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A numericalinvestigationof grain-boundarygrooving by meansof a level set
methodis carriedout. An idealizedpolycrystallineinterconnectwhich consistsof
grainsseparatedby parallelgrainboundariesalignednormalto theaverageorienta-
tion of thesurfaceis considered.Initially, thesurfacediffusionis theonly physical
mechanismassumed.The surfacediffusion is driven by surface-curvaturegradi-
ents,while a Þxed surfaceslopeandzero atomicßux are assumedat the groove
root. Thecorrespondingmathematicalsystemis an initial boundaryvalueproblem
for atwo-dimensionalequationof HamiltonÐJacobitype.Theresultsobtainedarein
goodagreementwith bothMullins analyticalÒsmall-slopeÓsolutionof thelinearized
problem(W. W. Mullins, 1957,J. Appl. Phys.28, 333) (for thecaseof an isolated
grainboundary)andwith thesolutionfor aperiodicarrayof grainboundaries(S.A.
Hackney, 1988,ScriptaMetall. 22, 1731).Incorporationof anelectricÞeldchanges
theproblemto oneof electromigration.Preliminaryresultsof electromigrationdrift
velocity simulationsin copperlinesarepresentedanddiscussed. c° 2001AcademicPress

1. INTRODUCTION

This paperpresentsthe resultsof our work on numericalmodelingandsimulationof
grain-boundary(GB) grooving by surfacediffusion.Our ultimategoal is to develop and
testafastnumericalapproachfor thesimulationof theformationdevelopmentpropagation
of groove-likedefectsin thin Þlm interconnectsusedin microelectronics(ME).

In themodernME industry, thequalityandreliability of ME integratedcircuits(ICs)have
becomeno lessimportantthantheir performance.Someof themostvulnerableelements
of ME ICs,susceptibleto severaltypesof mechanicalfailures,aretheinterconnects.These
aremetallicconductorswhichconnecttheactiveelements.
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The defects(dueto the small cross-section,high currentdensity, mechanicalstresses,
andpresenceof GBs actingasfastdiffusion pathways) leadto the lossof electricaland
mechanicalintegrity, i.e., to line opensor shorts.Thus,suchdefectsareoneof the main
reliability concernsin advancedintegratedcircuits.

1.1. Mechanismsof MechanicalFailure in InterconnectLines

In this sectionwe describesomebasicfailuremechanismsin interconnectsandoutline
anappropriatephysicalmodel.

Many propertiesof polycrystallinematerialsareaffectedby theintersectionof GBswith
externalsurfaces,especiallyin thepresenceof appliedor internalÞelds.Commonexamples
aregrowth of GB grooves andcavities [13, 14], stressvoiding [31], andelectromigration
(EM) [2, 15,21,25].

In theabsenceof anexternalpotentialÞeld,theGB atomicßux IGB D 0; andthecorre-
spondinggrooveproÞleevolvesvia surfacediffusionunderwell-known conditionsof scale
andtemperature(theso-calledMullins problem[17]). Masstransportbysurfacediffusionis
driven by thesurfaceLaplacianof curvature.Essentiallyfor convex surfaces,matterßows
from high-curvatureregions,while for concave surfacesthe ßow is from low-curvature
regions.To solve surface-diffusion problems,four differentapproacheshave beentaken.
We refer the interestedreaderto the article by Zhangand Schneibel[32], wherethese
approachesarediscussed,andto thereferencestherein.

Thephysicaloriginsof aGB ßuxmaybegradientsof thenormalstressatgrainboundaries
[8] and/orelectromigrationforces[3]. GBgroovingwith aGB ßuxin realthinÞlmintercon-
nectsisacomplex problem.It requiresasophisticatednumericalmodelingtechniquewhich
canmanagewith suchissuesasaperiodicarraysof GBs,anisotropy of thesurfacetension,
GB migration,formationof slits with a local steady-stateshapein thenear-tip region,and
bridgingacrosstheslitsneartheir intersectionswith thesurfaceleft behind[21]. Thelevel
set (LS) methodseemsto be a goodcandidatefor addressingthe problems;however, it
hasnever beenusedfor this purpose.As theÞrststepin applicationof theLS methodto
the problemof grooving with an EM ßux, we test in this paperthe LS methodover two
simpleÑandalreadysolvedÑgrooving problems,andcomparethe resultsof LS method
with thosein [10, 17]. The Þrstproblemis the classicalMullins problem(GB grooving
controlledby surfacediffusionin aninÞnitebicrystalwith astationaryGB). Thesecondis
GBgroovingbysurfacediffusionin aperiodicGBarrayof stationaryGBs.Finally, weshow
theincorporationof anelectricÞeldasa driving force(theelectromigrationproblem)and
presentpreliminaryresultswhichshow extremelygoodcorrelationwith experimentaldata.

Below wegivemoredetailsof thephysicalmodel.

The Mullins problemÑDriving forcesand diffusion mobilities. In the absenceof an
electric current, the diffusion is driven by a variation in chemicalpotential,¹ s, which
causesatomsto migratefrom high-potentialto low-potentialregions.It maybeshown that
[17]

¹ s D Ks°sÄ; (1.1)

whereKs is thesurfacecurvature,°s is thesurfacetension,andÄ is theatomicvolume.
Gradientsof chemicalpotentialarethereforeassociatedwith gradientsof curvature.

In interconnects,GBsrepresentnumerousfastdiffusionpathwayswith a high diffusion
coefÞcient,Dgb. Asamatterof fact,thebulk diffusioncanbeneglected[17]. Thediffusion
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ßuxalongtheGB, Jgb, is given by

Jgb D
Dgb±gb

kT
r ¹ s; (1.2)

where±gb istheGBthickness,k istheBoltzmannconstant,andT istheabsolutetemperature.
Let ¿ bethetangentialdirectionto thesurfaceproÞlein 2D. If n D .nx; ny/ is theunit

vectornormalto thesurfaceor GB, thenthefollowing relationshold:

¿ D .ny; ¡ nx/;
@Ks

@¿
D r Ks ¢¿ D

@Ks

@x
ny ¡

@Ks

@y
nx ´ K s

¿: (1.3)

The surface-diffusion ßux along the groove walls (volumecrossingunit lengthper unit
time) is given by

Jr Ks
s D ¡

Ds±s

kT
@¹s
@¿

D ¡ BKs
¿; (1.4)

wherethesuperscriptindicatesthattheßux is dueto thecurvaturegradient,

B D
Ds±s°sÄ

kT
(1.5)

is known asMullins constant,and Ds; ±s; k, and T denotesurface-diffusion coefÞcient,
thicknessof the surface-diffusion layer, BolzmannÕs constant,andabsolutetemperature,
respectively.NotethatJr Ks

s isproportionaltotheÞrstdirectionalderivativeof thecurvature.

Physicalboundaryconditionat the groove root. This boundaryconditionis dictated
by the local equilibrium betweenthe surfacetension,°s, andthe GB tension,° gb. In the
symmetriccaseof a GB (x D 0) normalto anoriginal (y D const:) ßatsurface,theangle
of inclinationof theright branchof thesurfaceat thegrooverootwith respectto thex axis
is [17] (seeFig. 1)

µ0 D sin¡ 1.° gb=2°s/ D const: (1.6)

Therapidestablishmentof theequilibriumanglebetweentheGBandthesurfaceby atomic
migrationin thevicinity of theintersectiondevelopssomecurvaturegradientattheadjacent
surfaceandthusinducesasurface-diffusionßuxalongthegroovewall in thedirectionaway
from thegroove root,oppositeto thegrooveextensiondirection.

2. MATHEMA TICAL MODEL

2.1. TheConventionalApproaches

An adequatemathematicalmodelwhich capturestheabove physicalphenomenain in-
terconnectswas Þrstdevelopedby Mullins [17] andfurther extendedby him andothers
[13, 14, 18]. It describestheevolution of thegroove shape,y.x; t / andhasthe form of a
transportequation

yt D ¡
@Jr Ks

s

@x
D ¡ B

n¡
1 C y2

x

¢¡ 1=2
h¡

1 C y2
x

¢¡ 3=2
yxx

i

x

o

x
: (2.1)

Jr Ks
s andB aregiven in (1.4)and(1.5).
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FIG. 1. Sketchof aGB groove. w denotesthehalf-widthof thegroove, andd denotesthedepth.

For an isolatedGB at x D 0, thegroove continuesto developbecausethematerialcon-
tinuesto move from the curved shoulderof the groove to the ßat surface.The classical
descriptionis providedby ananalyticsolution(onthex > 0 side)of thelinearizedversion
of Eq. (2.1) (theÒsmallslopeapproximation,ÓSSA).Thelinearizedequationhastheform
[17]

yt D ¡ Byxxxx; (2.2)

subjectto theinitial condition

y.x; 0/ D const; (2.3)

andtheboundaryconditions

yx.0; t / D tanµ0 D m ¿ 1;

Jr Ks
s .0; t / D yxxx.0; t / D 0; (2.4)

y.x ! 1 ; t/ D const with all derivatives:

TheÞrstconditionin (2.4) is thesmallslopeapproximationitself. Thesecondonereßects
theabsenceof aGB ßux Jgb. ThesolutiondescribesaproÞlewith aconstantshapewhose
lineardimensionsareincreasingall thetime.

Although this analyticalapproachdescribessomebasicphenomenain interconnects,
it is of limited usebecauseof the restriction on the steepnessof the slope.Thereare
several numericaltechniqueswhich arewidely usedin modelingmoving fronts, suchas
themarker/string(M/S) methods[26] or thevolume-of-ßuid(VOF)methods[7, 20].These
methodsdealdirectlywith theevolutionequationof type(2.1),andthereforeareÒexplicitÓ
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methods.TheM/SmethodsderivedfromaLagrangianapproachtofrontevolutionproblems.
In theLagrangianapproach,thegrid is attachedto themoving front. A known drawback
of theLagrangianapproachis thatit is notwell suitedto computationof bifurcatingfronts.
In addition,stabilityandlocalsingularityproblemsareemphasizedmorein thesemethods
thanin methodsbasedon an Eulerianapproach,suchasthe VOF method.The Eulerian
approach,wherethefront movesthroughagrid which is Þxedin space,doesnothavethese
drawbacks,butÑas is knownÑhere the fronts are diffused.In addition, someintricate
(subcell)bookkeepingis requiredto properlykeeptrackof fronts.

Therearenumericalapproacheswhich arebasedonÞnite-elementdiscretizationof the
computationalregion [5]. However, they result in complicatedalgorithmswhich involve
many computationalstepssuchascomputationsof the following: displacementÞeldof
materialpoints from a referenceconÞguration,the stressÞeldasa resultof diffusion in
the solid, andgeometryupdateof interfaces.In addition, the computationalcomplexity
grows becausehigher resolutionis requiredasthe shapeof the interfacebecomesmore
complicated.Asaresult,thesemethodsareunabletohandleverycomplex multidimensional
boundaryshapes.

2.2. TheProposedSolution:Useof theLevelSetMethod

To ÒcaptureÓtheinterface(ratherthanto trackit), ourmethodof choiceis theÒimplicitÓ
LS method.Themethodwas introducedby OsherandSethianandwas furtherdeveloped
during the pastseveral years(for an introductionto the LS methodsand an exhaustive
bibliographylist, seethemonographsby Sethian[27, 28]). Themethodmakesit possible
to capturedrasticchangesin theshapeof curves(interfaces)andeventopologychanges.

The basic idea of the methodconsistsof embeddingthe curve y.x; t / into a higher
dimensionalspace.As a matterof fact, we considerthe evolution of a two-dimensional
Þeld Á.x; y; t / such that its zero level set, Á.x; y; t / D 0, coincideswith the curve of
interest,y.x; t / , at any time momentt. Thelevel setfunctionÁ.x; y; t / canbeinterpreted
asasigneddistancefrom thecurve y.x; t / , whichmoves in thedirectionnormalto itself.

The evolution of Á.x; y; t / is describedby an HamiltonÐJacobi-typeequation.A re-
markabletrait of themethodis thatthefunctionÁ.x; y; t / remainssmooth,while thelevel
surfaceÁ D 0 maychangetopology, break,merge,andform sharpcornersasÁ evolves.
Thus,it is possibleto performnumericalsimulationonadiscretegrid in thespatialdomain
andto substituteÞnite-differenceapproximationfor thespatialandtemporalderivatives in
timeandspace.

Theevolutionequationhastheform

Át C Fjr Áj D 0; given Á.x; t D 0/: (2.5)

Thenormalvelocity, F, is consideredto bea functionof spatialderivatives of Á.x; y; t / .
In many applications,F is a functionof thecurvature,Ks, andits spatialderivatives.The
curvatureKs maybecomputedvia thelevel setfunctionÁ as

Ks D r ¢n; n D
r Á

jr Áj
D

Ã
Áx

¡
Á2

x C Á2
y

¢1=2 ;
Áy

¡
Á2

x C Á2
y

¢1=2

!

: (2.6)

Heren is Ònormalvector,Óandit coincideswith the(previously introduced)unit normalto
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thesurface,y.x; t / , on thezerolevel setÁ D 0. Formulas(2.6)canbecombinedas

Ks D r ¢
r Á

jr Áj
D

ÁxxÁ2
y ¡ 2ÁxÁyÁxy C ÁyyÁ2

x
¡
Á2

x C Á2
y

¢3=2 ; (2.7)

andthesignof Ks is chosensuchthata spherehasa positive meancurvatureequalto its
radius.In thecaseof surfacediffusionin 2D,

F D ¡ BKs
¿¿: (2.8)

Onedrawbackof theLS methodstemsfrom its computationalexpense.Its complexity
seemsto beasmany as O.n2/ operationspertimestep,whichis morethanany Lagrangian
method,which necessitatesO.n/ operationsper time step,wheren is thenumberof grid
pointsin thespatialdirection.It is possible,however, to reducethecomplexity of theLS
methodto O.n/ usinga local (anothertermis narrow band(tube))approach[1, 24]. This
is achieved by theconstructionof anadaptive mesharoundthepropagatinginterface.We
distinguishbetweentheÒnearÞeld,Ówhich is a thin bandof neighboringlevel setsaround
the propagatingfront, andthe Òfar Þeld,Ówhich containsthe restof the grid points.The
evolution equationis solvedonly in thenearÞeld.Thevaluesof Á at grid pointsin thefar
Þeldarenot updatedat all. Whenthe interfacein motion reachestheedgeof thenarrow
band,anew narrow bandis built aroundthecurrentinterfaceposition.Notethatthiscould
bedonewithout interfacereconstructionfrom thelevel setfunction(which requiressome
additionalcomputations).We just have to examinetheshift in thesignof Á at grid points
adjacentto theinterface.Thewidth of thenarrow bandis determinedasabalancebetween
thecomputationinvolvedin therebuilt andthecalculationsperformedon far away points.

In mostof theapplicationsof theLS methodto date,thedriving forceswereproportional
to thecurvature(see[27, 28] for review anddiscussion).Thereareonly a few applications
[2, 6, 15] wherethe driving force is proportionalto theseconddirectionalderivativeof
the curvature(in the 3D case,to the surfaceLaplacianof curvaturewhich is constructed
from thederivatives in eachprincipaldirection),which is thecasefor thenormalvelocity
function(2.8).Therefore,thepresentmaterialsscienceproblempresentsarathernew (from
themathematicalpointof view) applicationfor theLS method.As pointedout in [6], Òthis
is an intrinsically difÞcult problemfor threereasons.First, owing to the lack of a nice
maximumprinciple,anembeddedcurve neednot stayembedded,andthis hassigniÞcant
implicationsin attemptingto analyzemotionwhich resultsin topologicalchange.Second,
theequationsof motioncontaina fourth derivative term,andhencearehighly sensitive to
errors.Third, this fourth derivative termleadsto schemeswith very smalltime steps.Ó

2.3. ComputationalAlgorithm

A typicalcomputationaldomainis arectangularbox[0; l1I 0; l2] of amaterialin 2D.The
proposedcomputationalalgorithmconsistsof thefollowing steps:

BEGIN ALGORITHM

1.Discretization. TheentirecomputationalregionW is discretizedusingauniformgrid
xi D i 1 x; y j D j 1 y; i D 0: : : N; j D 0: : : M, where N and M are the numberof grid
pointsin x- andy-directionsrespectively. Thefunctionsareprojectedon this grid sothat
Á.x; y; t / D Ái ; j . t / .
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FIG. 2. Computationaldomain.

2. Initialization . Theinitial interface,y.x; t D 0/, is deÞnedanalytically, or as a setof
pointsin W (thepointslie on x D const.grid lines,but not necessarilyon y D const: grid
lines).In thelattercase,we deÞnea cubicspline».x; t D 0/ passingthroughthesepoints
to performfurtherinitializations.Thefunctiony.x; t D 0/ neednotbenecessarilysmooth
(i.e., it mayfeaturesharpcorners,discontinuities,etc.),but in our implementationit must
besingle-valuedto make it possibleto choosethesignof Á (below).Thisis becauseweare
only interestedin theparticularcaseof analyzingthemotionof opencurveswhichmaybe
describedby functionsduringthewholeprocessof theevolution.

We alsodeÞnethenearÞeldandthefar Þeld.Thewidth of thenearÞeldis usually5 to
10grid levels(points).

In theregionW, thelevel setfunctionÁ is initializedasanexactsigneddistancefunction
to theinitial interface(seeFig. 2),

Á.xi ; y j ; t D 0/ < 0 if y j < y.x; t D 0/

Á.xi ; y j ; t D 0/ D 0 if y j D y.x; t D 0/ (2.9)

Á.xi ; y j ; t D 0/ > 0 if y j > y.x; t D 0/:

SinceÁ.x; y; t D 0/ is asigneddistancefunction,jr Á.x; y; t D 0/ j D 1.
3.Computenormalvectorcomponentsandcurvatureusingformulas(2.6)and(2.7).The

derivatives in (2.6) and(2.7) (aswell asin otherfunctionsof x andy exceptthegradient
termin theevolution equationitself; seestep6) arediscretizedusingthestandardsecond-
order-accuratecentral differenceapproximations.Fourth-order-accurateapproximations
werealsotested,but wedid notobserveany particularincreasein theglobalaccuracy of the
calculations.In addition,in this case,theimplementationof theboundaryconditionswith
thelevel setfunctionis problematicbecauseof theuseof awidestencil.Thetimestepalso
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needsto bereducedto have stability. We Þndthat thestandardcentraldifferencescheme
workswell for us.

4. Compute Þrstdirectionalderivative of thecurvature,K s
¿,usingtheformula(1.3)and

seconddirectionalderivativeof thecurvature,K s
¿¿,

K s
¿¿ D r [r Ks ¢¿] ¢¿ D

¡ K s
xxÁ

2
y C 2K s

xyÁxÁy ¡ K s
yyÁ

2
x

Á2
x C Á2

y
C

Ks
¡
K s

xÁx C K s
yÁy

¢

¡
Á2

x C Á2
y

¢1=2

D
¡ K s

xxÁ
2
y C 2K s

xyÁxÁy ¡ K s
yyÁ

2
x

Á2
x C Á2

y
C Ks

£
K s

¿C K s
y.nx C ny/ ¡ K s

x.ny ¡ nx/
¤
: (2.10)

Wenow have thenormalvelocity function(2.8)andtheßux (1.4).
5. Choosetimestep.TheCFL conditionfor thesurfacediffusionis

1 t1 · min4.1 x; 1 y/=B: (2.11)

TheCFL conditionfor theHamiltonÐJacobiequationin updatingthevelocity is

1 t2 · min.1 x; 1 y/=Fmax; (2.12)

whereFmax is the largestmagnitudeof thenormalvelocity in thecomputationaldomain.
Theadaptive timestep1 t is chosenasthesmallerof thetwo.

6. Compute backward and forward gradientfunctions;update Á from the evolution
equationusingexplicit time-steppingscheme.The solutionsof Eq. (2.5) are often only
uniformly continuouswith discontinuousderivatives,nomatterhow smooththeinitial data
[22, 23]. Simple centraldifferencingis not appropriatehereto approximatethe spatial
derivatives in jr Áj. Instead,we useessentiallynonoscillatory(ENO) type schemesfor
HamiltonÐJacobiequationsasdevelopedin [22, 23, 29]. More precisely, we usesecond-
orderENO schemegiven explicitly in [33]. To updateÁ for onetime step,the simplest
methodis to useEuler, i.e.,

ÁnC1 D Án C 1 t L.Án/; (2.13)

whereL.Á/ is thespatialoperatorin (2.5).
7. UpdatenearÞeld.Checkthesignof Á at thegrid pointsadjacentto theinterfaceand

computethenew locationsof nearÞeldpoints.

Go to step3

END ALGORITHM

Remark1. To achieveauniformly high-orderaccuracy in time,wereplace(2.13)with
thesecond-ordertotal variationdiminishing(TVD) RungeÐKutta-typediscretization[23,
29], which reads

÷ÁnC1 D Án C 1 t L.Án/
(2.14)

ÁnC1 D Án C
1 t
2

[L.Án/ C L. ÷ÁnC1/ ]:

Thenecessarychangesto thealgorithmareobvious.Thechoiceof suchalow-orderRungeÐ
Kuttaschemeis justiÞedby thefact that thetime step,dictatedby stability requirements,
is very small.
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Remark2. It is highly desirablethat thelevel setsbehave nicely, in thesensethat two
differentlevel setsdonotcross,andin factremainroughlyevenlyspacedin time.In terms
of the level setfunctionÁ, this correspondsto the fact that thegradientof Á at any given
point of a level setdoesnot changedramaticallyover time.For thenumericalmethodthis
translatesinto numericalstability. The bestway to achieve this is to keepÁ closeto the
signeddistancefunction(or evento keepit exactly equalto thesigneddistancefunction),
thuskeepingjr Áj ¼ .D/1. TheoperationsperformedonÁ thataccomplishthisarecalled
Òreinitialization.ÓTo summarize,reinitializationis theprocessof replacingÁ.x; y; t / with
anotherfunction ÷Á.x; y; t / thathasthesamezerocontourasÁ.x; y; t / but behaves better,
andthentakingthisnew function ÷Á.x; y; t / astheinitial datato useuntil thenext roundof
reinitialization.Thereareseveralwaysto do this. Thestraightforwardone(Þrstproposed
in [16] andrecentlyusedin [2]) is to interruptthetime stepping,reconstructtheinterface
usingsomeinterpolationtechnique,anddirectly computea new signeddistancefunction
to theinterface.Thisapproachis veryexpensiveandalsomaybringsomeundesirableside
effects,suchasoscillationsin thecurvature.Instead,weusetheiterationprocedureof [30].
ThefunctionÁ is reinitializedby solvingtheHamiltonÐJacobi-typeequationto its steady
state,which is thedesiredsigneddistancefunction,

Át D S.Á0/ .1 ¡ j r Áj/ ; (2.15)

whereS is asmoothedsignfunction,

S.Á0/ D
Á0p

Á2
0 C ² 2

; ² D min.1 x; 1 y/: (2.16)

The samesecond-orderENO andTVD RungeÐKutta schemesusedfor the solutionof
Eq.(2.5)areusedfor theiterationof (2.15).As arule, threeor four iterationsaresufÞcient
to evolve Á closeenoughto the desiredsigneddistancefunction.An importantpractical
questionis how frequentlythe reinitializationsare applied.In someapplicationsof the
level setmethod,thereinitializationscouldbetriggeredafteraÞxed numberof timesteps.
However, weachieved thebestresultsby reinitializing every timestepin thebandof level
setsthatcontainspointsfrom thenearÞeld.

Remark3. Theevolving interfacetouchesthevertical boundariesx D 0; x D l1 at its
endsandthereforeany boundaryconditionsimposedon vertical walls inßuencetheevo-
lution of thefront. This is why, dependingon thenatureof theproblem,we chooseeither
periodicboundaryconditionsat verticalwalls or only anapproximationof thederivatives
atverticalwallsby one-sideddifferences.At thehorizontalwalls,wealwaysuseone-sided
differences.For illustrationpurposes,in Fig.3 wepresentpartof thecosinecurveevolving
under(2.5)with thespeedfunctionF D ¡ 0:1K s

¿¿. Boundaryconditionsatverticalwallsare
periodic.Notethatthespeedof evolution slows asthecurve approachesequilibriumstate
with Ks D 0(line y D 0:5).Thisisbecausethecurvature,andhenceitsderivative, becomes
smaller. To demonstratetheabilitiesof themethod,in Fig. 4 we presenttheevolution of a
nonsmoothcurve (stepfunction)underthesamespeedlaw.

Remark4. The very specialfeatureof the presentedimplementationof the level set
methodis the incorporationof physicalboundaryconditionsinto the level setnumerical
scheme.Most of the implementationsknown so far lack this complication.Usually only
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FIG. 3. Thecosinecurve, evolving under(2.5) with F D ¡ 0:1 K s
¿¿. A coarse75£ 75 grid is used.25,000

timestepsweremadeby theRungeÐKuttaintegrator(theshapeis printedoutevery500steps),andwereinitialize
in every step.

closedinterfacesfar away from any boundariesdomainsareconsidered,while theevolution
proceedsfar away from theboundaries.

For GB grooving by surfacediffusion, two boundaryconditionsat thegroove root are
essential:theseareconditionsof type(2.4), reßectingtheÞxedslopeof the interfaceand
theabsenceof GBatomicßux.Theboundaryconditionsweimposeatx D l1 arezeroslope

FIG. 4. Theevolution of a nonsmoothcurve (stepfunction).Thegrid usedis 100£ 100;20,000time steps
weremade.
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of theinterfaceandzeroßux.TheÞrstconditionechoestheinitial ßatinterface.Thesecond
conditionguaranteestheconservationof matter, i.e.,aconstantareaunderthegrooveproÞle
duringtheevolution.

Specialattentionwas given to the treatmentof theseboundaryconditionswithin the
framework of thelevel setmethod.Two methodsweredeveloped.

Thesimplesttechnique is theuseof correctionstepin theiterativealgorithm.TheÞxed
slopeat thegroove root is achieved in thefollowing way: at every time step,theinterface
is reconstructedfrom theÁ Þeldandthelocationsof thetwo endpointsof theinterface(at
x D 0 andx D l1, respectively) arecorrectedto preservethesmall-slopeandthezero-slope
conditions.Then,for all grid pointsthatlie ongrid linesx D 0 andx D l1, it issufÞcientto
directlycomputeanew signeddistanceto theupdatedlocationsof theinterfaceendpoints.
This way we incorporatethe new locationsof the endpointsbackinto the Á Þeld.This
directreinitializationis performedonly for a few grid pointsthatlie onverticalboundaries
and,besides,thiscomputationdoesnotcontainaniterationloop.Thezero-ßuxconditions
could be imposedlocally, i.e., in the vicinity of the groove root andof the interfaceend
point at x D l1, or alongthe the entirex D 0 and x D l1 grid lines. After the computed
valuesof K s

¿ areresetto zero,theK s
¿¿ is computedaccordingto Eq.(2.10),whereK s

¿ D 0
atx D 0; l1 andK s

¿ 6D0 otherwise.After multiplicationby ¡ B, thisgivesthevaluesof the
normalvelocity function(2.8),correctedby thezero-ßuxconstraint.

Extensionof the Á Þeldbeyondthe GB makesuseof Taylor expansionup to second
order(alsoseeEq.(2.6)),

Á¡ 1; j D Á0; j ¡ Áx
¯
¯0; j 1 x D Á0; j ¡ j r Á0; j j nx

¯
¯0; j 1 x D Á0; j C j r Á0; j j sinµ0 1 x;

(2.17)

whereÁ¡ 1; j is onegrid pointbeyondtheGB. Equation(2.17)incorporatesthegrooveroot
angle.Thenwe computein (2.7) thecurvaturevalues,K s

0; j , alongtheGB, usingboththe
valuesof Á insidethecomputationaldomain(Á1; j ) andoutside(Á¡ 1; j ).Thisalsogivesusthe
valuesof K s

y

¯
¯0; j . Thezero-ßuxconditionisappliedusingEq.(1.3),which,aftersubstitution

of normalvectorcomponentsfrom (2.6)andrearrangementof theterms,becomes

K s
x

¯
¯0; j D

K s
¿jr Áj C K s

yÁx

Áy

¯
¯0; j D ¡ K s

y

¯
¯0; j tanµ0: (2.18)

Applying Taylor expansionagain,wegettheghostvaluesof thecurvature,

K s
¡ 1; j D K s

0; j ¡ K s
x

¯
¯0; j 1 x; (2.19)

whereK s
x

¯
¯0; j is given by (2.18).Now all thedataareknown andwecancomputethevalues

of K s
¿¿ from (2.10)andthevaluesof thenormalvelocity from (2.8).

Bothmethodswereusedsuccessfullyin calculations.

3. NUMERICAL RESULTS: MULLINS PROBLEM

Figures5 to 7 show thegroove proÞlewith differentslopesat thegroove root,evolving
under(2.5)with aspeedfunctionF D ¡ BKs

¿¿.WetakeB D 0:025.TheproÞleissymmetric
with respecttotheGBatx D 0;thereforeonlyitsrightpartiscalculated.Theresultsobtained
by meansof theLS methodareshown with solid lines,while referenceresultsfor Mullins
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FIG. 5. GB grooving by surfacediffusion.Theslopeatgroove root is m D 6:55eÐ02.Theinitial interfaceis
shown with dashedÐdottedline. Thenumericalresultsobtainedby meansof theLS Methodareshown with solid
lines.Thereferenceresultsof [17] areshown with dashedlines.

problem(2.2)Ð(2.4)areshown with dashedlines. In all the threenumericalexperiments
reportedhere,thedimensionsof thecomputationalboxare[0:; 0:08I 0:; 0:02],andthemesh
is 120£ 40.

Our initial interfacefor thelevel setsimulationsalreadyhastheshapeof Mullins groove.
Thereasonwedonothaveaßatinterfacey.x; 0/ D const: asaninitial conditionis thatthe

FIG. 6. GB grooving by surfacediffussion.Theslopeatgroove root is m D 9:85eÐ02.
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FIG. 7. GB grooving by surfacediffusion.Theslopeatgroove root is m D 1:32eÐ01.

LS formulationrequiresanonzeroinitial curvature;otherwise,thecurvedoesnotevolveat
all (sinceF D 0 in thiscase).Theinitial interfacein Figs.5Ð7is shown with dashedÐdotted
line.

The initial Mullins groove is obtainedas follows: We numericallyintegrateEq. (2.2)
usingthemethod-of-linesapproach.Thetime integratoris second-orderRungeÐKuttaand
the spatialoperatoris discretizedusingsecond-ordercentraldifferences.The integration
proceedsfrom t D 0 to t D 8:0eÐ09.The initial and boundaryconditionsare given in
(2.3) and(2.4),whereµ0 D ¼=48; ¼=32; and¼=24 representFigs.5Ð7,respectively. The
correspondingslopesare m D 6:55eÐ02; 9:85eÐ02; and 1:32eÐ01.The practical values
usedin the experimentslie between0.05 and0.2 andthe rangeof the groove depthsin
experimentsis between0.1 and1 ¹ m. The reasonwe anticipatethe useof the analytic
solutionto theMullins problem(2.2)Ð(2.4)(if it exists) is the truncationof inÞniteseries
in which thissolutionis represented.Thereferenceresultsfor latertimesarealsoobtained
usingthedescribednumericalprocedure.

In [17], two kinetic laws were established(within the framework of the SSA). One
concernsthe evolution of the depthof the groove with respectto the maximumsurface
elevation(seeFig. 1). Thedepth,d, isgovernedby

d D 0:973m. Bt/1=4: (3.1)

The otherkinetic law concernsthe evolution of the distancebetweenthe positionof the
grooverootandthatof thesurfacemaximum.In thecaseof thesymmetricgroove, wecall
it thehalf-width,w, of thegroove. It isgovernedby

w D 2:3. Bt/1=4: (3.2)
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TABLE I
Our Resultsfor GB Grooving, Comparedwith ClassicalMullins Results

Step t d, Eq.(3.1) d, LS M. w, Eq.(3.2) w, LS M. w=d, Eq.(3.3) w=d, LS M.

0 8:0eÐ9 2:39eÐ4 2:39eÐ4 8:60eÐ3 8:60eÐ3 3:60eC1 3:60eC1
2eC3 1:6eÐ8 2:85eÐ4 2:50eÐ4 1:03eÐ2 1:01eÐ2 3:60eC1 4:03eC1
4eC3 2:4eÐ8 3:15eÐ4 2:68eÐ4 1:14eÐ2 1:08eÐ2 3:60eC1 4:02eC1
6eC3 3:2eÐ8 3:39eÐ4 2:84eÐ4 1:22eÐ2 1:13eÐ2 3:60eC1 3:99eC1
8eC3 4:0eÐ8 3:58eÐ4 2:99eÐ4 1:29eÐ2 1:19eÐ2 3:60eC1 3:96eC1

10eC3 4:8eÐ8 3:75eÐ4 3:13eÐ4 1:35eÐ2 1:23eÐ2 3:60eC1 3:94eC1
12eC3 5:6eÐ8 3:90eÐ4 3:26eÐ4 1:41eÐ2 1:28eÐ2 3:60eC1 3:91eC1
14eC3 6:4eÐ8 4:03eÐ4 3:38eÐ4 1:45eÐ2 1:32eÐ2 3:60eC1 3:89eC1
16eC3 7:2eÐ8 4:15eÐ4 3:50eÐ4 1:50eÐ2 1:35eÐ2 3:60eC1 3:87eC1
18eC3 8:0eÐ8 4:26eÐ4 3:61eÐ4 1:54eÐ2 1:39eÐ2 3:60eC1 3:85eC1

Note. Theslopeatgroove root is m D 6:55eÐ02.

Fromtheseexpressions,wehave thetime-independentratio

w=d D 2:3515=m: (3.3)

Undertypical experimentalconditionsa groove of depthd D 0:3 ¹ m is formedwithin
t D 104 s(2.4h). It is shown in [17] thatit wouldrequireapproximately8 daysto triple this
depth.Thisexplainswhy inournumericalexperimentsthegrooveseemstostopdeveloping
atlatertimes.Thephysicalreasonfor thisis theincreasein thelengthof apathalongwhich
the surfacediffusion takesplace.As a rule, we stopthe run whenthe groove doublesits
depthor width.

For theslopesconsidered,weobservegoodqualitativeagreementwith Mullins solution.
The small differenceis dueto two reasons.First, the resultswith which we compareare
obtainedby integratingthelinearizedequation(2.2),which is, strictly speaking,valid only
for inÞnitesimalslopes.The slopeswe chooseare,of course,Þnite,and the governing
equationwesolve,i.e.,Eq.(2.5),is fully nonlinear. Second,thereareinevitablearealosses,
sincetheLS methodis not fully conservative. For biggerslopes,our grooves appearto be
deeperandwider thanthatof Mullins.

In TablesI to III, theresultsfor all thethreetestsaresummarized.
An interestingsimpleextensionof theclassicaltwo-grainmodelis thecaseof aperiodic

arrayof grainsseparatedby parallelGBs.In Fig. 8, wepresenttheresultsfor theevolution
of asurfaceproÞleintersectedby two GBs,i andi C 1. Thephysicalboundaryconditions
at both groove rootsarea constantslopeof the surfaceandzeroßux (for this example,
theslopeat groove rootsis m D 9:85eÐ02).At shorttimes,grooves developat eachgrain
boundaryaccordingto thesolutionfor anisolatedgrainboundary, aspresentedin Figs.5Ð7;
grooving stopswhen,at sufÞcientlylong times,identicalcirculararcsdevelopconnecting
adjacentGBs.Thesameresultwasobtainedin [10] usingFouriermethodandtheSSA.

4. THE ELECTROMIGRA TION PROBLEM

If anelectricÞeldis present,theßux Js of matteratthecurvedsurfaceof theconductoris
driven simultaneouslyby curvaturegradientsandby thecomponentE of thelocal electric
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TABLE II
SameasTable I, but the Slopeat GrooveRoot is m = 9.85eÐ02

Step t d, Eq.(3.1) d, LS M. w, Eq.(3.2) w, LS M. w=d, Eq.(3.3) w=d, LS M.

0 8:0eÐ9 3:59eÐ4 3:59eÐ4 8:61eÐ3 8:61eÐ3 2:40eC1 2:40eC1
2eC3 1:6eÐ8 4:29eÐ4 3:95eÐ4 1:03eÐ2 1:03eÐ2 2:40eC1 2:61eC1
4eC3 2:4eÐ8 4:74eÐ4 4:38eÐ4 1:14eÐ2 1:13eÐ2 2:40eC1 2:59eC1
6eC3 3:2eÐ8 5:10eÐ4 4:77eÐ4 1:22eÐ2 1:21eÐ2 2:40eC1 2:55eC1
8eC3 4:0eÐ8 5:39eÐ4 5:12eÐ4 1:30eÐ2 1:29eÐ2 2:40eC1 2:52eC1

10eC3 4:8eÐ8 5:64eÐ4 5:45eÐ4 1:35eÐ2 1:36eÐ2 2:40eC1 2:49eC1
12eC3 5:6eÐ8 5:86eÐ4 5:76eÐ4 1:41eÐ2 1:42eÐ2 2:40eC1 2:47eC1
14eC3 6:4eÐ8 6:06eÐ4 6:05eÐ4 1:45eÐ2 1:48eÐ2 2:40eC1 2:44eC1
16eC3 7:2eÐ8 6:24eÐ4 6:33eÐ4 1:50eÐ2 1:53eÐ2 2:40eC1 2:42eC1
18eC3 8:0eÐ8 6:41eÐ4 6:59eÐ4 1:54eÐ2 1:58eÐ2 2:40eC1 2:41eC1

TABLE III
SameasTablesI and II, but the Slopeat GrooveRoot is m = 1.32eÐ01

Step t d, Eq.(3.1) d, LS M. w, Eq.(3.2) w, LS M. w=d, Eq.(3.3) w=d, LS M.

0 8:0eÐ9 4:80eÐ4 4:80eÐ4 8:61eÐ3 8:61eÐ3 1:79eC1 1:79eC1
2eC3 1:6eÐ8 5:74eÐ4 5:60eÐ4 1:03eÐ2 1:06eÐ2 1:79eC1 1:89eC1
4eC3 2:4eÐ8 6:36eÐ4 6:42eÐ4 1:14eÐ2 1:19eÐ2 1:79eC1 1:85eC1
6eC3 3:2eÐ8 6:83eÐ4 7:15eÐ4 1:22eÐ2 1:30eÐ2 1:79eC1 1:81eC1
8eC3 4:0eÐ8 7:22eÐ4 7:80eÐ4 1:29eÐ2 1:39eÐ2 1:79eC1 1:78eC1

10eC3 4:8eÐ8 7:56eÐ4 8:39eÐ4 1:35eÐ2 1:47eÐ2 1:79eC1 1:76eC1
12eC3 5:6eÐ8 7:86eÐ4 8:94eÐ4 1:41eÐ2 1:55eÐ2 1:79eC1 1:74eC1
14eC3 6:4eÐ8 8:12eÐ4 9:44eÐ4 1:45eÐ2 1:62eÐ2 1:79eC1 1:72eC1
16eC3 7:2eÐ8 8:36eÐ4 9:90eÐ4 1:50eÐ2 1:69eÐ2 1:79eC1 1:70eC1
18eC3 8:0eÐ8 8:59eÐ4 1:03eÐ3 1:54eÐ2 1:75eÐ2 1:79eC1 1:69eC1

FIG. 8. Long-timeevolution of surfaceproÞleintersectedby two adjacentGBs.The initial surfacefor LS
simulationsis shown with dashedÐdottedline.
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Þeldalongthesurface.Let C andO denotetheconductor(interconnect)materialdomain
andthe outer (surrounding)materialdomainabove the surfaceproÞle,respectively (see
Fig.1).In adrift velocity(DV) experiment[4], thesurfacein questionrepresentsthecathode
edgeof the interconnect,while the outerdomainis an underlayerwith higherresistivity,
e.g.,TiN. Assumethat (at a given time stepof overall marchingalgorithm)U.x; y/ is
the electricpotentialwithin the (rectangular)computationalbox. U ¡ .UC / andUC .U ¡ /
areits valuesontheupperandlowerboundariesof thebox,andUn is thenormalderivative
on theboundary. U ¡ andUC areassumedto betime-independentanduniform alongthe
boundaries;UC ¡ U ¡ is theexternalvoltageappliedto theinterconnect.Thedistribution
U.x; y/ is governedby astaticelliptic partialdifferentialequation(PDE),

@
@x

µ
k

@U
@x

¶
C

@
@y

µ
k

@U
@y

¶
D 0; (4.1)

with boundaryconditionsUn D Ux D 0 on theverticalboundariesof thebox(whichin our
casecoincidewith GBs).Equation(4.1) is derived from thewell-posedthree-dimensional
potentialproblemfor thetwo-layerinterconnect.Theassumptionsandcompletederivation
for the small aspectratio are presentedin [2]. In Eq. (4.1), k D k.x; y/ is the speciÞc
electricalconductivity (atagiventimestep)of thematerialwhichÞllsthecomputationalbox.
Tosolve(4.1),aÞnite-differenceschemewasdevelopedandanalyzedin [2]. Thedistribution
of thespeciÞcconductivity in thephysicalsystemunderconsiderationis discontinuous:the
conductivity insidetheconductormaterial(domainC, Fig. 1) differsby aÞnitevaluefrom
thatof thesurroundingmaterial(domainO). Weassume

k D

(
kin D const: > 0 if grid point.xi ; y j / 2 C

kout D const: > 0 if grid point.xi ; y j / 2 O;
(4.2)

i.e., that k D k. y/ is a stepfunction. In our numericalexperimentswe chosethe ratio
kout=kin D 0:1. Sincethe surfaceof the conductorevolvesin time andspace,to Þndthe
time-dependentsolutionU.x; y; t / we needto solve the staticequation(4.1) every time
stepwith k given by (4.2).To computeaccuratelytheelectricÞeldintensity(which is the
derivative of U) the discontinuousdistribution of the speciÞcconductivity is smoothed
out acrossthe surfaceproÞle.The Þnite-differencediscretizationof (4.1) in the compu-
tationaldomainleadsto a setof linear algebraicequationswith a sparse-bandedmatrix.
This set is solved with an effective multigrid iterative procedure[2]. The solutionof the
previoustimestepis usedasaninitial approximationfor thecurrentstep,whichallowsfast
convergence.

After the potentialis establishedeverywherein the computationaldomain,the corre-
spondingelectricallyinducedsurfaceßux JE

s is given by

JE
s D ¡

Ds±sZs

kT
E D ¡ BeE; (4.3)

where

E D ¡ ¿ ¢ r U; (4.4)
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thesuperscriptindicatesthattheßux is dueto theelectricÞeld,and

Be D
Ds±sZs

kT
; (4.5)

whereZs D z¤
seistheeffectivechargeof theionsundergoingelectromigrationin thesurface

layerande is theunit electroniccharge; thesignof zs is usuallypositive (i.e.,matterßux
in thedirectionof theelectronßow).

To summarize,

Js D Jr K
s C JE

s ; (4.6)

where Js is the total surfaceßux, and Jr K
s is its surface-curvature-driven component.

Physically, Eq. (4.6) saysthat atomswill diffuse in the directionof the electronßow if
theÞelddominates,but toward thepositionwith the largecurvatureif thesurfaceenergy
dominates.This competitionbetweentheelectricÞeldandthesurfaceenergy is essential
for thegroovedynamics.

TheelectricÞeldalsoresultsin thediffusionof matteralongGBs.Thenonzerodiffusion
ßuxalongtheGB, Jgb, in thepresenceof theelectricÞeldis given by

Jgb D ¡
Dgb±gbZgb

kT
E; (4.7)

whereZgb D z¤
gbe > 0 is theeffective ionic charge,andE is thecomponentof theelectric

ÞeldalongtheGB. In additionto (1.6),theboundaryconditionwhich is dueto theelectric
Þeldreads

Jgbjgroove root D 2
¡
JE

s C Jr K
s

¢
jgroove root; (4.8)

sincebothbranchesof thegroove (to theleft andto theright from theGB) actassinksor
sourcesof matter. Obviously, (4.8) reßectsthecontinuityof materialßuxes.

With theadditionof theelectricÞeld,thenormalvelocity F (see(2.8)) is now changed
to

F D
@Js

@¿
D

@Jr K
s

@¿
C

@JE
s

@¿
; (4.9)

whereJs is given by (4.6). The detailsof the calculationof the normalvelocity function
(4.9)aregiven in [12].

5. NUMERICAL RESULTS: THE ELECTROMIGRA TION PROBLEM

The advanceof the surface(front) and GB grooving undercombinedcurvatureand
electric Þeld effects was simulatedfor copperinterconnectswith grain size 0:5 ¹ m at
temperature600K. ThecorrespondingparametersetisÄ D 1:18£ 10¡ 29 m3; Ds D 3:3 £
10¡ 14 m2/s; ° s D 1:7 J/m2; kT D 8:28£ 10¡ 21 J; UC D ¡ U ¡ D 5:0 £ 10¡ 3 V; kin D
108 .Ä m/ ¡ 1; kout D 107 .Ä m/ ¡ 1; ±gb D ±s D 3:5 £ 10¡ 10 m; z¤

s D z¤
gb D 5; µ0 D ¼=22.

Dueto thelargenumberof materialparametersinvolved,we concentrateon theinßuence
of theonewhich was predictedto greatlyaffect thegrooving process,i.e., theratio of the
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FIG. 9. GB grooving by surface/GBdiffusiondriven by thesurfacecurvaturegradientsandtheelectromi-
gration.(a) rd D 0:224,(b) rd D 0:336,(c) rd D 0:561,(d) rd D 22:424.ThesurfaceproÞlesaredumpedevery
5000timesteps.Thetime labelscorrespondto the(physical)timeatwhich thelastproÞleis dumped.

GB to surfacediffusivity, rd D Dgb=Ds [9]. It shouldbenotedthat (i) theexperimentally
measuredvaluesof diffusivities couldvary, accordingto differentsources,by up to three
ordersof magnitude,and (ii) Ds canbe smallerthan Dgb, due to, for example,surface
contamination,thusgivingrd > 1.TypicalspaceÐtimeevolutionproÞlesareshownin Fig.9.
Thedimensionsof thecomputationalboxare0:5 £ 0:5 ¹ m(thehorizontaldimensionbeing
equalto thegrainsize),andthegrid hasa60 £ 60 resolution.

The displacementof the surfacewith time in Fig. 9 is an accurateillustration of the
advancingcathodeedgein EM DV experiments.After a transientstage,thedisplacement
velocityVem reachesaconstantvalue,dependentontemperaturethroughanArhennius-type
function,

Vem D .V0/emexp.¡ Eem=kT/; (5.1)

where.V0/em is theprefactorandEem is theactivationenergy. A goodmatchof bothvalues
betweensimulationandexperimentconstitutesaratherrigoroustestfor thesimulation.We
have obtainedpreliminaryresultsfor .V0/em andEem, calculatedusingthemostaccurate
literaturevaluesfor bothsurfaceandGB diffusivities in copper;theseareknown atvarious
temperaturesthroughtheirownArhenniusrelationships.For parameterset. D0/s D 0:26£
10¡ 4 m2/s; Es D 0:9 eV and . D0/gb D 0:06£ 10¡ 4 m2/s; Egb D 0:95 eV we obtained
.V0/em D 3:47£ 106 ¹ m/h and Eem D 0:87 eV. Thesecalculatedvaluesarein excellent
agreementwith experimentalvaluesof 4:6 £ 106 ¹ m/h and0:94 eV [11], even after we
accountfor somedifferences,suchasgrainsizeandcurrentdensity. A moredetailedreport
is given in [19]. It appearsthat the level setsmodel-basedsimulationallows, for theÞrst
time,anaccuratequantitativedescriptionof DV experimentsin polycrystallinelines.
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6. CONCLUSIONS

Thelevel setmethodwasusedtomodelthegrain-boundarygroovingbysurfacediffusion
in an idealizedpolycrystallineinterconnectwhich consistsof grainsseparatedby parallel
GBs.Thenovel featureof themethodis thetreatmentof physicalboundaryconditionsat
thegroove root.Theresultsobtainedarein goodagreementwith theclassicalone[17] for
thecaseof anisolatedgrainboundary(two-graincase)andwith morerecentresultsof [10]
for thecaseof periodicarrayof grains.In addition,thealgorithmandits softwareimple-
mentationwereusedto pursuestudiesof GB grooving with anarbitraryelectromigration
ßux.Preliminaryresultsfor Cu at 600K show an excellentquantitative agreementof drift
velocitypreexponentandactivationenergy betweensimulationandexperiment.

TheÞnaltime stepin thesimulationsis small. In theAppendixwe suggesthow to use
animplicit approachthatcanspeedupthesimulations.

APPENDIX: IMPLICIT STABILIZA TION

Weassumeinitially thatwehave to solve thelinearconstantcoefÞcientPDE:

@'
@t

D ¡ A1 2': (A.1)

An explicit scheme

' nC1 ¡ ' n

1 t
D ¡ A

Ã
±2

x

1 x2
C

±2
y

1 y2

!

' n; ' n ´ ' n
jk : (A.2)

Von-Neuman(Fourier)stability analysisgives

¹ D 1 ¡ 16A1 t
·

1
.1 x/2

sin2
µ

®1x
2

¶
C

1
.1 y/2

sin2
µ

¯1 y
2

¶¸ 2

´ 1 ¡ 1 t AS®;¯ :

(A.3)

Thestabilityconditionrequiresj¹ j · 1 andtheworstcaseis achieved whenthesineterms
reachtheir maximumvaluesof 1.

For thecaseof 1 x D 1 y, wegetavery severerestriction:

1 t <
.1 x/4

32A
: (A.4)

Let usaddastabilizingterm M1 2' to bothsides,

@'
@t

C M1 2' D . M ¡ A/1 2':

Wediscretizein timeas

' nC1 C M1 t1 2' nC1 D . M ¡ A/1 t1 2' n C ' n;
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andweget

j¹ j D

¯
¯
¯
¯
1 C . M ¡ A/1 t S2

1 C M1 t S2

¯
¯
¯
¯ · 1; (A.5)

whereScanbethecontinuoussymbolS D ®2 C ¯ 2 or thediscreteS®;¯ .
Now as1 x ! 0 for a Þxed 1 t theS2 termsdominatesothatj M¡ A

M j · 1±, sinceM; A >
0, weneed

M ¡ A
M

¸ ¡ 1; 2M ¸ A; M ¸
A
2

:

In thelinearcase,takingM D A
2 .1 C c1 t/ will resultin asecond-orderschemein timeand

absolutestability. For thevariableA, wewill require

M ¸ max
x;y

j A.x; y/ j:

TheSolutionProcess

Let

' nC1 C M1 2' nC1 D Fn; (A.6)

whereFn is known. For theperiodiccase,wewrite both' andF asFourierexpansions

F jk D Re
X

®;¯

÷F®;¯ ei .®j 1 xC¯ k1 y/

(A.7)

' nC1
jk D Re

X

®;¯

÷' ®;¯ ei .®j 1 xC¯ k1 y/ :

WeÞnd ÷F®;¯ by FFT andthen ÷' ®;¯ from theFourier tranformof Eq.(7.6)

÷' ®;¯
¡
1 C M.®2 C ¯ 2/2¢

D ÷F®;¯ ;

or wemayusethenumericalS®;¯ whichapproximatestheexactsymbol.It is lessaccurate
but avoids someof the Gibbsphenomena.TheneachcoefÞcientis obtainedby applying
theinverseFourier transform.

REFERENCES

1. D. AdalsteinssonandJ.A. Sethian,A fastlevel setmethodfor propagatinginterfaces,J. Comput.Phys.118,
269,(1995).

2. A. Averbuch,M. Israeli,andI. Ravve,Computationfor electro-migrationin interconnectsof micro-electronics
devices,J. Comput.Phys.167, 316(2001).

3. I. A. BlechandC. Herring,Stressgenerationby electromigration,Appl.Phys.Lett.29, 131(1976).

4. I. A. BlechandE. Kinsbron,Electromigrationin thin gold Þlmson Molybdenumsurfaces,Thin SolidFilms
25, 327(1975).

5. A. F. Bower andL. B. Freund,Finite elementanalysisof electromigrationandstressinduceddiffusion in
deformablesolids,Mater. Res.Soc.Symp.Proc.391, 177(1995).



784 KHENNERET AL.

6. D. ChoppandJ.A. Sethian,Motionby Intrinsic Laplacianof Curvature, UCB PAM Report746(1998).

7. A. J.Chorin,Flameadvectionandpropagationalgorithms,J. Comput.Phys.35, 1 (1980).

8. F. Y. Genin,W. W. Mullins, andP. Wynblatt,Theeffect of stresson grain-boundarygrooving, ActaMetall.
41, 3541(1993).

9. E.GlickmanandM. Nathan,Ontheunusualelectromigrationbehavior of copperinterconnects,J. Appl.Phys.
80, 3782(1996).

10. S.A. Hackney, Grain-boundarygrooving atÞnitegrainsize,ScriptaMetall. 22, 1731(1988).

11. C.-K. Hu, R. Rosenberg, andK. Y. Lee,Electromigrationpathin Cu thin-Þlmslines, Appl. Phys.Lett. 74,
2945(1999).

12. M. Khenner, A. Averbuch,M. Israeli,M. Nathan,andE. Glickman,Level setmodelingof transientelectro-
migrationgrooving, Comput.Mater. Sci.20, 235(2001).

13. L. Klinger, E. Glickman,V. Fradkov, W. Mullins, andC. Bauer, Extensionof thermalgrooving for arbitrary
grain-boundaryßux,J. Appl.Phys.78, 3833(1995).

14. L. Klinger, E. Glickman,V. Fradkov, W. Mullins, andC.Bauer, Effectof surfaceandgrain-boundarydiffusion
on interconnectreliability, Mater. Res.Soc.Symp.Proc.391, 295(1995).

15. Z. Li, H. Zhao,andH. Gao,A numericalstudyof electromigrationvoidingby evolving level setfunctionon
aÞxed cartesiangrid, J. Comput.Phys.152, 281(1999).

16. R. Malladi, J.A. Sethian,andB. C. Vemuri,Shapemodellingwith front propagation:A level setapproach,
IEEETrans.PatternAnal.Mach. Intell. 17 (1995).

17. W. W. Mullins, Theoryof thermalgrooving, J. Appl.Phys.28, 333(1957).

18. W. W. Mullins, Masstransportat interfacesin singlecomponentsystems,Metall. Mater. Trans.26A, 1917
(1995).

19. M. Nathan,M. Khenner, A. Averbuch,andE. Glickman,Electromigrationdrift velocity in Cu interconnects
modeledwith Level Sets,Appl.Phys.Lett.77, 3355(2000).

20. W. NohandP. Woodward,A simpleline interfacecalculation,in Proceedings,Fifth InternationalConference
onFluid Dynamics(Springer-Verlag,Berlin, 1976).

21. M. Ohring,Electromigrationdamagein thin Þlmsdueto grain-boundarygrooving process,J. Appl.Phys.42,
2653(1971).

22. S.OsherandJ.A. Sethian,Frontspropagatingwith curvaturedependentspeed:AlgorithmsbasedonHamiltonÐ
Jacobianformulation,J. Comput.Phys.79, 12 (1988).

23. S. OsherandC. W. Shu,High-orderessentiallynon-oscillatoryschemesfor HamiltonÐJacobiequations,
J. Numer. Anal.28, 907(1991).

24. D. Peng,B. Merriman,S.Osher, H. Zhao,andM. Kang,A PDEBasedFastLocal Level SetMethod, UCLA
CAM Report98-25(1998).

25. R.Rosenberg andM. Ohring,Void formationandgrowth duringelectromigrationin thin Þlms,J. Appl.Phys.
42, 5671(1971).

26. J.A. Sethian,Curvatureandtheevolutionof fronts,Commun.Math.Phys.101, 487(1995).

27. J. A. Sethian,Level setMethods:EvolvingInterfacesin Geometry, Fluid mechanics,computerVision and
MaterialsScience(CambridgeUniversityPress,Cambridge,1996).

28. J.A. Sethian,Level SetMethodsandFastMarchingMethods:EvolvingInterfacesin ComputationalGeometry,
Fluid Mechanics,ComputerVisionandMaterialsScience(CambridgeUniversityPress,Cambridge,1999).

29. C.-W. ShuandS. Osher, EfÞcientimplementationof essentiallynon-oscillatoryshock-capturingschemes,
J. Comput.Phys.77, 439(1988).

30. M. Sussman,P. Smereka,and S. Osher, A level set approachfor computingsolutionsto incompressible
two-phaseßow, J. Comput.Phys.114, 146(1994).

31. F. G. Yost,Voidingdueto thermalstressin narrow conductorlines,ScriptaMetall. 23, 1323(1989).

32. W.ZhangandJ.H.Schneibel,Numericalsimulationof grain-boundarygroovingbysurfacediffusion,Comput.
Mater. Sci.3, 347(1995).

33. H.-K. Zhao,T. Chan,B. Merriman,andS. Osher, A variationallevel setapproachto multiphasemotion,
J. Comput.Phys.127, 179(1996).


