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Abstract. We describe the application of importance sampling to Monte-Carlo sim-
ulations of polarization-mode dispersion (PMD) in optical fibers. The method allows
rare PMD events to be simulated much more efficiently than with standard Monte-
Carlo methods, thus making it possible to assess the effect of PMD on system outage
probabilities at realistic bit error ratios.

1. Introduction

Polarization-mode dispersion (PMD) has emerged as a major impairment in both ter-
restrial and undersea wavelength-division-multiplexed (WDM) systems. To first order
in frequency, PMD splits a pulse between the fast and the slow axis of the fiber; at the
same time, higher orders of PMD induce depolarization and polarization-dependent
chromatic dispersion. At high bit rates, all of these effects lead to unacceptable trans-
mission penalties. A key difficulty with PMD is its stochastic nature. PMD is caused
by random variations of an optical fiber’s birefringence with distance. In addition, the
penalties it produces change randomly over time as the ambient temperature and other
environmental parameters vary. In system design, a maximum power penalty (typically
1 dB) is usually assigned to PMD, and one demands that the outage probability (that
is, the probability of the PMD-induced penalty exceeding this allowed value) is very
small (typically a minute per year, 10−6 or less). Because of this small probability,
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it is very difficult to use either Monte-Carlo simulations or laboratory experiments to
determine a system’s outage probability, due to the extremely large number of system
configurations that must be explored in order to obtain a reliable estimate.

A measure of PMD is provided by the PMD vector τ [1, 2, 3], the magnitude
of which is the differential group delay (DGD). The rare events where the DGD is
significantly larger than its mean are particularly important, since they are the ones
most likely to result in system outages. Of course, the PMD vector is frequency-
dependent, and therefore in general the DGD at any given frequency is not the sole
determiner of system outages. In particular, second-order PMD, which includes both
depolarization and polarization-dependent chromatic dispersion (PCD), is known to
produce additional system penalties [4, 5]. This is especially important when PMD
compensation is applied, since first-order PMD is typically reduced to moderate values
(or perfectly cancelled at a particular frequency); in this case, it is possible for second-
order PMD to become the primary cause of system penalties [6, 7, 8, 9].

In the absence of effective tools for calculating outage probabilities, system design-
ers have resorted to stopgap techniques. One such technique is to produce artificially
large DGD values, determine the penalties at these large DGDs, and then weight the
results using the DGD’s well-known Maxwellian probability distribution [1]. A fun-
damental problem with this method, however, is that there is no direct relationship
between the DGD (and/or second-order PMD) and the power penalty. In addition,
it is possible for different configurations to give both the same DGD and the same
second-order PMD, but not contribute equally to the penalty (because of different
higher-order PMD), and therefore they should be weighted differently in calculations
of outage probability.

The technique of importance sampling (IS) [10, 11, 12], which is one of a family of
methods known as variance reduction techniques [13, 14], addresses these difficulties
and provides a tool that can be used in numerical simulations — and, in principle, in
experiments — to accurately estimate PMD-induced system penalties. The technique
allows low probability events to be efficiently simulated by enabling one to concentrate
Monte-Carlo simulations in the most significant regions of interest in sample space.
We have applied IS to the numerical calculation of PMD-induced effects generated
by a concatenation of birefringent sections [15, 16, 17]. In this case, the regions of
interest in the sample space are the configurations that lead to large values of DGD
and/or second-order PMD. This method has also been applied to numerically calculate
PMD-induced transmission penalties [7, 9, 18]. Here we give a complete description
of the technique and its application.

In Sections 2–4 we introduce the technique by first discussing some basic prin-
ciples and by considering the simpler case in which large DGD values are the events
of interest. Of course, in many practical situations it is necessary to also consider the
frequency dependence of the PMD vector. Thus, in Section 5 we present a multiple
biasing technique that allows one to target arbitrary amounts of first- and second-order
PMD. Use of this composite biasing method in importance-sampled Monte-Carlo sim-
ulations yields a more comprehensive determination of PMD-induced system penalties
than first-order biasing alone. Finally, in Sections 6–7 we discuss some technical issues
that are needed to implement the method. To demonstrate the method, in Section 9 we
calculate the probability density functions of the DGD, the magnitude of the second-
order PMD vector and their joint pdf for a device composed by a concatenation of
birefringent sections.
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2. The PMD Concatenation Equations

A standard technique for simulating PMD effects is the coarse-step method [19],
which approximates the continuous birefringence variations present in real fibers
by a concatenation of fixed length birefringent sections. Many experimental PMD
generation techniques also employ a concatenation of birefringent elements, such as
high-birefringence fibers [20] or birefringent waveplates [21], connected by either po-
larization scramblers (e.g., polarization controllers [20]) or rotatable connectors [21].

In all such cases, the total PMD vector after the (n+1)-st fiber section can be
obtained from the PMD concatenation equation [3],

τ (n+1) = Rn+1τ
(n) + ∆τn+1 , (1)

illustrated in Fig. 1. Here τn is the PMD vector after n sections and ∆τn+1 is the
differential contribution to the PMD vector of the (n+1)-st section. For fixed length
sections, the magnitude of ∆τn+1 is fixed, and only its direction varies. For linearly
birefringent elements, ∆τn+1 lies on the equatorial plane of the Poincaré sphere [22].
The Müller matrix Rn+1 = exp [ϕn+1(r̂n+1×)] represents a rotation through an
angle ϕn+1 about the axis r̂n+1. This rotation is frequency dependent; for linearly
birefringent elements, r̂n+1 = ∆τn+1/|∆τn+1| and ϕn+1(ω) = 2b′�n+1ω =
ϕn+1(ω0)+ 2b′�n+1(ω − ω0), where b′ is the birefringence strength of each element
and �n+1 is its length [3]. A similar concatenation equation holds for the frequency
derivative of the PMD vector, τω [3]:

τ (n+1)
ω = Rn+1τ

(n)
ω + ∆τn+1 × τ (n+1) . (2)

If linearly birefringent elements are used, Rn+1∆τn+1 = ∆τn+1 and Eqs. (1)–(2)
can be written as

τ (n+1) = Rn+1
(
τ (n) + ∆τn+1

)
, (3)

τ (n+1)
ω = Rn+1

(
τ (n)

ω + ∆τn+1 × τ (n)). (4)

When polarization controllers are present, an additional rotation matrix Qn+1 pre-
ceeds τ (n) and τ

(n)
ω in Eqs. (3)–(4). It is possible to factor out this rotation Qn+1

from the concatenation equations: the resulting equations are formally equivalent to
Eqs. (3)–(4) with a new rotation matrix R′

n+1 = Rn+1Qn+1, except that the new
contributions ∆τ ′

n+1 = Q−1
n+1∆τn+1 are now uniformly distributed on the Poincaré

sphere. This property facilitates the implementation of IS with polarization scramblers.
In the following, we refer to the situation where there are no polarization controllers
as the case of rotatable waveplates.

3. Importance Sampling

In order to apply IS to the PMD concatenation Eqs. (1)–(2) we need to target the
rare events in which the DGD and/or second-order PMD assume values much larger
than their mean. Here, for brevity, we only present the implementation of importance
sampling for PMD emulators which employ fixed-length birefringent sections [15, 16].
Importance sampling methods for PMD emulators with variable-length sections are
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Fig. 1. Graphical representation of the first-order PMD concatentation, Eq. (1).

discussed in [17]. When fixed-length birefringent sections are employed, we have
found that the appropriate variables to control are the polar angles θn between the
PMD vector after the first n sections, τn, and the differential contribution of the
(n + 1)-st section, ∆τn+1, as shown in Fig. 1. (Of course, a second set of angles,
giving the orientation of ∆τn+1 about τn+1 at fixed θn, is needed to uniquely specify
each birefringent section. These angles do not need to be controlled and can be left
uniformly distributed.) For example, the configurations that lead to these large DGD
values are the ones in which the individual contributions to the PMD vector from each
section tend to be aligned with each other. These configurations are the ones where the
angles θn tend to be closer to zero than on average.

Suppose we are interested in determining the probability P that a random variable
which depends upon the angles (θ1, θ2, . . . θN ) ≡ θ falls in a given range, where
N is the total number of sections. In our first example we will target the total DGD,
|τN |, but later on we will consider an arbitrary combination of DGD and second-order
PMD. The method can be applied to any random variable, such as the amount of pulse
broadening, the power penalty, or any combination thereof. The probability P can be
represented as the expectation value of an indicator function I(θ), where I = 1 if the
random variable of interest falls in the prescribed range and I = 0 otherwise. That is,
P is represented by the N -dimensional integral

P =
∫

Θ

I(θ)p(θ)dθ , (5)

where the p(θ) is the unbiased joint probability distribution function for the angles and
Θ represents the configuration space. When using importance sampling, we rewrite
the integrand in Eq. (5) as I(θ)p(θ) = I(θ)L(θ)p∗(θ), where p∗(θ) is the biasing
distribution, and where L(θ) = p(θ)/p∗(θ) is the importance sampling likelihood
ratio [10, 11, 12]. We then estimate the corresponding integral through Monte Carlo
simulations; that is, we write an importance-sampled Monte-Carlo estimate of the
above probability P as [10, 11, 12]

P̂ =
1
M

M∑

m=1

I(θm)L(θm) , (6)
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where M is the total number of trials, and where the samples θm are drawn according
to the biased distribution p∗(θ). If p∗(θ) ≡ p(θ) (that is, for unbiased Monte Carlo
simulations), Eq. (6) simply is the relative frequency of trials falling in the range of
interest. The problem with this choice is that, when simulating low probability events,
an exceedingly large number of samples is necessary in order for the desired events to
occur, and an even larger number is required in order to obtain an accurate estimate.
Using a biased probability distribution allows the desired regions of sample space to be
visited much more frequently.At the same time, the likelihood ratio L(θ) automatically
adjusts the results so that all of the different realizations are correctly weighted, thus
contributing properly to the final probability.

Not all biasing schemes are equivalent, of course. In order to obtain a fair estimator
for the desired quantity P , the biased probability distribution p∗(θ) should generate
all of the configurations that contribute to the final result. The best methods are the
ones that require the smallest numbers of realizations to be performed for all of the
significant regions of sample space to be visited; such methods are called asymptot-
ically efficient [23]. The algorithms that we have chosen to obtain targeted values of
first- and/or second-order PMD work by orienting the sections so that the successive
differential PMD vectors are preferentially aligned in certain directions with respect
to the first- and second-order PMD vectors up to that point. These algorithms appear
to be asymptotically efficient, as evidenced by the numerical results to be presented
later, which show that the tails of the probability distribution can be reached with
approximately the same amount of effort as the main part of the distribution.

4. IS for the DGD

When polarization scramblers are employed, the successive differential PMD vectors
∆τn+1 can be regarded as fixed, while the orientations of the previous PMD vectors
τn at the output of the polarization scrambler vary. We therefore bias the simulations
by making the scramblers preferentially orient τn near the direction of ∆τn+1. More
specifically, we set the polarization scramblers so that θn (the angle between the PMD
vector at the output of the n-th scrambler and the (n+1)-st differential PMD vector)
is biased towards zero. This choice does not uniquely determine the orientation of the
PMD vector at the scrambler output, of course, because τn can still be rotated by
an arbitrary amount about ∆τn+1 while keeping θn constant. We assume that this
additional rotational angle is uniformly distributed.

In the unbiased case, the angles θn are independent random variables, with cos θn

uniformly distributed in [−1, 1]. When applying importance sampling, we choose
cos θn = 2x1/α − 1, where x is a uniform random variable in [0, 1] and α ≥ 1 is a
biasing parameter. Other choices are possible for the biased distribution used for the
θn; the effectiveness of the method does not seem to be very sensitive to the particular
distribution used. The above choice yields the likelihood ratio as

L(θ) =
N∏

n=1

p1(cos θn)
pα(cos θn)

, (7)

where pα(cos θ) = (α/2)[(1 + cos θ)/2]α−1 [24]. The value α = 1 reproduces the
unbiased case (i.e., cos θ is uniformly distributed), while increasing values of α bias
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the configurations towards increasingly larger values of DGD, as illustrated in Figs. 2–
3. Thus, each biasing distribution allows us to sample a different range of DGDs, and
simulations with different values of α can be combined in order to cover the whole
range of DGD values. An efficient strategy of combining results from different biasing
distributions is described in Section 6.

We emphasize that different configurations with the same value of DGD (and/or
second order PMD) can have quite different likelihood ratios, and thus their relative
contribution to the final result can vary substantially. As a consequence, different
configurations producing the same DGD and/or second-order PMD are expected to
give very different contributions to the power penalty. This point is illustrated in Fig. 4,
where we plot the distribution of likelihood ratios for some specific samples. Note that
the horizontal axis uses a logarithmic scale, which implies a variation of almost three
orders of magnitude of the likelihood ratios.
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Fig. 2. The angular biasing distributions pα(cos θ) for different values of α. Note that the distri-
bution for the angle θ is pα(θ) = pα(cos θ) sin θ.

When using rotatable waveplates, the relative orientations between sections are the
primary variables determining the total DGD. The biasing toward large DGD values
is done by choosing the next differential PMD vector, ∆τn+1, to be preferentially
aligned with the projection of the total PMD vector obtained thus far, τn, onto the
equatorial plane. Specifically, we choose ∆τn+1 so that the angle θn between it and
the projection of τn is biased toward zero (mod 2π). This is done, for example, by
taking θ = π

[
1 + sgn(2x − 1)|2x − 1|1/α

]
, where x is again uniformly distributed

between 0 and 1. Other choices are possible, of course. If α = 1 (unbiased case), θ
is uniformly distributed between 0 and 2π, while for α > 1, θ is concentrated near 0
and 2π.

If frequency dependence is desired, or in the case of rotatable waveplates, the dif-
ferential phase retardations ϕn+1 in the Müller matrix Rn+1 must also be specified.
Recall that each beat length of a birefringent section generates a 2π retardation. In
practice, sections with significant DGDs will be many beat lengths long, and unless
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Fig. 3. The DGD frequency histograms for the biasing distributions in Fig. 2 for a concatenation
of 50 birefringent elements with 0.5 ps DGD each (corresponding to a mean DGD of 3.26 ps)
with polarization scramblers.
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Fig. 4. The likelihood ratios and their relative frequency for samples with DGD values within
a 0.2 ps interval around 20 ps and simultaneously with second-order PMD lying within a 6 ps2

interval around 20 ps2. A concatenation of 50 sections with 0.5 ps DGD each and polarization
scramblers was used, as in Fig. 3.
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the section lengths are precise to within a small fraction of a beat length, these retar-
dations will vary from section to section. We therefore choose the retardation angles
ϕn+1(ω0) to be uniformly distributed between 0 and 2π. (Alternatively, one could
assume a random distribution of lengths �n+1; if the variance of the lengths is large
compared with the beat length, however, an approximately uniform distribution of
the angles ϕn+1(ω0) results. If, of course, the lengths are very precise, then specific
phase retardations should be used.) In the case of rotatable waveplates, different con-
figurations are then generated solely by rotating sections relative to one another. The
results do not depend significantly upon the particular retardation angles used, except
for certain clearly pathological cases such as identical angles with ϕn+1 equal to 0 or
π.

5. IS for Both First- and Second-order PMD

When calculating the PMD-induced outage probability of a system using Monte-Carlo
simulations, it is also important to generate sufficient statistics of the frequency deriva-
tive of the PMD vector, τω , which quantifies the second-order PMD. It is possible
to use importance sampling with multiple biasing distributions to generate arbitrary
combinations of first- and second-order PMD, effectively targeting all regions of the
|τ |-|τω| plane. As a result, the method generates much more complete PMD statistics
than first-order biasing alone.

As shown in the previous section, the appropriate variables to control when apply-
ing importance sampling are the orientations of the individual PMD vectors of each
section, ∆τn+1. IS works by biasing these vectors toward specific directions b(n)

which maximally increase the particular quantity of interest (e.g., the total DGD). In
the following, we will characterize the vector b(n) relative to the orthonormal frame
of reference U formed by the unit vectors {u(n)

1 ,u(n)
2 ,u(n)

3 }, where

u(n)
1 = τ (n)/|τ (n)| , u(n)

2 = τ
(n)
ω,⊥/|τ (n)

ω,⊥| , u(n)
3 = u(n)

1 × u(n)
2 . (8)

Here τ
(n)
ω,⊥ is the component of τ

(n)
ω perpendicular to τ (n), as illustrated in Fig. 5.

The magnitudes of τω,‖ (the component of τ
(n)
ω parallel to τ (n)) and τω,⊥ quantify

the PCD and the depolarization, respectively.
As described earlier, first-order biasing is achieved by choosing ∆τn+1 to be

preferentially aligned with the previous PMD vector τ (n), i.e., using b(n) = u(n)
1 .

With multiple biasing strengths (a combination of different α’s), this choice produces
region 1 in Fig. 6. First-order biasing yields the largest values of DGD. It does not,
however, produce very large values of τω , because when ∆τn+1 is parallel to τn the
contribution from that section to τ

(n+1)
ω is zero. Thus, if all the ∆τn+1 were parallel

to τ (n), no second-order PMD would be produced. Random fluctuations add second-
order PMD, but large values are not specifically targeted. Over a single section, one
can easily show that the choice that maximizes the contribution to τ

(n+1)
ω is to align

∆τn+1 with the direction of u(n)
3 . The rate at which τ

(n+1)
ω increases, however, also

depends on τ (n), and thus, when optimizing over many sections, the growth of τ (n)

must also be considered.
When the number of sections in the emulator is large, we have found it useful to em-

ploy a continuum approximation to find the deterministic configuration that generates
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Fig. 6. The regions of the |τ |-|τω | plane targeted by the various biasing methods. Region 1
corresponds to first-order biasing (β = 0), region 3 to pure second-order biasing (βmax = π/2),
and regions 2, 4 and 5 to βmax = π/4, 3π/4 and π, respectively. The dashed line shows the
much smaller region obtained with unbiased runs. As in Figs. 3–4, 50 sections with 0.5 ps DGD
each and polarization scramblers were used.

the maximum second-order PMD. Specifically, we let lim∆z→0 ∆τn+1/∆z = b(z).
The magnitude of b(z) describes the relative rate at which PMD is added by the bire-
fringent sections. For simplicity, we concentrate upon the case |b(z)| = b =const. In
the continuum limit, for the case of polarization scramblers one obtains

dτ

dz
= b1 , (9)

dτω,‖
dz

= b2
τω,⊥

τ
, (10)

dτω,⊥
dz

= b3τ − b2
τω,‖
τ

, (11)
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where (b1, b2, b3) are the components of b with respect to U . This system of equations
can be solved exactly for any b(z):

τ(z) =
∫ z

0

b1(z′) dz′ , (12)

τω,‖ =
∫ z

0

b3(z′)τ(z′) sin[B(z, z′)] dz′ , (13)

τω,⊥ =
∫ z

0

b3(z′)τ(z′) cos[B(z, z′)] dz′ , (14)

where

B(z, z′) =
∫ z

z′

b2(z′′)
τ(z′′)

dz′′ . (15)

Note that d[|τω|2]/dz = 2b3 τω,⊥τ . Thus, b2 does not directly contribute toward
increasing the magnitude of second-order PMD; rather, it induces a rotation of τω

about u3, as seen from Eqs. (10)–(11). Since the maximum τω,⊥ under such a rotation
occurs when τω,‖ = 0, we expect the maximum second-order PMD to be generated
for b2 = 0, i.e., when b lies in the u1-u3 plane. Calculus of variations can then be
used on Eq. (14) to show that the maximum growth of second-order PMD is obtained
when

b(z) = b [u1 cos β(z) + u3 sin β(z)] , (16)

where β(z) = βmax z/zmax and βmax = π/2. With multiple biasing strengths, this
generates region 3 in Fig. 6. We refer to this choice, which yields the largest values of
|τω|, as optimal second-order biasing.

Of course, a more complete coverage of the |τ |-|τω| plane is often needed. In this
case, intermediate biasing choices must also be used in addition to optimal first- and
second-order biasing. These intermediate choices can be obtained by using calculus
of variations to maximize a linear combination of |τ | and |τω|, as obtained from
Eqs. (12)–(14). The resulting form of b(z) is the same as above, except that the value
of the final angle βmax now varies between 0 and π, the particular value depending
upon the specific linear combination of first- and second-order PMD being maximized.
A selection of angles, together with the resulting regions in the |τ |-|τω| plane, is
shown in Fig. 6. The advantage of using multiple biasing — as opposed to just pure
first- or second-order biasing or no biasing at all — is evident. When a range of
biasing strengths are used, each value of βmax generates samples lying in a region that
emanates in a roughly radial fashion from the location where the joint pdf is maximum.
(A more careful analysis shows the samples to follow a family of parabolas.) Together,
a selection of angles βmax and biasing strengths α covers the entire |τ |-|τω| plane.

When birefringent waveplates are used, the contributions ∆τn+1 are confined to
the equatorial plane of the Poincaré sphere. In this case, the appropriate biasing direc-
tions are obtained by projecting the vectors b determined above onto the equatorial
plane. For both models, once the biasing direction b has been selected, the biased dis-
tribution for the orientation of ∆τn+1 is chosen as described previously. Furthermore,
if desired, the frequency dependence of the PMD vector can be added as described as
in Section 4.
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6. Multiple Importance Sampling

The simultaneous use of different biasing methods is called multiple importance sam-
pling [25]. When using several biasing distributions p∗

j(θ), a weight wj(θ) is assigned
to the samples from each distribution, and a multiply-importance-sampled Monte Carlo
estimator for P is written as

P̂ =
J∑

j=1

P̂j =
J∑

j=1

1
Mj

Mj∑

m=1

wj(θj,m)Lj(θj,m)I(θj,m) , (17)

where Mj is the number of samples drawn from the jth distribution p∗
j(θ), and θj,m is

the mth such sample. Here, J is the number of different biasing distributions, Lj(θ) =
p(θ)/p∗

j(θ) is the likelihood ratio of the jth distribution and the wj(θ) are the weights
used to combined the results.

Several ways exist to choose the weights wj(θ). The quantity P̂ will be an unbi-
ased estimator for P (i.e., the expectation value of P̂ is P ) for all choices such that∑J

j=1 wj(θ) = 1 for all θ. Each choice of weights corresponds to a different way of
partitioning of the total probability. The simplest possibility, of course, is just to set
wj(θ) = 1/J for all θ, meaning that each distribution is assigned an equal weight
in all region of sample space. This choice, however, is not the most advantageous; a
better strategy is to favor those biasing distributions that are expected to produce the
best results in each given region.

A particularly useful choice of weights is the so-called balance heuristics [26]. In
this case, the weights wj(θ) are assigned according to

wj(θ) =
p∗

j(θ)
∑J

j′=1 p∗
j′(θ)

. (18)

[Obviously, Eq. (18) can also be written in terms of likelihood ratios.] Thus, the weight
of a sample obtained with the jth distribution is given by the probability of realizing
that sample with the jth distribution relative to the total probability of realizing the
same sample with all distributions. Thus, Eq. (18) weights more heavily those samples
coming from a biasing distribution that it more likely to generate samples in that region,
while samples that are unlikely to have occurred [because p∗

j(θ) is small] are weighted
less heavily. Other strategies for assigning the weights are possible. However, the use
of balance heuristics has been shown to become asymptotically close to optimal as the
number of realizations becomes large [26]. Of course, the outputs of each Monte-Carlo
realization is always adjusted for the bias through the IS likelihood ratio.

7. Variance Estimation

The variance of a Monte Carlo estimator is obviously a critical parameter, since its
value determines the number of samples that will be necessary, on average, to obtain
a required level of accuracy, and because its numerical estimate provides a measure of
the accuracy of the results.

From probability theory we know that the variance σ2
P̂

of the importance-sampled

Monte Carlo estimator P̂ in Eq. (6) is σ2
P̂

= σ2
P /M . We can then write a Monte Carlo

estimate of σ2
P̂

as
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σ̂2
P̂ =

1
M(M − 1)

M∑

m=1

(
I(θm)L(θm) − P̂

)2
. (19)

When no biasing is used (that is, for straightforward Monte Carlo simulations), we
have L(θ) = 1, which yields σ2

P = P − P 2. If P is a rare event we also have
P � 1, which means that the relative accuracy of the Monte Carlo estimator is
σ̂P̂ /P̂ ∼ 1/(M P̂ 1/2). Thus if P̂ is exponentially small (as in the case of the bit error
rate or the outage probability), an exceedingly large number of unbiased Monte Carlo
simulations are necessary to obtain a reliable estimate. Indeed, it is because importance
sampling is highly effective in reducing the variance of the Monte Carlo estimator that
its use allows substantial speed ups of numerical simulations.

Of course, if P̂ is obtained through multiply-importance-sampled Monte Carlo
simulations according to Eq. (17), the variance in Eq. (19) should also be modified
accordingly. The proper estimator for σ̂2

P̂
is, in this case,

σ̂2
P̂ =

J∑

j=1

1
Mj(Mj − 1)

Mj∑

m=1

(
I(θj,m)wj(θj,m)Lj(θj,m) − P̂j

)2
. (20)

Note also that different weighting strategies result in different values of σ̂2
P̂

, and the
most effective methods are the ones that yield the smallest variances [26]. It is outside
the scope of this paper to discuss the various choices; we will limit ourselves to note
that the balance heuristics has been shown to give excellent results in a wide variety
of situations.

8. Experimental Implementation

Experimental PMD emulators employing a concatenation of birefringent elements
have been built [20, 21], and a PMD emulator that incorporates a simplified form
of importance sampling which works with a small number of sections has also been
built [27]. It is possible that an emulator could be constructed to use the importance-
sampled algorithm described above. Essentially, in order for it to be possible to use
the algorithm, it is necessary that the emulator be stable, repeatable and predictable.
The biggest difficulty associated with a possible experimental implementation of the
algorithm is the requirement that the orientation of the PMD vector and its frequency
derivative be known after each birefringent section. One possible way of doing this
would be to monitor the PMD vector after each birefringent section; obviously, such
an implementation would be prohibitively cumbersome and expensive.

If the PMD vector is not monitored, then the next alternative is for each element of
the emulator to be sufficiently well characterized that the PMD vector can be calculated
if the orientations of the different birefringent elements is specified. Here the prob-
lem is that the differential phase retardations ϕn+1 in the Müller matrix Rn+1 must
then be well characterized. If they are not known relatively precisely, then the Müller
matrix will rotate the PMD vector to an unknown location on the Poincaré sphere,
and it will then be impossible to properly determine the preferential orientation of the
next differential PMD vector. As mentioned earlier, each beat length of a birefringent
section generates a 2π retardation. Because sections with significant DGDs will be
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many beat lengths long, this means that the section lengths must precise to within a
small fraction of a beat length, and that these sections lengths must be stable with
respect to temperature and other environmental fluctuations. Fortunately, it has been
demonstrated that it is possible to satisfy all of these constraints experimentally [28].

9. Examples

To demonstrate the ideas explained in the previous sections, we have considered a con-
catenation of 50 birefringent sections with 0.5 ps of DGD per section (corresponding to
a mean DGD of 3.26 ps), employing either polarization scramblers or rotatable wave-
plates. The average DGD is given by 〈τ〉 =

√
8〈τ2〉/(3π) , where 〈τ2〉=∑N

n=1 a2
n,

the an are the individual DGDs of each section and N is the number of sections. Fig-
ure 7 shows the pdf of the DGD, obtained with optimal first-order biasing, while Fig. 8
shows the pdf of second order PMD, obtained with the optimal second-order biasing
technique. In both cases, the biasing parameters α = 1, 2, . . . , 10 were used, with
200,000 realizations each. The individual samples are combined by sorting the values
of DGD and/or second-order PMD obtained from all of the simulations into bins and
adjusting the contribution of each individual sample for the bias using its likelihood
ratio, as explained earlier. The solid lines show the analytical pdfs for real fiber [29].

When polarization scramblers are present, the evolution of the PMD vector is
equivalent to a three-dimensional random walk, and an exact solution is available for
the pdf of the DGD [30, 31]:

pN (r) =
2r

π

∫ ∞

0

x sin(rx)
N∏

n=1

sin(anx)
anx

dx . (21)

This integral also has Fourier and asymptotic expansions [30] which can be com-
pared with numerical results. For moderate values of the DGD r, the pdf pN (r)
is well approximated by a Maxwellian distribution, which has the pdf pM(r)=
3
√

6/π
(
r2/〈τ2〉3/2

)
e−3r2/2〈τ2〉 . The degree of agreement, of course, improves

as the number of sections is increased [31].
The numerically calculated pdf for the case of scramblers agrees extremely well

with the exact solution (dashed line under the squares). For both scramblers and wave-
plates, the accuracy of the numerical results improves as the number of simulations
(and the number of bins) is increased. It should be noted, however, that very good
results are obtained with the 2,000,000 Monte-Carlo simulations employed here, as
evident in Fig. 7, and reasonable results can be obtained with far fewer numbers of
trials. In particular, a good approximation is achieved for probabilities below 10−12; to
obtain comparable accuracy at this probability with straightforward Monte-Carlo sim-
ulations, at least 1014 or 1015 trials would be required. Thus, for these cases importance
sampling speeds up simulations by several orders of magnitude.

The emulator with rotatable sections yields better agreement with real fiber than
the emulator with polarization scramblers. Note, however, that a concatenation of a
small number of equal length, rotatable birefringent sections is not a good model for
real fiber due to artificial periodicities of the PMD vector’s autocorrelation function in
the frequency domain [20, 32]. For both scramblers and waveplates, the pdfs deviate
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Fig. 7. Importance-sampled pdf of the DGD for 50 sections with 0.5 ps DGD each and with
polarization scramblers (squares) or birefringent waveplates (circles). Solid curve: Maxwellian
distribution with mean DGD of 3.26 ps; dashed line (coincident with squares): exact and asymp-
totic solutions from [30]. Inset: the pdfs on a linear scale. A total of 2 × 106 Monte-Carlo
realizations were used.

significantly from the real fiber distributions in the tails, since here the PMD is gen-
erated by an emulator with finite number of birefringent sections, which by necessity
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Fig. 8. The pdf of second-order PMD for a concatenation of 50 sections with 0.5 ps DGD each,
using scramblers (squares) or waveplates (circles). The solid lines show the pdf for real fiber,
from Ref. [29]. Inset: the pdf on a linear scale. As in Fig. 7, 2 × 106 Monte-Carlo realizations
were used.
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Fig. 9. Contour plots of the joint pdf for a concatenation of 50 sections with 0.5 ps DGD each
and polarization scramblers. The contours are at 10−n with n = 30, 25, 20, 15, 10, 8, 6, 5, 4, 3,
2.5, 2.25, 2, 1.75, and 1.5. A total of 106 Monte-Carlo realizations were used.

has finite maximums for both |τ | and |τω|. As a result, large values may be inacces-
sible in the |τ |-|τω| plane. (The emulator should be chosen so that these regions are
unimportant in determining the outage probability of the system being tested.) For a
device with equal length birefringent sections, an approximate value for the maximum
second-order PMD is obtained from the exact solution of the continuum model, eval-
uated in the case of optimal second-order biasing: |τω|max = N2(∆τ)2/π, where
∆τ is the DGD of each section. Of course, |τ |max = N ∆τ . We also note that the
finite value of the birefringence correlation length suggests that the DGD distribution
in fiber might also deviate from Maxwellian in the tails.

Figure 9 shows the joint pdf of the magnitudes of first- and second-order PMD (a
two-dimensional reduction of the full three-dimensional joint pdf of first- and second-
order PMD [1]) for an emulator with polarization scramblers, as calculated with the
multiple biasing technique. The characteristic function associated with the joint pdf
of first- and second-order PMD in an optical fiber (the limit of an infinite number of
infinitesimal birefringent sections) was given in [1], but, to our knowledge, no exact
analytical expression exists for the joint pdf. (An approximate pdf was given in [1],
however, for the case where second-order PMD is a small perturbation compared to
first-order.) Similarly, the joint pdf for PMD emulators with a finite number of sections
is not known analytically.

The results for the joint pdf confirm why the optimal first- and second-order biasing
methods are the correct ones to use if one is only interested in first- or second-order
PMD statistics, respectively.As seen from Fig. 9, for any fixed value of DGD (a vertical
slice in Fig. 9), the maximum of the pdf occurs in a zone that falls within region 1 in
Fig. 6. Similarly, for any given second-order PMD (a horizontal slice in Fig. 9), the
maximum of the pdf occurs in a zone falling within region 3 in Fig. 6. The multiple
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biasing method, of course, is not limited to just these particular combinations of first-
and second-order PMD, but is able to produce any combination of the two.

10. Conclusions

We have discussed the application of importance sampling to Monte-Carlo simulations
of PMD generated by birefringent sections connected by either polarization scramblers
or rotatable connectors. Importance sampling biases the Monte-Carlo simulations so
that configurations with large values of first- and/or second-order PMD occur more
frequently than they would normally.As a result, the method allows rare PMD events to
be simulated much more efficiently than with standard methods. Importance-sampled
Monte-Carlo techniques therefore provide a natural and effective means to assess
PMD-induced impairments in optical transmission systems at realistic bit-error rates.
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