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A numericalinvestigationof grain-boundarygrooving by meansof a level set
methodis carriedout. An idealizedpolycrystallineinterconnecthich consistsof
grainsseparatedby parallelgrainboundarieslignednormalto the averageorienta-
tion of the surfaceis consideredinitially, the surfacediffusionis the only physical
mechanismassumedThe surface diffusion is driven by surface-curature gradi-
ents,while a bxed surfaceslopeand zero atomic Rux are assumedht the groove
root. The correspondingnathematicasystemis aninitial boundaryvalue problem
for atwo-dimensionakquatiorof HamiltonbJacoliype. Theresultsobtainedarein
goodagreemenith bothMullins analyticalOsmall-slopegdlutionof thelinearized
problem(W. W. Mullins, 1957,J. Appl. Phys.28, 333) (for the caseof anisolated
grainboundary)andwith the solutionfor a periodicarrayof grainboundariegS. A.
Hackney, 1988,ScriptaMetall. 22, 1731).Incorporationof anelectricbeldchanges
theproblemto oneof electromigrationPreliminaryresultsof electromigratiordrift
velocity simulationsin copperlinesarepresente@nddiscussed. « 2001AcademicPress

1. INTRODUCTION

This paperpresentghe resultsof our work on numericalmodelingand simulationof
grain-boundaryGB) grooving by surfacediffusion. Our ultimate goalis to develop and
testafastnumericalapproactor thesimulationof theformationdevelopmentpropagation
of groove-like defectsin thin PIminterconnectsisedin microelectronic§ME).

InthemodernME industry thequalityandreliability of ME integratedcircuits(ICs)have
becomeno lessimportantthantheir performanceSomeof the mostvulnerableelements
of ME ICs, susceptibleo severaltypesof mechanicafailures,aretheinterconnectsThese
aremetallicconductorsvhich connectheactive elements.
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The defects(dueto the small cross-sectionhigh currentdensity mechanicaktresses,
andpresenceof GBs acting asfastdiffusion pathways)leadto the loss of electricaland
mechanicalntegrity, i.e., to line opensor shorts.Thus,suchdefectsare one of the main
reliability concernsn advancedntegratedcircuits.

1.1. Medhanismsof Medanical Failure in Interconnectines

In this sectionwe describesomebasicfailure mechanism# interconnectandoutline
anappropriatghysicalmodel.

Many propertieof polycrystallinematerialsareaffectedby theintersectiorof GBswith
externalsurfacesgspeciallyin thepresencef appliedor internalbelds Commonexamples
aregrowth of GB grooves andcavities [13, 14], stressvoiding [31], andelectromigration
(EM) [2, 15, 21, 25].

In theabsenc®f anexternalpotentialbeld,the GB atomic3ux Igg D 0; andthecorre-
spondinggroove probleevolvesvia surfacediffusionunderwell-known conditionsof scale
andtemperaturétheso-calledMullins problem[17]). Masstransporby surfacediffusionis
driven by the surfaceLaplacianof curvature.Essentiallyfor corvex surfacesmatterf3ows
from high-cunatureregions, while for concae surfacesthe Bow is from low-curvature
regions. To solve surface-difusion problems four differentapproachesave beentaken.
We refer the interestedreaderto the article by Zhangand Schneibel[32], wherethese
approachesarediscussedandto thereferencesherein.

Thephysicaloriginsof aGB RBuxmaybegradientof thenormalstressatgrainboundaries
[8] and/orelectromigratioriorces[3]. GB grooving with aGB Ruxin realthin PImintercon-
nectssacomple problem.t requiresasophisticateciumericaimodelingtechniquevhich
canmanagewith suchissuesasaperiodicarraysof GBs,anisotrofy of thesurfacetension,
GB migration,formationof slits with alocal steady-statshapen the neartip region, and
bridgingacrosgheslits neartheir intersectionsvith the surfaceleft behind[21]. Thelevel
set(LS) methodseemso be a good candidatefor addressinghe problems;however, it
hasnever beenusedfor this purpose As the brststepin applicationof the LS methodto
the problemof grooving with an EM Bux, we testin this paperthe LS methodover two
simpleNand alreadysolvedNgrooving problems,and comparethe resultsof LS method
with thosein [10, 17]. The brstproblemis the classicalMullins problem(GB grooving
controlledby surfacediffusionin aninpnitebicrystalwith a stationaryGB). Theseconds
GB grooving by surfacediffusionin aperiodicGB arrayof stationaryGBs.Finally, weshav
theincorporationof anelectricbeldasa driving force (the electromigratiomproblem)and
presenpreliminaryresultswhich shav extremelygoodcorrelationwith experimentabata.

Below we give moredetailsof the physicalmodel.

The Mullins problemNDriving forcesand diffusion mobilities. In the absenceof an
electric current, the diffusion is driven by a variation in chemicalpotential,* 5, which
causesatomsto migratefrom high-potentiato low-potentialregions.Ilt maybeshavn that
[17]

1D K¢°GA; (1.1)

whereKgs is the surfacecurvature,® is the surfacetension,andA is the atomicvolume.
Gradientsof chemicalpotentialarethereforeassociateavith gradientsof curvature.

In interconnectsiGBsrepresenhumeroudastdiffusion pathwayswith a high diffusion
coebcient,Dgy,. Asamatterof fact,thebulk diffusioncanbeneglected17]. Thediffusion
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RBuxalongthe GB, Jgyp, is gven by

Dgbtgp
kT

wherety, istheGBthicknessk istheBoltzmanrconstantandT istheabsolutéemperature.
Let ¢, bethetangentialdirectionto the surfaceproblein 2D. If n D .ny; ny/ is the unit
vectornormalto the surfaceor GB, thenthefollowing relationshold:
@K @K BKs L
The surface-difusion Bux along the groove walls (volume crossingunit length per unit
time) is given by

¢ D .nyri g,

Dests @1
N%p; ==2Dj BKS; 1.4
wherethe superscriptindicatesthatthe Ruxis dueto the curvaturegradient,
Dsts° sA
BD —— 1.5
kT (1.5)

is known as Mullins constantand Ds; +5; k, and T denotesurface-difusion coebcient,
thicknessof the surface-difusion layer, Bolzmann€constantand absolutetemperature,
respectiely. NotethatJ! s is proportionatotheprstdirectionalderivative of thecurvature.

Physicalboundaryconditionat the groove root. This boundaryconditionis dictated
by the local equilibrium betweenthe surfacetension,®s, andthe GB tension,® yp. In the
symmetriccaseof a GB (x D 0) normalto anoriginal (y D const) Ratsurface,theangle
of inclinationof theright branchof the surfaceat thegroove root with respecto thex axis
is[17] (seeFig. 1)

ko D sin' 1.° 4,=2°¢/ D const (1.6)

Therapidestablishmentf theequilibriumanglebetweerthe GB andthesurfaceby atomic

migrationin thevicinity of theintersectiordevelopssomecurvaturegradieniattheadjacent
surfaceandthusinducesasurface-difusionf3uxalongthegroove wall in thedirectionaway

from the groove root, oppositeto the groove extensiondirection.

2. MATHEMATICAL MODEL

2.1. TheCorventionalApproades

An adequatenathematicamodelwhich captureghe abore physicalphenomenan in-
terconnectwas prstdevelopedby Mullins [17] andfurther extendedby him and others
[13, 14,18]. It describeghe evolution of the groove shapey. x; t/ andhasthe form of a
transportequation

r Ks n. ¢ . N ¢ ., 10O
i D j @lé( DiB I1Cy§'l‘2 I1ny2'3_2yxxX L (2.1)

J! Ks andB aregivenin (1.4)and(1.5).
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FIG. 1. Sketchof a GB groove. w denoteshe half-width of thegroove, andd denoteghe depth.

For an isolatedGB at x D 0, thegroove continuego developbecaus¢he materialcon-
tinuesto move from the curved shoulderof the groove to the 3at surface. The classical
descriptions providedby ananalyticsolution(onthex > 0 side)of thelinearizedversion
of Eq. (2.1) (the OsmalslopeapproximatiorQSSA). The linearizedequatiorhasthe form
[17]

Vi Di BYixxx; (2.2)

subjectto theinitial condition

y.X; 0/ D const (2.3)

andtheboundaryconditions

yx.0;t/ D tangg D m¢ 1;
JI K0t/ D yyxx-0;t/ D 0; (2.4)
y.x!1 ;t/ D const with all derivatives:.

Thebrstconditionin (2.4)is the smallslopeapproximationtself. The secondnerel3ects
theabsencef a GB Bux Jyb. Thesolutiondescribes problewith a constanshapevhose
lineardimensiongsareincreasingall thetime.

Although this analyticalapproachdescribessomebasic phenomenan interconnects,
it is of limited use becauseof the restriction on the steepnes®f the slope. Thereare
several numericaltechniqueswhich are widely usedin modelingmoving fronts, suchas
themarker/string(M/S) methodg26] or thevolume-of-BuidVOF) methodqd7, 20]. These
methodslealdirectly with theevolution equatiorof type (2.1),andthereforeareOeplicitO
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methodsTheM/S methodslerived fromalLagrangiarapproacho frontevolutionproblems.
In the Lagrangiamapproachthe grid is attachedo the moving front. A known dravback
of theLagrangiarapproachs thatit is notwell suitedto computatiorof bifurcatingfronts.
In addition,stability andlocal singularityproblemsareemphasizednorein thesemethods
thanin methodsbasedon an Eulerianapproachsuchasthe VOF method.The Eulerian
approach,wherthefront movesthroughagrid whichis bxedin spacedoesnothave these
drawbacks,butNas is knovnNhere the fronts are diffused. In addition, someintricate
(subcell)bookkeepingis requiredto properlykeeptrack of fronts.

Therearenumericalapproachesvhich arebasedon bnite-elemendiscretizationof the
computationaregion [5]. However, they resultin complicatedalgorithmswhich involve
mary computationaktepssuchas computationsof the following: displacemenbeld of
materialpointsfrom a referenceconbgurationthe stressbeldasa result of diffusionin
the solid, and geometryupdateof interfaces.In addition, the computationacompleity
grows becauséigherresolutionis requiredasthe shapeof the interfacebecomesnore
complicatedAs aresultthesemethodsreunableto handleverycomplex multidimensional
boundaryshapes.

2.2. TheProposedSolution:Useof the Level SetMethod

To Ocapturetbeinterface(ratherthanto trackit), our methodof choiceis the OimplicitO
LS method.The methodwas introducedby Osherand Sethianandwas further developed
during the pastseveral years(for an introductionto the LS methodsand an exhaustve
bibliographylist, seethe monographdy Sethian[27, 28]). The methodmalesit possible
to capturedrasticchangesn the shapeof curves(interfaces)andeventopologychanges.

The basicidea of the methodconsistsof embeddingthe curve y.x; t/ into a higher
dimensionalspace As a matterof fact, we considerthe evolution of a two-dimensional
peld A.x; y; t/ suchthatits zerolevel set,A.x; y;t/ D 0, coincideswith the curve of
interest,y. x; t/, at any time momentt. Thelevel setfunctionA.x; y; t/ canbeinterpreted
asasigneddistancdrom thecurve y. x; t/, which moves in thedirectionnormalto itself.

The evolution of A.x; y; t/ is describedby an HamiltonBJacobi-typequation.A re-
markabletrait of the methodis thatthefunctionA.x; y; t/ remainssmoothwhile thelevel
surfaceA D 0 may changetopology break,mermge, andform sharpcornersasA evolves.
Thus,it is possibleo performnumericalsimulationonadiscretegrid in thespatialdomain
andto substitutebnite-diferenceapproximatiorfor the spatialandtemporalderivativesin
time andspace.

Theevolution equatiorhastheform

A CFjr AAD 0; given A.x;tD 0O/ (2.5)

The normalvelocity, F, is consideredo be a function of spatialderivatives of A.x; y; t/.
In mary applicationsF is afunction of the curvature,Ks, andits spatialderivatives.The
curvatureKs maybe computedvia thelevel setfunctionA as

) A ) ) !
Ao A A
jr AJ |A%CA32/“'1=2’ IA%CAEIWI

Heren is OnormavectorOandit coincideswith the (previously introduced)unit normalto

KsDr ¢n; nD (2.6)

=2
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thesurface,y.x; t/, on thezerolevel setA D 0. Formulas(2.6) canbecombinedas
r A AR2i 2AAA C AR
D XXAyli : X )i é;_ yyA)(; (2.7)
ACA™

andthesignof Kg is chosensuchthata spherehasa positive meancurvatureequalto its
radius.In the caseof surfacediffusionin 2D,

KiDr ¢—
RS

FDj BK}, (2.8)

Onedrawbackof the LS methodstemsfrom its computationakExpenselts compleity
seemgo beasmary as O.n?/ operationgpertime step,whichis morethanary Lagrangian
method ,which necessitate®.n/ operationgertime step,wheren is the numberof grid
pointsin the spatialdirection.lIt is possible however, to reducethe compleity of theLS
methodto O.n/ usingalocal (anothertermis narronv band(tube))approacHt1, 24]. This
is achieved by the constructionof anadaptve mesharoundthe propagatingnterface.We
distinguishbetweerthe OneabeldOwhich is athin bandof neighboringevel setsaround
the propagatingront, andthe O&ir PeldDwhich containsthe restof the grid points. The
evolution equationis solvedonly in the nearbeld.Thevaluesof A atgrid pointsin thefar
beldare not updatedat all. Whenthe interfacein motion reacheghe edgeof the narrov
band,anew narrav bandis built aroundthe currentinterfaceposition.Notethatthis could
be donewithout interfacereconstructiorfrom the level setfunction (which requiressome
additionalcomputations).\Wjust have to examinethe shift in the sign of A at grid points
adjacento theinterface.Thewidth of thenarrov bandis determinedasa balancebetween
thecomputationinvolvedin therehuilt andthe calculationgperformedon far away points.

In mostof theapplicationf theLS methodto date thedriving forceswereproportional
to thecurvature(see[27, 28] for review anddiscussion)Thereareonly afew applications
[2, 6, 15] wherethe driving force is proportionalto the seconddirectional derivative of
the curvature(in the 3D caseto the surfacelLaplacianof curvaturewhich is constructed
from the derivatives in eachprincipal direction),which is the casefor the normalvelocity
function(2.8).Thereforethepresentaterialsscienceroblempresentsrathemew (from
the mathematicapoint of view) applicationfor theLS method As pointedoutin [6], Othis
is an intrinsically difbcult problemfor threereasonsFirst, owing to the lack of a nice
maximumprinciple,anembeddedurve neednot stayembeddedandthis hassignibcant
implicationsin attemptingto analyzemotionwhich resultsin topologicalchange Second,
the equationf motion containa fourth derivative term,andhencearehighly sensitve to
errors.Third, this fourth derivative termleadsto schemesvith very smalltime step<O

2.3. ComputationalAlgorithm

A typicalcomputationatlomainis arectangulabox|[0; 111 0; I,] of amaterialin 2D. The
proposecomputationablgorithmconsistof thefollowing steps:

BEGIN ALGORITHM

1. Discretization. Theentirecomputationategion W is discretizedusinga uniformgrid
XiDilx;y;D jly,;iDO:::N;jDO:::M, whereN and M are the numberof grid
pointsin x- andy-directionsrespectiely. The functionsareprojectedon this grid sothat
Ax;y;t/ D A.j.t.
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FIG. 2. Computationalomain.

2. Initialization . Theinitial interface,y.x;t D 0/, isdePnedanalytically or as a setof
pointsin W (the pointslie on x D const.grid lines, but notnecessarilyony D const grid
lines).In thelatter casewe debnea cubicspline».x; t D 0/ passinghroughthesepoints
to performfurtherinitializations. Thefunctiony.x; t D 0/ neednotbenecessarilysmooth
(i.e., it mayfeaturesharpcornersdiscontinuitiesgetc.),but in ourimplementatiorit must
besingle-waluedto make it possibleto choosehesignof A (below). Thisis becauseve are
only interestedn theparticularcaseof analyzingthe motionof opencurveswhich maybe
describedvy functionsduringthewhole processof the evolution.

We alsodebPnehe nearbeldandthefar Peld. Thewidth of the nearbeldis usually5 to
10 grid levels(points).

In theregion W, thelevel setfunctionA is initialized asanexactsigneddistancefunction
to theinitial interface(seeFig. 2),

Ax;y;;tD0O< 0 ifyj<vyx;tDO
Ax;y;tDODO ifyjDy.x;tD0 (2.9)
Axi;y;;tDO>0 ify;>yx;tDO!

SinceA .x; y; t D 0/ is asigneddistanceunction,jr A.x;y;t D 0/j D 1.
3.Computenormalvectorcomponentandcurvatureusingformulas(2.6)and(2.7).The
dervativesin (2.6) and(2.7) (aswell asin otherfunctionsof x andy exceptthe gradient
termin the evolution equationitself; seestep6) arediscretizedusingthe standardsecond-
orderaccuratecentral differenceapproximations Fourth-orderaccurateapproximations
werealsotestedput we did notobsene any particularincreasen theglobalaccurag of the
calculationsln addition,in this case the implementatiorof the boundaryconditionswith
thelevel setfunctionis problematidoecausef theuseof awide stencil.Thetime stepalso
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needso bereducedo have stability. We bPndthatthe standarccentraldifferencescheme
workswell for us.

4. Compute prstdirectionalderiative of the curvature,K ?,usingtheformula(1.3) and
secondlirectionalderivative of the curvature K 3

(X%
] o . i ¢
i KEXAﬁchgyAXAy; Ks,A2 o Ks KRAC KGA,
ARCA Rck™
i KSAZC2KS AA, | KS A2 £ o
| Xy |
Yy Angg WX CKs KSCKS.n, Cny/i KS.nyi i/ (2.10)

We now have the normalvelocity function(2.8) andthe Bux (1.4).
5. Choosetime step.The CFL conditionfor the surfacediffusionis

K:,Dr [r Ks¢] ¢, D

1t; - min*.1 x;1 y/=B: (2.11)
The CFL conditionfor the HamiltonbJacolequationin updatingthe velocity is
1t; - min.l x;1 y/=Fmax (2.12)

where Fpax is the largestmagnitudeof the normalvelocity in the computationadomain.
Theadaptvetime stepl t is choserasthe smallerof thetwo.

6. Compute backward and forward gradientfunctions;update A from the evolution
equationusing explicit time-steppingscheme The solutionsof Eq. (2.5) are often only
uniformly continuouswith discontinuouslerivatives,no matterhow smooththeinitial data
[22, 23]. Simple central differencingis not appropriatehereto approximatethe spatial
derivatives in jr Aj. Instead,we use essentiallynonoscillatory(ENO) type schemedor
HamiltonbBJacolequationsasdevelopedin [22, 23, 29]. More precisely we usesecond-
order ENO schemegiven explicitly in [33]. To updateA for onetime step,the simplest
methodis to useEuler, i.e.,

ACtD A"C 1tL.A"; (2.13)

whereL.A/ is the spatialoperatotin (2.5).
7. Update nearbeld.Checkthesignof A atthegrid pointsadjacento theinterfaceand
computethe new locationsof nearbeldpoints.

Goto step3
END ALGORITHM

Remarkl. To achieze auniformly high-orderaccurag intime, we replace(2.13)with
the second-ordetotal variationdiminishing (TVD) Rungebkitta-typediscretization23,
29], whichreads

AClDp A"C 1tL.AY
) T ) (2.14)
Al p AncC 7[L.A”/ C LAY

Thenecessarghangeso thealgorithmareobvious.Thechoiceof suchalow-orderRungeb
Kuttaschemes justibedby the factthatthetime step,dictatedby stability requirements,
is very small.
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Remark2. It is highly desirablethatthelevel setsbehae nicely, in the sensehattwo
differentlevel setsdo notcross,andin factremainroughlyevenly spacedn time. In terms
of thelevel setfunction A, this correspondso the factthatthe gradientof A at ary given
point of alevel setdoesnot changedramaticallyover time. For the numericalmethodthis
translatesnto numericalstability. The bestway to achieve this is to keepA closeto the
signeddistancefunction (or evento keepit exactly equalto the signeddistancefunction),
thuskeepingjr Aj ¥4 .D/1. Theoperationperformedon A thataccomplishthis arecalled
Oreinitializatio©To summarizereinitializationis the procesf replacingA.x; y; t/ with
anotherfunctionA.x; y; t/ thathasthe samezerocontourasA .x; y; t/ but behaes better
andthentakingthis new function&.x; y; t/ astheinitial datato useuntil thenext roundof
reinitialization. Thereare severalwaysto do this. The straightforward one (Prstproposed
in [16] andrecentlyusedin [2]) is to interruptthe time steppingreconstructheinterface
usingsomeinterpolationtechnique anddirectly computea new signeddistancefunction
to theinterface.Thisapproachs very expensve andalsomaybring someundesirableside
effects,suchasoscillationsin thecurvature.Insteadwe usetheiterationprocedureof [30].
ThefunctionA is reinitializedby solving the HamiltonbJacobi-typequationto its steady
state whichis the desiredsigneddistancefunction,

A D SAy .1ijr Ajl; (2.15)
whereSis asmoothedsignfunction,

SAJ D pP—2__: 2Dminlx1yl: (2.16)
AgC 22

The samesecond-ordeENO and TVD Rungebktta schemesisedfor the solution of
Eq.(2.5)areusedfor theiterationof (2.15).As arule, threeor four iterationsaresufbcient
to evolve A closeenoughto the desiredsigneddistancefunction. An importantpractical
guestionis how frequentlythe reinitializationsare applied.In someapplicationsof the
level setmethod thereinitializationscouldbetriggeredaftera bxed numberof time steps.
However, we achieved the bestresultsby reinitializing every time stepin the bandof level
setsthatcontaingpointsfrom the nearbeld.

Remark3. The evolving interfacetoucheshe vertical boundariex D O; x D |; atits
endsandthereforearny boundaryconditionsimposedon vertical walls inBuencethe evo-
lution of the front. Thisis why, dependingon the natureof the problem,we chooseeither
periodicboundaryconditionsat vertical walls or only anapproximatiorof the derivatives
atverticalwalls by one-sidedlifferencesAt thehorizontalwalls, we alwaysuseone-sided
differencesFor illustrationpurposesin Fig. 3 we presenpartof thecosinecurve evolving
under(2.5)with thespeedunctionF D j 0:1K?,. Boundaryconditionsatverticalwallsare
periodic.Note thatthe speedof evolution slows asthe curve approachegquilibrium state
with K¢ D 0 (liney D 0:5). Thisis becaus¢hecurvature andhencets derivative, becomes
smaller To demonstrat¢he abilities of the method,in Fig. 4 we presenthe evolution of a
nonsmootlcurve (stepfunction) underthe samespeedaw.

Remark4. The very specialfeatureof the presentedmplementationof the level set
methodis the incorporationof physicalboundaryconditionsinto the level setnumerical
schemeMost of the implementationknown so far lack this complication.Usually only
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FIG. 3. Thecosinecurve, evolving under(2.5)with F D j 0:1 K?,. A coarse/5£ 75 grid is used.25,000
time stepsveremadeby the Rungebttaintegrator(the shapds printedout every 500steps) andwe reinitialize
in every step.

closednterfacedar away from any boundarieslomainsareconsideredwhile theevolution
proceedsar away from theboundaries.

For GB grooving by surfacediffusion, two boundaryconditionsat the groove root are
essentialtheseare conditionsof type (2.4), reR3ectingthe bPxed slopeof the interfaceand
theabsencef GB atomicl3ux. Theboundaryconditionsweimposeatx D |, arezeroslope

FIG. 4. Theevolution of anonsmooticurve (stepfunction). The grid usedis 100£ 100;20,000time steps
weremade.
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of theinterfaceandzerof3ux. The brstconditionechoedheinitial Ratinterface.Thesecond
conditionguaranteetheconserationof matteri.e.,aconstanareaunderthegroove proble
duringtheevolution.

Specialattentionwas given to the treatmentof theseboundaryconditionswithin the
framework of thelevel setmethod.Two methodsveredeveloped.

Thesimplestedinique is theuseof correctionstepin theiterative algorithm.Thebxed
slopeatthegroove rootis achieved in the following way: at every time step,the interface
is reconstructedrom theA beldandthelocationsof thetwo endpointsof theinterface(at
x D Oandx D I, respectirely) arecorrectedo preserethesmall-slopeandthezero-slope
conditions.Thenfor all grid pointsthatlie ongrid linesx D 0 andx D |, itissufecientto
directly computea new signeddistanceo theupdatedocationsof theinterfaceendpoints.
This way we incorporatethe new locationsof the end points backinto the A beld. This
directreinitializationis performedonly for afew grid pointsthatlie onverticalboundaries
and,besidesthis computatiordoesnot containaniterationloop. The zero-RBuxconditions
could beimposediocally, i.e., in the vicinity of the groove root and of the interfaceend
pointat x D |4, or alongthe theentirex D 0 andx D |; grid lines. After the computed
valuesof K? areresetto zero,theK 3, is computedaccordingto Eq. (2.10),whereK? D 0
atx D 0; I andK? 6D0 otherwise After multiplicationby j B, this givesthevaluesof the
normalvelocity function(2.8), correctedby the zero-3uxconstraint.

Extensionof the A beldbeyondthe GB makesuseof Taylor expansionup to second
order(alsoseeEd. (2.6)),

Ai 1j D AO;j i Ax_o;j 1xD Ao;j ijr AO;jj nx_o;j 1xD Ao;j Cijr AO;jjSinH) 1x;
(2.17)
whereA, 1;j Isonegrid pointbeyondthe GB. Equation(2.17)incorporateshegroove root
angle.Thenwe computein (2.7) the curvaturevalues,Kg ;, alongthe GB, usingboththe
valuesof Ainsidethecomputationatiomain(A;; ;) andoutside(A, 1.j). Thisalsogivesusthe

valuesof K¢ o . Thezero-Buxconditionis appliedusingEqg. (1.3),which,aftersubstitution
of normalvectorcomponent$rom (2.6)andrearrangemenf theterms,becomes

KSir AjC K§h— -

$4j D X 0 Di Ko tani: (2.18)

Applying Taylor expansionagain,we getthe ghostvaluesof the curvature,

KS. DKS i KSojlx; (2.19)

whereK? o isgiven by (2.18).Now all thedataareknown andwe cancomputethevalues
of K?, from (2.10)andthevaluesof thenormalvelocity from (2.8).
Both methodsvereusedsuccessfullyn calculations.

3. NUMERICAL RESULTS: MULLINS PROBLEM

Figuresb to 7 shav the groove problewith differentslopesat the groove root, evolving
under(2.5)withaspeedunctionF D j BK?,.WetakeB D 0:025.TheproPleis symmetric
withrespectotheGBatx D 0;thereforeonlyitsrightpartis calculatedTheresultsobtained
by meansf theLS methodareshavn with solid lines,while referenceesultsfor Mullins
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FIG. 5. GB grooving by surfacediffusion. Theslopeatgroove rootis m D 6:55eD02 . Theinitial interfaceis
shavn with dashedbdottdihe. The numericalresultsobtainedby meansof the LS Methodareshavn with solid
lines. Thereferencaesultsof [17] areshovn with dashedines.

problem(2.2)B(2.4)are shavn with dashedines. In all the threenumericalexperiments
reportechere thedimension®f thecomputationaboxare[0:; 0:08| 0:; 0:02], andthemesh
is120£ 40.

Ourinitial interfacefor thelevel setsimulationsalreadyhastheshapeof Mullins groove.
Thereasorwe do nothave al3atinterfacey. x; 0/ D const asaninitial conditionis thatthe

FIG. 6. GB grooving by surfacediffussion.The slopeatgroove rootism D 9:85eD02.



776 KHENNERETAL.

FIG. 7. GB grooving by surfacediffusion. The slopeat groove rootism D 1:32eb01.

LS formulationrequiresanonzeranitial curvature;otherwisethecurve doesnotevolve at
all (sinceF D 0Ointhiscase)Theinitial interfacein Figs.5D7is shovn with dashedbdotted
line.

The initial Mullins groove is obtainedas follows: We numericallyintegrate Eq. (2.2)
usingthe method-of-linesapproachThetime integratoris second-ordeRungebkittaand
the spatialoperatoris discretizedusing second-ordecentraldifferencesThe integration
proceedsfrom t D O to t D 8:0eD09.The initial and boundaryconditionsare given in
(2.3)and(2.4), wherepy D ¥448; ¥=32; and%4=24 representigs.5D7 respectrely. The
correspondingslopesare m D 6:55eD02 9:85eb02 and 1:32eD01.The practical values
usedin the experimentslie between0.05and 0.2 and the rangeof the groove depthsin
experimentsis between0.1 and1 * m. The reasonwe anticipatethe useof the analytic
solutionto the Mullins problem(2.2)D(2.4)if it exists)is the truncationof inPniteseries
in whichthis solutionis representedl hereferenceaesultsfor latertimesarealsoobtained
usingthedescribechumericalprocedure.

In [17], two kinetic laws were establishedwithin the framewnork of the SSA). One
concernghe evolution of the depthof the groove with respectto the maximumsurface
elevation(seeFig. 1). Thedepth,d, is governedby

d D 0:973m. Bt/¥*; (3.1)

The otherkinetic law concernghe evolution of the distancebetweerthe positionof the
groove root andthatof the surfacemaximum.In the caseof the symmetricgroove, we call
it the half-width, w, of thegroove. It is governedby

w D 2:3.Bt/¥™: (3.2)
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TABLE |
Our Resultsfor GB Grooving, Compared with ClassicalMullins Results

Step t d,Eq.(3.1) d,LSM. w,Eq.(3.2) w,LSM. w=d,Eq.(3.3) w=d,LSM.

0 80eb9  2:39eb4 2:39eb4 8:60eb3 8:60eb3 3:60eC1 3.60eC1
2eC3  1.6eb8  2:85eb4 2:50eb4 1:03eb2 1:01eb2 3:60eC1 4:03eC1
4eC3  24eb8  3:15eb4 2:68eb4 1:14eb2 1:08eb2 3:60eC1 4.02eC1
6eC3 32eb8  3:39eb4 2:84eb4 1:22eb2 1:13eb2 3:60eC1 399eC1
8eC3  40eb8  3:58eb4 2:99eb4 1:29eb2 1:19eb2 3:60eC1 3:96eC1

10eC3  48eb8  3:75eb4 3:13eb4 1:35eb2 1:23eb2 3:60eC1 394eC1
12eC3  56eb8  3:90eb4 3:26eb4 1:41eb2 1:28eb2 3:60eC1 391eC1
14C3  64eb8  4:03eb4 3:38eb4 1:45eb2 1:32eb2 3:60eC1 3:89eC1
16eC3  7:2eb8  4:15eb4 3:50eb4 1:50eb2 1:35eb2 3:60eC1 3.87eC1
18eC3  80eb8  4:26eb4 3:61eb4 1:54eb2 1:39eb2 3:60eC1 3:85eC1

Note Theslopeatgroove rootism D 6:55eD02.

Fromtheseexpressionsye have thetime-independentatio
w=d D 2:3515=m: (3.3)

Undertypical experimentalconditionsa groove of depthd D 0:3* m is formedwithin
t D 10* s(2.4h). It is shovnin [17] thatit would requireapproximatel\8 daysto triple this
depth.Thisexplainswhy in ournumericalkexperimentshegroove seemgo stopdeveloping
atlatertimes.Thephysicalreasorfor thisis theincreasen thelengthof apathalongwhich
the surfacediffusiontakesplace.As arule, we stopthe run whenthe groove doublesits
depthor width.

For theslopesconsideredye obsene goodqualitatve agreementvith Mullins solution.
The small differenceis dueto two reasonsFirst, the resultswith which we compareare
obtainedoby integratingthelinearizedequation(2.2),whichis, strictly speakingyalid only
for inbPnitesimalslopes.The slopeswe chooseare, of course,pbnite, and the governing
equationwvesolwe,i.e.,Eq.(2.5),isfully nonlinear Secondthereareinevitableareaosses,
sincethe LS methodis not fully conserative. For biggerslopes,our grooves appeaito be
deepeandwider thanthatof Mullins.

In Tablesl to I, theresultsfor all thethreetestsaresummarized.

An interestingsimpleextensionof theclassicatwo-grainmodelis thecaseof a periodic
arrayof grainsseparatedy parallelGBs.In Fig. 8, we presentheresultsfor theevolution
of asurfaceprobleintersectedy two GBs,i andi C 1. Thephysicalboundaryconditions
at both groove roots are a constantslopeof the surfaceandzero 3ux (for this example,
theslopeat groove rootsis m D 9:85eD02).At shorttimes,grooves develop at eachgrain
boundaryaccordingo thesolutionfor anisolatedgrainboundaryas presentedh Figs.5D7;
grooving stopswhen,at sufpcientlylong times,identicalcircular arcsdevelop connecting
adjacentGBs. The sameresultwas obtainedn [10] usingFourier methodandthe SSA.

4. THE ELECTROMIGRATION PROBLEM

If anelectricbeldis presenttheRux Js of matteratthe curvedsurfaceof theconductoiis
driven simultaneouslyy curvaturegradientsandby the component of thelocal electric
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TABLE |l
SameasTablel, but the Slopeat Groove Rootis m = 9.85eD02

Step t d,Eq.(31) d,LSM. w,Eq.(3.2) w,LSM. w=d,Eq.(3.3) w=d,LSM.

0 80eb9  3:59eb4 3:59eb4 8:61eb3 8:61eb3 2:40eC1 240eC1
2eC3 1:6eb8  4:29eb4 3:95eb4 1:03eb2 1:03eb2 2:40eC1 261eC1
4eC3 24eb8  4:74eb4 4:38eb4 1:14eb2 1:13eb2 2:40eC1 259¢C1
6eC3 32eb8  5:10eb4 4:77eb4d 1:22eb2 1:21eb2 2:40eC1 2:55eC1
8eC3 40eb8  5:39eb4 5:12eb4 1:30eb2 1:29eb2 2:40eC1 252eC1

10eC3 48eb8  5:64eb4 5:45eb4 1:35eb2 1:36eb2 2:40eC1 249eC1

12eC3 56eb8  5:86eb4 5:76eb4 1:41eb2 1:42eb2 2:40eC1 247C1

14eC3 6:4eb8  6:06eb4 6:05eb4 1:45eb2 1:48eb2 2:40eC1 244eC1

16eC3 7.2eb8  6:24eb4 6:33eb4 1:50eb2 1:53eb2 2:40eC1 242eC1

18eC3 80eb8  6:41eb4 6:59eb4 1:54eb2 1:58eb2 2:40eC1 241eC1
TABLE 1l

SameasTablesl and I, but the Slopeat Groove Rootis m = 1.32eb01

Step t d,Eq.(3.1) d,LSM. w,Eq.(3.2) w,LSM. w=d,Eq.(3.3) w=d,LSM.

0 80eb9  4:80eb4 4:80eb4 8:61eb3 8:61eb3 1:79¢C1 1:79eC1
2eC3 1.6eb8  5:74eb4 5:60eb4 1:03eb2 1:06eb2 1.79¢C1 1:89eC1
4eC3 24eb8  6:36eb4 6:42eb4 1:14eb2 1:19eb2 1:79eC1 1:85eC1
6eC3 32eb8  6:83eb4 7:15eb4 1:22eb2 1:30eb2 1.79¢C1 1:81eC1
8eC3 40eb8  7:22eb4 7:80eb4 1:29eb2 1:39eb2 1:79¢C1 1:78eC1

10eC3 48eb8  7:56eb4 8:39eb4 1:35eb2 1:47eb2 1.79¢C1 1.76eC1
12eC3 56eb8  7:86eb4 8:94eb4 1:41eb2 1:55eb2 1:79eC1 174eC1
14eC3 6:4eb8  8:12eb4 9:44eb4 1:45eb2 1:62eb2 1:79¢C1 172eC1
16eC3 7.2eb8  8:36eb4 9:90eb4 1:50eb2 1:69eb2 1:79eC1 1:70eC1
18eC3 80eb8  8:59eb4 1:03eb3 1:54eb2 1:75eb2 1:79¢C1 1:69eC1

FIG. 8. Long-timeevolution of surfaceprobleintersectedy two adjacentGBs. Theinitial surfacefor LS
simulationsis shavn with dashedbdottdihe.
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Peldalongthe surface.Let C and O denotethe conductor(interconnectmaterialdomain
andthe outer (surrounding)materialdomainabove the surfaceproble,respectrely (see
Fig.1).In adrift velocity (DV) experimen{4], thesurfacein questiorrepresentthecathode
edgeof the interconnectwhile the outerdomainis an underlayemwith higherresistvity,
e.g., TIN. Assumethat (at a given time stepof overall marchingalgorithm)U.x; y/ is
the electric potentialwithin the (rectangularicomputationabox. Ui .U€/ andU®. Ui /
areits valuesontheupperandlower boundarie®f thebox,andU,, is thenormalderivative
ontheboundaryUi andU® areassumedo betime-independeranduniform alongthe
boundariestJ© j Ui is the externalvoltageappliedto theinterconnectThe distribution
U.x; y/ is governedby astaticelliptic partial differentialequation(PDE),

M ‘IT M T
@ K @ @ @
— k— C—= k— DO 4.1
@ ‘@ “@ ‘@ °° @

with boundaryconditionsU,, D Uy D 0 ontheverticalboundarie®f thebox (whichin our
casecoincidewith GBs).Equation(4.1)is derived from the well-posedthree-dimensional
potentialproblemfor thetwo-layerinterconnectTheassumptionandcompletederivation
for the small aspectratio are presentedn [2]. In Eq. (4.1),k D k.x; y/ is the specibc
electricalconductvity (atagiventimestep)ofthemateriawhichbllsthecomputationabox.
Tosolve(4.1),abnite-diferenceschemavasdevelopedandanalyzedn [2]. Thedistribution
of thespecibpa@onductvity in thephysicalsystemunderconsiderations discontinuousthe
conductvity insidetheconductomaterial(domainC, Fig. 1) differsby aPnitevaluefrom
thatof the surroundingmaterial(domainO). We assume

kin D const> 0 if grid point.x;; y;/ 2 C
kD T ) (4.2)
Kot D const> 0 if grid point.x;; y;/ 2 O;

i.e., thatk D k.y/ is a stepfunction. In our numericalexperimentswe chosethe ratio
Kout=kin D 0:1. Sincethe surfaceof the conductorevolvesin time andspaceto Pndthe
time-dependensolutionU . x; y; t/ we needto solwve the staticequation(4.1) every time
stepwith k given by (4.2). To computeaccuratelythe electricbeldintensity (whichis the
dervative of U) the discontinuoudistribution of the specibcconductvity is smoothed
out acrossthe surface proble. The Pnite-diferencediscretizationof (4.1) in the compu-
tationaldomainleadsto a setof linear algebraicequationswith a sparse-bandenhatrix.
This setis solved with an effective multigrid iterative procedurg2]. The solutionof the
previoustime stepis usedasaninitial approximatiorfor thecurrentstep,which allowsfast
corvergence.

After the potentialis establishedeverywherein the computationadomain,the corre-
spondingelectricallyinducedsurfaceBux JE is given by

DstsZs

JED;
bKT

S

ED; B&E; (4.3)

where

EDj¢Cru; (4.4)
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thesuperscriptndicateshatthe Ruxis dueto theelectricbeld,and

DstZs

Be D
e kT ’

(4.5)

whereZs D zZeistheeffective chageof theionsundegoingelectromigratiorin thesurface
layerande is the unit electronicchage; the sign of zg is usuallypositive (i.e., matterf3ux
in thedirectionof the electronf3ow).

To summarize,

JDJ*cJi5 (4.6)

where Js is the total surface Bux, and J! ¥ is its surface-curature-drizen component.
Physically Eq. (4.6) saysthat atomswill diffusein the direction of the electronRow if
the Pelddominateshut toward the positionwith the large curvatureif the surfaceenegy
dominatesThis competitionbetweenthe electricbeldandthe surfaceenegy is essential
for thegroove dynamics.

Theelectricbeldalsoresultsin thediffusionof matteralongGBs. Thenonzeradiffusion
RBuxalongthe GB, Jyb, in the presencef theelectricbeldis given by

DgbtgbZgb .

4.7)
whereZgp D zy,e > 0O istheeffectiveionic chage,andE is thecomponenbf theelectric
Peldalongthe GB. In additionto (1.6),theboundaryconditionwhichis dueto theelectric
Peldreads

. i E r K ¢.
ngJgroo/e root D 2 \]5 C Js Jgroove roots (4-8)

sinceboth branche®f the groove (to theleft andto theright from the GB) actassinksor
sourcef matter Obviously, (4.8) reRectghe continuity of materialBuxes.

With the additionof the electricbeld,the normalvelocity F (see(2.8))is now changed
to

r K E
Fp &p & &

@ @¢ @&
where Js is given by (4.6). The detailsof the calculationof the normalvelocity function
(4.9)aregivenin[12].

(4.9)

5. NUMERICAL RESULTS: THE ELECTROMIGRATION PROBLEM

The adwanceof the surface (front) and GB grooving under combinedcurvature and
electric beld effects was simulatedfor copperinterconnectswith grain size0:5* m a
temperatur®00K. ThecorrespondingarametesetisA D 1:18£ 10 2°mS3; Ds D 3:3£
10 ¥ m?/s;°s D 1.7 JIn?; KT D 828£ 1021 J UCSD; Ui D50£ 103 V; kD
108 Am/il; ko D 10" Am/il; £5y D D 35£ 10 °m; 22 D g, D 5; Wo D ¥a22.
Dueto the large numberof materialparameterinvolved, we concentraten theinBuence
of the onewhich was predictedto greatlyaffect the grooving processi.e., theratio of the
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FIG. 9. GB grooving by surface/GBdiffusion driven by the surfacecurvaturegradientsandthe electromi-
gration.(a)rqy D 0:224,(b) rq D 0:336,(c) rqy D 0:561,(d) rq D 22.424. The surfaceproblesaredumpedevery
5000time steps.Thetime labelscorrespondo the (physical)time at which thelastprobleis dumped.

GB to surfacediffusivity, rq D Dgp=Ds [9]. It shouldbe notedthat (i) the experimentally
measured/aluesof diffusivities could vary, accordingto differentsourcespy up to three
ordersof magnitude,and (ii) Ds canbe smallerthan Dy, dueto, for example,surface
contaminationthusgivingrq > 1.TypicalspacebtimevolutionproblesareshovninFig.9.
Thedimension®f thecomputationaboxare0:5 £ 0:5* m (thehorizontaldimensiorbeing
equalto thegrainsize),andthegrid hasa 60 £ 60 resolution.

The displacemenbf the surfacewith time in Fig. 9 is an accurateillustration of the
advancingcathodeedgein EM DV experiments After a transientstage the displacement
velocity Vem reachesconstanvalue dependenbntemperaturéhroughanArhennius-type
function,

where. Vo/ emis theprefactorandE., is theactivationenegy. A goodmatchof bothvalues
betweersimulationandexperimentconstitutesratherrigoroustestfor thesimulation.We
have obtainedpreliminaryresultsfor . Vo/em and Ee,, calculatedusingthe mostaccurate
literaturevaluesfor bothsurfaceandGB diffusivitiesin copper;theseareknown atvarious
temperaturethroughtheirown ArhenniusrelationshipsFor parameteset Do/ D 0:26 £
1014 m?/s; Es D 0:9 eV and . Do/qp D 0:06£ 10 # m?/s; Egp D 0:95 eV we obtained
Volem D 3:47£ 10° t m/h and Ee,, D 0:87 eV. Thesecalculatedvaluesarein excellent
agreementith experimentalvaluesof 4:6 £ 10° * m/h and0:94 eV [11], even after we
accounfor somedifferencessuchasgrainsizeandcurrentdensity A moredetailedreport
is given in [19]. It appearghatthe level setsmodel-basedimulationallows, for the brst
time, anaccurateguantitativedescriptionof DV experimentsn polycrystallinelines.
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6. CONCLUSIONS

Thelevel setmethodwasusedo modelthegrain-boundargrooving by surfacediffusion
in anidealizedpolycrystallineinterconnecivhich consistof grainsseparatedby parallel
GBs.Thenovel featureof the methodis the treatmentof physicalboundaryconditionsat
thegroove root. Theresultsobtainedarein goodagreementvith the classicalone[17] for
thecaseof anisolatedgrainboundary(two-graincase)andwith morerecentresultsof [10]
for the caseof periodicarrayof grains.In addition,the algorithmandits softwareimple-
mentationwere usedto pursuestudiesof GB grooving with anarbitrary electromigration
Bux. Preliminaryresultsfor Cuat 600K shawv an excellentquantitatve agreemenof drift
velocity preexponentandactivationenegy betweersimulationandexperiment.

The Pnaltime stepin the simulationsis small. In the Appendixwe suggeshow to use
animplicit approachthatcanspeedughe simulations.

APPENDIX: IMPLICIT STABILIZA TION

We assumenitially thatwe have to solve thelinearconstantoefcientPDE:

@

@ Di A12: (A.1)
An explicit scheme
A !
'nCl. 'n + +2
—I D . A X C Y [ rn- oan. (A 2)
1t P Ik Ty ik '

VVon-Neumar(Fourier) stability analysisgives

H 1 [V [

1 ., ®1x 1 ly .. .

25" — C3 Vi sin —= 1i 1tASy
(A.3)

1 D1j 16A1t

Thestability conditionrequireg! j - 1 andtheworstcases achiezed whenthesineterms
reachtheir maximumvaluesof 1.
For thecaseof 1 x D 1y, we getavery severerestriction:

A x/*

oA - (A.4)

1t<

Let usadda stabilizingtermM1 2 to bothsides,
@' . .
@CMlz D.Mj Al°?:

We discretizein time as

'nC1CM1t12'nC1D.Mi A/1t12|ncln;
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andwe get

-1C.Mj A1tS—

1C M1t L (A-5)

whereS canbethe continuoussymbolSD ®” C ~ 2 or thediscreteSs: .
Nowaslx! OforapxedlttheS”termsdominatesothatjMi#j. 1% sinceM; A>
0, we need

Mi A A
L2 L 2M, A M, =
M 2

In thelinearcasetakingM D Lz*.lC c1 t/ will resultin asecond-ordeschemen timeand
absolutestability. For thevariable A, we will require

M, maxjA.x; Vylj:
X3y

TheSolutionProcess

Let
‘et M1z Cip EN (A.6)

whereF" is known. For the periodiccasewe write both' andF asFourier expansions

X
ij D Re F‘®;—ei ®j1xC kly/

)?;_ (A.7)
1 ;’]kcl D Re I+®;_ei ®J 1 xC k1 y/

®;
We bnd F.~ by FFT andthen'w.— from the Fourier tranformof Eq. (7.6)
' ¢
45~ 1C M.@”C %% D For;

or we may usethe numericalSg.— which approximateshe exactsymbol.It is lessaccurate
but avoids someof the GibbsphenomenaTheneachcoefcientis obtainedby applying
theinverseFouriertransform.
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