φ(x, t, z) be a nonsingular solution of the Lax pair
(2.1a). Then φ†x = φ† X† and φ†t = φ† T† . Indeed, since Q† = Q and z ∈ R,
wx = −J(φ† )−1 φ†x (φ† )−1 = −J(ikJ + Q)Jw = Xw,
wt = −J(φ† )−1 φ†t (φ† )−1 = −J(−2ik 2 J + iJ(−Qx − Q2 + qo2 ) − 2kQ)Jw = Tw.
Thus, w is a solution of the Lax pair.
Proof of Lemma 2.11. Deﬁne
w± (x, t, z) = J(φ†± (x, t, z))−1 ,

(A.25)

z ∈ R.

Also, note that for all z ∈ C,
∗

(eiΘ(x,t,z ) )† = e−iΘ(x,t,z) .

(A.26)
It is easy to see that
(A.27)

w± (x, t, z) = J(E†± (z))−1 eiΘ(x,t,z) + o(1),

x → ±∞.

Since both w± and φ± are fundamental matrix solutions of the Lax pair (2.1a), there
must exist an invertible 3 × 3 matrix C(z) such that (2.41) holds. Comparing the
asymptotics from (A.27) to those from (2.11), we then obtain the desired result.
Proof of Lemma 2.12. Using (2.32), we obtain the following for z ∈ R:
φ∗± = J ([φ±,2 × φ±,3 ], [φ±,3 × φ±,1 ], [φ±,1 × φ±,2 ]) C/ det φ± ,
where we have suppressed the x-, t-, and z-dependence for brevity. We can then apply
(2.30a) and (2.30b) to obtain
(A.28a)
(A.28b)

1
J [χ̄ × φ−,3 ] (x, t, z)e−iθ2 (x,t,z) ,
a33 (z)
1
φ∗+,1 (x, t, z) =
J [χ × φ+,3 ] (x, t, z)e−iθ2 (x,t,z) .
b33 (z)

φ∗−,1 (x, t, z) = −

Recalling the analyticity properties of each function in (A.28) allows us to apply
the Schwarz reﬂection principle to obtain (2.34a) and (2.34b). The rest of (2.34) is
obtained in a similar manner.
Proof of Corollary 2.14. Taking into consideration the boundary conditions (2.11)
and the corresponding boundary conditions for the adjoint eigenfunctions, we obtain
φ∗± (x, t, z) = φ̃± (x, t, z) (for z ∈ R), and thus, by the Schwarz reﬂection principle,
(A.29a)

φ∗±,1 (x, t, z ∗ ) = φ̃±,1 (x, t, z),

Im z ≷ 0,

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

746

GINO BIONDINI AND DANIEL KRAUS

φ∗±,3 (x, t, z ∗ ) = φ̃±,3 (x, t, z),

Downloaded 02/10/15 to 128.205.113.160. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

(A.29b)

Im z ≶ 0.

We can then combine (A.29) and (2.27) to obtain (2.38).
Proof of Lemma 2.16. For z ∈ R, deﬁne W± (x, t, z) = φ± (x, t, qo2 /z). Since W±
and φ± both solve the Lax pair (2.1a), there must exist an invertible 3 × 3 matrix
Π(z) satisfying (2.40). Note that
Θ(x, t, qo2 /z) = KΘ(x, t, z),

(A.30)

where K = diag(−1, 1, −1). Comparing the asymptotics of (2.40) with the asymptotics from (2.11), we have
E± (qo2 /z)eiKΘ(x,t,z) Π(z) = E± (z)eiΘ(x,t,z) ,
which yields (2.41).
A.7. Discrete eigenvalues and bound states.
Proof of Lemma 2.19. It is easy to show that if v(x, t, k) = (v1 , v2 , v3 )T is any
nontrivial solution of the scattering problem,
3

(A.31) −i(k−k ∗ )

|vn (x, t, k)|2 =
n=1


∂ 
|v1 (x, t, k)|2 − |v2 (x, t, k)|2 − |v3 (x, t, k)|2 .
∂x

Now, integrate ((A.31) from −∞ to ∞. If v(x, t, k) ∈ L2 (R), the right-hand side is
zero, but since R v(x, t, k)2 dx = 0, this implies k ∗ = k, i.e., z ∈ R or z ∈ Co . But
for z ∈ R, the eigenfunctions do not decay as x → ±∞, and therefore v(x, t, k) cannot
belong to L2 (R). Thus, the only possibility left is z ∈ Co .
Proof of Lemma 2.20. Suppose a11 (zn ) = 0, where Im zn > 0. The results follow
from a combination of (2.35) and (2.43).
Proof of Lemma 2.21. If χ(x, t, zo ) = 0, then by (2.27), there exists a constant
bo such that φ−,3 (x, t, zo∗ ) = bo φ+,1 (x, t, zo∗ ). However, this corresponds to a bound
state, which would contradict Lemma 2.19. Therefore, χ(x, t, zo ) = 0.
Proof of Lemma 2.22. [(i) ⇔ (ii) and (iii) ⇔ (iv)] The results follow trivially
from (2.46).
[(i) ⇔ (iii)] Assume χ(x, t, zo ) = 0. By Lemma 2.21, |zo | = qo . Then zo = qo2 /zo∗ ,
implying χ(x, t, qo2 /zn∗ ) = 0. The converse follows by using the exact same argument.
[(i) ⇔ (v)] Assume χ(x, t, zo ) = 0. Then (2.27) implies
[φ̃−,3 × φ̃+,1 ](x, t, zo ) = 0,
so there exists a constant b∗o such that φ̃−,3 (x, t, zo ) = b∗o φ̃+,1 (x, t, zo ). Using the
symmetry (A.29) and then taking the complex conjugate yields the desired result.
Conversely, assume there exists a constant bo such that φ−,3 (x, t, zo∗ ) = bo φ+,1 (x, t, zo∗ ).
Then [φ∗−,3 × φ∗+,1 ](x, t, zo∗ ) = 0, which, together with (A.29) and (2.27), implies
χ(x, t, zo ) = 0.
[(v) ⇔ (vi)] Assume such a constant bo exists. Applying the symmetry (2.42)
yields −(iqo /zo∗ )φ−,1 (x, t, qo2 /zo∗ ) = (iqo /zo∗ )bo φ+,3 (x, t, qo2 /zo∗ ). Taking b̃o = −bo gives
the desired result. The converse is proved similarly using (2.42) again.
[(vii) ⇔ (viii)] Using (2.42) as in the proof that (v) ⇔ (vi) will give the result.
[(iv) ⇔ (vii)] This is proved by using (A.29) and (2.27), as in the proof that (i)
⇔ (v).
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Proof of Theorem 2.23. Since a11 (ζo ) = 0, (2.34c) seems to imply that φ−,3 (x, t, z)
has a pole at z = ζo∗ , but this is impossible since φ−,3 (x, t, z) is analytic in the lower
half plane. Hence, one of the eigenfunctions on the right-hand side of (2.34c) must be
zero or the two eigenfunctions must be linearly dependent. Now, suppose χ(x, t, ζo ) =
0. Equation (2.50) implies det Φ+ (x, t, ζo ) = 0, so there must exist constants c1
and c2 such that χ(x, t, ζo ) = c1 φ−,1 (x, t, ζo ) + c2 φ+,3 (x, t, ζo ). But Lemma 2.22
implies that φ−,1 (x, t, ζo ) and φ+,3 (x, t, ζo ) are linearly independent. Thus, in order
for (2.34c) to be ﬁnite at z = ζo , one needs c2 = 0. Repeating with (2.34b), one obtains
c1 = 0. Therefore, χ(x, t, ζo ) = 0. Lemma 2.22 then tells us that χ̄(x, t, ζo∗ ) = 0.
Equation (2.52) then follows immediately by Lemma 2.22.
Proof of Theorem 2.24. Since zn ∈
/ Co , Lemma 2.21 implies that χ(x, t, zn ),
χ̄(x, t, zn∗ ), χ(x, t, qo2 /zn∗ ), and χ̄(x, t, qo2 /zn ) are all nonzero. As in the proof of Theorem 2.23, since a11 (zn ) = 0, (2.34c) implies [χ × φ−,1 ](x, t, zn ) = 0. This proves the
existence of the constant dn . The rest of (2.53) is proved by using (2.34) and the
results from (2.51).
Note that we may write zn = αn + iνn , where νn > 0. Equations (2.5) then yield
 



q2
q2
k(zn ) = 12 αn 1 + o 2 + iνn 1 − o 2
(A.32a)
,
|zn |
|zn |
 



qo2
qo2
1
λ(zn ) = 2 αn 1 −
(A.32b)
+ iνn 1 +
.
|zn |2
|zn |2
We wish to show that a bound state arises from the ﬁrst of (2.53a) unless |zn | < qo .
We start by rewriting that expression as
φ−,1 (x, t, zn ) = dn m(x, t, zn )eiθ2 (x,t,zn) .
Suppose |zn | > qo . We use the asymptotics from Lemma 2.9 and (A.32) to see that the
left-hand side of this equation is bounded as x → ±∞. This results in a bound state,
which contradicts Lemma 2.19. When |zo | < qo , we arrive at no such contradiction,
so we cannot exclude this case.
Finally, suppose b33 (zn ) = 0. Then since φ+,1 (x, t, z) is analytic at z = zn∗ , (2.34b)
implies the existence of a constant co such that χ(x, t, zn ) = co φ+,3 (x, t, zn ). However, (2.53) implies φ−,1 (x, t, zn ) = dn χ(x, t, zn ). Combining these yields φ−,1 (zn ) =
dn co φ+,3 (x, t, zn ). This corresponds to a bound state, which contradicts Lemma 2.19.
Therefore, b33 (zn ) = 0.
Proof of Lemma 2.25. The symmetry (2.42) yields the ﬁrst of (2.54), while differentiating (2.34a) with respect to z, applying (2.52), and comparing the result with
the derivative of (2.34d) yields the second of (2.54).
Proof of Lemma 2.26. Combining (2.53) with the symmetries (2.42) and (2.46)
yields the ﬁrst of (2.55) and the relation dn = (izn∗ /qo )dˆn . Then, evaluating (2.34a)
at z = zn∗ , applying the second of (2.53b), and recalling the deﬁnition of χ(x, t, z)
from (2.27) yields the rest of (2.55).
A.8. Asymptotics. Throughout this section, we will use the shorthand notation
⎞
⎛
e−i(k+λ) m12 e−2iλ m13
m11
eiΛ̂ (M) = eiΛ M e−iΛ = ⎝ei(k+λ) m21
m22
ei(k−λ) m23 ⎠ ,
2iλ
−i(k−λ)
e m31
e
m32
m33
where M is any 3 × 3 matrix. In order to prove Lemmas 2.27 and 2.28, it will be
convenient to decompose (2.56c) into block-diagonal and block-oﬀ-diagonal terms.
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For example, the block diagonal and block oﬀ-diagonal terms of the scattering matrix
A(z) are, respectively,
⎞
⎞
⎛
⎛
0
0
a11 (z)
0
a12 (z) a13 (z)
a22 (z) a23 (z)⎠ ,
0
0 ⎠.
[A(z)]bo = ⎝a21 (z)
[A(z)]bd = ⎝ 0
0
a32 (z) a33 (z)
a31 (z)
0
0
First, note that for any 3 × 3 matrices A and B,
[AB]bd = Abd Bbd + Abo Bbo ,
[AB]bo = Abd Bbo + Abo Bbd ,

 



Abd Bbd d = Ad Bd + Abd o Bbd o ,






Abd Bbd o = Ad Bbd o + Abd o Bd .

(A.33a)
(A.33b)
(A.33c)

We denote the integrand of (2.56c) as

M+ (x, y, t, z) = E+ (z)ei(x−y)Λ̂(z) E−1
+ (z)ΔQ+ (y, t)μn (y, t, z) .
We suppress x-, y-, t-, and z-dependence for simplicity in the following calculations
when doing so introduces no confusion. Since ei(x−y)Λ(z) is a diagonal matrix, and
since ΔQ+ is a block oﬀ-diagonal matrix,

−1
[M+ ]bd = [E+ ]bd ei(x−y)Λ̂ [E−1
+ ]bo ΔQ+ [μn ]bd + [E+ ]bd ΔQ+ [μn ]bo

−1
+ [E+ ]bo ei(x−y)Λ̂ [E−1
+ ]bd ΔQ+ [μn ]bd + [E+ ]bo ΔQ+ [μn ]bo .
Equation (2.8) implies
[E−1
± ]bd =

1
D(z)[E†± ]bd ,
γ(z)

[E−1
± ]bo = −

1
[E† ]bo ,
γ(z) ±

where D(z) = diag(1, γ(z), 1). We then obtain
[M+ ]bd =


[E+ ]bd i(x−y)Λ̂ 
−[E†± ]bo ΔQ+ [μn ]bd + D[E†± ]bd ΔQ+ [μn ]bo
e
γ

[E+ ]bo i(x−y)Λ̂ 
D[E†± ]bd ΔQ+ [μn ]bd − [E†± ]bo ΔQ+ [μn ]bo .
+
e
γ

We now discuss [M+ ]bo . It follows that
[M+ ]bo =


[E+ ]bd i(x−y)Λ̂ 
−[E†± ]bo ΔQ+ [μn ]bo + D[E†± ]bd ΔQ+ [μn ]bd
e
γ

[E+ ]bo i(x−y)Λ̂ 
D[E†± ]bd ΔQ+ [μn ]bo − [E†± ]bo ΔQ+ [μn ]bd .
e
+
γ

We combine (A.33) with (2.56c) to ﬁnd the following for n ≥ 0:
(A.34a)
−γ[μn+1 ]bd = [E+ ]bd

∞
x




 
−[E†± ]bo ΔQ+ [μn ]d − ei(x−y)Λ̂ [E†± ]bo ΔQ+ [μn ]bd
dy
∞

+ [E+ ]bd D
x

o





 
[E†± ]d ΔQ+ [μn ]bo + [[E†± ]bd ]o ΔQ+ [μn ]bo
dy
d

o
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ei(x−y)Λ̂ D[E†± ]d ΔQ+ [μn ]bo + D[[E†± ]bd ]o ΔQ+ [μn ]bo
dy

∞
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+ [E+ ]bd
x

∞

+ [E+ ]bo
x

(A.34b)
−γ[μn+1 ]bo = [E+ ]bd

x

+ [E+ ]bo

∞

+ [E+ ]bo
x

− [E+ ]bo

d



ei(x−y)Λ̂ −[E†± ]bo ΔQ+ [μn ]bo + D[E†± ]bd ΔQ+ [μn ]bd dy






 
D[[E†± ]bd ]o ΔQ+ [μn ]bo + ei(x−y)Λ̂ D[E†± ]d ΔQ+ [μn ]bo
dy

∞
x

∞

o



ei(x−y)Λ̂ D[E†± ]bd ΔQ+ [μn ]bd − [E†± ]bo ΔQ+ [μn ]bo dy,

o

o




  


ei(x−y)Λ̂ D[[E†± ]bd ]o ΔQ+ [μn ]bo
− [E†± ]bo ΔQ+ [μn ]d dy
d

∞

x

d


 




[E†± ]bo ΔQ+ [μn ]bd + ei(x−y)Λ̂ [E†± ]bo ΔQ+ [μn ]d dy
o

− [E+ ]bo

∞
x

o

o


 
 
dy.
ei(x−y)Λ̂ [E†± ]bo ΔQ+ [μn ]bd
d

o

Equations (A.34a) and (A.34b) will allow us to easily use induction to prove Lemmas 2.27 and 2.28.
Proof of Lemma 2.27. The claims in (2.57a) are trivially true for μ0 . Suppose the
claims in (2.57) are true for some n ≥ 0. We then use integration by parts and the
facts that k = z/2 + O(1/z) and λ = z/2 + O(1/z) as z → ∞ to see that the terms in
(A.34a) are O([μn ]bd /z), O([μn ]bd /z 2 ), O([μn ]bo ), O([μn ]bo ), O([μn ]bo /z), O([μn ]bo /z),
O([μn ]bd /z 2 ), and O([μn ]bo /z 3 ), respectively, as z → ∞.
When n = 2m for some m ∈ N, the ﬁrst, third, and fourth terms on the righthand side of (A.34a) are O(1/z m+1 ), the second, ﬁfth, sixth, and seventh terms are
O(1/z m+2 ), and the eighth term is O(1/z m+4 ) (all as z → ∞). Then [μn+1 ]bd =
O(1/z m+1 ) as z → ∞.
When n = 2m + 1 for some m ∈ N, the third and fourth terms on the right-hand
side of (A.34a) are O(1/z m+1 ), the ﬁrst, ﬁfth, and sixth terms are O(1/z m+2 ), the
second and seventh terms are O(1/z m+3 ), and the eighth term is O(1/z m+4 ) (all as
z → ∞). Then [μn+1 ]bd = O(1/z m+1 ) as z → ∞.
Similar results hold for the terms in (A.34b) using the same analysis. Also, the
same results hold for μ− (x, t, z) when it is expanded as a series similar to (2.56a).
Proof of Lemma 2.28. The claims in (2.58a) are trivially true for μ0 . Suppose the
claims in (2.58) are true for some n ≥ 0. We use integration by parts and the facts
that k = O(1/z) and λ = O(1/z) as z → 0 to see that the terms on the right-hand
side of (A.34a) are, respectively, O(z[μn ]bd ), O(z 2 [μn ]bd ), O(z 2 [μn ]bo ), O(z 2 [μn ]bo ),
O(z 3 [μn ]bo ), O(z 3 [μn ]bo ), O(z 2 [μn ]bd ), and O(z[μn ]bo ) as z → 0.
When n = 2m for some m ∈ N, the eighth term on the right-hand side of (A.34a)
is O(z m ), the ﬁrst, third, and fourth terms are O(z m+1 ), and the rest are O(z m+2 ).
Then [μn+1 ]bd = O(z m ) as z → 0.
When n = 2m + 1 for some m ∈ N, the ﬁrst and eighth terms on the righthand side of (A.34a) are O(z m+1 ), the second, third, fourth, and seventh terms are
O(z m+2 ), and the rest are O(z m+3 ). Then [μn+1 ]bd = O(z m+1 ) as z → 0.
Similar results hold for the terms in (A.34b) using the same analysis. Also, the
same results hold for μ− (x, t, z) when it is expanded as a series similar to (2.56a).
Proof of Corollary 2.29. One obtains the results after explicitly calculating the
columns of (2.56a).

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

Downloaded 02/10/15 to 128.205.113.160. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

750

GINO BIONDINI AND DANIEL KRAUS

Proof of Lemma 2.30. The results follow by combining (2.27) with (2.59) and
(2.60).
Proof of Corollary 2.31. One obtains the results by combining the results in
Corollary 2.29 with (2.19).
Proof of Corollary 2.32. Equations (2.63) and (2.65) are obtained by combining
the results in Corollary 2.29 with (2.19) and the results in Lemma 2.6. The asymptotic behavior of a22 (z) and b22 (z) as z → ∞ and z → 0 in (2.64) and (2.66) is
simply a consequence of (2.63) and (2.65), Corollary 2.31, and the fact that a22 (z) =
b11 (z)b33 (z) − b13 (z)b31 (z) and b22 (z) = a11 (z)a33 (z) − a13 (z)a31 (z).
A.9. Inverse problem.
Proof of Lemma 3.1. We start by eliminating the nonanalytic eigenfunctions φ±,2
from (2.19) using (2.30a) and (2.30b):




a13 (z)
χ̄(x, t, z)
φ−,3 (x, t, z)
a23 (z)
a23 (z) b12 (z)
+
φ+,1 (x, t, z) −
−
+
,
φ+,3 (x, t, z) = −
a33 (z) b11 (z)
a33 (z)
a33 (z)
b11 (z)
a33 (z)




a21 (z)
φ−,1 (x, t, z)
a21 (z) b12 (z)
χ̄(x, t, z)
a31 (z)
= 1+
φ+,1 (x, t, z) +
−
+
φ+,3 (x, t, z),
a11 (z)
a11 (z) b11 (z)
a11 (z)
b11 (z)
a11 (z)
b12 (z)
b32 (z)
χ(x, t, z)
χ̄(x, t, z)
=
φ+,1 (x, t, z) −
−
φ+,3 (x, t, z).
b33 (z)
b11 (z)
b11 (z)
b33 (z)


The jump conditions (3.2) are obtained by combining the above expression for φ+,3 (x, t, z)
with the other two equations, recalling (2.47), and applying the symmetries of the
scattering coeﬃcients.
Proof of Lemma 3.2. One obtains the asymptotics of the columns of M± (x, t, z)
by using the asymptotics of the eigenfunctions and the scattering coeﬃcients found
in section 2.6.
Proof of Lemma 3.3. The residue conditions are easily found by combining the
deﬁnitions of the meromorphic matrices (3.1) with the relations in Theorems 2.23 and
2.24.
ζ∗
Proof of Lemma 3.4. The symmetry (2.43) implies a11 (z)|z=ζn = − ζnn a33 (z)|z=ζn∗ .
Combining this information with (2.54) and (3.9) yields (3.5a). Next, combining
(2.55) with the symmetries (found using (2.35) and (2.43))
a11 (z)|z=zn = [b11 (z)|z=zn∗ ]∗ ,

a33 (z)|z=qo2 /zn = [b33 (z)|z=qo2 /zn∗ ]∗ ,

a11 (z)|z=zn = −

qo2 
a (z)|z=qo2 /zn
zn2 33

yields (3.5b).
Proof of Theorem 3.7. For brevity, we suppress x- and t-dependence when doing
so introduces no confusion. To solve (3.2), we subtract from both sides of (3.2) the
quantities deﬁned in (3.3) as well as the residue contributions from the poles inside
and on the circle of radius qo . Namely, we subtract

N1 
Resz=ζi∗ M−
Resz=ζi M+
M∞ + (i/z)M0 +
+
z − ζi
z − ζi∗
i=1
N2

+
j=1

Resz=zj∗ M−
z − zj∗

+

Resz=zj M+
z − zj

N2

+
j=1

Resz=qo2 /zj∗ M+
Resz=qo2 /zj M−
+
z − qo2 /zj
z − qo2 /zj∗

.

The left-hand side of the resulting, regularized RHP is analytic in the upper half zplane and is O(1/z) as z → ∞ there. Also, the right-hand side is analytic in the lower
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half z-plane and is O(1/z) as z → ∞ there. Now, recall that the deﬁnition (3.12a) of
the Cauchy projectors, as well as Plemelj’s formulae: If f ± is analytic in the upper
(resp., lower) half of the z-plane and f ± = O(1/z) as z → ∞ in the appropriate
half plane, then P ± f ± = ±f ± and P + f − = P − f + = 0. Applying (3.12a) to the
regularized RHP yields (3.6).
Evaluating the ﬁrst column of (3.6) at w = ζi∗ (i = 1, . . . , N1 ) or w = zj∗

(j = 1, . . . , N2 ) yields (3.7a), evaluating the third column of (3.6) at w = ζi (i =
1, . . . , N1 ) or w = qo2 /zj∗ (j  = 1, . . . , N2 ) yields (3.7b), and examining the second
column of (3.6) and using the symmetry (2.43) yields (3.7c) and (3.7d). From this,
we will be able to explicitly ﬁnd the residues in the reﬂectionless case.
Proof of Theorem 3.8. The asymptotics from (2.59) imply

(A.35)
qk (x, t) = −i lim z μ+,(k+1)1 (x, t, z) , k = 1, 2.
z→∞

We take M = M− in (3.6) and compare its 2, 1 and 3, 1 elements in the limit as z → ∞
with the corresponding elements found in the ﬁrst of (2.59) to obtain (3.8).
Proof of Lemma 3.9. Recall that a11 (z) is analytic in the upper half z-plane and
N2
1
that it has simple zeros at the points {ζn }N
n=1 on the circle Co and the points {zn }n=1
inside the circle Co . Deﬁne
(A.36)
N1
N1
N2
N2


z − ζn∗ 
z − zn∗
z − ζn 
z − zn
,
β2 (z) = b11 (z)
.
β1 (z) = a11 (z)
∗
z − ζn n=1 z − zn
z − ζn n=1 z − zn∗
n=1
n=1
By construction, β1 (z) is analytic in the upper half z-plane, it has no zeros, and
β(z) → 1 as z → ∞ in the upper half z-plane. The same results hold for β2 (z) in the
lower half z-plane. We use (2.47) and the symmetry (2.35) to write (5.1) as


z2
2
2
(A.37) log a11 (z) − log(1/b11 (z)) = log 1 − |ρ1 (z)| − 2
|ρ2 (z)| ,
z ∈ R.
z − qo2
Combining (A.37) with (A.36) yields



z2
2
(A.38) log β1 (z) − log(1/β2 (z)) = log 1 − |ρ1 (z)| − 2
|ρ2 (z)| ,
z − qo2
2

z ∈ R.

Equation (A.38) is an RHP. Applying P + from (3.12a) to (A.38) yields the desired
result.
Proof of Corollary 3.10. One obtains the result by comparing (3.9) with the
asymptotic behavior of a11 (z) as z → 0 in (2.62a).
A.10. Existence and uniqueness of the solution of the RHP. Since the
spatial and temporal variables x and t only appear as parameters in the formulation
of the RHP, and since their value does not aﬀect the arguments that follow, in this
section we omit the (x, t)-dependence for brevity.
Proof of Theorem 3.11. The proof uses a standard argument (e.g., cf. [14]). In the
absence of a discrete spectrum, M(z) is a sectionally analytic function on C \ R which
satisﬁes the jump condition (3.2) and has the asymptotic behavior in Lemma 3.2.
Letting g(z) = det M(z) and taking the determinant of the jump condition (3.2)
yields
(A.39)

g + (z) = g − (z),

z ∈ R.
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Moreover, Lemma 3.2, implies g(z) = 1+O(1/z) as z → ∞ and g(z) = O(1) as z → 0.
Equation (A.39) then implies that g(z) is an entire function (as there is no singularity
at z = 0) which is also bounded at inﬁnity. Liouville’s theorem then implies g(z) = 1
for all z ∈ C. Thus, M(z) is invertible, and M−1 (z) is also analytic for C \ R.
Now, suppose M̃(z) is another sectionally analytic function which satisﬁes the
jump condition (3.2) and has the asymptotic behavior in Lemma 3.2. Introducing the
matrix Y(z) = M̃(z)M−1 (z) and using again the jump condition (3.2), we have
Y+ (z) = Y− (z),

(A.40)

z ∈ R.

Lemma 3.2 implies Y(z) = I+O(1/z) as z → ∞ and Y(z) = I+O(z) as z → 0. Thus,
Y(z) is an entire function that is also bounded at inﬁnity, and Liouville’s theorem
again allows us to conclude Y(z) = I for all z ∈ C, implying M̃(z) = M(z).
Proof of Theorem 3.12. Again, recall that we consider the case of no discrete
spectrum. Note ﬁrst that, when taking the limit to z ∈ R from the appropriate directions in the complex plane, the limiting values of the Cauchy projectors P ± in (3.12a)
are bounded operators on L2 (R) [34]. Indeed, for f ∈ L2 (R), straightforward algebra
yields

R

f (ζ)
dζ =
ζ − (z ± i)

R

(ζ − z)f (ζ)
dζ ± i
(ζ − z)2 + 2

R

 f (ζ)
dζ.
(ζ − z)2 + 2

As  → 0+ , the ﬁrst integral converges to −π (Hf )(z), where H is a Hilbert transform:
(A.41)

(Hf )(z) = lim

δ→0+

1
π

|ζ−z|≥δ

f (ζ)
dζ.
z−ζ

Also, the second integral converges to ±iπ f (z), since its integrand contains a representation of the Dirac delta. Thus,
(A.42)

1
1
(P ± f )(z) = ± f (z) − (Hf )(z),
2
2i

z ∈ R.

Since H is known to be a bounded operator on L2 (R) [34], we conclude from (A.42)
that the limiting values of P ± as z → R are indeed bounded operators on L2 (R).
Moreover, using again the properties of the Hilbert transform H, we ﬁnd
(A.43)

P + − P − = I.

We now use the methods of [14] to prove the existence of the solution of the RHP.
−1
(z)V− (z) (3.13) of the jump
We begin by recalling the decomposition V(z) = V+
+
−
condition (3.2) M (z) = M (z)V(z), where V± (z) are, respectively, upper/lower
triangular matrices. (Note that here the subscripts ± do not indicate normalization
as x → ±∞ as in the rest of this work.) Thanks to the boundedness and invertibility
of V(z), each triangular matrix on the right-hand side of (3.13) is bounded in L∞ (R)
and invertible. Also, L(z) ∈ L∞ (R) implies that V+ (·) and V− (·) are both in L∞ (R).
Next, recalling from (3.14) that W± = ±(I − V± ) and W = W+ + W− , as well the
deﬁnition (3.15) of Pw , it follows from the above discussion that Pw is a bounded
operator in L2 (R).
In Lemma A.9 below we prove that, under the conditions of Theorem 3.12, I − Pw
is an invertible operator in L2 (R). Then let N be the unique solution of the following
integral equation:
(A.44)

((I − Pw )N)(s) = E+ (s),

s ∈ R.
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Note that I − N ∈ L2 (R). Then deﬁne the matrix function
(A.45)

z∈
/ R,

M# (z) = E+ (z) + (P (NW))(z),

where the Cauchy operator was deﬁned in (3.12b). We next show that M# (z) is a
solution of the RHP deﬁned by Lemmas 3.1, 3.2, and 3.3. Note ﬁrst that M# (z)
is analytic for all z ∈ C \ R. Next we prove that M# satisﬁes the jump condition.
Combining the properties of N with the identity (A.43) and (3.14), we obtain, for all
s ∈ R,
+
+
+
(A.46) M+
# = E+ + P (NW) = E+ + P (NW+ ) + P (NW− )

= E+ + P + (NW+ ) + P − (NW− ) + NW−
= E+ + Pw N + NW− = N(I + W− ) = NV− .
+
−
Similarly, we ﬁnd M−
# = NV+ . Hence, M# = M# V, which is the jump condition (3.2). Finally, it is easy to see from the deﬁnition that M# (z) satisﬁes the
asymptotic behavior from Lemma 3.2 as z → ∞ and z → 0. Thus, M# (z) solves the
RHP deﬁned by Lemmas 3.1, 3.2, and 3.3.
It remains to show that I − Pw is invertible.
Lemma A.9. Under the same hypotheses as Theorem 3.12, the operator I − Pw
is invertible on L2 (R).
Proof. Since I − Pw has Fredholm index zero, it is invertible if and only if I − Pw
is injective [13, 33]. So, suppose (I − Pw )G = 0 for some G(·) ∈ L2 (R), and deﬁne

(A.47)

Mo (z) =

1
2πi

R

G(ζ)W(ζ)
dζ,
ζ −z

z∈
/ R.

−
We then have that Mo (z) is analytic for z ∈ C \ R, M+
o (z) = Mo (z)V(z) for z ∈ R,
Mo (z) = O(1/z) as z → ∞, and Mo (z) = O(1) as z → 0. Then for all α ∈ C, the
matrix M + αMo is a solution of the RHP deﬁned by Lemmas 3.1, 3.2, and 3.3. By
the above uniqueness results, however, it must then be Mo (z) = 0 for all z ∈ C, which
in turn implies P ± (GW) ≡ 0 for all z ∈ R and

G(z)W(z) = ([P + − P − ](GW))(z) = 0 ,

(A.48)

z ∈ R.

Then, following the same steps as in (A.46), we obtain 0 = GV− . But since V− is
invertible, this implies G ≡ 0. Hence I − Pw is invertible.
A.11. Reﬂectionless solutions.
Proof of Lemma 3.13. In the reﬂectionless case, the reﬂection coeﬃcients in (2.47)
are all identically zero. This, combined with the ﬁrst and second symmetries of the
scattering matrix, which express all oﬀ-diagonal entries of the scattering matrix in
terms of the reﬂection coeﬃcients, yields the result.
Proof of Theorem 3.14. For i = 1, . . . , N1 and j = 1, . . . , N2 , deﬁne
(1)

Ci (x, t)
,
z − ζi

di (x, t, z) =

Ďj (x, t)
,
z − qo2 /zj

dj (x, t, z) =

di (x, t, z) =
(4)

dj (x, t, z) =

(2)

C i (x, t)
,
z − ζi∗

dj (x, t, z) =

(3)

Dj (x, t)
,
z − zj

(5)

Dj (x, t)
,
z − zj∗

dj (x, t, z) =

(6)

D̂j (x, t)
.
z − qo2 /zj∗
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Then in the reﬂectionless case, we obtain the following for i = 1, . . . , N1 and j  =
1, . . . , N2 :
∗
m−
21 (x, t, ζi ) =

m+
23 (x, t, ζi )

N

N

N

1
2
q+,1
(2)
(4)
∗
2
=
+
di (ζi )m−
dj (ζi )m−
21 (ζi ) −
22 (qo /zj ),
qo
i=1
j=1

∗
m−
23 (x, t, zj  ) =

iq+,1
+
zj∗

N1

(1)

di (zj∗ )m+
23 (ζi ) +

i=1

N2

(3)

dj (zj∗ )m+
22 (zj ),

j=1

N1

N

2
q+,1
(2)
(4)
∗
2
+
di (qo2 /zj∗ )m−
dj (qo2 /zj∗ )m−
21 (ζi ) −
22 (qo /zj ),
qo
i=1
j=1

2
∗
m+
23 (x, t, qo /zj  ) =

2
m−
22 (x, t, qo /zj  )

N

1
2
iq+,1
(1)
(3)
+
di (ζi∗ )m+
dj (ζi∗ )m+
23 (ζi ) +
22 (zj ),
∗
ζi
i=1
j=1

N

2
r+,2
(5)
=
−
dj
qo
j=1

m+
22 (x, t, zj  ) =

N2



qo2
zj 



∗
m−
21 (zj )

N2

+
j=1

(6)
dj



qo2
zj 



2
∗
m+
23 (qo /zj ),

N2

r+,2
(5)
(6)
∗
2
∗
−
dj (zj  )m−
dj (zj  )m+
21 (zj ) +
23 (qo /zj ).
qo
j=1
j=1

However, this system of equations reduces considerably if we take into account the
symmetries from (2.40) and (2.46). The reduced system is
m+
23 (x, t, ζi ) =

N

N

1
2
ζi (2)
q+,1
(4)
+i
di (x, t, ζi )m+
(x,
t,
ζ
)
−
dj (x, t, ζi )m+
i
23
22 (x, t, zj ),
qo
q
o
i=1
j=1

m+
22 (x, t, zj  ) =
∗
m−
21 (x, t, zj  ) =


N2 
izj∗ (6)
r+,2
(5)
∗
−
dj (x, t, zj  ) m−
dj (x, t, zj  ) +
21 (x, t, zj ),
qo
q
o
j=1
N

N

1
2
iq+,1
(1)
(3)
+
∗
+
d
(x,
t,
z
)m
(x,
t,
ζ
)
+
dj (x, t, zj∗ )m+

i
j
23
22 (x, t, zj ).
i
zj∗
i=1
j=1

Substituting the third equation into the second in the reduced system yields
m+
22 (x, t, zj  )



N2
izj∗ (6)
iq+,1 (5)
r+,2
=
−
d (x, t, zj  )
dj (x, t, zj  ) +
qo
zj∗
qo j
j=1

N2 N1

−



(5)
dj (x, t, zj  )

j=1 i=1
N2

N2

−
j=1 j  =1


izj∗ (6)
(1)
+
d (x, t, zj  ) di (x, t, zj∗ )m+
23 (x, t, ζi )
qo j



izj∗ (6)
(5)
(3)
dj (x, t, zj  ) dj  (x, t, zj∗ )m+
dj (x, t, zj  ) +
22 (x, t, zj  ).
qo

+
The equations for m+
23 (x, t, ζi ) and m22 (x, t, zj  ) form a closed system of N1 + N2
equations with N1 + N2 unknowns. We can ﬁnd a similar system involving the third
+
elements of m+
2 (x, t, zj  ) and m3 (x, t, ζi ). These systems may be written GXn = Bn
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(n = 1, 2), where Xn = (Xn1 , . . . , Xn(N1 +N2 ) )T and


m+
i = 1, . . . , N1 ,
(n+1)3 (ζi ),
Xni =


m+
(n+1)2 (zi −N1 ), i = N1 + 1, . . . , N1 + N2 .
Using Cramer’s rule, the components of the solutions of said systems are
(A.49)

Xni =

det Gaug
ni
,
det G

i = 1, . . . , N1 + N2 ,

n = 1, 2,

where Gaug
ni = (G1 , . . . , Gi−1 , Bn , Gi+1 , . . . , GN1 +N2 ). Substituting the determinant
form of the solution (A.49) into (3.8) yields (3.16).
A.12. Double poles.
Proof of Lemma 4.1. Diﬀerentiating (2.50a) with respect to z, evaluating the
result at z = zo , and using (2.53) yields

(A.50)
det φ−,1 (x, t, zo ) − do χ (x, t, zo )/b33 (zo ), χ(x, t, zo ), φ+,3 (x, t, zo ) = 0.
Then a linear combination of the eigenfunctions in (A.50) must be zero. In other
words, there exist appropriate constants (not all zero) such that
po [φ−,1 (x, t, zo ) − do χ (x, t, zo )/b33 (zo )] + p1 χ(x, t, zo ) + p2 φ+,3 (x, t, zo ) = 0.
Note that the possibility p1 = p2 = 0 does not lead to any contradictions, but we
ignore this possibility for now since it will be a special case of more general results.
Suppose po = 0. Then χ(x, t, zo ) is proportional to φ+,3 (x, t, zo ). This result, however,
implies that φ+,3 (x, t, zo ) is proportional to φ−,1 (x, t, zo ), due to Theorem 2.24. As a
result, we have a bound state, which contradicts Lemma 2.19. Therefore, po = 0, and
we can rescale the constants to obtain the ﬁrst of (4.1). The rest of (4.1) is obtained
similarly.
Proof of Corollary 4.3. The results are trivially obtained after combining the
results of Lemma 4.1 with Proposition 4.2.
Proof of Lemma 4.4. One simply diﬀerentiates the relations for the analytic
scattering coeﬃcients in (2.35) and (2.43) with respect to z to obtain the desired
results.
Proof of Lemma 4.5. One obtains the results by diﬀerentiating (2.42) and (2.46)
with respect to z.
Proof of Lemma 4.6. The symmetries (4.5a) follow trivially from Lemma 2.26.
Applying (4.4) to (4.1a) and (4.1) yields go = (qo2 /zo2 )ǧo , ḡo = (iqo /zo∗ )ĝo , the second
of (4.5b), and the ﬁrst of (4.5c). The ﬁrst of (4.5b) and the identity go = 0 are
obtained by diﬀerentiating (2.34a) with respect to z, evaluating the result at z = zo∗ ,
applying Theorem 2.24 and (4.1d), using (2.27), and ﬁnally comparing with (4.1a).
A similar process is used to show that ḡo = 0. The above symmetries then imply
ǧo = ĝo = 0.
Proof of Theorem 4.7. We set up the RHP in the same way that we did in (3.2).
However, as mentioned earlier, in order to normalize the RHP, we must subtract the
rest of the principal parts of the Laurent series corresponding to the entries of M± .
In a neighborhood of z = zo , we write
M+ (x, t, z) =

M+
M+
−2,zo
−1,zo
+
+ M+
0,zo ,
(z − zo )2
z − zo
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where M+
0,zo (x, t, z) is analytic in a neighborhood of z = zo , and similarly at the
symmetric points of the discrete spectrum. We then subtract the necessary terms
from (3.2) and apply the Cauchy projector from (3.12a) to obtain (4.7).
Equation (4.8a) is obtained by taking M = M− in (4.7) and evaluating its ﬁrst
column at z = zo∗ , while (4.8b) is obtained by taking M = M+ in (4.7), evaluating its
second column at z = zo , and applying the symmetries (2.42) and (4.4). To obtain
(4.8c) and (4.8d), we diﬀerentiate (4.7) with respect to z to obtain
M (x, t, z) = −(i/z 2)M0 −
−

M+
M−
M−
M+
−1,qo2 /zo∗
−1,qo2 /zo
−1,zo∗
−1,zo
−
−
−
2
2
∗
2
∗
2
(z − zo )
(z − qo /zo )
(z − zo )
(z − qo2 /zo )2

2M+
2M−
2M−
2M+
−2,zo∗
−2,qo2 /zo∗
−2,qo2 /zo
−2,zo
−
−
−
,
3
2
∗
3
∗
3
(z − zo )
(z − qo /zo )
(z − zo )
(z − qo2 /zo )3

and we evaluate the columns of M at the appropriate points.
Proof of Theorem 4.8. The result is obtained easily by examining the ﬁrst column
of M− from (4.7) and comparing this with (A.35).
Proof of Lemma 4.9. Simply considering the system of equations (4.8) in the reﬂectionless case and combining the resulting closed set of linear equations with (4.9) yields
the corresponding solutions of the defocusing Manakov system with NZBC.
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