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Abstract

We present agauge-invariant relativistic reconstruction of our earlier non-relativistic
theory of the Rutherford-Santilli neutron, defined as the structure of the neutron as a
bound state of one proton and one electron based on hadronic mechanics (HM),

n=(€e  -p - )i » but reformulated as a superfluid phase of a compressed H-atom
in the form, n=(e¢" ~ - p" - g’ - )um » Which characterizes a Cooper-like pairing
(e ~,8%- ) of the electron € and a new massive neutra spin-2 particle e’ in1¢

configuration around the proton p+ . After a review of the non-relativistic theory, its
gauge invariance is reformulated in such a way that the transition from
€ - p" Coulomb interaction potential, V. © €A,(r), to €°- p* Hulthen
interaction  potential, Vi, © €A,(r) =-M /[e™ - 1], is described by a general
nonlinear first-order differential (Riccati’'s) equation for A)(I’) whose exact solution
determines the ratio of the two masses (M, m)) defining V,, . Finally a gauge-invariant
relativistic theory is constructed forthe n =(&" ~ - p*- €°-),,, Systemconsisting
of the usual Dirac equation for € - p+ relative motion and an iso-dirac equation for
+ =0

P - €" relative motion (derived from conservation of an iso-current density) whose

exact solution for the mass of €%is used (without adjustable constants) to predict the

masses of the neutron and the other members of the S(3) baryon octet, L ,Si‘o, X0,
Good agreement between the predicted mass ratios and experimental datais obtained.
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Copyright © 2004 Hadronic Press, Inc. Palm Harbor, FL 34682-1577.



1. INTRODUCTION

In arecent paper[1], we have presented a non-relativistic theory of
the Rutherford-Santilli neutron, defined by Santilli[2] as the structure of
the neutron as a bound state of one proton and one electron based on

“hadronic mechanics’ (HM), n=(p'-,e ),, [see, Fig. 1(a)l.
However, we recharacterized the structure in a new form
n=(€ " -p"-8&-),,[see Fig. 1(b)] as a superfluid phase of a
compressed H-atom formed by Cooper-like pairing (e ~,&° - ) of the
electron e and a new massive neutra spin- 4 particle €’ (caled spinion
in superconductivity theory[3]) in a closed (1s’) shell configuration
around the proton ( p*) “trigger”.

(p")- trigger

@ (b)

Fig.1: (a) Structure of the neutron[2], n =(p* - ,& ),y » when the

sum of the classical éectric charge radii of € and p* isequa to 1
fm under compression and (b) the new structure[l],
n=(e  -p'-8&-),,, showing mutud overlapping of the
wavepackets of the pair (¢ ~—,€° - ) around the proton (p* ) .




The nonreativisic theory of the n=(e ~ - p*'- & -),,System in
Fig.1(b) will be reviewed in Sec. 2 in order to underscore the features that
make it equivalent to the n=(p*-,e "), Systemin Fg. 1(a) and aso
determine the signature of the new particle € due to the expected isotopic
lifting of unitary symmetry, SU(3)® éU(S) required by hadronic
mechanics. This will involve an explicit construction of the isounit of
hadronic mechanics relating fractionally-charged SU(3) quarks to
integrally-charged iso-particles in genera, leptons in particular. We shall
see that since the isotopic lifting SU(3) ® §U(3), from fractionally
charged quarks to integrally charged iso-particles is not unique, the real
problem is to distinguish between physical and mathenetical constituents
in a Bohr-like model of structure which would reflect the well-established
paralelism between molecular forces derivable from norma (€, p*)
system and nuclear forces derived from the compressed system (as
indicated in Fig.2).

Moreover, the justification for the introduction of the new
n=(e  -p-8&-),, Sysem lies in its similarity to our earlier non
relativistic theory{4] of Cooper pairing of electrons, CP=(e¢' ,€ -),u,
around a copper ion (Cu*") “trigger” in the cuprate superconductors, in
the fom CP=(e = -Cu®- € -),,, . This approach led in ref.[4] to a
prediction of the critical temperatures for the superconducting phase

transition in good agreement with experimental data Subsequently, the basic
wave eguations of the theory were verified by Animalu and Santilli[§ and found

to be consistent with the axioms of hadronic mechanics. However, since a
number of adjustable parameters are introduced in the nonrelativistic
formulation, and in order to eliminate these adjustable parameters (so asto
make the theory more predictive) we intend, in this paper, to take the next
step of constructing a gauge-invariant nonrelativistic theory of the
Rutherford-Santilli neutron in Sec. 3 and then generalizing it to a gauge-
invariant relativistic theory in Sec. 4.

As the problem of distinguishing between physical and
mathematical hadronic constituents within a Bohr-like model of structure
lies in finding rigorous analytical tool(s) for non perturbative treatment of

the transition from the static Coulomb (electromagnetic) e - p* binding
potential energy, V. © eA/(r) =-€ /r inthe norma H-atom to a strong
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Fig. 2: Parallelism between molecular and nuclear forces
appropriately scaled in energy.

binding (Hulthen) potential energy, V,, © eA/(r) =- Mc2 [e™*'"" - 1] in
the compressed H-atom, the objective of the gauge invariance principle in
Sec. 3 is to find an expression for the progressive generaization

(A® A)) of the usual time-component ( A)) of the electromagnetic
potential ( A,).This will be achieved by exploiting, on one hand, the
analogy in ref.[1] between the Birkhoffian function B(q, p) of hadronic



mechanics and the Gibbs function of classical thermodynamics, and on the
other hand, the relativistic generalization of the GinzburgLandau
equation{6] by Higgg[7] in the framework of Yang-Mills-Higgs gauge

theory[7], to express the effective force, (p=- fV/9q) as a functional of
the effective potential energy V. This will lead in Sec. 3 to a non-linear
first-order differential (Riccati’ s)equatio{8] for the effective (Hulthen)
potential energy whose exact solution will prescribe a precise relation
between the masses (M, my) defining V, .

Another problem which will arise in the gauge-invariant relativistic
theory in Sec. 4 is how, starting from the usual Dirac equation for the
relative e - p" motion characterized by a spin- 3 field y (x) of mass M,
to construct an exactly soluble iso-Dirac equation for relativep® - &°
motion This will be solved by deriving the required iso-dirac equation
from conservation of an Iso-current density,
jm(x) :yL (x)(gm- imr'lﬁmlf (x), that includes a “convective current”[9],
generated via a gauge principle that relates the Hulthen potential to a
(Higgs) scalar field, of mass m =m,. The solution of the iso-dirac
equation in Sec. 4 for the €® mass will be used to predict the masses of

the neutron and other members of the SU(3) baryon octet. Finally, in Sec.
5, we shall discuss the resultsand draw the attendant conclusions.

2. REVIEW OF THE NON-RELATIVISTIC THEORY AND
REPRESENTATION OF ISO-QUARKS AS LEPTONS

2.1 Review of the Non-Rélativistic theory

Let us now proceed to review the nonrelativistic theory of the
Rutherford-Santilli neutron presented in ref.[1] in order to systematize
notations as well as make this paper self-contained. The nonrelativistic
theory of the (¢ ~ - p* - €% -),,,, System is based on a pair of non-relativistic
wave eguations (in Nambu representation) :

A ~n e e 0. AnA A ~u
HY © HSTY ° E -—id.=EY, Y ZQA* (2.2)
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where, t, ° go ng and Spb scale transformation of space-time
" olg

coordinates: (c.t,)® (b,c,t,br), such that isorelativistic transformation
law holds in the form:

cobidt'?- b?(dx?+dy?+dz'?) =cibidt? - b?(dx® + dy® + dz?)
(b,,b) being parameters representing the effects of external pressure and
temperature, and c, the speed of light in vacuum and mM* = mMb* isan
effective reduced mass (M *=m'+m.") of the electron Explicitly, in
Eq.(2.1)

T =1- |yA_* ><yA_ | (T2=T) (2.2)

is the isotopic lifting operator of Hadronic Mechanics introduced in
ref.[4], where <yA_*|yA_>:1 but <yA_*|y ,>° Z10, so that
<yi|'f|y -)=1- Z, while <yA_*|1:|yA_ y=0, and hence the charge on the
particle y - is depleted by an amount Z while the charge on the particle
y  appears to vanish atogether. For this reason y - was identified in
ref.[1] with adown-spinelectron (e ), whiley’  was identified with an
up-spin  neutra  massive particle (e°-), (caled spinion in

superconductivity theory[3]). Accordingly, (2.1) leads to the pair of s
wave eguations

e 1#mnd,d o)
Hyv _(r)° ¢- _+\V. v _ =Ey_ 2.3
V)0 f sy g ey 0By -0 @9
for the relative € ~ - p* motion and
2 A% % b_2 hz d 2 6,\* 2 A%
HST oG- — "yt +V ) =E . (24
y.(r) g i dr dr H(r)g.(r) y_ (). (24)

for the relative p*-&°- motion Here V. =-€*/r, is the usua
e - p" Coulomb interaction potential energy in the normal H-atom and
V,(r)is the effective p*- & - (Hulthen) interaction potential energy
defined as a parameterization of the renormalized Coulomb potential and
the non-potential term due to the overlappingof y - andy” " :



€ E| M, oV, (r).(25)

1|\ g -
br < ) y.(r) exp[(myc, /A)r]- 1
It was also stated in ref.[1] that the total energy of the structure
model, n=(e ~, p*), giveninref.[2]:
= (m, +m,_b?b?)c2 +E,, - E’]
° (m, +m bZb?)c2 +B,
would be equal to the total energy of n=(e° - p"-&°-),, divenin
ref.[1]:
E; =[m cZ+E,, - E°]+[(m, +m_b*h?)cZ +E, - E°]
°[m c2+B]+[(m, +m_ b?b)c +B ]

where m_=m__=m, ,(m_.,m, being therest massesof e ~ and

(2.6)

(2.7)

e’ - ), under two conditions. The first condition arises from the fortuitous
cancellation o the reduced rest-mass of the electron (m» m_) by its

non-relativistic binding energy (|F_°| =e?/2R) in the configuration shown
inFig. 1(a), a € - p* separationof order

R=1fm»7/mc, » € /2m_ c;.
The second is either that the kinetic energy E, - of the electron e

should vanish upon the contact of its classical electric charge sphere with
that of the proton a rest, or else tha its large value

E..- :(rr]f I'm, )C: © Mc?, should be absorbed in the Hulthen potential in
Eq.(2.5). Inthis paper, we chooseto absorb E,, - in the Hulthen potential, so
that Eq.(2.4) may now be rewritten as anon-relativistic wave equation for motion
of the neutral massive spin- £ particle &° relative to p* in the more explicit
form:

b hz d 'A*

=EY (),

V() =- kaexp[(rrbco/h)rl- 1, (28)
By ° (M) /m) &5 = M




Finally, with this value of M, the model meets the requirement of
having a minimum size of the Hulthen potential hole for a bound state to

be formed. Moreover, the rest mass of the proton is given quite accurately by the
equation:

m, =(m; /m)e ' *, (@, =e’/hc, =1/137), (2.9)

which is analogous to the expression derived in ref.[4] for the critical temperature
of the superconducting phase transition based on a similar structure model for

Cooper pairing, CP= (e~ -Cu* - € -), , inthe cuprate superconductors.
However, even with the equality of the total energiesof n=(e ~, p*)

aadn=(¢ -p'-&°-),, thedependence of both models on arather large

number of empirical parameters (M, m,,b,b,, B) makes it is necessary to

review how the signaturesof e and €° could be derived from those of the
SU(3) quarks in any characterization of the transition from the normal to
the compressed system based on hadronic mechanics..

2.2 Representation of Iso-QuarksasLeptons

A generalization of the unitary symmetry group, SU(3), to the iso-
unitary symmetry group, §U(3), isrequired by hadronic mechanics This
requirement will now be reviewed for the purpose of selecting from
severa possibilities an isotopic element for the lifting SU(3) ® §U(3)
incorporating the projection operator property (fz :f)of the non-local
isotopic lifting operator defined in Eq.(2.2). We begin by recalling that the
conventional Gell-Mann-Zweig[10] quarks (u,d,s) are defined by the
conventional Lie-algebraic structure of the SU(3) generators,

Ll -0 =2f, 0, (i, J,k=01,...8) (2.109)
with fractional baryon number ( B,) and electric charges (eQ,),
& 0 0o @& 0 09
_Q 1 N ) 1 I _(; 1 N
B,=¢0 3 0:, Q, E(I3+I8/ 3)=¢0 -3 O:' (2.10b)
& 0 ip O 0 -ip

A question arises, therefore, as to whether one can select an isotopic
element (G), so that the isotopic lifting SU(3) ® §U(3) defined by a Lie-
isotopic generalization of Eq.(2.10a) in the following way,



Gl -1,6, =2f,Gl,, (I,=G",G) (2.11a)
will characterize iso-quarks corresponding to the physical lepton triplet
(, e, m)with integral fermion number B and electric charges (eQ ),
i.e.,

A 0 0p . #® 0 09
3:30 1 o%, Q,°§(|A3+|A8/J§):go -1 o%. (2.11b)
%0 0 1y 0 0 -1

An affirmative answer to this question follows if we use our experience
with the procedure for isotopic lifting of the SU(2) algebra of Cooper pair
creation and annihilation operators in superconductors (see, ref.[11]) to
select anisotopic element (G) incorporating the projection operator T in
the following way:

&Eh-7) o 00 giL-T) o o0
G=¢ 0 0 +35G6"=¢ 0 0 -43% (212
€ o -Y3o0: € 0o 3 03

We verify directly that this leads to the desired result,
8,° Z(+1/B) =G (1, +1,/43)%
2 e2 a

geg(l-T) 0 O %g 0 0¢ §(1T) 0o 09
°¢ 0 0 -+/3T0 -1 0 O 0 3%
0 S 0% o -if o -3 0

0 -1 0+°Q, 2.13)

provided that we select the eigenvalue ('f =1) of the projection operator
T, corresponding to the normal neutrino state. All other iso-quark states

characterize mutations of the neutrino. In particular, when T =0, we
obtain the integral iso-quark charges derived by Santilli [12], based on a
different selection of a (symmetric matrix) isotopic element



g = diag(9y, 9,5, Gs3) such that IAk for k =38, and hence the electric
charge Q, have the forms:

2 0 00 ge 2 0 0 ;
A ggngzz 2 1 ggngzz =
l;=¢ O - 9229121 0:1 |8=_39 0 9229121 02 , N
g 0 0 Oy G 0 0 - 2011095 -
2 -
é Oss (%]

o1 B0
Q:E(|3+_3|8:g0 -1 O— (214)

0 0 -1

3 3 . .
5 Oss i This spectrum of integral charges
are comparable withthose of the Han-Nambu quarkg[13].

At thisjuncture, it is pertinent to recall that Barut’s construction of
hadron multipletd 14] was based on rewriting the equality of the quark
and lepton (fermion number and €electric charge) projection operators
earlier observed by Animalu[15]

When gll = '\/E' g22 =

B+Q =B,+Q,. (2.15)
in the form
(3'§3)+(Q|+%3)=Bq+Qq
to find that
B-2B=1B =B, ad Q+ZB =Q,. (2.16)

From this, Barut concluded that quarks are obtained from leptons by
shifting 2/3 of the fermionic charge to the electric charge. It is now
apparent that such a shifting is indeed achieved through the isotopic lifting
transformation of hadronic mechanics described above, and leads to
identification of iso-quarks with the leptons. However, whereas the
quarks obey the Gell-Mann-Nishijimarelation Q, = 1,+ 3 Y, with

g@ 0 0% § 0 0%
,=¢0 -4 05 Y,=¢0 & 0= (2.17)
0 0 0y &0 0 -2
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the iso-quarks, i.e. the leptons, must obey the appropriate relation required
by isotopic lifting. In particular, contrary to Barut’s proposa to keep the
same |, assignments for leptons, we find

g(l-f) 0 00
0 0 0= (2.18)

(; .
§ 0 0%

which indicates a mutation of the usual isospin assignment to the lepton
triplet; and in like manner,

8%(1' T) 0 09

¢ O -2 0= (2.19)

g 0 0 +1§

is different from Barut’s assignment, but as expected, we recover
Q,° I,+1Y,=Q. (2.20)

+

Consequently, while our neutron structure model n=(e ~ - p*- €°-),,,
is compatible with iso-quark theory, it is fundamentally different from (but

analogous to) Barut's model of the neutron (N~ pe'n’) as far as identification

A

[,=G'1,G=

Y,=G'Y,G=

of &° with the anti-neutrino 1T is concerned. In this sense, we are inclined
to agree with Santilli[private communication] that he “does not accept the
existence of neutrinos because he has shown that, when hadrons are
represented as extended objects, all physical laws, including that on the
conservation of energy and angular momentum can be verified without
any need for conjecturing the existence of neutrinos’, (see,
http://www.neutronstructure.org ). It is necessary, therefore, to probe more

deeply into the nature of the new particle e° by reconstructing the non-
relativistic theory in a gauge-invariant framework.

3. GAUGE-INVARIANT RECONSTRUCTION OF THE
NON-RELATIVISTIC THEORY

We have stated in Sec. 1 that the real problem of distinguishing
between physical and mathematical hadronic congtituents within a Bohr-
like model of structure lies in finding rigorous analytical tool(s) for non
perturbative treatment of the transition from electromagnetic (Coulomb)

11



binding forces in normal atomic systems to strong (hadronic) binding
forces in compressed atomic systems. To this end, we proceed, in this
section, to reconstruct the nonrelativistic theory of the
n=(e -p-8-),, Sysem by highlighting its gauge invariance in
such away that the progressive generalization of the Coulomb potential to
the Hulthen potential can be described by a class of nonlinear first-order
differential (Riccati’s) equations[8] whose exact solutions will yield
analytical expressions of general interest and enable us to relate some of
the unknown parameters in Eq.(2.7) to each other.

We begin by rewriting the conventional Schrodinger equation for
the normal H-atom in the form:

d ,d 0 B
g- %r—zar a+(e/co),°b§5’/7(r) =Ey (r). (319
This makes evident the fact that the static Coulomb (e - p*) interaction
is determined by the time-component (A,) of the electromagnetic four-
vector  potential (A,m=01273), V.(r)° (elc,)A(r) =-€/r.
Consequently, if we express the interparticle Coulomb force
(-dV./dr =-€/r?) as a functiona of the potential energy V., by
eliminating explicit r-dependence between dV_./dr and V., the result
would be a nortlinear first-order differential equation:

dve Ve W wen. (3.1b)

da e I

This is a specia case of Riccati’s equation[8] which suggests that an
obvious step to take in order to achieve a progressive generalization of the
Coulomb potential to the Hulthen potential in the isoschrodinger equation
for the compressed system,
& b_z hz d 2 d (.j,\* Ak
-———T1"—+V,(NYy (r)=E r 3.29
o H()g/.() y . (r) (3.29)

isto replace Eq.(3.1b) by the most general form of the Riccati’s equation

Ve, _ PV2+QV, +R, or W._ 1/e)AZ +zA, - k (3.2b)

dr I
K, P, R and z ,k being constants (in general, functions of r). Note that the

derivative and nonlinear parts, {1A,/1r - (1/ €)A’}, of Eq.(3.2b) may be

12



re-interpreted as appropriate component of the SU(2) Yang-Mills gauge
field[7],

a o T[_Aqa_ ﬂA?] abc Ab AC
Fm o 17 + 0™ AA (33

where g,is a coupling constant. Note aso that the (matrix) Riccati’s

equation has an underlying Lie-admissible algebraic structure[16] which
makes (3.2b) an explicit unequivoca realization of the iso-mathematical
structure of hadronic mechanics. Egs.(3.2a) and (3.2b) define, therefore,
the generalization we are after.

An dternative way of looking at the generaization lies in the
analogy between, on one hand, the Birkhoffian function B(p,q) of
hadronic mechanics and Gibbs free energy of classica thermodynamics
discussed in ref.[1], and on the other hand, Higgs generalization of the
Ginzburg Landau equation for the order parameter in superconductvity
theory[6] in the framework of Yang-Mills-Higgs gauge theory[7]. We
recall, as discussed in ref.[1], that an extension of the analogy between
classical thermodynamics and classical mechanics leads to a
correspondence between the Gibbs free energy of classica
thermodynamics (as well as its thermodynamic differential relations):

G(P,T)=U+PV-TS,dG =VdP - T,; (3.4)
V =G/P,S=-1G/qT '
and the Birkhoffian function of Santilli’s hadronic mechanics (as well as
the associated canonical equations of motion):

B(p,¢)=H - qgp+qp, dB=qdp- pdo;
q=TB/1p, p=-1B/1a.
Therefore, besides the addition of (- gp+qp) as externa term to the
Hamiltonian, H(q, p), to get the Birkhoffian, the Birkhoffian function
B(p,q), differs further from H(q, p) in the fact that it is a function of
the velocity (¢) and of the rate of change of momentum (p) equivalent to
the force (- dV/dq). Consequently, for the purpose of prescribing the

nature of the second-order phase transition from the normal H-atom state
to its compressed (superfluid) state via a progressive generalization of the
Coulomb interparticle force represented by p=-dV /dr, Eq.(3.2b) isa

statement of a general hypothesis (cf the GinzburgLandau expansion of
the free energy as a functiona of the order parameter[6]) that the effective

(3.5)
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interparticle force is a functional of the potential energy. Consequently, a
further generalization of Eq.(3.2b) to include higher order terms is
concelvable: for example, we could, as in Higgs generalization of the
Ginzburg Landau theory in the framework of Yang-Mills-Higgs gauge
theories of spontaneous symmetry breaking expand the force to quartic
order :

dV 4 2 0 2 2

d_r_ KV*+PVZ+R K([\/| V72, (3.6)

This would make the attainment of asymptotic freedom (dV/dr =0)

manifest itself in the same way as spontaneous symmetry breaking, as the
sketchesof dV /dr versus V| inFig. 3 suggest.

dv

o Mk ve - v
4/K/\Jw

(b)

Fig. 3: Graphsof dV /dr versus V for (a) Coulomb
force in Eqg.3.1b) and (b) the generalization in
Eq.(3.6).

Let us now return to analytically examine the physical content of
the generalization from (3.1b) to (3.2b), by observing that when K, P, R

are constants (independent of r), the Riccati equation (3.2b) can be

14



integrated exactly (as shown in Appendix A) to find a general solution of
the form:

e 2 _ 0

Gy, TR AR

- Q- 4PRY. § 2P pr

2P : . Jo?- apRrY

& o &, Q- Q- 4PRO
ICE C =5 @)

H ® Qg 4RO

o/ 4PRY & ® 5

& P 5 & ,-Q+ Q- 4PRO

O+ .

& S

where V, ° V,,(0) isaconstant of integration. Thisis equivalent to the
standard form of the Hulthen potential,

- Mc?
exp[(myCy /A)r] - 1

VH (r): (38)

provided that

2 +Q+x/Q2 - 4PRO /& - Q+Q° - 4PR
° 2P £/ g °

g s TR

giving

P10, Q=0 R<0; (3.9
and hence, since V, ° V,, (0) ® ¥, (in unitssuch that # =c, =1)

8?/+1/'R9

R - RSO - - R

mg:;/- F’M: / Pg _PR;®\/P °im, (3.10)
V.- [— =
go \/Pfa

The above formal derivation of the Hulthen potentia is, by virtue
of the fact that it is able to predict the important ratio, M/m, =41,

evidently more satisfactory than the ad hoc prescription of the Hulthen
potential via the parameterization in EQ.(2.5) even though the two

15



approaches complement each other. The significance of this ratio will
emerge in the relativistic theory to which we now turn.

4. CONSTRUCTION AND VERIFICATION OF A GAUGE
INVARIANT RELATIVISTIC THEORY

4.1 Construction

Technically, as shown in 1996 by Santillij17] for the
n=( -p’-),uSystem, the construction of an iso-dirac equation for a
compressed H-atom would require the introduction of the isotopies of the
Minkowski spacetime, of the Poincare symmetry and of specia relativity,
with the consequential additional empirical parameters (for an up-to-date
summary, see http://www.neutronstructure.org/part6.htm).

However, because of the reformulation of the Hulthen potential for
the nonrelativistic theory in the form of afirst-order nonlinear differential
(Riccati’s) equation, some novel physical insight would be gained in this
section by constructing an exactly soluble gauge-invariant relativistic
wave equation forthe n=(e ~ - p*- €°-),, System involving only the
two parameters (M, m,, with M /m, =2 ) inthe Hulthen potential. This can
be done rather ssimply by using a Lagrangian formulation in which the
electromagnetic interaction is introduced via an isotopic lifting
transformation of the conventional gauge-invariant interaction

term, J"(X) A, (X) ® jm(x)An(x),relating therelative € - p* motionin
an external electromagnetic field A _(x) to the relative (8° - p*) motion

in an external effective field, An(x). The required relativistic and iso-

relativistic wave equations would then be those that conserve the
respective current and iso-current densities,
3" =7 (9g,y (x) and 3" =y (g, - imy .. (9,
which we now proceed to construct.
We start with the conventional relativistic (Dirac) equation for the
relative € - p* motion in an external eectromagnetic field:

16



€ ® je 0 _ LU
819" gfln~ 5 Anzt mcy =0 (4.1a)
e nc, g a
where the time-component (A)) of the electromagnetic four-vector
potential A, representing the static (€ - p*) Coulomb interaction
satisfies, as before, the simplest form of Riccati’s equation:
ﬂﬁ - (/e A2 =0. (4.1b)
;

For the relative €°- p* motion we naturally presume that the time-
component (A,) of the effective (Hulthen) potential ( A ) is determined,
as before, by the complete form of the Riccati equation:

% =(@1/e)A2+zA, - k (4.2)

z .k being constants (in general, functions of r). However, we now

convert the Hulthen potential A) into a (Higgs) scalar field, f © f (r), by
using the well-known standard transformation that converts the nonlinear
first-order Riccati Eq.(4.2b) into a linear second-order differentia
equationfor f (see, p.201 of Piaggio[8]) :

dlog(f ?ij_fg f
A=-e c;]r( )°-eefrﬂ°-ef—l, (4.39)
where f,° % Note that this transformation may be rewritten as a
(Weyl-like) gauge principle in the integral form:
f = expg? (/e QAdr g. (4.3b)

From (4.3a) we find
A 2
P, -ef—2+ef—1, 4.4
dr f f?
so that, on substitution in Eq.(4.2), the termsin f > disappear, and hence,
on multiplying the resulting equationthrough by f /e, we obtain a linear

second-order differential equation:
f,-zf,-(k/ef =0. (4.5)
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In addition if weselect z © -2/r and put m*> =k / e, this equation
takes the standard form
dzf 2 df el d 2

$290 Keo g 0 (46
dr rdar e grdr drmf(r) (4.6)

which is the static limit of the Klein- Gordon equation for a spin-0 scalar
field f of mass m inunitssuchthat 7z =c, =1.

As is wdl-known, asolution of Eq.(4.6) hasthe form of a'Y ukawa
potential:

f(r)=(-g"/r)exp(-mr) (4.7)
which characterizes a strong (nuclear) force. By comparing this potential
with an expansion of the Hulthen potential defined by Eq.(3.8) in the
following way

- - Mol _ - Mol - M - mpr
v, (=M, Mt MM ot )4
1-e™  myr+0(r°) r
we find m =m, and g°° M/m =3 whichis in the range of strong
nuclear coupling constants.
Our interest now lies in the fact that, having transformed Riccati’s

equation for A) into Klein- Gordon equation for Higgs field f (x), we can
use standard (Lagrangian field theoretic) techniques to put together the
spin0 field, f(x), the spind € field, y'(x), and the remaining
components (AK,k =1,2,3) and other bosons making up the Yang-Mills-
fields Ai(x), to unify electromagnetic, weak and strong interactions in a
gauge-invariant model. Then in the zero gauge-coupling limit (AZ ° 0) of
interest for the compressed H-atom problem, we have the following
conserved current and field equations (7 =c, =1):

3,00 =5 (09,5 (- if “(F,.f (%) (4.99)
(9.9 - MY () =Gy (X)F (%) (4.9b)
(ﬂ2 + m?)f (X) =-y ()G (X () (4.9¢)

where M isthe massof the spinor fiedld y (x)and m, the ness of the
Higgs scalar field f (x). Since the wavefunction y"(x)of €° has spin
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(-, ) asdichotomic variable, considerable simplification can be achieved
by using spin labels, y~ (x) and y - (x), to approximate the spin-0 Higgs
field through arelation (involving m, for dimensional reasons):

f :m{%y_ or mf'%yf. (4.10)
This enables us to abstract from Eq.(4.9a), the iso-current density
3,00 =5 (0, - im M,y (9 (4.11)
which is conserved by the following relativistic wave equation:
(ig,1™- (m +M)- @m)1,1"y =o0. (4.11b)
This is the final gauge-invariant iso-relativistic wave equation for e° that
we are after. Note that it contains only the two parameters (M,m )

defining V,, .
4.2 Prediction of the Neutron M ass

We observe here that the contribution to the iso-current density in
Eq.(4.11a) from the Higgs field, called convective current, is responsible
for the anomalous magnetic moment of the eectron in the “heavy
electron” theory developed by Barut, Cordero and Ghirardi[9]. Moreover,
because the convective current gives rise to the second-order derivative
(non-renormalizable) structure, Eq.(4.11b) leads to two mass values:

m, =[(0%)? - (8)7f, i =12 (4.123)
given by the two roots of the quadratic mass equation:
m 'm? +m- (m +M) =0, (4.12b)

m’+mm- m (m +M)=0. Hence (snce m /2= M), the two masses
may be rewritten (withm, ©° m,,m, ° m ) as

m
m, =M (- 1++/7), or M+

m
=165 —-=-365 (4120

This has the significance that since M ° nf/m_ =Km_ (because
m, =2m_ /a,), we may similarly express m, using the same scale in the
forms:m, = K, and m =K, so that in place of (4.12c) we have

i, /m_ =165 M, /m =-365 (4.13)
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Thus, forthe n=(¢ ~ - p*- & -),, System, we predict the mass
m,=m +m, +AT, +B° m +m_ +165m +B
n e e p e [3)

. (4.19)
°m,+m. +153m , (with B=-0.12m ).

which is consistent with the experimental value of the neutron rest mass.
The small empiricaly determined binding energy ( B=- 0.12m ) isaso
consstent with  Eq.(4.11b) being indicative of a system that is
“asymptoticaly free’

The beauty of having a theory with a minimum of free parameters

lies, however, in its predictive power which, in this case, arises from the

physical significance of the negative mass ratio in Eq.(4.12c) to which we
now turn.

4.3 Prediction of the M asses of the SU(3) Baryon octet

Following our earlier convective current approach to the
determination of the mass ratio of quarks in composite systems

(Animalu[9]), let us replace the mass parameters, (M, m ) in Eq.(4.11b)
by diagonal SU(3)matrices asfollows

09
M = éx/io—md QO m, O =,
0
L (4.153)
gemj 0 090
mf:('*/as)ndo(;o - my 0—’
&0 0 2my
so that
Lop 8. e LBy )
m my BQ 2 2@
elm 0 0 o (4.15b)
°¢ 0 -Um, 0 X
& 0 0 1/2m
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This makes Eq.(4.11b) to simulate the Gell-Mann, Oakes and Reener[18]
model of chiral SU(3)xSU(3) gauge symmetry breaking down to the
SU(3) of strong interactions without mixing isotopic spin doublets, so that
it reduces to two distinct equations:

(g, 1™+ m 9" =0 (4.168)
with two mass eigenvalues, m=m, or O; and
(g, 3m, - (2m) 0" =0 (4.16b)
with two mass elgenvalues determined by the roots of the equation
(2m,) 'm’ +m- 3m, =0,
which is the same as Eq.(4.12b) giving
m, = mj(i«ﬁ- D, ie, m, =1.65m,, m =-3.65m,or

M g5, Ml_sgs (4.17)
m, m,

This means that in the additive constituent quark model of the
spin baryon octet (to which the neutron belongs) (with m, =my), we

determine from the observed masses of the neutron m, =3m, =939.6,
and the other members of the octet,

m. =2m, +m =1142»1(m +m,,) =1 (1116+1192)
thetwo mass ratios:

M —165 M =365, (4.18)

my my
which are in agreement with those in Eq.(4.17). In other words, the
predicted mass ratios of the members of the SU(3) baryon octet ae in
agreement with experiment, in accordance with the equal-spacing rule,
when splitting due to electromagnetic interactions are ignored. It is also
noteworthy that the second mass ratio in Eq.(4.18) is related to the mass of
the strange particle, L , as an excited state of the neutron described by
Eqg.(4.16b) which can be rewritten in terms of the neutron mass

(3m, © m,) in the form:

(I gmﬂm_ m, - (_g rT‘n)_lﬂmﬂr’npﬂn =0. (419)
The last term gives rise to the magnetic transitions discussed by Barut et
al[9]; and Eq.(4.19) forces on us the conclusion that the neutral spin- 3
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particle, e°, with wavefunction, y ., congtructed in the gauge-invariant
relativistic theory has the same signature as the neutron itself (€° ~ n).

5. DISCUSSION AND CONCLUSION

In this paper, we have reformulated the non-relativistic theory of
the Rutherford-Santilli neutron presented in ref.[1] as a gauge-invariant
relativistic theory, establishing in the process, a fruitful linkage between
the parameters (M,m ) of the Hulthen potential and unified gauge

theories in a Bohr-like model of hadronic structure. Our central objective
at each stage leading to the gauge-invariant relativistic theory has been to
construct an exactly soluble (nonperturbative) physical model of hadronic
structure that would provide a rigorous framework involving a minimum
number of empirical parameters for confronting theoretical results with
experimental data. The achievement of the above objective was made
possible by the representation of the effective interaparticle force in the
compressed H-atom as a functional of the potential energy, so that rather
than introduce an ad hoc potential energy for the compressed system, the
potential energy is determined by the solutions of a nonlinear first order
(Riccati’s) differential equation, which can also be transformed, albeit
nortunitarily, into a linear second-order differential equation. This is a
natural route from hadronic mechanics to the so-called “nonlinear
conservation laws’ (see, Strang[19]) leading to litons, instantons, etc.
Moreover, as is well-known [p. 49 of ref.[20]), Schwarzschild’s celebrated
“solution”, g,,(r) = [1- 2m(r)/r]'l, m(r) ° ké4pr2r (r)dr, of Einstein's
equation for the gravitationa field is also governed by Riccati’ s equation,

B Ly - (@krr- Bgz =0 5

da r
where ds® =g, (r)dr?+g, (r)dr?+r?(dg®+sn®qdj ), and 16pkr is
the scalar curvature, r being the (curvature) energy density.

We conclude and recommend, therefore, that the study of the
Rutherford-Santilli neutron should be intensified from both theoretical and
experimental points of view, in order to reap the potential benefits of
having an exactly soluble model of the internal structure of the strongly
interacting particles (hadrons) for testing various contending models and
for verification of “hadronic mechanics’ laws of physics.
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APPENDIX A
SOLUTION OF THE RICCATI EQUATION

In this appendix we wish to find (in a closed form) the solution of the
Riccati’ s equation:

dv,
dr

=PVZ+QV, +R,
(P,Q,R) being constants. The equation may be expressed and integrated
in the form:

dv,,
(VH - A)(VH - B)’

I

O«

édr =
where

AsC Q+./Q?- 4PR_B: -Q- JQZ- 4PR

2P ’ 2P

Thus, by using the partial fraction expansion

1 A-B B- A
+

(o]

M- AM-B) M-A M- B)

we find
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v (A- B)dV,, | v (B- A)dV,
Q" (VH - A) Q" (VH - B)
= (A BynSYe- AU, 5 &V - B)O
e Wo- 0] é \Vo- B
&V, (r)- A) (v, - B)U

=(A- B)I
= (A et ()-8 (- A

¢ r o_(Mm-AN-B)

e, expa

gA- B (V,()-B) (- A)’

[em { iy anid

(Vi (r) - B)exloeA ;, Vi, (r)- A)(

& b, -Ve+B)9 »- B
V(r)ée(pSA BH ((vo )) BH'

o

x -
Qv
“4PRY, §
& P 5 &' Q-{-4PRY
g ® 3
\ V() -
& ,Q+JQ’- 4PRY
oL
& P 5., Q+x/Q 4PR0
g&" 5
o -M
exp(myr) - 1’

Thisit the genera result that we are after.
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