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Abstract
The interaction of an oblique line soliton with a one-dimensional dynamic mean
flow is analyzed using the Kadomtsev–Petviashvili II (KPII) equation. Building
upon previous studies that examined the transmission or trapping of a soliton
by a slowly varying rarefaction or oscillatory dispersive shock wave (DSW) in
one space and one time dimension, this paper allows for the incident soliton
to approach the changing mean flow at a nonzero oblique angle. By deriving
invariant quantities of the soliton–mean flow modulation equations—a system
of three (1 + 1)-dimensional quasilinear, hyperbolic equations for the soliton
and mean flow parameters—and positing the initial configuration as a Riemann
problem in the modulation variables, it is possible to derive quantitative pre-
dictions regarding the evolution of the line soliton within the mean flow. It
is found that the interaction between an oblique soliton and a changing mean
flow leads to several novel features not observed in the (1 + 1)-dimensional
reduced problem. Many of these interesting dynamics arise from the unique
structure of the modulation equations that are nonstrictly hyperbolic, includ-
ing a well-defined multivalued solution interpreted as a solution of the (2 +
1)-dimensional soliton–mean modulation equations, in which the soliton inter-
acts with the mean flow and then wraps around to interact with it again. Finally,
it is shown that the oblique interactions between solitons and DSW solutions
for the mean flow give rise to all three possible types of two-soliton solutions
of the KPII equation. The analytical findings are quantitatively supported by
direct numerical simulations.

∗Author to whom any correspondence should be addressed.
Recommended by Dr Karima Khusnutdinova.

1361-6544/21/063583+35$33.00 © 2021 IOP Publishing Ltd & London Mathematical Society Printed in the UK 3583

https://doi.org/10.1088/1361-6544/abef74
https://orcid.org/0000-0002-0562-4854
https://orcid.org/0000-0001-5883-6562
https://orcid.org/0000-0003-3835-1343
mailto:samuel.ryskamp@colorado.edu
http://crossmark.crossref.org/dialog/?doi=10.1088/1361-6544/abef74&domain=pdf&date_stamp=2021-6-16


Nonlinearity 34 (2021) 3583 S Ryskamp et al

Keywords: solitons, Kadomtsev–Petviashvili, hydrodynamic systems,
Whitham theory, dispersive shock waves

Mathematics Subject Classification numbers: 35C08, 35L67, 35Q53, 37K40,
76B25.

(Some figures may appear in colour only in the online journal)

1. Introduction

The study of interactions between rapidly-varying waves and a slowly-varying mean flow is
a problem of fundamental importance in fluid mechanics and other media. It arises naturally
in applications such as internal water waves [1–3], atmospheric waves [4, 5], and shallow
water waves [6, 7]. Wave–mean flow interactions are especially relevant in geophysical fluid
dynamics, as the typical scales of gravity waves are too small to be resolved in large-scale
numerical simulations, but these features can still affect the evolution of the system [8, 9].
A related problem of recent interest, especially pertaining to internal waves, is wave-current
interactions [10, 11]. Slowly-varying currents are ubiquitous in oceans, rivers, and canals, and
they can significantly influence the propagation of a disturbance through a fluid. Wave–mean
flow interactions can also be considered in other applications such as nonlinear optical and
matter waves [12, 13].

In many of these applications, the study of solitary waves is of particular importance, as
these objects move rapidly and can transfer large amounts of energy [10]. For example, inter-
nal solitary waves [14]—frequently imaged via aerial photography [15, 16]—can have both
small-scale impacts on deep water objects [17] and large-scale effects on climates and cur-
rents [10]. Internal solitons can also draw energy from or attenuate background flows [18, 19].
Consequently, a number of recent studies have examined the interactions of solitons with a
changing background flow in the context of nonlinear, dispersive systems in one space and one
time dimension (referred to as (1 + 1)-dimensional), including the Korteweg–de Vries (KdV)
[20, 21], rotation modified KdV [18], rotation modified Benjamin–Ono [19], focusing non-
linear Schrödinger (NLS) [12, 22], the defocusing NLS [13], and conduit [21, 23] equations.
The analysis of soliton–mean flow interactions for these long wavelength models provides a
foundation for investigating more complex, realistic flows [8].

The most fundamental soliton–mean flow problem considers a dynamic mean flow ū that
results from a Riemann problem [12, 20, 21], that is, a problem in which the initial configuration
consists of a discontinuous jump between two constant values [24, 25]. Most commonly, solu-
tions include rarefaction waves (RWs) for expansive initial conditions and dispersive shock
waves (DSWs) for compressive initial conditions. When a soliton is normally incident to a
RW or DSW, two possible outcomes have been identified [21]. First, the soliton can pass
entirely through the mean flow with some change in parameters, a phenomenon known as soli-
ton transmission or tunnelling. However, if the soliton has insufficient amplitude and velocity
to surmount the RW or DSW, the soliton remains trapped within the changing mean flow,
termed soliton trapping. Solutions to the Riemann problem form building blocks that can be
generalized to other types of mean flows.

Multiple-scale analysis is a natural tool for many wave–mean flow problems. Linear
wave–mean flow interactions were first studied by a scale separation technique in [26, 27],
which has been generalized to the nonlinear wave setting using Whitham modulation theory
[28]. This approach utilizes averaged conservation laws or an averaged Lagrangian to approxi-
mate nonlinear wave dynamics with a quasilinear, hyperbolic system of equations for the wave
parameters that vary on long space and slow time scales [26]. In general, it is possible to cal-
culate adiabatically invariant quantities across a changing mean flow, which can then be used
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Figure 1. Contour plot of a KP soliton, where q = tanϕ is a measure of the soliton incli-
nation relative to the y-axis. The colorbar shows the relative magnitudes of the various
colors which will be used throughout this paper.

to determine parameters on either side of the RW or DSW. Whitham modulation theory [29]
has proven quite effective at predicting changes in wave parameters through the mean flow
[13, 21, 30].

However, previous studies of soliton–mean flow interactions have only considered govern-
ing equations in one space and one time dimension. One important unanswered question is
how the transmission or trapping of solitons is affected by a spatial perturbation of the soliton
along a direction different from the propagation direction. In this study, we allow a soliton to
approach the mean flow at a nonzero incident angle and examine how this transverse inclina-
tion affects the soliton–mean flow interaction. We will do this analysis in the framework of
the initial value problem for the Kadomtsev–Petviashvili (KP) equation, originally derived to
study the multidimensional stability of KdV solitons by introducing a generalization of the
KdV equation [31]:

(ut + uux + uxxx)x + βuyy = 0, (x, y) ∈ R, t > 0, (1)

subject to u(x, y, 0) = u0(x, y), where β = ±1. It is well known that only β = 1 (known as
KPII) leads to stable, travelling line soliton solutions, so that is the case we will exclusively
consider here [31]. KPII line solitons are a three-parameter family of travelling wave solutions
with amplitude a on a background or mean flow ū,

u(x, y, t) = ū + a sech2

(√
a

12
(x + qy − ct)

)
, c = ū +

a
3
+ q2, (2)

where q = tanϕ is a measure of the transverse inclination of the soliton (see figure 1) and c is
the soliton propagation velocity in the x-direction. When q = 0, (2) reduces to the well-known
KdV soliton. The goal of this work is to understand and classify the interactions of oblique
line solitons (2) with one-dimensional mean flows, i.e. the solutions to the KdV Riemann
problem.

This problem has both physical and mathematical interest. The KP equation (1) has been
utilized to model surface water waves [32–34], internal water waves [35, 36], and ion-acoustic
waves in plasma [37]. The universal character of the KdV equation also translates to the KP
equation, and the general nature of the problem means that its principal insights hold true
over a wide variety of physical scenarios. Our method for solving this problem—analyzing
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the y-independent KP soliton modulation equations—yields interesting mathematical features
as well. For example, this diagonalizable, three-component, quasilinear system is nonstrictly
hyperbolic [38], causing some initial conditions to become multivalued. In this scenario, we
will need to appeal to the (2 + 1)-dimensional soliton modulation system to determine regimes
of validity for the (1 + 1)-dimensional multivalued solution.

The addition of an oblique incident angle yields a rich variety of phenomena. Oblique soliton
transmission and trapping can both occur either from an initial soliton to the left or the right of
the mean flow, unlike one-dimensional solitons which have directionally limited transmission
or trapping. The trapping of a soliton starting to the right of a DSW is shown to be closely
related to the much-studied effect of line soliton resonance [39]. Another novel effect is that
large soliton amplitude alone is insufficient to guarantee transmission. Line solitons can also
experience ‘incomplete’ transmission, a behaviour not observed in the (1 + 1)-dimensional
reduced problem. This is where the line soliton transmits through the mean flow yet fails to
separate from it, even for large times t.

The paper is organized as follows. In section 2, we introduce the soliton modulation system,
its properties, and the Riemann initial conditions examined throughout the rest of this paper. In
section 3 we look for simple wave solutions to the Riemann problem, where only one Riemann
invariant is changing for all x ∈ R and t > 0, and the other two are constant. We expect these
self-similar solutions to describe the stable, long-time behaviour of a wide variety of initial and
boundary configurations, since simple waves serve as ‘attractors’ for diverse initial conditions.
Next, in sections 4 and 5 we examine one particular class of initial conditions that can give
rise to the simple wave solutions found in section 3, as well as other interesting phenomena:
a partial soliton encountering step initial conditions in x. We conclude this work with some
discussion in section 6. Appendix A includes a calculation relevant to our analysis.

Our analysis is supported by numerical simulations of the KPII equation (1) using a Fourier
pseudospectral method adapted from [40] that allows for outgoing line solitons at the top and
bottom of the simulation domain through use of a windowing function. The numerical scheme
is essentially the same as that used in [41]. To maintain periodicity in x, the initial condi-
tions implemented are actually a large box shape—an upward step near the left side and a
corresponding downward step on the right. Simulations are terminated before the edge of
the box which is not of interest interferes with the test domain. As in [41], step initial con-
ditions are smoothed by using a hyperbolic tangent function to minimize the generation of
spurious oscillations that are not described by modulation theory. Additionally, we find that
utilizing the windowing function for an initial partial soliton on a background ū �= 0 leads to
numerical instabilities. Consequently, a Galilean transformation is applied so that the partial
soliton is initialized on the zero background ū = 0. For example, for a partial soliton starting
to the right of a RW, we choose ūR = 0 and ūL = −1, while for the soliton starting to the left
of a RW we set ūR = 1 and ūL = 0. Most simulations are performed on the spatial domain
[−1024, 1024]× [−512, 512] or one similar in size, with spatial and temporal discretisations
Δx = Δy = 1/2 and Δt = 10−3, respectively. Calculations are performed in single precision.
Our method and numerical parameter selections are validated in [41]. In order to quantitatively
compare numerical simulation and analytical prediction, we often shift the analytical solution
by a relatively small phase shift x0, since phase shifts are a higher-order effect not captured by
leading order modulation theory.

Throughout this work, we use the relative color scaling shown in the colorbar of figure 1.
The maximum value in any contour plot figure corresponds to the top (red) color of the colorbar,
while the minimum value corresponds to the bottom (blue) color in the colorbar. Absolute color
values vary according to each figure.
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2. Problem formulation and preliminary considerations

In this section we introduce the soliton modulation system, some of its properties, and the spe-
cific initial conditions studied in this paper. We also review features of multi-soliton solutions
of the KPII equations that will be relevant later.

2.1. Modulation system

The Whitham modulation equations for the KP equation (1) were recently derived in [42, 43].
The soliton limit of the equations, a (2 + 1)-dimensional hyperbolic system consisting of four
equations, was further analyzed in [38]. Assuming that the mean flow and soliton modula-
tion parameters only change in the propagation direction of the mean flow, x, the modulation
equations simplify to a (1 + 1)-dimensional set of equations for the three parameters in (2)

⎡
⎣ū

a
q

⎤
⎦

t

+

⎡
⎢⎢⎣

ū 0 0
2
3

a ū +
a
3
− q2 −4

3
aq

−q −1
3

q ū +
a
3
− q2

⎤
⎥⎥⎦
⎡
⎣ū

a
q

⎤
⎦

x

= 0. (3)

Although (3) is only a (1 + 1)-dimensional system, the presence of the soliton angle q ensures
that the resulting modulation solutions, upon reconstructing the corresponding solutions of the
KP equation (1), have a non-trivial two-dimensional structure.

2.2. Properties of the modulation equations

For our purposes, the most important mathematical feature of the modulation system (3) is its
diagonalizability. The system has three Riemann invariants, quantities that are constant along
characteristic curves, and thus are coordinates in which the modulation equation (3) are diag-
onal. The diagonalizability of a three-component system is quite nontrivial [26]. In our case,
this diagonalization is consistent with the complete integrability of the KP equation [38]. An
examination of the eigenvalues of (3) reveals that the system is strictly hyperbolic apart from
three planes, two of which represent reductions in the number of modulation equations, further
evidence of the equation’s special structure [44].

The eigenvalues of the coefficient matrix in (3) are

λū = ū, λ+ = ū +
a
3
− q2 − 2

3
q
√

a, λ− = ū +
a
3
− q2 +

2
3

q
√

a. (4)

The corresponding Riemann invariants and diagonal form of (3) are

Rū = ū, R± = ū +
1
2

(q ±
√

a)2,

∂R j

∂t
+ λ j

∂R j

∂x
= 0, j ∈ {ū,+,−} (5)

λū = Rū, λ± =
5
3

Rū −
2
3

(
R± − 2σ

√
(R+ − Rū)(R− − Rū)

)
, (6)

where σ = sgn(a − q2). The eigenvalues (4) are always real and distinct outside of q2 ∈
{0, 1

9 a, a}, where two eigenvalues coalesce, so the system is hyperbolic everywhere but only
strictly hyperbolic outside this set [38]. At q2 ∈ {0, a} reduced cases exist, since two Riemann
invariants coalesce along with the eigenvalues. Note also that the mean flow in (3) is entirely
decoupled and is itself a Riemann invariant in (5).
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Due to the symmetry of the KP equation (1) and modulation system (3), throughout this
report we will assume that q > 0 for all initial conditions. Under this assumption, q will remain
positive except when strict hyperbolicity is lost at q = 0, which will be examined below in
section 3.2. To solve the corresponding problem for q < 0 we can take y →−y, which will
also lead to R± → R∓.

2.3. Initial conditions

In sections 3–5 we will study the interaction of a line soliton with a mean flow by looking
for solutions to (3) produced by Riemann problems, that is, step-like initial conditions in the
modulation variables:

ū(x, 0) =

{
ūL x < 0

ūR x > 0
, a(x, 0) =

{
aL x < 0

aR x > 0
,

q(x, 0) =

{
qL x < 0

qR x > 0
.

(7)

Once a modulation solution for ū(x, t), a(x, t), and q(x, t) is obtained, the modulated soliton is
reconstructed by projection onto (2) according to

u(x, y, t) = ū(x, t) + a(x, t) sech2

(
q(x, t)

√
a(x, t)

12
ξ

)
,

ξ =

∫ x

0

1
q(x′, t)

dx′ + y −
∫ t

0

c(0, t′)
q(0, t′)

dt′,

(8)

where c(x, t) is defined as in (2) with modulated variables. We remark that the modulation
equation for q in (3) is a result of the compatibility condition ξxt = ξtx . Throughout the remain-
der of the paper, we will reduce the number of free parameters for the problem (7) by applying
scaling and Galilean symmetries to ūL and ūR so that ūL,R ∈ {0, 1}, with ūL = 0 and ūR = 1
for the RW case and ūL = 1 and ūR = 0 for the DSW case.

In section 3, we find general simple wave solutions to (7), which serve as building blocks for
various initial conditions. In sections 4 and 5, we specifically examine the partial soliton–mean
flow initial value problem. For this problem, the parameters on the side of the mean flow farthest
from the initial soliton, denoted by (ū1, a1, q1), are fixed for partial soliton initial conditions as

a1 = 0, q1 = q∗, (9)

where q∗ is determined as part of the solution. There are four categories initial value problems
to be considered. The initial soliton parameters (ū0, a0, q0) can be given on either the left or the
right. The step in the mean flow can either be upward or downward, where ūL < ūR leads to
a RW solution, while ūL > ūR generates a DSW. Consequently, the four types of interactions
to be considered are as follows, where the naming convention differentiates cases where the
discontinuity in the mean flow gives rise to a RW or a dispersive shock wave and the component
names are ordered depending on whether the initial soliton is to the left or to the right of the
discontinuity in the mean flow:

(a) RW–soliton: ūL < ūR, (aR, qR) = (a0, q0), (aL, qL) = (0, q∗)
(b) Soliton–RW: ūL < ūR, (aL, qL) = (a0, q0), (aR, qR) = (0, q∗)
(c) Soliton–DSW: ūL > ūR, (aL, qL) = (a0, q0), (aR, qR) = (0, q∗)
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Figure 2. The four initial conditions examined in this report, from left to right:
(a) RW–soliton interaction; (b) soliton–RW interaction; (c) soliton–DSW interaction;
(d) DSW–soliton interaction. Dark blue represents the lower background value.

(d) DSW–soliton: ūL > ūR, (aR, qR) = (a0, q0), (aL, qL) = (0, q∗)

These four types of initial conditions are depicted in figure 2. Throughout the paper and in
all figures, we will refer to the initial conditions by their corresponding letter above (e.g. (a),
(b)). These initial conditions present tractable problems that allow for both exact solutions and
numerical simulation, enabling a quantitative comparison with our analysis.

2.4. Reduction to constant mean flow

For constant ū, the system (3) reduces to

[
a
q

]
t

+

⎡
⎢⎣ū +

a
3
− q2 −4

3
aq

−1
3

q ū +
a
3
− q2

⎤
⎥⎦
[

a
q

]
x

= 0. (10)

This reduced system has the Riemann structure:

r± = q ±
√

a, Λ± = ū +
a
3
− q2 ∓ 2

3
q
√

a,
∂r±
∂t

+ Λ±
∂r±
∂x

= 0, (11)

where r± are Riemann invariants and Λ± are eigenvalues for the reduced system (10). Strict
hyperbolicity is lost only at q = 0. The reduced system (10) will be used in section 3.2 to
study the evolution of a truncated soliton, which in turn will provide a stepping stone to study
the more complicated initial conditions (7) subject to (9) in section 5. It will be helpful to
recognize that the Riemann invariants r± in (11) coincide with certain solution parameters in
the Wronskian representation of the multi-soliton solutions of the KP equation. We discuss this
connection next.

2.5. Multi-soliton solutions of the KP equation, Riemann invariants and soliton interactions

It was shown in [34, 45] that a large class of multi-soliton solutions of the KPII equation can
be expressed using the Wronskian representation. In particular, for (1), one has the solution:

u(x, y, t) = 12
∂2

∂x2
[log τ (x, y, t)], (12)
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where the so-called tau function τ (x, y, t), is given by

τ (x, y, t) = Wr( f 1, . . . , f N), (13a)

the functions f1, . . . , fN are given by

f n(x, y, t) =
M∑

m=1

An,m eθm(x,y,t), (13b)

and the phases θ1, . . . , θM are

θm(x, y, t) = Kmx +
√

3 K2
my − 4K3

mt + θm,0. (13c)

The above solution is uniquely determined by the phase parameters K1, . . . , KM and the coeffi-
cient matrix A = (am,n), plus the translation constants θ1,0, . . . , θM,0. Without loss of generality,
one can take the phase parameters to be ordered so that K1 < · · · < KM .

It was shown in [45] that, generically, the above representation produces a solution with
exactly N asymptotic line solitons as y →∞ and M − N asymptotic line solitons as y →−∞.
Such solutions are labeled (M − N, N)-soliton solutions. The amplitude and slope of each
asymptotic line soliton are completely determined by the phase parameters K1, . . . , KM , but
the precise details depend on the specific choice of the coefficient matrix A. In the simplest
nontrivial case, obtained when N = 1 and M = 2, one recovers the soliton solution (2) with
ū = 0. It is convenient to label the two phase parameters as K− and K+ in this case. The
amplitude and slope parameters a and q are given by

a = 3(K+ − K−)2, q =
√

3 (K+ + K−). (14)

The inverse map to (14) is

K− = (q −
√

a)/(2
√

3) K+ = (q +
√

a)/(2
√

3). (15)

Comparing (15) with the first of (11) we see that, apart from a trivial rescaling, the phase
parameters in the Wronskian representation of the multi-soliton solutions of the KPII equation
are precisely the Riemann invariants of the constant mean soliton modulation system (10).

The fact that the phase parameters in the multi-soliton solutions coincide with the Riemann
invariants of the soliton modulation system has important ramifications for this work. Sup-
pose that one wants to construct a multi-soliton solution consisting of two line solitons with
amplitude and slope parameters (a1, q1) and (a2, q2). The two sets of phase parameters, one set
associated to each soliton, are, respectively, K1,± and K2,± as given by (15). Importantly, it was
shown in [46] that the resulting two-soliton solution differs depending on the relative ordering
of K2,± compared to K1,±. Further, it was also shown in [47] that each of the above three cases
corresponds to a different kind of soliton interaction. Specifically, taking K1,− < K2,− without
loss of generality, there are three different classes of solutions, corresponding to the following
three possible cases and interactions:

(a) Ordinary soliton interaction: K1,+ < K2,− if and only if
√

a1 +
√

a2 < |q1 − q2|,
(b) Resonant soliton interaction: K2,− < K1,+ < K2,+ if and only if |√a1 −

√
a2| < |q1 −

q2| <
√

a1 +
√

a2, and
(c) Asymmetric soliton interaction: K2,+ < K1,+ if and only if |q1 − q2| < |√a1 −

√
a2|.

Importantly, in section 5, we will show that each of the above three kinds of soliton interac-
tions arise as a result of the time evolution of a particular subset of the class of initial conditions
discussed in section 2.3.
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3. Simple wave solutions

In this section, we utilize the mathematical structure of the modulation system (3) outlined in
sections 2.2 and 2.4 to study simple wave solutions for special cases of the initial value problem
(7). First, we examine the cases a ≡ 0 and q ≡ 0, both of which represent problems that can
be formulated using the KdV equation and have been previously solved. Next, we consider a
partial soliton with a constant mean flow ū ≡ const. by solving the corresponding Riemann
problem explicitly. Under certain conditions, the solution is undefined (multivalued), which
we resolve by solving a Riemann problem for the (2 + 1)-dimensional modulation equations.
Finally, we look for simple wave solutions to (7) where ūL �= ūR. These simple wave solutions
are building blocks for solving more complex initial value problems, and they will be utilized
as such later in this paper.

3.1. KdV reductions

When a ≡ 0 for the initial conditions (7), we have simply a KdV Riemann problem in x,
since q for zero amplitude is undefined. When ūL = 0 and ūR = 1, a centred RW arises that is
defined by

ū(x, t) =

⎧⎪⎪⎨
⎪⎪⎩

1 t < x

x/t 0 < x < t

0 x < 0

. (16)

The case with ūL > ūR is significantly more complex. The initial conditions are compressive,
and the corresponding singularity is regularized by dispersion, resulting in a DSW [29]. The
modulation solution is known as the Gurevich–Pitaevski solution [48]. A DSW consists of a
rank-ordered oscillatory train, where for ūL = 1 and ūR = 0, the leading edge is approximately
a soliton with amplitude a = 2 (and q = 0 for KP) and the trailing edge consists of modulated,
vanishing harmonic waves. The DSW rightmost leading edge has velocity 2

3 , and the trailing
edge has velocity −1.

When q ≡ 0 while a and ū vary, the KP soliton reduces to the KdV soliton, and the reduced
(1 + 1)-dimensional problem can be entirely described using the KdV equation. The KdV
soliton–mean flow interaction problem has been studied previously, both using the inverse
scattering transform [20] and Whitham modulation theory [21]. There are four types of config-
urations, shown in figure 3, which are one-dimensional analogues of the four initial conditions
listed in section 2.3 and depicted in figure 2. The findings for KdV are as follows:

(a) RW–Soliton: soliton does not interact with the RW.
(b) Soliton–RW: soliton transmits through the RW if a0 > 2, otherwise it is trapped.
(c) Soliton–DSW: soliton always transmits through DSW.
(d) DSW–Soliton: soliton does not interact with the DSW if a0 > 2, otherwise it is trapped.

One important result for one-dimensional soliton–mean flow interactions is the principle
of hydrodynamic reciprocity. Adiabatically invariant quantities are conserved globally, except
within the interior of a DSW. Thus, a soliton transmitting through a box, an upward step fol-
lowed by a downward step of equal magnitude, will return to its original amplitude, subject to a
phase (position) shift. This is a consequence of the time-reversibility of the governing equation
and the continuity of solutions to the Whitham modulation equations. Initial conditions leading
to the development of a DSW for t > 0 will lead to a RW for t < 0; thus, the same analysis
can be applied to both soliton–mean evolutions outside the DSW.
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Figure 3. Four types of KdV soliton–mean flow interactions. These are one-dimensional
analogues to the initial conditions shown in figure 2. Panels (a) and (b) show a soliton
interacting with a RW from the right and left, respectively. Panels (c) and (d) show a
soliton interacting with a DSW from the left and right, respectively.

3.2. Constant mean flow

In this section, we consider the evolution of a partial soliton with a constant mean flow
ū ≡ const. This problem has been previously solved using the x-independent modulation
equations in [41, 49]. We will solve this problem using (10), the constant mean reduction of
the y-independent modulation equation (3). This solution will prove to be a building block for
solutions of the full Riemann problem (7) subject to (9). It will also reveal the necessity and
utility of a multivalued solution in x, a novel feature of the problem. In appendix A we show
that solving the x- and y-independent modulation equations yields equivalent solutions for the
partial soliton. There are two cases to consider, depending on whether the partial soliton starts
to the left or to the right.
Partial soliton on the right. Let us first consider the Riemann problem with the partial soliton
on the right:

ap(x, 0) =

{
0 x < 0

a0 x > 0
, qp(x, 0) =

{
q∗ x < 0

q0 x > 0
, (17)

where q0 > 0. As the soliton modulation is expanding into the a = 0 ‘vacuum’, the resulting
solution is sought in the form of a simple wave. The vacuum region is to the left of the nonzero
region, and since Λ+ < Λ−, we seek a r−-wave (or two-wave) in which r+ is constant. Thus,
r+ determines q∗ as

r+ = q∗ = q0 +
√

a0, (18)

while the simple wave that develops is a two-wave with r− changing. We can solve for the
simple wave solution

qp(x, t) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

q0 Ust < x

1
2

[
q2
∗ + 3

(
ū − x

t

)]1/2
Uzt < x < Ust

q∗ x < Uzt

,

√
ap(x, t) = q0 +

√
a0 − qp(x, t),

(19)

where the characteristic velocities are

Us = ū +
a0

3
− q2

0 +
2
3

q0
√

a0, Uz = ū − q2
∗. (20)

We call Us the velocity of the soliton edge of the simple wave and Uz the velocity of the zero
edge of the simple wave. We will be referring to these edges and velocities often. Note that
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Figure 4. Numerical evolution of the KP equation (1) for a partial soliton with initial
conditions (21) with ū = 0,

√
a0 =

√
aL = 1 < q0 = qL = 1.4 for t ∈ (0, 60, 150). For

large t, the one-dimensional modulation solution is well-defined, i.e. it is not multivalued
in x.

the zero edge of the partial soliton simple wave always moves left with respect to the mean
flow, while the soliton edge may move left or right relative to the mean flow, depending on the
parameter values.
Partial soliton on the left. Let us now consider the reflected Riemann problem, where the partial
soliton starts on the left,

ap(x, 0) =

{
a0 x < 0

0 x > 0
, qp(x, 0) =

{
q0 x < 0

q∗ x > 0
, (21)

and again q0 > 0. In this case, the vacuum state is to the right, so r− is constant, determining
q∗ as

r− = q∗ = q0 −
√

a0. (22)

The simple wave that then develops is a r+-wave (or one-wave) with r+ changing. From (22),
we have two cases that depend on the sign of q∗. If q0 >

√
a0, then q∗ > 0 and the solution for

qp(x, t) has the form

qp(x, t) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

q∗ Uzt < x

1
2

[
q2
∗ + 3

(
ū − x

t

)]1/2
Ust < x < Uzt

q0 x < Ust

,

√
ap(x, t) = −q0 +

√
a0 + qp(x, t),

(23)

with soliton and zero edge characteristic velocities, respectively,

Us = ū +
a0

3
− q2

0 −
2
3

q0
√

a0, Uz = ū − q2
∗. (24)

A simulation of this case is shown in figure 4.
If q0 <

√
a0, then q∗ < 0 and the solution is more complicated. In order to have a continuous

solution for q, then there must exist some x such that qp(x, t) = 0, where the system loses strict
hyperbolicity. From numerical simulation, presented in figure 5, it is evident the modulation
solution becomes multivalued in x, and it does so at the branch point q = 0.
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Figure 5. Numerical evolution of the KP equation (1) for a partial soliton with initial
conditions (21) with ū = 0,

√
a0 =

√
aL = 1 > q0 = qL = .4 on t ∈ (0, 80, 250). The

modulation solution becomes multivalued in x.

However, we can still construct a well-defined solution if we appeal to its two-dimensional
structure. The simple wave solution for q is inherently multivalued

q±
p (x, t) = ±1

2

[
q2
∗ + 3

(
ū − x

t

)]1/2
, (25)

which suggests that the true solution can be pieced together by carefully choosing the correct
sign for (25) as a function of y. The rightmost part of the wave is where q(x, t) = 0. As shown
in (A.10) of appendix A, the location where q = 0 is moving with a velocity in y of V f =
−2r−/3 = −2q∗/3 and, by inspection of (25), a velocity in x of Uf = ū + q2

∗/3. Thus, the full
solution becomes a combination of the two branches. For y > V ft,

q+
p (x, t) =

⎧⎪⎨
⎪⎩

q0 x < Ust

1
2

[
q2
∗ + 3

(
ū − x

t

)]1/2
Ust < x < Uft

, (26a)

while for y < V ft,

q−
p (x, t) =

⎧⎨
⎩−1

2

[
q2
∗ + 3

(
ū − x

t

)]1/2
Uzt < x < Uft

q∗ = q0 −
√

a0 x < Uzt
, (26b)

with the equation for the amplitude the same as (23) supplemented with a = 0 for x > Uzt and
characteristic velocities the same as (24).

We justify the (2 + 1)-dimensional modulation solution using two approaches. First, direct
numerical analysis confirms our analytical prediction. Figure 6 shows good agreement between
the simulation in figure 5 and the analytical result (26). Second, the partial soliton Riemann
problem (21) can be rewritten as the previously solved Riemann problem for the parameters a
and q using x-independent modulation equations. In that case there is no loss of strict hyper-
bolicity nor a multivalued evolution. In appendix A, we show that the above solution (26)
is equivalent to the modulation solution using the single-valued x-independent modulation
solution.

3.3. Soliton–mean simple wave

We now look for simple wave solutions to the full Riemann problem (7), where parameters
are chosen so that R± are held constant while Rū is changing. We will call these solutions
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Figure 6. Comparison of analytical solution ( ) in (26) with numerical simulation
(——) for the same simulation as figure 5 when t ∈ (0, 150, 200, 250). The analytical
solution is shifted by x0 = −4.

soliton–mean simple waves. They represent admissible, stable solutions that are expected to
be large t attractors for a variety of initial conditions. The parameters (ū0, a0, q0) are given
on the initial soliton side of the discontinuity (left or right) and connect to (ū1, a1, q1) on the
far side (right or left, respectively). For convenience, let Δ = ū0 − ū1 = ±1. Also, throughout
the remainder of this paper, instead of utilizing the conventional numbering of simple waves
based on the ordering of characteristic velocities (e.g. one-wave or two-wave), we will refer to
a simple wave where only R j is changing as an R j-simple wave, where Ri, i �= j, are constant
for i, j ∈ {ū,+,−}.

The requirement of an Rū-simple wave gives rise to two relationships between the parame-
ters for the far and mean sides. Given constant R±,

R− = ū0 +
1
2

(q0 −
√

a0)2 = ū1 +
1
2

(q1 −
√

a1)2, (27a)

R+ = ū0 +
1
2

(q0 +
√

a0)2 = ū1 +
1
2

(q1 +
√

a1)2. (27b)

Subtracting (27a) from (27b) and squaring yields

(
R+ − R−

2

)2

= q2
0a0 = q2

1a1. (28)

Adding (27a) and (27b) together gives the relation

2Δ+ q2
0 + a0 = q2

1 + a1. (29)

Eliminating q2
1 in (28) with (29), we obtain two solutions of (27) for a1

a1 =
1
2

(
a0 + q2

0 + 2Δ+ σ
√

(a0 + q2
0 + 2Δ)2 − 4a0q2

0

)
, (30a)

where σ = ±1. Due to the symmetry of the equations, repeating the above process for q2
1 gives

the same result, but with an opposite sign

q2
1 =

1
2

(
a0 + q2

0 + 2Δ− σ
√

(a0 + q2
0 + 2Δ)2 − 4a0q2

0

)
. (30b)
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The opposite signs in front of σ in (30) are required to satisfy (29). We will define σ below. A
corollary of (30) is that

a1 − q2
1 = 2σ

√
(a0 + q2

0 + 2Δ)2 − 4a0q2
0, (31)

which implies that if σ = 1, a1 � q2
1, while if σ = −1, a1 � q2

1. Equality only occurs when
a0 = (

√
−2Δ± q0)2, which requires Δ < 0.

To have a real expression for (30), the term underneath the square root must be nonnegative.
This happens when one of the following holds

−2Δ > (q0 +
√

a0)2, (32a)

−2Δ < (q0 −
√

a0)2. (32b)

In addition, for soliton transmission (defined below) to be well-defined, both a1 (30a) and q2
1

(30b) must be positive. This occurs when

−2Δ < (q0 −
√

a0)2, (33)

an identical requirement to (32b). Thus, (33) completely describes the transmission regime for
a KP soliton and is a necessary and sufficient condition to guarantee the existence of a sim-
ple wave solution across a changing mean flow. Note that setting q0 = 0 and Δ = −1 reduces
(33) to the KdV transmission condition described in section 3.1 for both a soliton–RW inter-
action and a DSW–soliton, namely that a soliton is trapped when a0 < 2. This motivates the
following:

Definition 1. A soliton interacting with a changing mean flow is trapped if (33) does not
hold, i.e., if −2Δ > (q0 −

√
a0)2.

We define transmission to be the opposite of trapping:

Definition 2. A soliton interacting with a changing mean flow is transmitted if (33) holds,
i.e., if −2Δ < (q0 −

√
a0)2.

For a transmitted soliton, we can use conservation of R± to calculate exact solutions for
a(x, t) and q(x, t) within a RW. This will also define the sign σ. Since the exact solution
for ū(x, t) in a RW is known (16) and R± are constant, we can find a(x, t) and q(x, t) in a
soliton–mean simple wave with a RW by solving the system of equations

R+ =
x
t
+

1
2

(
q(x, t) +

√
a(x, t)

)2
,

R− =
x
t
+

1
2

(
q(x, t) −

√
a(x, t)

)2
,

where R± are the constant values R± = ū0 +
1
2 (q0 ±

√
a0)2 = ū1 +

1
2 (q1 ±

√
a1)2. Solving

these equations in a similar manner as above gives explicit solutions for a(x, t) and q(x, t),

a(x, t) = − x
t
+

R+ + R−
2

+ σ
[( x

t
− R−

)( x
t
− R+

)]1/2
, (34a)

q2(x, t) = − x
t
+

R+ + R−
2

− σ
[( x

t
− R−

)( x
t
− R+

)]1/2
. (34b)
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At the edge of the RW closest to the initial soliton with parameters (ū0, a0, q0), from (16) we
have that x/t = ū0, M1,ρ,σ , and Mρ,σ. Inserting these values and subtracting (34b) from (34a)
yields, in physical variables,

a0 − q2
0 = σ|a0 − q2

0|. (35)

The above relation (35) implies that

σ = sgn(a0 − q2
0), a0 �= q2

0. (36)

Thus, σ is determined by consistency with the soliton initial conditions (a0, q2
0). The deter-

mination of σ (36) combined with (31) shows that a0 > q2
0 implies a1 � q2

1, while a0 < q2
0

implies a1 � q2
1. In general, if a > q2 anywhere within the soliton–mean simple wave, a � q2

throughout the entire solution, and vice versa.
If a0 = q2

0, the mapping (30) is undetermined in general. That special case is only relevant
if Δ > 0, since if Δ < 0 then a0 = q2

0 will not transmit according to (33). For Δ = 1 > 0, (31)
implies that

lim
a0→q2±

0

(a1 − q2
1) = ±4

√
2a0 + 1, (37)

which has different values for the a0 > q2
0 (σ = +1) and a0 < q2

0 (σ = −1) limit sides. This
discontinuous dependence on initial data implies that the mapping (30) is undetermined for
a0 = q2

0 and Δ = 1 > 0, which is unsurprising given the lack of strict hyperbolicity for those
parameters. In the remainder of this section, we assume that a0 �= q2

0. In section 4.2 we examine
a specific initial value problem where a0 = q2

0 and give an argument for choosing σ in that
scenario, a choice validated by numerical simulation.

Although the above analysis based on (34) assumes a RW, the principle of hydrodynamic
reciprocity [21] referenced in section 3.1 allows us to extend the result (36) to a DSW. If we
assume a mean flow resulting in a DSW (ūL > ūR) for t > 0, the time reversibility of the KP
equation (1) implies that t < 0 will result in a RW. If we obtain the global solution through
the RW for t < 0 by assuming R± constant as above in (34), then we have a solution with R±
constant outside the DSW region also for t > 0. Consequently (36) also applies to DSW initial
conditions.

The mapping from (30) across a mean flow is also invertible. By direct evaluation from (30)
we calculate that if Δ = 1, then

(q1 −
√

a1)2 = 2 + (q0 −
√

a0)2 > 2. (38)

This means that for any soliton (a0, q0) transmitting from the higherΔ = 1 side of a mean flow,
its counterpart across the mean flow (a1, q1) in (38) withΔ = −1 also satisfies the transmission
condition (33). Let us now define the soliton–mean simple wave mapping

FΔ=1 : {(a0, q2
0)|a0 > 0, q0 > 0}→ {(a1, q2

1)|a1 > 0, q1 > 0, (q1 −
√

a1)2 > 2}, (39a)

where FΔ=1 is defined by (30) with Δ = 1 and (36). FΔ=1 maps transmitted soliton param-
eters across a mean flow when the initial soliton is posited on the higher (Δ = 1) side of the
initial step. We also define the mapping

FΔ=−1 : {(a0, q2
0)|a0 > 0, q0 > 0, (q0 −

√
a0)2 > 2}

→ {(a1, q2
1)|a1 > 0, q1 > 0}, (39b)
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again defined by (30) and (36) with Δ = −1. FΔ=−1 maps transmitted soliton parameters
across a mean flow when the initial soliton is posited on the lower (Δ = −1) side of the ini-
tial step. Direct calculation verifies that FΔ=1(FΔ=−1(a, q2)) = (a, q2). In other words, both
FΔ=±1 are one-to-one and onto on their domains, with

F−1
Δ=1 = FΔ=−1.

The soliton–mean simple wave solution described in this section is the main result of this
work. The mappings (39) provide a basic condition for existence of a soliton traversing a mean
flow. For a soliton to exist across a changing mean flow, the initial parameters must be in the
domain of one of (39) and the parameters across the mean flow (a1, q1) must be in the range,
giving a real and nonnegative result for a1 and q2

1 in (30). Examples of transmitted solitons
fulfilling the mappings (39) are shown in the third panels of figures 9, 14, 16 and 19. We can
also determine transmission or trapping from (33), which generalizes the KdV transmission
conditions to the KP equation. In the next two sections we will show how the mappings (39)
can be utilized for the specific initial value problem (7) subject to (9).

4. General considerations regarding interactions between partial solitons and
mean flows

We now proceed to discuss the evolution of the partial soliton–mean flow initial data (7) sub-
ject to (9) for the modulation equation (3), whose projection (8) is shown in figure 2. We first
consider general properties of the problem, its solution, and criteria for transmission. The trans-
mission conditions here will be more restrictive than those for a single soliton–mean simple
wave (33), with additional subtleties due to the multiple waves generated from the partial soli-
ton initial data. Next, we will examine the interaction of a RW with a partial soliton simple
wave from section 3.2, a feature which occurs repeatedly in the analysis of specific cases. In
section 5 we will apply the following general approach to the four specific initial conditions in
figure 2.

4.1. Transmission conditions

We will look for solutions to the Riemann problem (7) subject to (9) consisting of a combination
of well-defined simple waves connected by constant states. To facilitate this analysis, let us
again refer to the initial soliton parameters, either (aL, qL) or (aR, qR), as (a0, q0). The mean
flow on the side of the initial partial soliton is denoted by ū0, while the mean flow on the other
side of the jump at x = 0 is ū1. From (9), we recall our initial data (a1, q1) = (0, q∗). Since q∗ is
chosen to conserve one of R± (cf (18) and (22)), which is also conserved by the soliton–mean
simple wave of section 3.3, transmission is generically characterized by two simple waves
connected by one constant state. Since the mean flow ū is decoupled in (3), the wave closest
to the initial partial soliton will have Rū changing with both R± constant, i.e. the soliton–mean
simple wave of section 3.3. Between the simple waves will be an expanding constant region
with parameters (aM, qM) that are determined by (39). The other simple wave is for the partial
soliton of section 3.2 in which Rū and only one of R± are constant, connecting (aM, qM) to the
constant state (0, q∗).

Consequently, in order for the partial soliton to completely transmit through a changing
mean flow under the initial conditions (7) and (9), three conditions are necessary. First, the
partial soliton must propagate into the mean flow. Second, the partial soliton must transmit
through the RW or DSW. Third, the partial soliton on the far side of the changing mean flow
must also propagate away from the mean flow. We will consider each of these conditions in
turn.
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First, the partial soliton must propagate into the RW or DSW so that an interaction occurs.
The partial soliton simple wave characteristic velocity Us in (20) or (24) must have a magnitude
and direction such that the soliton edge of the partial soliton simple wave interacts with the near
edge of the mean flow. Specifically, if the partial soliton is initialized to the left of the mean
flow (cases (b) and (c) in (cases (b) and (c) in, the soliton edge must move faster than the left
edge of the RW or DSW. If the partial soliton is initialized to the right (cases (a) and (d)) from
figure 2), the right edge of the RW or DSW must overtake the soliton edge. If the partial soliton
simple wave soliton edge does not interact with the mean flow we refer to this scenario as either
partial recession or total recession, the former occurring if the zero edge of the partial soliton
simple wave interacts with the mean flow.

Definition 3. A partial soliton recedes from a mean flow if the soliton edge of the partial
soliton simple wave defined in section 3.2 never interacts with the mean flow. If the partial
soliton simple wave’s zero edge also does not interact with the mean flow, this is known as
total recession; otherwise we call it partial recession.

If a0 = aR and Us is greater than the right edge velocity of the DSW or RW, since Uz < ū in
(20) we will only have partial recession, never total recession. If a0 = aL and Us is less than the
left edge velocity of the DSW or RW, since Uz < ū in (24) we will only have total recession.
When partial recession occurs, the partial soliton can still transmit or be trapped, while total
recession precludes both transmission and trapping. We consider partial recession more fully
below in section 4.2. Numerical simulations for predicted conditions showing recession are
shown in figures 8 (partial) and 11 (total).

Second, the partial soliton interacting with the RW or DSW must then transmit through
it. In other words, a well-defined soliton–mean simple wave solution with the appropriate
domain and range of the mapping (39) must exist. As defined above in definition 1, when
a soliton–mean simple wave solution does not exist, we refer to this as soliton trapping. Note
that when transmission occurs according to (33), q∗ must be well-defined, since

q2
∗ = 2Δ+ (q0 ±

√
a0)2 > 0, (40)

where the sign choice corresponds to whether R+ or R− is conserved andΔ is defined as above.
Numerical simulations for data predicted to show trapping are shown in figures 12, 17 and 18.

Third, for the soliton to fully transmit through the RW or DSW, the transmitted partial
soliton must continue to propagate away from the mean flow. Assuming the partial soliton
transmits through the changing mean flow with (a1, q1) = (aM, qM) in (30), for the soliton to
fully establish itself beyond the DSW or RW there must be a partial soliton simple wave (cf
section 3.2) connecting (aM, qM) to (0, q∗) with a sufficiently fast soliton edge velocity Us from
(20) or (24). If the new partial soliton never completely separates from the mean flow, we call
this incomplete transmission:

Definition 4. A partial soliton experiences incomplete transmission when it transmits
through a RW or DSW but the soliton edge of the partial soliton simple wave defined in
section 3.2 does not move faster than the nearest edge of the changing mean flow.

A numerical simulation for data we predict to lead to incomplete transmission is shown in
figure 13. If a fully established line soliton separates from the mean flow on the far side, we
say complete transmission:

Definition 5. A partial soliton experiences complete transmission when total recession,
trapping, and incomplete transmission do not occur.
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Figure 7. Phase diagram of predicted interactions between a partial soliton with a
dynamic mean flow for the four initial conditions shown in figure 2: (a) RW–soliton
interaction; (b) soliton–RW interaction; (c) soliton–DSW interaction; (d) DSW–soliton
interaction. For cases (b) and (c), complete transmission also leads to the partial soliton
simple wave bending around to interact with the mean flow a second time.

In the event of complete transmission, the line soliton approaches the RW or DSW, interacts
with it, and continues to expand on the far side. As we will demonstrate, complete transmission
only occurs in a limited subset of initial conditions. When it does occur, for large t the solu-
tion approaches a soliton–mean simple wave described in section 3.3 by the mappings (39).
Numerical simulations with data predicting complete transmission are shown in figures 9, 14,
16 and 19. In the next section, we will consider the four types of initial conditions shown in
figure 2. The regions where each type of behaviour is predicted to occur in parameter space
for each of the four initial conditions are shown in figure 7. Before examining these in detail,
we first study partial soliton simple wave–mean flow interactions.

4.2. Interactions between soliton simple waves and mean flow

Here we consider in more detail the interaction of a partial soliton simple wave (from
section 3.2) with a RW. Due to the principle of hydrodynamic reciprocity [21], we can then
extend analogous results to the interaction of a partial soliton simple wave with a DSW. This
scenario arises when partial recession occurs, as well as when a transmitted soliton displays
multivalued behaviour in the modulation variables.

For concreteness, we consider a partial soliton starting to the right of a RW (case (a) in
figure 2), with initial conditions such that the partial soliton propagates away from the RW.
A receding partial soliton starting to the left of a RW experiences total recession and thus
does not interact with the RW. In other words, we are studying a Riemann problem with
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parameters:

ū(x, 0) =

{
0 x < 0

1 x > 0
, a(x, 0) =

{
0 x < 0

aR x > 0
, q(x, 0) =

{
q∗ x < 0

qR x > 0
, (41)

where
√

aR > qR > 0. Following section 3.2, we determine q∗ in order to conserve R+

throughout the solution. This yields

q2
∗ = 2 + (qR +

√
aR)2. (42)

Note that q∗ is always well-defined (real-valued). The right, soliton edge of the partial soliton
simple wave has velocity:

Us = 1 +
aR

3
− q2

R +
2
3

√
aRq2

R > 1.

Thus, the soliton edge propagates away from the RW. However, the left, zero edge of the par-
tial soliton simple wave moves left in relation to the mean flow (Uz = 1 − q2

∗ < 1, cf (24)),
interacting with the RW. The two waves intersect at x = t, where ū(t, t) = R−(t, t) = 1 and
q(t, t) =

√
a(t, t) = (qR +

√
aR)/2. We denote the amplitude at the intersection point as

ai =
1
4

(qR +
√

aR)2. (43)

At this point, the characteristic velocities λ− and λū and Riemann invariants R− and Rū coa-
lesce. Due to scaling properties of the Riemann problem, the solution must have the self-similar
form R− = R−(x/t). However, the solution to this problem is non-unique, as there are two
possible self-similar solutions satisfying the boundary condition R−(t, t) = 1:

R−(x, t) ≡ 1, 0 < x � t, (44)

R−(x, t) = x/t, 0 < x � t. (45)

Assuming solution (45), the definition of the Riemann invariants (5) then requires that√
a(x, t) = q(x, t) throughout the RW. We will show that this solution (45) is not possible

through a proof by contradiction. If we set
√

a(x, t) = q(x, t) and insert this into (3), the
amplitude a modulation equation simplifies to

qt +
q
3

ūx +

(
ū − 4q2

3

)
qx −

2
3

q2qx = 0, (46a)

while the inclination q modulation equation becomes

qt − qūx +

(
ū − 4q2

3

)
qx −

2
3

q2qx = 0. (46b)

Subtracting (46b) from (46a) yields 4
3 qūx = 0. For this to be true, either ū must be constant in

x, which cannot be the case, or q ≡ 0. Since ū = x/t for 0 < x < t, this implies a(x, t) ≡ 0,
which cannot be true because a(t, t) = ai > 0. In short, (3) is not compatible with

√
a = q.

This leaves the constant solution (44) as the only solution. Thus, assumption of constant R±
throughout the mean flow still holds even when a partial soliton simple wave interacts with the
mean flow.
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Figure 8. Numerical evolution of the KP equation (1) with aR = 4, qR = 1, ūR = 0,
ūL = −1 for t ∈ (0, 30, 80). The last panel compares predicted aM and qM (47) with
σ = −1 to numerics. This is an example of partial recession with complete transmission.

A partial soliton experiencing partial recession can still be transmitted or trapped. Instead of
using the initial parameters to determine evolution in the mean flow, we use the parameters at
the edge of the RW (a, q2) = (ai, ai). The calculation for the soliton amplitude and slope across
the RW is the simple wave solution (30) from section 3.3 with a0 = q2

0 = ai. The resulting
parameters on the left side of the mean flow, if complete transmission occurs, are then

aM = ai + 1 + σ
√

1 + 2ai, (47a)

q2
M = ai + 1 − σ

√
1 + 2ai, (47b)

where σ = ±1. Solutions for a(x, t) and q(x, t) within the RW are also described by (34), again
with q2

0 = a0 = ai,

a(x, t) = − x
t
+ 1 + ai + σ

[( x
t
− 1

)( x
t
− 1 − 2ai

)]1/2
(48a)

q2(x, t) = − x
t
+ 1 + ai − σ

[( x
t
− 1

)( x
t
− 1 − 2ai

)]1/2
. (48b)

The earlier definition of σ from (36) is not valid here, since a0 = q2
0. Instead, we choose σ

by appealing to the Δ = 0 case presented in section 3.2. For partial soliton initial conditions
given on the right with ū constant (17), the equations for q(x, t) (18)–(20) imply that q is
a monotonically decreasing function of x for all t. We expect the same will hold true now
with Δ �= 0. To ensure this, we need to choose σ = −1. Numerical analysis confirms these
predictions. For the specific initial conditions aR = 4, qR = 1, ūR = 0, ūL = −1, with (43)
inserted into (48) and σ = −1 we predict that left of the RW a = aM = 0.90 and q = qM =
2.37. The accuracy of this prediction is confirmed on the fourth panel of figure 8.

In summary, the effect of partial recession is that the partial soliton simple wave is
‘interrupted’ by the RW. The partial soliton simple wave begins to the right of the RW, since
hereλ− > λū. However, at the right edge of the RW, the ordering of the characteristic velocities
λ− and λū switches. Throughout the RW and the expanding constant region, R± are constant.
Then the partial soliton simple wave continues connecting (aM, qM) to (0, q∗), since for this
region λ− < λū. By hydrodynamic reciprocity (see section 3.3), outside a DSW, R± will also
be held constant occur when a partial soliton simple wave interacts with a DSW.
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Figure 9. Numerical evolution of the KP equation (1) showing complete transmis-
sion for the initial conditions (a) in figures 2 and 7. The initial conditions are aR = 1,
qR =

√
2, ūR = 0, and ūL = −1 on t ∈ (0, 20, 80). The right panel compares the param-

eters of the transmitted soliton with the soliton–mean simple wave prediction (30) and
(39a).

5. Specific cases

In this section, we consider the four types of initial conditions displayed in figure 2, applying
the framework described in section 4.

5.1. RW–partial soliton

We first discuss the initial conditions with ūL = 0, ūR = 1, aR = a0 and qR = q0 given, and
aL = 0, qL = q∗. In this case, from the analysis of a partial soliton with constant mean flow in
section 3.2, we assume that R+ is constant throughout the resulting flow. Only two outcomes
are possible: partial recession (leading to complete transmission) and complete transmission.
These initial conditions are shown in panel (a) of figure 2, and the corresponding regions of
the parameter space (aR, q2

R) that give rise to each outcome are shown in panel (a) of figure 7.
Partial recession (figure 8). The partial soliton interacts only partially with the RW when Us >
1 (cf (20)), implying that

√
aR > qR (49)

holds for partial recession. This scenario is examined above in section 4.2 and depicted in
figure 8.
Complete transmission (figure 9). For initial conditions in which partial recession does not
occur, the opposite of (49) must hold, implying that we can fix the sign in (36) for the soli-
ton–mean simple wave to be σ = −1 throughout the remainder of this section. The transmis-
sion condition (33) is always met, since Δ = 1; trapping never occurs. The mapping in (30)
for this case of RW–partial soliton interaction is given in (39) yielding

aM =
1
2

(
aR + q2

R + 2 −
√

(aR + q2
R + 2)2 − 4aRq2

R

)
, (50a)

qM =
1√
2

(
aR + q2

R + 2 +
√

(aR + q2
R + 2)2 − 4aRq2

R

)1/2

. (50b)

To the left of the constant region with a = aM and q = qM is a partial soliton simple wave
with R+ constant. Incomplete transmission will not occur when

√
aM < qM, which we know

from the fact that we fixed σ = −1 and (31). Thus, for this case the soliton always completely
transmits. A numerical simulation of complete transmission is shown in figure 9. The partial
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Figure 10. Comparison of analytical results ( ) from (51) with numerical simu-
lations (——) for amplitude (left) and slope (right). The numerical simulation the same
as figure 9. A phase shift of x0 = −20 is incorporated in the analytical solution. The
soliton–mean simple wave result ( ) from (30) and (39a) is shown to be the large
t limit.

soliton parameters on the left side of the RW (aM, qM) are shown to satisfy the simple wave
condition (30) to good accuracy.

Although complete transmission (figure 9) and partial recession with complete transmission
(figure 8) appear similar, the difference can be seen in the portion of the partial soliton at the
right edge of the RW. For complete transmission, the initial amplitude (red) portion of the
partial soliton is directly at the right edge of the RW, while for partial recession, the initial
amplitude portion recedes from the RW, leaving a lower amplitude soliton to transmit.
Complete transmission exact solution (figure 10). When complete transmission occurs, we
can calculate explicit modulation solutions for all three parameters. We look for solutions
consisting of two simple waves and a constant region of the form:

a(x, t) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 x < Uzt

a2(x, t) Uzt < x < Ust

aM Ust < x < 0

a3(x, t) 0 < x < t

aR t < x

, q(x, t) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

q∗ x < Uzt

q2(x, t) Uzt < x < Ust

qM Ust < x < 0

q3(x, t) 0 < x < t

qR t < x

.

(51a)

We already performed the calculations for a3(x, t) and q3(x, t) in (34):

a3(x, t) = − x
t
+

R+,R + R−,R

2
−
[( x

t
− R−,R

)( x
t
− R+,R

)]1/2
, (51b)

q2
3(x, t) = − x

t
+

R+,R + R−,R

2
+
[( x

t
− R−,R

)( x
t
− R+,R

)]1/2
, (51c)

where R±,R = ūR + (qR ±√
aR)2. We use calculations from section 3.2 for the initial condition

(19) to find an explicit formula for a2(x, t) and q2(x, t):

q2(x, t) =
1
2

(
q2
∗ − 3

x
t

)1/2
,

√
a2(x, t) = qM +

√
aM − q2(x, t), (51d)
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Figure 11. Numerical evolution of the KP equation (1) showing total recession for the
initial conditions (b) in figures 2 and 7. The initial parameters are aL = 2, qL = 1,
ūR = 1, and ūL = 0 displayed for t ∈ (0, 30, 60). This partial soliton does not interact
with the RW.

where

Us =
aM

3
− q2

M +
2
3

qM
√

aM, Uz = −q2
∗. (51e)

A comparison between the above analytical solution (51) and direct numerical simulation is
shown in figure 10. Modulation theory accurately captures the system’s behaviour.

5.2. Partial soliton–RW

Next, we consider initial conditions with aL = a0 and qL = q0 given, ūL = 0, ūR = 1, aR = 0,
and qR = q∗. In this case, from the solution to (21), R− should be constant throughout the
flow. Four outcomes are possible: total recession, trapping, incomplete transmission, and com-
plete transmission. The initial conditions are shown in panel (b) of figure 2, and the regions of
parameter space that give rise to each outcome are shown in panel (b) in figure 7.
Total recession (figure 11). The partial soliton totally recedes from the RW when

√
aL < 3qL, (52)

a relatively large portion of the parameter space. A simulation of total recession is shown in
figure 11. In this case, the partial soliton never interacts with the mean flow. It follows that
for a partial soliton under these initial conditions to be transmitted or trapped,

√
aL > 3qL,

the converse of (52), is required. This fixes a > q2 throughout the solution, implying that the
sign in (36) for the soliton–mean simple wave can be fixed as σ = 1 for the remainder of this
section.
Trapping (figure 12). The transmission condition (33) further limits permissible transmitted
solutions, as partial solitons can be trapped in the RW. Figure 12 shows an example of this
trapped case.
Incomplete transmission (figure 13). If the transmission condition is met and total recession
did not occur, then we can follow (39b) to find the parameters of the constant region:

aM =
1
2

(
aL + q2

L − 2 +
√

(aL + q2
L − 2)2 − 4aLq2

L

)
, (53a)

qM =
1√
2

(
aL + q2

L − 2 −
√

(aL + q2
L − 2)2 − 4aLq2

L

)1/2

. (53b)
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Figure 12. Numerical evolution of the KP equation (1) showing trapping for the ini-
tial conditions (b) in figures 2 and 7. The initial parameters are aL = 1.21, qL = 0.20,
ūR = 1, and ūL = 0 displayed for t ∈ (0, 40, 100). The initial conditions do not satisfy
the transmission condition in (33).

Figure 13. Numerical evolution of the KP equation (1) showing incomplete transmis-
sion for the initial conditions (b) in figures 2 and 7. The initial parameters are aL = 3,
qL = 0.15, ūR = 1, and ūL = 0 displayed for t ∈ (0, 40, 100). The partial soliton never
propagates to the right of the RW.

If the parameters (aM, qM) in (53) do not meet the final condition stated below in (54), incom-
plete transmission occurs. An example of incomplete transmission is shown in figure 13. The
transmitted soliton never separates from the mean flow.
Complete transmission (figure 14). Complete transmission requires that a constant region
develops between the RW and the partial soliton simple wave so that (cf (20))

Us = 1 +
aM

3
− q2

M − 2
3

√
aMq2

M > 1, (54)

which we can write in terms of the incident soliton’s parameters using (53)

2 − (qL +
√

aL)2 + 2
√

(aL + q2
L − 2)2 − 4aLq2

L > 0. (55)

Assuming total recession does not occur ((52) is not met), complete transmission occurs when
both (33) and (55) are met. An example is shown in figure 14. For large t, the soliton–mean
simple wave solution occurs across the RW, as expected.
Complete transmission exact solution (figure 15). We can write down an exact solution in
the complete transmission case, which will require utilizing multiple branches of the simple
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Figure 14. Numerical evolution of the KP equation (1) showing complete transmis-
sion for the initial conditions (b) in figures 2 and 7. The initial parameters are aL = 5,
qL = 0.25, ūR = 1, and ūL = 0 displayed for t ∈ (0, 40, 80). After transmission the
partial soliton bends leftward to completely transmit through the RW again. The right
panel compares the parameters of the transmitted soliton with the soliton–mean simple
wave prediction (30) and (39b). See figure 15 for a more direct comparison with the
modulation solution.

wave solution due to multivalued partial soliton evolution (cf section 3.2). Recall that aM > q2
M

because σ = 1 (31), which from (22) implies that q∗ < 0. Consequently, the simple wave on
the far side of the RW becomes multivalued in x. From figure 14 we see that this is indeed
the case. In fact, the solution then curves back around to interact with the RW again, and there
we must apply the analysis from section 4.2. We look for a two branched solution where for
y > V f t, with Vf = − 2

3 (qM −√
aM) and Uf = 1 + 1

3 (qM −√
aM)2 we have

a+(x, t) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

aL x < 0

a2(x, t) 0 < x < t

aM t < x < Ust

a+
3 (x, t) Ust < x < Uft

,

q+(x, t) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

qL x < 0

q2(x, t) 0 < x < t

qM t < x < Ust

q+
3 (x, t) Ust < x < Uft

,

(56a)

with the characteristic velocity Us defined as in (54). For y < V ft we have

a−(x, t) = a−
3 (x, t), q−(x, t) = q−

3 (x, t), t < x < Uft, (56b)

defined below. We can calculate the exact solution within the simple wave just as above in (34):

a2(x, t) = − x
t
+

R+,L + R−,L

2
−
[( x

t
− R−,L

)( x
t
− R+,L

)]1/2
, (56c)

q2
2(x, t) = − x

t
+

R+,L + R−,L

2
+
[( x

t
− R−,L

)( x
t
− R+,L

)]1/2
, (56d)

where R±,L = ūL + (qL ±√
aL)2. The simple wave solution then is
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Figure 15. Comparison of analytical results ( ) from (56) with numerical simu-
lations (——) for amplitude (left) and slope (right) for complete transmission in initial
conditions (b) in figures 2 and 7. The numerical simulation is the same as in figure 14.
A phase shift of x0 = −11 is incorporated in the analytical solution. The soliton–mean
simple wave result ( ) from (30) and (39b) is shown to be the large t limit.

q±
3 (x, t) = ±1

2

[
(qM −√

aM)2 + 3
(

1 − x
t

)]1/2
,√

a±
3 (x, t) = −qM +

√
aM + q±

3 (x, t).

(56e)

The partial soliton then bends around to interact with the mean flow again at x = t, q−
3 (t, t) =

−
√

a−
3 (t, t) = −√

ai, where ai =
1
4 (qM −√

aM)2. Consequently, we also have that R+ = ū at
x = t. This is now identical to the partial scenario examined above in section 4.2 with the trans-
formation y →−y and R± → R∓. The partial soliton, now with parameters (a, q2) = (ai, ai), is
completely transmitted back through the RW with new parameters defined by (47). At the left
side of the RW, a R+-wave continues.

In figure 15 we show a comparison between direct numerical simulation and the above
analytical results (56). We incorporate a phase shift of x0 = −11 to account for higher order
effects due to the smoothed initial data. The behaviour of the numerical solution is again well-
captured by the modulation theory prediction.

5.3. Partial soliton–DSW

Now we consider initial conditions where aL and qL are given, ūL = 1, ūR = 0, aR = 0, and
qR = q∗. The mean flow initial conditions will yield a DSW, and R− is constant throughout the
flow following analysis for (21). Three outcomes are possible: total recession, incomplete trans-
mission, and complete transmission. The initial conditions are shown in panel (c) of figure 2,
and the corresponding regions of parameter space for each outcome are shown in panel (c) of
figure 7.
Total recession. The partial soliton does not interact with the mean flow when Uz < −1 (cf
(24)) implying

aL − 3q2
L − 2qL

√
aL < −2, (57)

holds for total recession. It follows that for incomplete and complete transmission, the converse
of (57) must hold.
Incomplete transmission. Following (33) and (39a), we find that a soliton–mean simple wave
solution always exists for these initial conditions with parameters
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Figure 16. Numerical evolution of the KP equation (1) showing complete transmis-
sion for the initial conditions (c) in figures 2 and 7. The initial parameters are aL = 3,
qL = 0.5, ūL = 0, and ūR = −1 displayed for t ∈ (0, 20, 50). Note the zero edge of the
partial soliton simple wave bends back to interact with the DSW again. The right panel
compares the parameters of the transmitted soliton with the soliton–mean simple wave
prediction (30) and (39a).

aM =
1
2

(
aL + q2

L + 2 + σ
√

(aL + q2
L + 2)2 − 4aLq2

L

)
, (58a)

qM =
1√
2

(
aL + q2

L + 2 − σ
√

(aL + q2
L + 2)2 − 4aLq2

L

)1/2

, (58b)

with σ defined as in (36). The below condition (59) must also be met for complete transmis-
sion; if it is not, incomplete transmission occurs and the soliton never separates from the mean
flow.
Complete transmission (figure 16). The only remaining factor for complete transmission is the
magnitude of the partial soliton characteristic velocity on the right side of the DSW Us > 2/3
(cf (24)), leading to the condition

2 − (qL −√
aL)2 + 2σ

√
(aL + q2

L + 2)2 − 4aLq2
L >

2
3
. (59)

When the above conditions (58) and (59) are met, and total recession (57) did not occur,
complete transmission occurs. Figure 16 shows the complete transmission of a partial soliton
starting on the left through a DSW. For large t, the solution approaches the soliton–mean sim-
ple wave from section 3.3. Once again, the simple wave bends back to interact with the DSW
a second time, as described in section 4.2. The secondary interaction occurs at x/t = 2/3 and
is identical to the partial recession case for DSW–soliton initial conditions with the transfor-
mation y →−y and R± → R∓. In contrast to partial recession for partial soliton–RW data, for
this secondary interaction, trapping always occurs. We give details below in section 5.4.

5.4. DSW–partial soliton

When the partial soliton starts to the right of the a DSW, we fix aR and qR, ūL = 1, ūR = 0,
aL = 0, and qL = q∗. From the solution to (17), R+ is constant outside the DSW. Four out-
comes are possible here: partial recession (leading to resonant trapping), trapping (resonant or
nonresonant), incomplete transmission, and complete transmission. The initial conditions are
shown in panel (d) of figure 2, and the corresponding regions of parameter space that give rise
to each outcome are shown in panel (d) in figure 7.
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Partial recession. The partial soliton only interacts partially with the DSW if Us > 2/3 (cf
(20)), which in our case reads

aR

3
− q2

R +
2
3

qR
√

aR >
2
3
. (60)

When partial recession occurs, the portion of the partial soliton simple wave that interacts
with the front edge of the RW is delimited by the speed U = x/t = 2/3, which corresponds to
replacing aR and qR in (60) with values such that the inequality becomes an equality.

We denote the soliton parameters at the front edge of the DSW as (a, q) = (ai, qi). From (19),
we obtain qi = q(2t/3, t) = 1

2 [(qR +
√

aR)2 − 2]1/2, where qi is guaranteed to be real from
(62b). We calculate again using (19)

(qi −
√

ai)2 =
[
(qR +

√
aR)2 − 2

]1/2 − (qR +
√

aR), (61)

from which it is necessary that (qi −
√

ai)2 � 2 with equality only if qR +
√

aR =
√

2. Thus,
for partial recession the transmission condition (33) never holds, i.e. a partial soliton experienc-
ing partial recession from a DSW always remains trapped. Specifically, it experiences resonant
trapping, which we will explain below.
Resonant trapping (figure 17). We now discuss the case where the partial soliton fully interacts
with the mean flow, i.e. the partial recession condition (60) does not hold. If the transmission
condition (33) is also not met, trapping occurs, which can take two forms. First, we can have
a resonant interaction between the partial soliton and the front edge of the DSW. Recall that
the leading edge of a DSW takes the form of a soliton with a = 2 and q = 0 for large t (see
section 3.1). From [47], we find that a resonant interaction occurs between the partial soliton
and the DSW leading edge when both of the following inequalities hold:

(qR −√
aR)2 < 2, (62a)

(qR +
√

aR)2 > 2. (62b)

Condition (62a) is equivalent to the trapping condition (33), and therefore is automatically
satisfied if trapping has occurred. If (62b) also holds, the trapped partial soliton interacts
resonantly with the DSW front to form a stem and a second resonant branch between them
in a Y-shape. Incidentally, the resonance conditions (62) are identical to the conditions that
guarantee a complex value in (30) (cf (32)). The parameters of the resonant stem are [47]:

qstem =
1
2

(qR +
√

aR −
√

2),
√

astem =
1
2

(qR +
√

aR +
√

2). (63)

We now use the above parameters in (30) and (39) to verify that trapping occurs for the resonant
stem. For the parameters (63), the term underneath the square root in the soliton–mean simple
wave mapping (30) is zero, since qstem −√

astem =
√

2, implying that aM = q2
M (cf (31)). The

characteristic velocity of the soliton edge of the partial soliton simple wave on the left side of
the jump in mean flow then is Us = 1 (cf (22)), equivalent to the velocity of the background
flow. Consequently, a partial soliton in this regime cannot establish itself outside the DSW. The
other branch of the resonant Y-shape has parameters [47]

qres =
1
2

(qR −√
aR −

√
2),

√
ares =

1
2

(qR −√
aR +

√
2). (64)

The same analysis holds for (ares, qres) as for (astem, qstem) above, revealing that neither the stem
nor the other branch of the resonant Y-soliton will transmit through the DSW. A numerical
simulation of this case is shown in figure 17.
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Figure 17. Numerical evolution of the KP equation (1) showing resonant trapping for
the initial conditions (d) in figures 2 and 7. The initial parameters aR = 2, qR =

√
2,

ūR = 0, and ūL = 1 displayed for t ∈ (0, 40, 100). Note the Miles resonant Y-shape
forming between the initial partial soliton and the leading edge of the DSW. Both arms
of the modulated Y-soliton are trapped by the DSW.

We note that the partial recession condition (60) implies that the second resonance condition
(62b) is met. We already stated that partial recession also implies trapping, which is equivalent
to the first resonance condition (62a). Thus, partial recession always leads to resonant trapping.
Nonresonant trapping (figure 18). If a partial soliton is trapped per condition (33) but does
not meet the second condition for resonance (62b), then the second kind of trapping occurs.
Trapping without resonance occurs when

(qR +
√

aR)2 < 2. (65)

Here the partial soliton is simply absorbed into the DSW, without resonance. This is shown in
the numerical simulation of figure 18. Specifically, the interaction between the DSW leading
edge soliton and the initial partial soliton is an asymmetric interaction; in fact, from [47], the
regime of nonresonant trapping (65) is identical to regime of asymmetric interaction between
the DSW leading edge soliton and the initial partial soliton. Inspection of figure 18 reveals that
the top half of the DSW leading edge has a phase shift to the right, a key feature of asymmetric
interactions.
Incomplete transmission. When the transmission condition (33) is met and partial recession
(60) did not occur, the partial soliton interacts with the changing mean flow and transmits
through it. From (33) and (60), we conclude that if transmission occurs, q2

R > aR, implying
that σ = −1 (36). The parameters aM and qM are well-defined and are given by (cf (30) and
(39b))

aM =
1
2

(
aR + q2

R − 2 −
√

(aR + q2
R − 2)2 − 4aRq2

R

)
, (66a)

qM =
1√
2

(
aR + q2

R − 2 +
√

(aR + q2
R − 2)2 − 4aRq2

R

)1/2

. (66b)

Incomplete transmission then occurs if the condition for complete transmission given below
(67) is not met.
Complete transmission (figure 19). For complete transmission, we require that on the left side
of the mean flow Us < −1, which implies

5 < (qR −√
aR)2 − 2

√
(aR + q2

R − 2)2 − 4aRq2
R, (67)
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Figure 18. Numerical evolution of the KP equation (1) showing nonresonant trapping
for the initial conditions (d) in figures 2 and 7. The initial parameters are aR = 0.8,
qR = 0.4, ūR = 0, and ūL = 1 displayed for t ∈ (0, 30, 60). The condition in (33) for
transmission is not met, and neither is the condition for resonance (62b). Consequently,
the partial soliton is trapped and disappears into the DSW.

Figure 19. Numerical evolution of the KP equation (1) showing complete transmission
for the initial conditions (d) in figures 2 and 7. The initial parameters are aR = 0.06, qR =
2.28, ūR = 0 displayed for t ∈ (0, 60, 140). The right panel compares the parameters of
the transmitted soliton with the soliton–mean simple wave prediction (30) and (39b).

otherwise incomplete transmission occurs. If the above condition (67) holds, complete trans-
mission occurs. An example of complete transmission is shown in figure 19. This soliton has
very small amplitude aR, but the large qR ensures transmission. Even in this extreme regime, the
solution approaches the soliton–mean simple wave solution from section 3.3. We also remark
here that the transmitted soliton interaction with the DSW leading edge is classified as an ordi-
nary interaction as defined in [34, 47]. In fact, the regime for an ordinary interaction from [47]
is identical to the transmission condition (33) for a soliton starting to the right of a DSW. Look-
ing closely at figure 19 reveals a leftward phase shift for a DSW leading edge above the initial
soliton, an indicator of an ordinary interaction [47].

6. Discussion and conclusion

The main goal of this paper was to investigate the interaction of an oblique soliton with a
dispersive hydrodynamicmean flow. In particular, we showed that, even though Whitham mod-
ulation theory is not often used for (2 + 1)-dimensional equations, it provides a tractable and
reliable analytical approach for examining the evolution of line solitons of the KP equation,
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even under step-like initial conditions for the mean flow. In a previous work [41], the x-
independent reduction of the KP soliton modulation equations was considered. In this study,
in contrast, we primarily analyzed the y-independent reduction. Specifically, by diagonalizing
the y-independent KPII soliton–mean flow modulation system (3), we were able to calcu-
late invariant quantities that constrain admissible modulated line solitons through a changing
mean flow. As a consequence of the loss of strict hyperbolicity, there are two distinct possi-
ble combinations of soliton parameters across the mean flow. We determine a unique solution
by appealing to consistency with the evolution of the parameters within a RW. This finding
implies that, in general, σ = sgn (a − q2) is constant within a mean flow, i.e. the parameters
cannot cross the plane a = q2 where strict hyperbolicity is lost. Based on this restriction, we
determine unique mappings for the soliton–mean simple wave, which are shown to be large
t attractors for the partial soliton–mean flow initial conditions in numerical simulations. As
may be expected, the mapping for a transmitted soliton from a higher mean flow to a lower
mean flow is an exact inverse of the mapping for a transmitted soliton from the lower to
higher mean flow.

A key result of this paper is the transmission condition (33), which generalizes the KdV
transmission condition previously calculated in [20, 21]. This relation implies that while a
line soliton can always transmit through a downward jump in the mean, a line soliton only
transmits through an upward jump if (q −√

a)2 > 2Δ, where Δ is the size of the jump. The
transmission condition (33) also predicts a number of novel behaviours not present in the
(1 + 1)-dimensional setting, such as backward transmission: any nonzero q allows a soliton to
transmit through a RW starting from the right, whereas a (q = 0) KdV soliton does not interact
with a RW and is trapped by a DSW if its amplitude is less than twice the jump in the mean.
Another new feature is that certain inclinations can prevent transmission of even a large ampli-
tude soliton through a RW, such as choosing q =

√
a, while a very small amplitude soliton can

pass through both RWs and DSWs from either direction with sufficiently large inclination (see
figure 19 for an example).

We also discovered a remarkable connection between the various outcomes for transmission
of a soliton through a DSW and the classifications of the interactions between two line solitons
[47]. Indeed, the three possible outcomes for a soliton incident on a DSW match precisely the
three classes of exact solutions asymptoting to two line solitons as y →±∞. Specifically, the
soliton is transmitted through a DSW (cf (33)) if and only if an ordinary interaction occurs
between the line soliton on the right and the soliton at the leading edge of the DSW. Other-
wise, a resonant trapping (which corresponds to the case in which the mapping (30) yields
no real solutions) occurs if and only if a resonant interaction occurs between the line soliton
and the leading edge of the DSW (cf (32) and (62)). Finally, a nonresonant trapping (which
corresponds to the case in which the mapping (30) gives a negative value for a1 or q2

1) occurs
if and only if an asymmetric interaction occurs between the line soliton and the leading edge
of the DSW (cf (32) and (65)). In other words, the conditions giving rise to each soliton–mean
flow interaction scenario correspond precisely to the conditions that give rise to ordinary, res-
onant and asymmetric interactions between the oblique soliton and the soliton at the leading
edge of the DSW in [47]. We also mention that, to the best of our knowledge, this is the first
work to report the generation of a resonant soliton interaction from the time evolution of essen-
tially non-solitonic initial conditions (where we use the term ‘essentially non-solitonic initial
conditions’ to denote initial conditions that are not simply a linear or nonlinear superposition
of one or more infinite line solitons).

By piecing together simple wave solutions of the soliton–mean modulation equations, we
are also able to predict the dynamic behaviour of a partial line soliton incident upon step ini-
tial conditions. Despite regions where the partial soliton becomes multivalued in x—another
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consequence of nonstrict hyperbolicity—it was found that through a fully two-dimensional
spatial regularization, a well-defined solution is obtained. For completely transmitting multi-
valued partial solitons, the soliton bends back around to interact with the mean flow a second
time. Modulation theory also predicts other novel behaviours, such as incomplete transmis-
sion and partial recession. In general, the complete transmission regions of parameters for the
partial soliton–mean flow problem are relatively small (see figure 7). In cases of complete
transmission, modulation theory yields quantitatively accurate results for both the evolution
within a RW, as well as modulation parameters outside the DSW or RW.

Even though in this work we used the y-independent modulation system to study the the
soliton–mean flow problem, we found that there is a scenario where it was necessary to appeal
to the full modulation system, both to justify a multivalued-in-x solution and to determine its
regime of validity. One continuation of this work is therefore to consider initial conditions that
are not limited to one-dimensional reductions. A well-known example of such a solution is
the Miles resonant (Y-shaped) soliton. A natural question is therefore how one can study such
a solution using modulation theory. Another extension of our work will be to consider mean
flows that are fully two-dimensional. Finally, a third area of further research is to examine the
interaction of waves besides solitons with mean flows, such as small-amplitude linear waves,
cnoidal waves, or DSWs.
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Appendix A. Equivalence of simple waves

In this appendix, we will demonstrate the validity of the multivalued simple wave solution (26)
to the partial soliton initial conditions (21) with ū ≡ const. and 0 < q0 <

√
a0. From (22) and

section 3.2, q∗ < 0 and the solution must become multivalued in x. To examine this, we study
the x-independent soliton modulation equations [38, 41, 49],

[
a
q

]
t

+

⎡
⎢⎣2q

4
3

a
1
3

2q

⎤
⎥⎦
[

a
q

]
y

= 0, (A.1)

which can be rewritten in diagonalized form as

r± = q ±
√

a, V± = 2q ± 2
3

√
a =

4
3

r± +
2
3

r∓,
∂r±
∂t

+ V±
∂r±
∂y

= 0. (A.2)

The Riemann problem (21) in x is equivalently formulated as a Riemann problem in y

a(y, 0) =

{
0 y < 0

a0 y > 0
, q(y, 0) =

{
q∗ y < 0

q0 y > 0
. (A.3)
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Since the a = 0 vacuum region is below the nonzero region and V− < V+ for a0 > 0, r− will
first propagate into the vacuum region and determine q∗ by (22). This ensures that r− is constant
throughout the solution, and the emerging simple wave has r+ changing. For this problem
in y there is no loss of strict hyperbolicity or multivalued behaviour, as long as a0 > 0. The
characteristic velocities on either side of the simple wave are

Vs = 2q0 +
2
3
√

a0, Vz = 2q∗, (A.4)

where Vs and Vz represent the velocities of the soliton and zero edges of the simple wave,
respectively. Since q is defined as the slope tanϕ = −x/y (see figure 1), we can use the
transformations Vs = −Us/q0 and Vz = −Us/q∗ and add the appropriate soliton speed c =
ū + a/3 + q2 (see (2)) to convert characteristic velocities in y to characteristic velocities in x.
This yields

Us = ū +
a0

3
− q2

0 −
2
3

q0
√

a0, Uz = ū − q2
∗. (A.5)

The above characteristic velocities (A.5) agree with (21), which shows that the edge veloci-
ties of the partial soliton simple wave are equivalent in x and y. It remains to show that the
evolution of r+ within the simple wave is the same. Solving for the r+-simple wave solution
in y yields

r+(y, t) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

q0 +
√

a0 Vst < y

1
4

(3y/t − 2r−) Vzt < y < Vst

q∗ = q0 −
√

a0 y < Vzt

. (A.6)

We will now solve the original problem (21) in a moving reference frame in x and show that
the results are identical. The reference frame will travel with the velocity of the soliton:

x̃ = x − ct, c =
a
3
+ q2 =

1
3

(r2
+ + r+r− + r2

−). (A.7)

Setting r+ = x/t = Λ+ (10) in the simple wave region and solving for r+ gives

r+(
˜
x, t) =

1
4

(
−3r− ±

√
r2
− − 24

˜
x/t

)
. (A.8)

Note that the multivalued nature of solutions in x reappears here. Once again using the change
of variables x̃ = −yq = −y(r+ + r−)/2 and simplifying yields only one solution

r+(y, t) =
1
4

(3y/t − 2r−) (A.9)

for both the positive and negative square root cases in (A.8). This agrees with the solution in
(A.6). Thus, solving the problem (21) using y-independent modulation equations is equivalent
to solving the problem (A.3) using x-independent modulation equations.

In order to determine the location of the branch point q = 0 in y, note that (A.2) implies that
q = (r+ + r−)/2. Thus, q = 0 when r+(x, t) = −r− in (A.6). Solving for y/t gives

y
t
= −2

3
r− = −2

3
q∗. (A.10)
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[1] Semin B, Facchini G, Pétrélis F and Fauve S 2016 Generation of a mean flow by an internal wave
Phys. Fluids 28 096601

[2] van den Bremer T S and Sutherland B R 2014 The mean flow and long waves induced by two-
dimensional internal gravity wavepackets Phys. Fluids 26 106601

[3] D’Asaro E A, Eriksen C C, Levine M D, Paulson C A, Niiler P and Van Meurs P 1995 Upper-ocean
inertial currents forced by a strong storm. Part I: data and comparisons with linear theory J. Phys.
Oceanogr. 25 2909–36

[4] Pfeffer R L 1981 Wave-mean flow interactions in the atmosphere J. Atmos. Sci. 38 1340–59
[5] Andrews D G, Holton J R and Leovy C B 1987 Middle Atmosphere Dynamics vol 40 (New York:

Academic)
[6] Bühler O and Jacobson T E 2001 Wave-driven currents and vortex dynamics on barred beaches J.

Fluid Mech. 449 313–39
[7] Barreiro A K and Bühler O 2008 Longshore current dislocation on barred beaches J. Geophys. Res.

113 C12
[8] Bühler O and McIntyre M E 1998 On non-dissipative wave-mean interactions in the atmosphere or

oceans J. Fluid Mech. 354 301–43
[9] Bühler O 2014 Waves and Mean Flows. Cambridge Monographs on Mechanics 2nd edn

(Cambridge: Cambridge University Press)
[10] Constantin A and Ivanov R I 2019 Equatorial wave-current interactions Commun. Math. Phys. 370

1–48
[11] Compelli A C, Ivanov R I, Martin C I and Todorov M D 2019 Surface waves over currents and

uneven bottom Deep Sea Res., Part II 160 25–31
[12] Biondini G and Lottes J 2019 Nonlinear interactions between solitons and dispersive shocks in

focusing media Phys. Rev. E 99 022215
[13] Sprenger P, Hoefer M A and El G A 2018 Hydrodynamic optical soliton tunneling Phys. Rev. E 97

032218
[14] Apel J R, Ostrovsky L A, Stepanyants Y A and Lynch J F 2007 Internal solitons in the ocean and

their effect on underwater sound J. Acoust. Soc. Am. 121 695–722
[15] Pinkel R, Merrifield M, McPhaden M, Picaut J, Rutledge S, Siegel D and Washburn L 1997 Solitary

waves in the western equatorial Pacific ocean Geophys. Res. Lett. 24 1603–6
[16] Wang C and Pawlowicz R 2012 Oblique wave-wave interactions of nonlinear near-surface internal

waves in the Strait of Georgia J. Geophys. Res. 117 C6
[17] Soomere T 2011 Solitons interactions Mathematics of Complexity and Dynamical Systems ed R A

Meyers (New York: Springer) pp 1576–600
[18] Ostrovsky L A and Stepanyants Y A 2016 Interaction of solitons with long waves in a rotating fluid

Phys. D 333 266–75
[19] Grimshaw R H J, Smyth N F and Stepanyants Y A 2021 Interaction of internal solitary waves with

long periodic waves within the rotation modified Benjamin–Ono equation Phys. D 419 132867
[20] Ablowitz M J, Luo X-D and Cole J T 2018 Solitons, the Korteweg–de Vries equation with step

boundary values, and pseudo-embedded eigenvalues J. Math. Phys. 59 091406
[21] Maiden M D, Anderson D V, Franco N A, El G A and Hoefer M A 2018 Solitonic dispersive

hydrodynamics: theory and observation Phys. Rev. Lett. 120 144101
[22] Biondini G, Li S and Mantzavinos D 2018 Soliton trapping, transmission, and wake in modulation-

ally unstable media Phys. Rev. E 98 042211
[23] Maiden M D, Lowman N K, Anderson D V, Schubert M E and Hoefer M A Apr 2016 Observation

of dispersive shock waves, solitons, and their interactions in viscous fluid conduits Phys. Rev.
Lett. 116 23

[24] Courant R and Hilbert D 1962 Methods of Mathematical Physics (New York: Interscience)

3616

https://orcid.org/0000-0002-0562-4854
https://orcid.org/0000-0002-0562-4854
https://orcid.org/0000-0001-5883-6562
https://orcid.org/0000-0001-5883-6562
https://orcid.org/0000-0003-3835-1343
https://orcid.org/0000-0003-3835-1343
https://doi.org/10.1063/1.4962937
https://doi.org/10.1063/1.4962937
https://doi.org/10.1063/1.4899262
https://doi.org/10.1063/1.4899262
https://doi.org/10.1175/1520-0485(1995)025&tnqx3c;2909:uoicfb&tnqx3e;2.0.co;2
https://doi.org/10.1175/1520-0485(1995)025&tnqx3c;2909:uoicfb&tnqx3e;2.0.co;2
https://doi.org/10.1175/1520-0485(1995)025&tnqx3c;2909:uoicfb&tnqx3e;2.0.co;2
https://doi.org/10.1175/1520-0485(1995)025&tnqx3c;2909:uoicfb&tnqx3e;2.0.co;2
https://doi.org/10.1175/1520-0469(1981)038&tnqx3c;1340:wmfiit&tnqx3e;2.0.co;2
https://doi.org/10.1175/1520-0469(1981)038&tnqx3c;1340:wmfiit&tnqx3e;2.0.co;2
https://doi.org/10.1175/1520-0469(1981)038&tnqx3c;1340:wmfiit&tnqx3e;2.0.co;2
https://doi.org/10.1175/1520-0469(1981)038&tnqx3c;1340:wmfiit&tnqx3e;2.0.co;2
https://doi.org/10.1017/s0022112001006322
https://doi.org/10.1017/s0022112001006322
https://doi.org/10.1017/s0022112001006322
https://doi.org/10.1017/s0022112001006322
https://doi.org/10.1029/2007jc004661
https://doi.org/10.1029/2007jc004661
https://doi.org/10.1017/s002211209700774x
https://doi.org/10.1017/s002211209700774x
https://doi.org/10.1017/s002211209700774x
https://doi.org/10.1017/s002211209700774x
https://doi.org/10.1007/s00220-019-03483-8
https://doi.org/10.1007/s00220-019-03483-8
https://doi.org/10.1007/s00220-019-03483-8
https://doi.org/10.1007/s00220-019-03483-8
https://doi.org/10.1016/j.dsr2.2018.11.004
https://doi.org/10.1016/j.dsr2.2018.11.004
https://doi.org/10.1016/j.dsr2.2018.11.004
https://doi.org/10.1016/j.dsr2.2018.11.004
https://doi.org/10.1103/physreve.99.022215
https://doi.org/10.1103/physreve.99.022215
https://doi.org/10.1103/physreve.97.032218
https://doi.org/10.1103/physreve.97.032218
https://doi.org/10.1121/1.2395914
https://doi.org/10.1121/1.2395914
https://doi.org/10.1121/1.2395914
https://doi.org/10.1121/1.2395914
https://doi.org/10.1029/97gl01610
https://doi.org/10.1029/97gl01610
https://doi.org/10.1029/97gl01610
https://doi.org/10.1029/97gl01610
https://doi.org/10.1029/2012jc008022
https://doi.org/10.1029/2012jc008022
https://doi.org/10.1016/j.physd.2016.02.008
https://doi.org/10.1016/j.physd.2016.02.008
https://doi.org/10.1016/j.physd.2016.02.008
https://doi.org/10.1016/j.physd.2016.02.008
https://doi.org/10.1016/j.physd.2021.132867
https://doi.org/10.1016/j.physd.2021.132867
https://doi.org/10.1063/1.5026332
https://doi.org/10.1063/1.5026332
https://doi.org/10.1103/physrevlett.120.144101
https://doi.org/10.1103/physrevlett.120.144101
https://doi.org/10.1103/physreve.98.042211
https://doi.org/10.1103/physreve.98.042211
https://doi.org/10.1103/physrevlett.116.174501
https://doi.org/10.1103/physrevlett.116.174501


Nonlinearity 34 (2021) 3583 S Ryskamp et al

[25] Lax P D 1973 Hyperbolic Systems of Conservation Laws and the Mathematical Theory of Shock
Waves (Philadelphia, PA: SIAM)

[26] Whitham G B 1974 Linear and Nonlinear Waves (New York: Wiley Interscience)
[27] Bretherton F P, Garrett C J R and Lighthill M J 1968 Wavetrains in inhomogeneous moving media

Proc. R. Soc. A 302 529–54
[28] Grimshaw R 1984 Wave action and wave-mean flow interaction, with application to stratified shear

flows Annu. Rev. Fluid Mech. 16 11–44
[29] El G A and Hoefer M A 2016 Dispersive shock waves and modulation theory Phys. D 333 11–65
[30] Congy T, El G A and Hoefer M A 2019 Interaction of linear modulated waves and unsteady

dispersive hydrodynamic states with application to shallow water waves J. Fluid Mech. 875
1145–74

[31] Kadomtsev B B and Petviashvili V I 1970 On the stability of solitary waves in weakly dispersing
media Sov. Phys. - Dokl. 15 539–41

[32] Ablowitz M and Baldwin D 2012 Nonlinear shallow ocean wave soliton interactions on flat beaches
Phys. Rev. E 86 036305

[33] Ablowitz M J and Segur H 1979 On the evolution of packets of water waves J. Fluid Mech. 92
691–715

[34] Kodama Y 2018 Solitons in Two-Dimensional Shallow Water (Philadelphia, PA: SIAM)
[35] Grimshaw R 1981 Evolution equations for long, nonlinear internal waves in stratified shear flows

Stud. Appl. Math. 65 159–88
[36] Yuan C, Grimshaw R, Johnson E and Chen X 2018 The propagation of internal solitary waves

over variable topography in a horizontally two-dimensional framework J. Phys. Oceanogr. 48
283–300

[37] Infeld E and Rowlands G 2001 Nonlinear Waves, Solitons, and Chaos (Cambridge: Cambridge
University Press)

[38] Biondini G, Hoefer M A and Moro A 2020 Integrability, exact reductions and special solutions of
the KP-Whitham equations Nonlinearity 33 4114–32

[39] Miles J W 1977 Resonantly interacting solitary waves J. Fluid Mech. 79 171–9
[40] Kao C-Y and Kodama Y 2012 Numerical study of the KP equation for non-periodic waves Math.

Comput. Simul. 82 1185–218
[41] Ryskamp S, Maiden M D, Biondini G and Hoefer M A 2021 Evolution of truncated and bent gravity

wave solitons: the Mach expansion problem J. Fluid Mech. 909 A24
[42] Ablowitz M J, Biondini G and Wang Q 2017 Whitham modulation theory for the Kadomt-

sev–Petviashvili equation Proc. R. Soc. A 473 20160695
[43] Ablowitz M J, Biondini G and Rumanov I 2018 Whitham modulation theory for (2+ 1)-dimensional

equations of Kadomtsev–Petviashvili type J. Phys. A: Math. Theor. 51 215501
[44] Dafermos C M 2010 Hyperbolic Conservation Laws in Continuum Physics (Grundlehren der

mathematischen Wissenschaften, vol 325) 3rd edn (Berlin: Springer)
[45] Biondini G and Chakravarty S 2006 Soliton solutions of the Kadomtsev–Petviashvili ii equation J.

Math. Phys. 47 033514
[46] Kodama Y 2004 Young diagrams and N-soliton solutions of the KP equation J. Phys. A: Math. Gen.

37 11169–90
[47] Biondini G 2007 Line soliton interactions of the Kadomtsev–Petviashvili equation Phys. Rev. Lett.

99 064103
[48] Gurevich A V and Pitayevsky L P 1974 Nonstationary structure of a collisionless shock wave Sov.

Phys. JETP 38 291–7
[49] Neu J C 2015 Singular Perturbation in the Physical Sciences (Providence, RI: American Mathe-

matical Society)

3617

https://doi.org/10.1098/rspa.1968.0034
https://doi.org/10.1098/rspa.1968.0034
https://doi.org/10.1098/rspa.1968.0034
https://doi.org/10.1098/rspa.1968.0034
https://doi.org/10.1146/annurev.fl.16.010184.000303
https://doi.org/10.1146/annurev.fl.16.010184.000303
https://doi.org/10.1146/annurev.fl.16.010184.000303
https://doi.org/10.1146/annurev.fl.16.010184.000303
https://doi.org/10.1016/j.physd.2016.04.006
https://doi.org/10.1016/j.physd.2016.04.006
https://doi.org/10.1016/j.physd.2016.04.006
https://doi.org/10.1016/j.physd.2016.04.006
https://doi.org/10.1017/jfm.2019.534
https://doi.org/10.1017/jfm.2019.534
https://doi.org/10.1017/jfm.2019.534
https://doi.org/10.1017/jfm.2019.534
https://doi.org/10.1103/physreve.86.036305
https://doi.org/10.1103/physreve.86.036305
https://doi.org/10.1017/s0022112079000835
https://doi.org/10.1017/s0022112079000835
https://doi.org/10.1017/s0022112079000835
https://doi.org/10.1017/s0022112079000835
https://doi.org/10.1002/sapm1981652159
https://doi.org/10.1002/sapm1981652159
https://doi.org/10.1002/sapm1981652159
https://doi.org/10.1002/sapm1981652159
https://doi.org/10.1175/jpo-d-17-0154.1
https://doi.org/10.1175/jpo-d-17-0154.1
https://doi.org/10.1175/jpo-d-17-0154.1
https://doi.org/10.1175/jpo-d-17-0154.1
https://doi.org/10.1088/1361-6544/ab8a66
https://doi.org/10.1088/1361-6544/ab8a66
https://doi.org/10.1088/1361-6544/ab8a66
https://doi.org/10.1088/1361-6544/ab8a66
https://doi.org/10.1017/s0022112077000093
https://doi.org/10.1017/s0022112077000093
https://doi.org/10.1017/s0022112077000093
https://doi.org/10.1017/s0022112077000093
https://doi.org/10.1016/j.matcom.2010.05.025
https://doi.org/10.1016/j.matcom.2010.05.025
https://doi.org/10.1016/j.matcom.2010.05.025
https://doi.org/10.1016/j.matcom.2010.05.025
https://doi.org/10.1017/jfm.2020.952
https://doi.org/10.1017/jfm.2020.952
https://doi.org/10.1098/rspa.2016.0695
https://doi.org/10.1098/rspa.2016.0695
https://doi.org/10.1088/1751-8121/aabbb3
https://doi.org/10.1088/1751-8121/aabbb3
https://doi.org/10.1063/1.2181907
https://doi.org/10.1063/1.2181907
https://doi.org/10.1088/0305-4470/37/46/006
https://doi.org/10.1088/0305-4470/37/46/006
https://doi.org/10.1088/0305-4470/37/46/006
https://doi.org/10.1088/0305-4470/37/46/006
https://doi.org/10.1103/physrevlett.99.064103
https://doi.org/10.1103/physrevlett.99.064103

	Oblique interactions between solitons and mean flows in the Kadomtsev–Petviashvili equation
	1.  Introduction
	2.  Problem formulation and preliminary considerations
	2.1.  Modulation system
	2.2.  Properties of the modulation equations
	2.3.  Initial conditions
	2.4.  Reduction to constant mean flow
	2.5.  Multi-soliton solutions of the KP equation, Riemann invariants and soliton interactions

	3.  Simple wave solutions
	3.1.  KdV reductions
	3.2.  Constant mean flow
	3.3.  Soliton–mean simple wave

	4.  General considerations regarding interactions between partial solitons and mean flows
	4.1.  Transmission conditions
	4.2.  Interactions between soliton simple waves and mean flow

	5.  Specific cases
	5.1.  RW–partial soliton
	5.2.  Partial soliton–RW
	5.3.  Partial soliton–DSW
	5.4.  DSW–partial soliton

	6.  Discussion and conclusion
	Acknowledgments
	Appendix A.  Equivalence of simple waves
	ORCID iDs
	References


