Skein algebra of a group

Jézef H. Przytycki and Adam S. Sikora

We define for each group G the skein algebra of G. We show how it is related to the
Kauffman bracket skein modules. We prove that skein algebras of abelian groups are iso-
morphic to symmetric subalgebras of corresponding group rings. Moreover, we show that,
for any abelian group G, homomorphisms from the skein algebra of G to C correspond
exactly to traces of SL(2,C)-representations of G. We also solve, for abelian groups, the
conjecture of Bullock on SL(2,C') character varieties of groups — we show that skein algebras
are isomorphic to the coordinate rings of corresponding to them character varieties.

1. DEFINITION OF THE SKEIN MODULE AND OF THE SKEIN ALGEBRA OF A GROUP

Definition 1.1 ([Pr, H-P-1]).

Let M be any 3-manifold and let LI denote the set of ambient isotopy classes of framed
unoriented links in M (including the empty link ()). Let R be any commutative ring with
1 and A an invertible element in R. Furthermore, let Sao be the submodule of RLIT
generated by skein expressions Ly — ALy — A" Loy and LITO) + (A2 + A=2) . L, where the
triple Ly, Lo, Loy is presented in Fig. 1.1 (that is Ly, Ly, Loo are three framed links which
are the same outside a small oriented 3-ball but inside the ball they are as in Fig.1.1. If M
is oriented then the orientation of the ball agrees with that of M; L 11 () denotes a disjoint
union of a link L with a trivial component (0)). We define the Kauffman bracket skein
module as the quotient Sp oo(M; R, A) = Rﬁf’"/Sg,oo.

If R = Z[A*Y], we write shortly Sa oo (M).
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Fig. 1.1.



2 The above definition determines a functor from the category of 3-manifolds and embed-
dings (preserving orientation in the case of oriented manifolds) to the category of R-modules
(with a specified invertible element A € R). In particular if f : M — N is a manifold em-
bedding then f, : Sooo(M; R, A) — S2.00(N; R, A) denotes the associated homomorphism
of modules.

We show that if we put A = —1 then Szo0(M; R)(4—_1) becomes a commutative al-
gebra depending only on the fundamental group of a manifold (Lemma 1.3). Product in
82,00 (M5 R)(a=—1) is given by a disjoint sum of links and the identity is the empty link.
Motivated by this, we define the skein algebra of any group as follows.

Definition 1.2.

Let G be any group (with identity denoted by e), R a commutative ring with 1 and RG the
group algebra over G with coefficients in R. Let TRG be a tensor algebra over the module
RG (with identity denoted by 1). Let T be the ideal of TRG generated by e + 2 and
expressions @O h —h® g, g h+ gh+ gh™, for any g,h € G. We define the skein algebra
of G as ST(G;R) = TRG/I™.

We list below some elementary properties of ST(G; R).

(0) 8*(—; R) yields a functor from the category of groups to the category of R-algebras.
This functor sends epimorphisms of groups to epimorphisms of algebras’.

(1) For any g € G, g® e = —ge — ge~' = —2g. This has motivated us to put e = —2,
so we have generally w ® e = —2w.

(2) g=g7!, because —2g=e®@g=—g— g~

(3) hgh™! =g, because

1

0=g®h—h®g=—gh—gh ' +hg+hg!=

—gh+hg—gh '+ (gh™) "' = —gh + hg.

Thus gh = hg and, finally, (hg)h~! = h~1(hg) = g.
(4) The commutator [g, h] = ghg~'h~! satisfies the equality:

—[9,h)=g@g+h@h+gh@gh+gh®@g®h—2.

Proof: —ghg=*h™' = ghg ' @ h™! + ghg 'h = h®@ h — (gh ® g~ *h + ghh™1g) =
h®h—gh®gh™' —gg9 = h©oh—gh®gh™'+9®g+g9~" = g@g+h@h—gh®gh™'+e =
gRg+hOh—gh®(—g@h—gh)—2=gRg+h@h+gh@gh+gh®g®h—2.

Iror monomorphisms the analogous fact does not hold. For example, if we consider an embedding
i: Z3 — Ss, then for i, : ST(Z3;C) — ST(S3;C) one has i.(g +2) = 0 for any g € Z3. Moreover, skein
algebras can be isomorphic even if groups are not isomorphic. For example, an embedding j : Zo — S3
yields an isomorphism j. : St(Z2;C) — ST (Ss; C); [P-9].



(5) (Universal coefficients property). Let 7 : R — R’ be a homomorphism of ringd
(commutative with 1). We can think of R’ as an R module. Then the identity map
on G induces isomorphism of R’ algebras:

ST(G;R)~ST(G;R)®r R'.

In particular S*(G; R) ~ S*(G; Z) @z R. The analogous universal coefficients prop-
erty holds also for skein modules [Pr](Lemma 5).

Proof. We use the “five lemma” to show that the algebra homomorphism
u:S8"(G;R)@r R — ST(G; R)),

u(g) = g is an R (and R') isomorphism. Namely, the exact sequence of R modules
IT(R) —» TRG — ST(G;R) — 0

leads to the exact sequence:

I"(R)®r R — TRG®r R — ST(G;R) ®r R’ — 0.
Now, using the "five lemma” to the commutative diagram (with exact rows)
It (R)@pr R — TRG®rR — ST (G;R)®@rR — 0

| epi | iso lu
IH(R) — TR'G — SH(G;R) - 0

we conclude that u is an isomorphism of R’ (and R) modules, thus also of algebras.
O

We will use the above properties of skein algebras to show that for a 3-manifold and A = —1
the skein module (algebra) Sz o (M; R, —1) is naturally isomorphic to the skein algebra of
the fundamental group of M, S*(m(M); R).

Lemma 1.3 (Basic Lemma).

Let M be a connected 3-manifold, R a commutative ring with identity and A = —1. Then:

(a) S2.00(M; R, —1) is a commutative algebra with a product given by a disjoint sum of
links.

(b) Consider a function & from the space K7 of framed unoriented knots in M to
St (m(M); R), where £(K) belongs to the conjugacy class of an element of w1 (M)
yielded by K (for some orientation of K) and £(0) = 1. Then & descends to an
R-algebra isomorphism

é: S2.00(M; R, —1) — St (m (M); R).

Proof. (a) Notice that if A = —1, then Ly = —Lg — Looc = L_ in Sa oo(M; R, A) (see
Fig.1.2) and L - Ly does not depend on the relative position of L; with respect to



Ly. 2 1In particular Lq - Lo = Lo - L.
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(b) Properties (2) and (3) of skein algebras imply that £ is well defined.
Because ST (71 (M); R) is commutative, we can extend & to the space of links in M,
L7 by the rule £(L) = £(K1)®¢(K2)®...0€(K,), where the link L has components
K1, Ko, ..., KK,. Then we extend linearly ¢ from £7" to RLS". Since

§(O) = =2 and §(Ky) +£(Ko) +&E(Ko) =0,

& descends to an R-algebra epimorphism é : S2.00(M; R, —1) — ST(m(M); R). To
see that ¢ is a monomorphism it suffices to construct the inverse map £1.

We start the construction by introducing the homomorphism g : TRm (M) —
S2,00(M; R, —1) which associates to any element = of w1 (M) a knot K, which repre-
sents it. It is a well defined map because, as observed in (a), homotopic knots yield
the same element in Sp o (M; R, —1), in particular the condition A = —1 makes
knots independent on framing.

v descends to the homomorphism /i : ST (71 (M); R) — Sa.00(M; R, —1) because u
sends the ideal ZT to zero:

(i) pre@y—y®r) =K, K, — K,K; =0 (part (a)).

(ii) p(e+2) = (-A2 = A7)0 +20 = 0 (for A= —-1).

(ili) ple @y +ay +ay™ ') = Ky - Ky + Koy + K,y1 = K4 + Ko + Koo = 0 (skein
relation).

[ is the inverse of £. Thus the proof of Basic Lemma is completed.

O

It is convenient to consider a variant of the skein algebra of a group (isomorphic to the

previous one):

Definition 1.4.

Let TRG be, as in Definition 1.2, the tensor algebra over the module RG. Let I~ be the
ideal of TRG generated by expressions gQh —h® g, g @ h — gh —gh™ and e — 2. We
define the algebra S~(G; R) as TRG/Z™.

2We use the standard fact that two embeddings of a compact graph in M are homotopic iff one can be

obtained from another by crossing changes and ambient isotopy.



Lemma 1.5.

5

The R-algebra homomorphism 3 : ST(G; R) — S~ (G; R), given by B(g) = —g for g € G, is

an isomorphism of R-algebras.

Proof. We use the fact that the isomorphism 3 : TRG — TRG, ((g) = —g, sends ZT to
I~ . Therefore TRG/ZT — TRG/Z~ is an isomorphism. O

2. THE SKEIN ALGEBRA OF AN ABELIAN GROUP

We start by introducing two subalgebras of the group algebra RG.

Definition 2.1.

(i)
(i)

sym(RQG) is the subalgebra of RG generated by elements of the form
g+g7t, forgeq.
RG®¥™ is the subalgebra of RG composed of elements invariant under the involution

(anti-isomorphism) T : RG — RG, given by 7(g) = g~ !, for g € G.

Lemma 2.2.

Let G be an abelian group. Then

(i)

(ii)
(iii)

Proof.

(i)

(iii)

sym(RG) is a free R-module with a basis {e} U {g+ g '},ep, where
(a) B=G—{e}, if2#0in R,
(b)y B={geG:¢g*>+#e},if2=0inR.

RGSY™ s a free R-module with basis composed of elements g + g~

, where g% # e,
and elements g, for g> = e.
sym(RG) = RG*Y™ if and only if either 2 is invertible in R or G has no nontrivial

element of order two.

(i) Since (g + g Y)(h+h7Y) = gh+ (gh)™! + gh™! + (gh™ 1)L, sym(RG) is
generated as an R-module by {e} and elements {g + ¢~ '}, for ¢ € G. Because
elements of G form a basis of RG, the set of all nonzero elements of the form g+ ¢~*
together with the element e is R-linearly independent in RG. Hence, if 2 # 0 in R,
then {g+ g7 ': g € G\ {e}} U{e} is a basis of sym(RG). If 2 = 0 in R, then
g+ g1 =0iff g2 = e. Therefore, in that case {g+g ' : g€ G, 9> #e}U{e}isa
basis of sym(RG).

Let w € RG*¥™. Then w = Sypepapb + Sgeaayg, where B={g+g':g€ G, ¢* #
e}, A={g 19 € G,g*> = e} and ap,a, € R. Thus elements listed in (ii) generate
RG*Y™. We can argue as in (i) that they are linearly independent.

It follows immediately from (i) and (ii).



Theorem 2.3.

For any abelian group G consider the algebra homomorphism ¢ : TRG — RG given
by ¢(g) = g+ g ! for any g € G. Then ¢ descends to the algebra homomorphism
qg : S7(G;R) — RG. Furthermore, if 2 # 0 in R or G has no nontrivial elements of
order 2, then ¢ is a monomorphism (in particular S~(G; R) is isomorphic to sym(RG)).

Proof. (1) ¢ is well defined, because ¢(g)p(h) = ¢(h)d(g) and ¢(g @ h — gh — gh™1) =
3(9)d(h) —d(gh) —d(gh™") = (g+g™ ) (h+h~1) = (gh+(gh) ™) = (gh™ +g7'h) = 0

(2) ¢ is a monomorphism:
(i) From the degree reducing identity, g@h = gh+gh~!, it follows that (G grg—1—

{e}) U {1} is a generating set of R-module S~ (G; R).

(ii) By the definition, ¢(TRG) = sym(RG). From Lemma 2.2 it follows that the
expressions g + g~ ! for g € (G — {e}) and {e} form a basis for the module
sym(RG).

(iii) ¢ sends bijectively a generating set of R-module S~ (G; R) to a basis of sym(RG)
thus ¢ : S™(G; R) — sym(RG) is a module isomorphism (and hence an algebra

isomorphism).

0

Corollary 2.4.
Let G be an abelian group, then ¢(g) = ¢(h) if and only if

(i) g =™, or
(i) 2=0in R and > =h* =¢ in G.

Corollary 2.5. (a) S2.00(L(p,q); R, —1) ~ sym(RZ,) 3. This result agrees with the
module structure of the general skein module Sz oo(L(p,q); R, A) given in [H-P-2,
H-P-3]%.

(b) S2.00(T? x [0,1]; R, —1) =~ sym(R(Z @ Z)) 5. This is the special case of the general
computation of the Kauffman bracket skein algebra of T? x [0,1] [B-P].

(¢) S2.00(T% R, —1) ~ sym(R(Z ® Z ® Z)). (The structure of the general skein module
SQ,OO(T3) 18 still unknown and is more complicated than in the case of A = —1; in

particular the skein module has a torsion part).

30ne can show further that the algebra is isomorphic to R[y]/I,, where Iy = {0}, and otherwise I, is the
ideal generated by the polynomial Qp/21+1(y) — Qp—[p/21—1(y), where [z] is the integer part of z. Q. is the
Chebyshev polynomial of the first kind, Qn(y) = yQn-1(y) — Qn-2(y), Qo(y) = 2,Q1(y) = y; [P-S].

4In fact for the projective space, L(2,1), Sa2.00(L(2,1); R, A) has an algebra structure and as an algebra
it is isomorphic to R[a]/(a? — A3 ‘24_’;‘:14 ), which implies ST(Z2; R) = R[a]/(a® — 4) for A = —1.

®0One can show further that the algebra is isomorphic to R[z,y, z]/(z® + y + 2° — xyz — 4)[B-P, P-S].




Theorem 2.6. 7
If i : Gy — G2 is a monomorphism and Gy is abelian then i, : S~ (G1; R) — S~ (Ga; R) is

a monomorphism for any ring R.

Proof. Lemma 2.2 and Theorem 2.3 imply that S*(Gy; Z), i = 1,2, is a free Z-module with
abasis {e}U{g+g~ ! : g € Gi, g # e}. The inclusion i : G; — G yields a homomorphism of
skein algebras i, : ST (G1; Z) — S~ (G2; Z) carrying the elements of the basis of S™(G1; Z)
to the elements of the basis of S7(Ga; Z). By universal coefficients property, S~ (G;; R) =
S7(G;; Z) @ R. Hence the induced homomorphism ¢, : S~ (G1; R) — S~ (Ge; R) also carries
the elements of the basis of S~ (G1; R) to the elements of the basis of S~ (G2; R). Therefore

7/, is a monomorphism. O

3. CHARACTER VARIETY OF A GROUP

Let o : G — Sl2(C) be a representation of a group G in Sl3(C). Then the trace of this
representation x(g) = tro(g), x : G — C, is called shortly a character of G. We denote
the set of all characters of G by X (G); this notation agrees with that of Culler and Shalen
in [C-S], provided that G is finitely generated.

In the remainder of this paper we are going to focus on the relationship between S~ (G; C)
and X(G).°

Let x be a character of G. Then y : G — C can be extended to the homomorphism of
C-algebras ¥ : TCG — C, such that

X(a ®b) =X(a) - X(b), X(a+b)=X(a)+X(b),
and
x(9) = x(9)

for any a,b € TCG, g € G. It can easily be seen that (e —2) =0 and X(¢®h—h®g) =0
for g,h € G. Moreover, the well known equality (of H.Vogt, and R.Fricke and F.Klein;
compare [C-S, Jo, L-M, Ma-1])

tr(a)tr(b) = tr(ab) + tr(ab™')
for a,b € Sla(C) implies that

X(g ® h) =X(gh) +X(gh™")
for g, h € G. Therefore T~ C Kery and X induces a homomorphism

hy: S8 (G;C)=TCG/I™ — C,

such that hy([g]) = X(g) = x(g) for g € G. Hence for any group G and for any character
X € X(G) the following diagram commutes

6D.Bullock was the first to investigate relation between the Kauffman bracket skein module of a 3-
manifold, M, and X (71 (M)) [B-1, B-2].



S (G.0)
where 7(g) = [¢] € ST(G;C) for g € G.

Theorem 3.1.
If G is an abelian group then each homomorphism of algebras h : S~ (G;C) — C' is yielded
by a character of G, i.e. h = h, for some x € X(G).

Proof. By Theorem 2.3, ¢ : S~(G,C) — sym(CG) ,é(g9) = g+ g~ ! for g € G, is an iso-
morphism of C-algebras. The ring CG (resp: sym(CG)) is generated by elements of the
form gig & (resp: £ 1) Since (%)2 = (£t 1) 1, CG is an integral extension of
sym(CG). Let us con51der any C-algebras homomorphism h : S~ (G,C) — C and the com-
position ho g : sym(CG) — C. The kernel of ho $~! is a maximal ideal in sym(CG@G) and
therefore, by Lying-over Theorem, it can be extended to a maximal ideal J <CG (see e.g.
[Hu] Ch. VIII). Let f be a natural projection f : CG — CG/J = C. Then the following
diagram commutes:

(’[\)-1

sym(CG) %C
N T

where i : sym(CG) — CG denotes the natural inclusion.

The homomorphism f restricted to G yields a representation of G in the multiplicative
group C*, fig : G — C*. Therefore the function x : G — C, x(g9) = f(g+g!) is the
character of the representation ¢ : G — Sla(C)

We will complete the prove by showing that h = h,. Let g € G. Then h,([g]) = x(9) =
flg+g7"). Since g+ g~ € sym(CG) C CG, f(g+g~ ") =hod ' (g+g~") = h([g]). Hence
hy(lg]) = h([g]) for any g € G. But the elements {[g]}4cc generate S™(G;C). Therefore
hy = h.

U

The above proof implies that any character y of an abelian group G is yielded by a
representation of G into the subgroup of diagonal matrices in SLy(C).



Let G be a finitely generated group. Vogt 1889 [V] and Fricke and Klein (1897)[F-KJ
stated and Horowitz [Ho] proved that each character x of G is uniquely determined by the
values x(g1), ..., x(gn) for some properly chosen finite subset {g1,...,g,} of G (compare
[C-S] and [Ma-2]). Therefore X (G) can be identified with the set

{(x(q1),---,x(gn)) : x is a character of G} C C".

Culler and Shalen proved that X (G) under this identification is an algebraic set and that
the definition of X (G) does not depend (up to isomorphism of algebraic sets) on the choice
of the elements g1, ..., gn. They also shown that for any g € G the function 74(x) = x(9),
7y : X(G) — C, is regular on X(G).

One can easily check that 7. = 2, 7, = 7y and 75 - 7 = Tgp + 71 for g,h € G.
Therefore there exists a homomorphism from S~ (G;C) to the coordinate ring of X (G)

$:8(G;C) — CIX(G)]

such that ([g]) = 74 for ¢ € G. Since C[X(G)] is generated by 74,,...,7g,, ¥ is an

epimorphism.

Lemma 3.2.
For any x € X(G) we denote the mazimal ideal in C|X(G)] corresponding to x by m,, i.e.
my 1s the ideal consisting of all regular functions on X (G) vanishing at x.

Then the following diagram commutes

S (GO CIX(G)]

h Tl
C=C[X(G)]/my

where Ty, denotes the natural projection C[X(G)] — C[X(G)]/m,.

Proof. Since S~ (G; C) is generated by elements [g], where g € G, it suffices to prove that
m(lg]) = hx([g])- But mip([g]) = my(7g) = x(9) = hx([g))- O

Theorem 3.3.
Y :S7(G;C) — C[X(G)] is an isomorphism for any finitely generated abelian group G.

Proof. Notice that if G is finitely generated abelian group then G is isomorphic to T @ Z*,
where T is a finite group and k is a non-negative integer. By Maschke’s Theorem [see [Hu]
Ch. IX], CT has a trivial Jacobson radical (i.e. C'T is semisimple), and therefore C'T does
not have any non-zero nilpotent elements; (we use here the fact, that the Jacobson radical
of a commutative algebra contains all nilpotent elements). Since CT is a finitely generated



Eommutative C-algebra without non-zero nilpotent elements, C'T" is a coordinate ring of
some algebraic set A; CT ~ C[A]. 7

The algebra CZ* is isomorphic to C’[a:lil, :Uéﬂ, e ,:Lfl] and, so like CT, it does not have

any nilpotent elements. Therefore we can assume that CZ* is a coordinate ring of an
algebraic set B (In fact B ~ C** 8). Then CG = CT ® C'Z* is the coordinate ring of A x B.

Let s € S(G;C), s # 0. Then ¢(s) # 0 in sym(CG) C CG. Since CG ~ C[A x B],
we can consider (JB(S) as a regular function on A x B. Let m, be the maximal ideal in
C|A x B] associated to a point a € A x B at which ¢(s) does not vanish. Then the natural
homomorphism h : C[A x B] — C[A x B]/mq ~ C does not vanish on ¢(s). By Theorem
3.1, the composition of homomorphisms

hop:8(G;C) — CG~C[Ax B]—C

is equal to the homomorphism h, for some character x of G. Lemma 3.2 implies that
T (s) = hy(s). Since hy(s) # 0, we get ¥(s) # 0. This implies that ¢ is a monomorphism.
By the remark preceding Lemma 3.2, v is also an epimorphism. [l

Corollary 3.4.
For any z,y € S™(G;C), x # vy, there exists a character x € X(G), such that hy(zx) #

hx (y)-

Proof. If © # y then ¢(x) # ¢(y) in C[X(G)]. Therefore there exists a character x € X (G)
such that m (¢(x)) # m (¥ (y)). Hence, Lemma 3.2 implies that h,(z) # hy(y). O
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