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Quasi-linear optical pulses in strongly dispersion-managed
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A unified analytical description of the evolution of quasi-linear optical pulses and solitons in strongly disper-
sion-managed transmission systems is developed. Asymptotic analysis of the nonlocal equation that describes
the averaged dynamics of a dispersion-managed system shows that the nonlinearity decreases for large map
strength s, as O�log s�s�. The spectral intensity is found to be an invariant of the propagation, which al-
lows the phase shift to be computed. These findings provide a clear description of pulse propagation in the
quasi-linear regime, which is characterized by much lower energies than those required for stable disper-
sion-managed soliton transmission with the same dispersion map. © 2001 Optical Society of America
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In recent years, considerable research has been
devoted to the study of fiber-optic communication
systems employing strong periodic dispersion manage-
ment for both quasi-linear and soliton transmission.
In quasi-linear (low-power) systems, strong disper-
sion management is used to compensate for fiber
dispersion, manage fiber nonlinearity, and suppress
interchannel cross talk.1,2 In soliton systems, disper-
sion management provides increased robustness to
the amplifier noise and the reduction of timing jitter
arising from nonlinear interactions between signals
(cf. Ref. 3). In strongly dispersion-managed (DM)
systems, the nonlinear Schrödinger (NLS) equation
that describes the pulse dynamics in optical f ibers
is perturbed by a large and rapid periodic varia-
tion of the dispersion. As a result, the dynamics
is asymptotically governed by a nonlocal equation
[Eq. (2), below] that is obtained by employment of an
appropriate multiscale expansion of the perturbed
NLS equation.4 We refer to this equation as the
dispersion-managed nonlinear Schrödinger (DMNLS)
equation (see also Ref. 5). DM solitons are solutions
of the DMNLS equation and their evolution and
interaction properties have been studied in Ref. 6.

In this Letter we study the evolution of opti-
cal pulses in the quasi-linear regime based on the
DMNLS equation. By employing an asymptotic ex-
pansion of the nonlinear term of the DMNLS equation,
we quantify the significant reduction of the effective
nonlinearity for large map strength. In this regime
the nonlinearity yields a phase shift in the frequency
domain, preserving the spectral intensity of the pulse
during propagation. The analysis shows how strong
dispersion management also effectively manages
nonlinearity.

We start the analysis from the perturbed NLS
equation
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where all quantities are expressed in dimensionless
units. The functions d�z� and g�z� describe the local
group-velocity dispersion (GVD) of the fiber and the
variation of power owing to loss and lumped amplifi-
cation, respectively, which are both periodic, with pe-
riod za ,, 1. As is standard, g�z� is given by g�z� �
g0 exp�22G�z 2 nza��, nza # z , �n 1 1�za, with g0 �
2Gza��1 2 exp�22Gza��, where G is the dimensionless
loss coeff icient.

To model strong dispersion management, we write
d�z� as d�z� � �d� 1 �1�za�D�z�za�, where the con-
stant �d� represents the path-average dispersion and
D�z�za� describes the rapid variation of GVD with zero
average. An appropriate multiscale expansion of the
perturbed NLS equation yields the following nonlocal
(DMNLS) equation,4 represented in the frequency
domain for convenience:
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where û�z,v� � Û �z,v�exp�2iC�z�za�v2�2� and r�x� �R1
0 dzg�z �exp�iC�z �x���2p�2, with dC�z ��dz � D�z � and

û�z,v� �
R

`

2` dtu�z, t�exp�ivt�. Hereafter we consider
a two-step dispersion map composed of fiber segments
of equal length with positive and negative constant
values of GVD, D�z� � 6D, respectively. In this pro-
file the map strength (depth) is given by s � �d 2
�d��za�4 � D�4 (note that the map strength is usually
defined in terms of dimensional quantities7; cf. Ref. 6).
For a lossless system [i.e., when g�z� � 1] the kernel
r�x� is (in the lossy case; see Ref. 6)
© 2001 Optical Society of America
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It is clear from Eq. (3) that r ! 0 as s ! ` (see also
Refs. 8 and 9) but the precise estimate requires some
detailed analysis.

To analyze the behavior of quasi-linear optical pulses
using Eqs. (2) and (3), we assume that Û �z,v� depends
only weakly on s. (This assumption is not valid for
DM solitons, owing to the large dependence of pulse en-
ergy on s.7) Asymptotic evaluation of Eqs. (2b) with
Eq. (3) then leads to

I �Û �z,v�� � C�jÛ �z,v�j2�Û �z,v� 1 O�1�s2� , (4a)
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where g � 0.57722 is Euler’s constant10 and
f �v� � �1�p�

R
`

2` dt logjtjexp�ivt�. This result is
obtained either by use of the method of stationary
phase in Eq. (2b) with Eq. (3) or by writing the DMNLS
equation in the time domain with the correspond-
ing integration kernel,4 R�tt0� � ci�jtt0�sj���2pjsj�,
where ci�x� �

R`

1 dy cos�xy��y. [As x ! 0, ci�x� �
2g 2 ln x 1 O�x� (Ref. 10)]. Neglecting O�1�s2�
terms, we find that the spectral intensity jÛ �z,v�j2
is preserved during pulse propagation with Eq. (2a).
Correspondingly, the solution of Eq. (2a) is

Û �z,v� � Û �0,v�exp	i�d�v2z�2 1 iC�jÛ �0,v�j2�z
 .

(5)

The linear phase shift can be corrected by pretrans-
mission or posttransmission compensation. After this
linear phase is removed, or if the system has a small
value of path-average dispersion ��d� ,, 1�, the aver-
aged dynamics of the quasi-linear pulse transmission
is characterized only by the nonlinear phase shift
fNL�z,v� � C�jÛ �0,v�j2�z. We also note that the
large value of s effectively reduces the nonlinearity
by O�log s�s�, or, equivalently, the nonlinear distance
is increased by 2ps�log s. Therefore a pulse in a
strongly DM system will be able to propagate for much
longer distances before being distorted by the non-
linearity, as opposed to a pulse with the same energy
in a system with constant dispersion. As a result,
strong dispersion management allows stationary pulse
propagation in the quasi-linear regime, with energies
comparable to those of classical NLS solitons but at
the same time much lower than the energies required
for formation of a stable DM soliton at �d� � 0 for
the same value of s, owing to the energy enhance-
ment of DM solitons.7 These results provide a clear
analytical description of quasi-linear return-to-zero
pulses with large map strength, as employed in recent
experiments and numerical simulations.11,12
The DMNLS equation is applied with strong disper-
sion management independently of the transmission
format. Hence this equation describes the dynamics
of both DM solitons and quasi-linear pulses within
the approximation of the DMNLS equation. In many
situations, DM solitons can be approximated by
uDMS�z, t� � a�2pj�z��21�2exp�2t2�2j�z��exp�il2z�2�,
where j�z� � b 1 iC�z� and l is directly related to
the pulse energy.6 Indeed, quasi-linear modes with
initial Gaussian shape, ignoring the nonlinear phase
shift fNL with �d� ,, 1, propagate in a similar fashion
to DM solitons but with l � 0. This shows that the
two transmission formats are closely related, which
is in consistent with recent numerical observations in
Ref. 13.

To test our model, we compared the analytical
results with direct numerical simulations of Eq. (1).
In the following, we take the incident pulse to
be a Gaussian u�0, t� � �1�

p
b �exp�2t2�b�. The

nonlinear phase shift at v � 0 is then given by
fNL�z,0� � �1�s�log�s�b�z. We also restrict ourselves
to the particular case of �d� � 0, although we reiterate
that, even in the presence of �d�, similar results can
be obtained by employment of postcompensation of
the cumulative GVD. In Fig. 1 we plot the shape of
the quasi-linear pulse for s � 100 and G � 0 after a
propagation of z � 20, as well as the initial profile with
b � 1.0. As predicted from the model, the spectral
intensity is an invariant of the propagation, whereas
small pulse broadening induced by the nonlinearity
is observed in temporal domain as a result of the
acquired nonlinear chirp ≠fNL�≠v in the frequency
domain (which is similar to the self-phase modulation
in the time domain). In simulations including loss, we
observe only a small spectral narrowing of the pulse.
Figure 2 shows a plot of the phase shift fNL�z,v � 0�
at z � 1 as a function of s, in both the lossless �G � 0�
and lossy �G � 10� cases. Remarkable agreement
between the analytical and the numerical results
can be seen in Fig. 2, which confirms the validity of
the asymptotic expansion of Eq. (4b). In addition,
although the asymptotic analysis above is restricted
to the lossless case, this result indicates that the lossy
case will follow similar lines. Note that stationary
transmission is possible in the quasi-linear regime
with energy ERZ � 1.77, which is compatible with

Fig. 1. Shape of the quasi-linear Gaussian pulse after a
propagation of z � 20 (solid curves) and the initial prof ile
(dotted curves) for s � 100, �d� � 0, and G � 0: (a) fre-
quency domain, (b) time domain. In (a), the dotted curve
is indistinguishable from the solid curve.
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Fig. 2. Nonlinear phase shift fNL�v � 0� of the quasi-
linear Gaussian pulse with b � 0.5, 1.0. The solid curve is
the analytical result (see text), and the circles and crosses
are the numerical results obtained from the direct simula-
tion of Eq. (1) with G � 0 and G � 10, respectively.

the energy required for DM soliton propagation with
moderate map strength14 (EDMS � 1.5 for s � 8.5 and
�d� � 1.2). However, the DM soliton at s � 100 and
�d� � 0 has energy EDMS .. ERZ.

The nonlinear chirp can induce significant pulse dis-
tortions with smaller values of s. However, we can
use the quadratic approximation of fNL to compensate
partially for the nonlinear broadening by expanding
fNL in Taylor series with respect to v: fNL�z,v� �
fNL�z, 0� 1 f

00
NL�z, 0�v2�2 1 . . . . In particular, for the

Gaussian pulses considered here we have f
00
NL�z, 0� �

�2b�s� �log�s�b� 2 2�z. We numerically compared the
rms pulse width before and after compensation, us-
ing s � 10. We found an initial pulse with a rms of
0.707 broadens to 1.254 at z � 20 without compensa-
tion. But with compensation rms is returned to 0.771,
which is a significant improvement.

In conclusion, we have presented a unified analyti-
cal model for studying the dynamics of quasi-linear
optical pulses and solitons in strongly dispersion-man-
aged systems. The evolution of the quasi-linear mode
is governed by the DMNLS equation, where the non-
linearity, mitigated by O�log s�s�, is responsible for
a phase shift in the frequency domain, resulting in
some pulse broadening in temporal domain. Thus via
the DMNLS equation we establish a striking differ-
ence between quasi-linear modes where nonlinearity is
suppressed and DM solitons where nonlinearity bal-
ances dispersion. Finally, we note that strongly DM
systems suffer from nonlinear intrachannel interac-
tions,15,16 which may need the use of dispersion man-
agement with moderate map strengths.
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