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Abstract

An analytical solution is obtained for the classical heat conduction problem
for a solid film with a surface that is simply deformed and irradiated by
repetitive laser pulses. Convective heat losses from the surface and the
film—substrate interface are taken into account. The solution, evaluated for
large times, shows that the surface deformation increases the average surface
temperature. This increase is pronounced when the absorption length of the
laser radiation is less than the film thickness (even in the case when the
amplitude of surface deformation is much less than its wavelength). At any
point on a deformed surface the temporal dependence of temperature is
characterized by narrow spikes, which are repeated with the period of pulse
repetition. The spatial dependence of surface temperature follows surface

deformation.

1. Introduction

In this paper we study classical heat conduction in solid films
heated by repetitive laser pulses. This problem is of practical
importance for surface modification technologies, since laser—
surface interaction may control the structure and properties of
thin films and their surfaces. Strong laser radiation induces
structural and morphological changes in matter which are
responsible, for example, for the degradation of light emitting
devices, laser damage of optical components and non-uniform
melting of semiconductor surfaces [1]. Laser annealing and
fast recrystallization may lead to special types of structures,
and laser assisted thin film deposition processes have been
developed [2]. Also, athermal driving of molecular surface
diffusion by pulsed laser beams has been a subject of recent
experiments [3-6]. Also, methods based on pulsed laser
heating have been proposed for measuring thermal properties
of materials [7].

There have been a number of theoretical studies of heat
conduction under conditions of repetitive pulsed laser heating;
see for instance [7-9] and references in the latter paper. These
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studies demonstrated that such a heating mode gives rise to
the quasistationary regime, in which the surface temperature
of a thick solid film oscillates about the mean value with the
pulse repetition frequency. However, the irradiated surface
was treated as planar and undeformed, e.g. the roughness
was not accounted for. In a separate line of research, the
growth and topography of laser-induced ripple structures was
studied [10-13]. The form of spatial temperature profile on a
rippled surface is of paramount importance for understanding
the formation and development of ripples. These and
related studies assume, sometimes implicitly, that the surface
temperature is periodic with the period of the ripple. However,
experimental validation of this basic premise proved very
challenging [13] and, to our knowledge, the question is still
open. It is the primary motivation for this paper. We
also think that the results obtained may prove useful for
problems of pattern formation on semiconductor surfaces;
oscillatory driving of surface diffusion by pulsed laser beams
has been proposed in [14] as a possible route to control pattern
formation.

In this paper we examine the effect of simple, cosine-like
surface deformation on surface temperature. By analytically
solving the appropriate heat conduction problem, we obtain the
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Figure 1. Problem geometry.

temporal and spatial oscillatory features directly. In particular,
we show that surface deformation by itself leads to increased
surface temperature and that the spatial temperature profile
follows surface deformation. We also discuss applications of
our analysis to some rough and/or time-dependent surfaces.

2. Problem formulation and solution

We consider heat conduction in the horizontally infinite film
of thickness &, deposited on a thick substrate (figure 1).
The film—substrate interface is planar, while the shape of the
laser-heated surface of the film is described by the equation
z = &(x) = &ycoskx; here & is the amplitude and « the
wavenumber. Without loss of generality, the initial (reference)
temperature of the film, substrate and the media above the film
is taken zero. We assume also that the substrate and the media
have high heat capacities and thus their temperature stays zero
throughout the film heating process; however, the convective
heat losses from the surface and the film—substrate interface
are non-negligible.
The Fourier problem of heat conduction is stated as

aU

5= x VU + Iexp (8z) f (1), (1)

U(z,x,0) =0, 2)

z=&(x): VU-n+pU=0, 3)
oU

z=—h: L -pU=0, @)
a9z

where U (z, x, t) is the temperature, x the thermal diffusivity,
§ the absorption coefficient, 8; and B, the heat exchange
coefficients, V the two-dimensional gradient operator, 7 the
unit outward normal vector to the surface, finally, I =

f(t)
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Figure 2. Laser power density profile.

qox&(1 — ryp)/A (where go is peak laser power density, 7
the reflection coefficient and A the thermal conductivity) and
f(t) is laser power density profile. For a pulsed laser, the
approximation by repetitive step function is routinely used.
Thus,

o0
f@) =Y H@—kT)HKT +1 —1), (5)
k=0
where H (t — c¢) is Heaviside function, t the duration of the
pulse and T the repetition interval (figure 2).
To nondimensionalize the problem, we take 4 for unit of
length and T for unit of time. The nondimensional initial-
boundary value problem (IBVP) is:

AU - -
> = P\V2U + Pyexp (h2) f (1), (6)
U(z, x,0) =0, 7
z=Ex): VU -n+BU=0, 3)
U
z=—1: 7—B2U:0, (9)
0z

f)y=) H@t—kHk+1—1), (10)

k=0

where U now stands for nondimensional temperature
(defined as dimensional temperature times A/(hqo)), P =
xT/h? P, = xT8(l —ryp)/h, h =h8, 19 = t/T. Also,
By = hB, and B, = hp, are Biot numbers and §(x) =
£y cosicx, &y = &/ h, k = kh.

Next, we assume that surface deformation is small
(&0 < 27 /) and thus the corresponding perturbation of the
temperature field is also small. We write U (z, x, t) = u(z, 1)+
v(z, x, 1), |v(z, x,0)/uz, ] €1, =1 < z < 0, where
u(z, t) is the temperature field in the film with undeformed
surface and v(z, x, t) is the temperature field in the film with
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deformed surface. Now, the problem (6)—(10) splits in two
IBVPs, namely:

Problem I.
Ju 3%u _
— =P —+P hz) f (1), 11
P 152 2 exp (hz) f (1) an
u(z,0) =0, (12)
u
z=0: — +Bju =0, (13)
0z
du
z=—1 — — Bou =0; (14)
9z
Problem II.
v _ PV (15)
o ,
v(z,x,0) =0, (16)
ot emoe(n 2] o[22 e
z=0:— V= — — — X
9z 1 1 9z z=0 9z z=0
=g(x,1), (I7)
0
i=—1: 2 _Bu=0 (18)
0z

Notice that equation (15) is homogeneous, that the boundary
condition in problem Il is imposed on the surface z = 0 and that
it uses the solution of problem I. Derivation of the boundary
condition (17) is shown in the appendix A.

Solution of these problems can be found analytically using
the method of separation of variables.
The general solution of problem I is given by

w(z. ) =up@)+ Y Zu@T, ().

n=0

19)

The first term (solution of the homogeneous problem) vanishes
due to the zero initial condition, equation (12), and the
homogeneous boundary conditions (13) and (14).

The eigenfunctions of the homogeneous BVP are
= (A +BY) TV By siny/4,2), (20)

Z,(2) An COS A/ ApZ —

where A, = p2 and u, is the nth nonnegative root of the
characteristic equation

. 1 BB, 21
cotpu = — ,
" B+ B, H “
and

Th0) = 7 X0 (D) / Fyexp (gt de,  (22)
where

0
qn = PiAy, I, = PZ/ €xXp (hZ)Zn(Z)dzv
- (23)

0
1Z,I? = / Zu(2)%dz.
~1
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With f(f) given by equation (10),
equation (22) gives

the integration in

T,(t) =

2 H({ —k)— H(@ — (k+ 1))
qn Z, ”2 kXZ(;

—exp(gn(k —1)[H (1 — k)

—exp (gnTo) H(t — (k + 10))]. (24)
We also have, from equations (19) and (20),
ou
- = —B, Z T, (1),
|:31 ]——0 / 2
z An + By
(25)
|:82u:| i a2
— T,(1).
2
9z 0 /A + B
The general solution of problem II is given by
v(z, x, 1) =5(z,x, 1) +w(z, x, 1), (26)
where
( B = 1+ By(1+72) . 1) @7
wiz, 1, _Bl+Bz+Bleg L 8,

(with g(x, 1) is the right-hand side of the equation (17)) and
s(z, x, t) is the solution of problem III.

Problem III.
as )
a = PIVis+r(z,x,t), (28)
s(z, x,0) = ¢(z, x), (29)
as
z=0: — + Byis =0, (30)
0z
d
i=—1: 2 _By= G1)
0z
In equations (28)-(31)
( 0 Jw Pazw
r(z,x,t) = —— —
@ ar - lax
1+ By(1 d a2
_ 1rBdro T 0, 0% (32)
B+ B, + BB ot ax2
D) = —wie,x,0) = ——— 20D g (33
LX) =—w(z,x,0) = ———FF————9(x,0).
< ‘ Bl+Bz+Bleg
Since u(z,0) = O (problem I), g(x,0) = O and thus

¢ (z, x) = 0, the initial condition (29) is zero.
The solution of problem III is written as

0 00 t
s(z,x,1) :/ / / GM, Q,t—t)hr(,n, tHdt'dnpde,
—1J—00J0 (34)
where
1 (x —n)?
T exp (— It >G1(z,§,t) (35)

is Green’s function. In equation (35) G(z, ¢, t) is Green’s
function of the one-dimensional heat conduction equation with
mixed boundary conditions at z = —1 and z = 0. This latter
Green’s function can be written as

GM, Q.1) =

Z,(2)Z, (%)

, (36)
1Z, 112

Gi(z,¢,1) = ) exp(—qul)

n=0
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where Z,(z) are eigenfunctions of the corresponding
Sturm-Liouville problem (equation (20)). Substitution of
equations (32), (35) and (36) in equation (34) gives

5@ x, 1) =Y CaLn(x,)Zy(2),

37
n=0
where
1 (% 1+By(1+2)

Cn = Zn d ’ 38
1Z,11? /,1 B, + B + B, B, (¢)d¢ (38)

B S B

Ln(x,t)_/“”/o ZmeXp< 4x(t—t’)>

2

X exp (—qu(t — 1)) I:—aff + P1%:| dt'dy, (39)

Finally, substitution of equation (24) in equations (25),

equations (25) in g(n, t'), and then substitution of g(1,t") in

equation (39) and integration, gives

Lj(x,1) = &cos (kx)(1 + Pic?) (S + S2),
j=0,...,00,

where

(40)

> A I,
S = —Z P (Bl"‘)»)w

=0 /Ay + B}

int(t—19)
<2

x [H(t - k) —exp (¢aT0) H (t — (k + 10))]

eXP (gn(k — 1)) —exp (pj(k —1))]

+exp (p;(k —1))[exp (g 7o) — exp (p;70)]
x H(t — (k + 1)), (41)

2 I,

S=—Y — _(Bi+A)———
? 2:(; /)\n"'B]Z( ' ) n”Zn”

int(t—1p)

x Y —ll—exp(p;jtk—IHG -k
k=0
1
—H@ — (k+1)]+—— p [exp (gn(k — 1))
J n

—exp (p;(k —1)]lexp (g, 7o) H(t — (k + 7))
—H(t — k). (42)

In equations (41) and (42) p; = g; + Pic? and ‘int’ stands
for ‘integer part’. Note that L,, 7, — 0 as tp — 0 (laser is
off), and thus in this limit the film temperature is unchanged,
U(z,x,t) = U(z, x,0) = 0. Problem III is now solved, and
so is problem II.

3. Results

Despite the solution being analytic, its numerical evaluation
is difficult and time consuming. This is due to, primarily,
the need for the quadruple loop in order to evaluate functions
L ;(x,t) (equation (40)) and the small time steps (see below).
Moreover, the summations in equations (41) and (42) contain
certain combinations of increasing and decreasing exponential

Table 1. Parameters for case I.

Parameter  Value Units
h 0.1 cm

X 0.227 cm? s~ [9]
k) 10 cm™!
}“f 05 —_—

Bi 0.1 cm™!
B> 1073 cm™!
T 1074 s

T see text S

P 227 x 1073 —
P, 5.7x107* —

h 1 —
B 0.01 —
B, 10~* —

7 see text —
& 1072 —

i 2.0 —

functions, making the evaluation prone to roundoff errors. By
experimenting with values of nondimensional parameters we
discovered that the evaluation is numerically stable for values
of 7y not to exceed 0.05 in most cases. It must be noted that
we are interested, primarily, in the large-times limit; as will be
seen, the film heats up significantly at large times even when the
pulse duration is small compared with the repetition interval.
Note that we are still restricted by relatively large values of
T (see below), for which it is known [15] that Fourier theory
gives accurate predictions. The temperature is proportional to
the amplitude of surface deformation, 50 (see equation (40)).

Next, we describe two physically important situations
corresponding to different absorption lengths. For each
situation, we studied several truncations ZHNZO a, of the
infinite Fourier series. The temperature increased smoothly
and insignificantly as N was increased through the interval
[25:100]. Taking larger N tends to increase temperature
values. All results correspond to N = 50. The length of the
simulation domain in the x-direction equals two wavelengths
of the surface modulation. The time step At = 1073;
this is sufficient to accurately resolve the adjacent Heaviside
functions H(t — k) and H(t — (k + 7)) (equations (41) and
(42)) for values of 7y used. The characteristic equation (21) is
solved by bisection.

The physical and nondimensional parameters for case I are
summarized in table 1. In this case the entire film is transparent
for laser pulses, since the absorption length ' = h.

Figure 3 shows the nondimensional temperature U (that
is, one of the film with the deformed surface) along the film
thickness for 7 = 2.5 x 107%s (r; = 0.025), as a function
of time. As expected, at large times the entire film heats up
very slowly. With cooling at the exposed surface and at the
substrate—film interface, the maximum temperature occurs not
at the exposed surface but in the interior of the film; this is
in agreement with the result obtained by Blackwell using the
Laplace transform method for the heat conduction in the semi-
infinite, one-dimensional slab of material [16].

Figure 4 compares the time-dependences of surface
temperatures u (that is, one of the film with undeformed
surface) and U at the point (z = 0,x = m). The x-
value is chosen arbitrarily; difference of time-dependences
at x; and x, equals A(cosx; — cosxp), since at any given
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Figure 3. Case I. Bulk temperature profiles at large times.
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Figure 4. Case 1. Surface temperatures versus time. (a) Surface is
planar. (b) Surface is modulated.

time the spatial dependence of temperature is function
A(cosx + 1) (where A is much less than amplitudes of spikes
in figure 4(b)) due to surface deformation of the cosine form,
see equation (40). On the surface the temperatures behave in
a quasistationary manner, where the slow growth is modulated
by fast oscillations due to laser pulses. The oscillation
period equals the pulse repetition period. The surface cosine-
like deformation results in increased temperatures. The
oscillations are square-shaped when the surface is planar, but
spiky when the surface is deformed. For even larger times
one expects the slow growth component to vanish and only the
oscillation component to remain.

We also performed computations using the value 7y =
0.05. The average surface and bulk temperatures increased
roughly two-fold compared with the case 7o = 0.025, and
so did the magnitude of the spike-like oscillations. Also, the
spikes appeared more narrow.

Values of the physical parameters for case II are the
same as for case I, except § = 6.16 x 10°cm™! [9] and
& = 10~*. The former value results in nondimensional values
h = 6.16 x 10* and P, = 34.9. The characteristic absorption
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length of laser radiation & -1 « h; thus, the bulk of the film
does not heat up and the temperature there stays zero.

Figure 5 compares the time-dependences of surface
temperatures ¥ and U at the point (z = 0, x = ) for case II
at 7p = 0.025. One notices the same order of magnitude
increase of average temperature for the surface deformation
amplitude that is two orders less than that for case I. Also,
in case I the average temperature increased roughly two-fold
due to surface modulation, but in case II the increase is almost
four-fold. Comparing figures 4(b) and 5(b), one can see that
the amplitude of spikes is approximately six times larger for
case II parameters.

4. Conclusions

We examined heat conduction in the solid film with simply
deformed surface irradiated by repetitive laser pulses. We
showed that the surface deformation increases the average
surface temperature; the more so the less is the absorption
length of laser radiation compared with the film thickness.
The surface temperature oscillates in time, and at any point
on a surface this dependence is characterized by periodically
repeated narrow spikes. This period equals the repetition
interval of laser pulses. The amplitude of spikes also increases
with the decrease of the absorption length. The spatial
profile of surface temperature is of same form as the surface
deformation.

The periodically rough surface z = &(x) can be
represented by the truncated Fourier series in cosines.
Using the principle of superposition, the solution of the
heat conduction problem is then written as U(z, x,t) =
ZIN:O U;(z, x, t), where each term has a form determined by
the wavenumber of the particular cosine function. Also, the
temperature field on a surface that evolves on a much larger
characteristic time scale than the time scale of a few laser
pulses can be considered quasistationary. This is the case
for surfaces that evolve by surface diffusion and evaporation—
recondensation of atoms or molecules. The shape evolution
of such surfaces is often self-similar [17], which could make
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them particularly convenient for studying the impact of pulsed
laser heating on particle motion.

Appendix A. Derivation of the boundary
condition (17)

Subscripts in this appendix denote differentiation.
First, write equation (8) in component form and then

substitute U = u + v:

z=E):

This equation can be approximated as follows (since surface

deformation is small):

= é(x) D Uiy im0 Huglngl—o + veln; ] =
+Bju + Bjv = 0.

Vely +uzn; +vn, + Biju+ Biv = 0. (A1)

(A2)

Then, linearizing u, and u about z = 0, taking into account
equation (13) and noticing that [n,],—0 = 0, [n;].—0 = 1, one
arrives at equation (17).

References

[1] Duley W W 1983 Laser Processing and Analysis of
Materials (New York: Plenum)

[2] Moore C A, Yu Z, Thompson L R and Collins G J 2002 Laser
and electron beam assisted processing Handbook of

[3]
[4]
[5]
[6]

[7]
[8]

[9]
(10]
(11]
(12]
(13]
[14]
[15]

[16]
(17]

Thin-Film Deposition Processes and Techniques:
Principles, Methods, Equipment and Applications ed
K Seshan (New York: William Andrew)
(http://www.knovel.com/knovel2/Toc.jsp?BookID=459)

Stepan K, Gudde J and Hofer U 2005 Phys. Rev. Lett. 94
236103

Bartels L, Wang F, Moller D, Knoesel E and Heinz T F 2004
Science 305 648

Pascual J I, Lorente N, Song Z, Conrad H and Rust H P 2003
Nature 423 525

Komeda T, Kim Y, Kawai M, Persson B N J and Ueba H
2002 Science 295 2055

Yakunkin M M 1988 High Temp. 26 585

Conde J C, Lusquinos F, Gonzales P, Leon B and
Perez-Amor M 2002 Vacuum 64 359

Yilbas B S and Kalyon M 2001 J. Phys. D: Appl. Phys.
34222

Brueck S R J and Ehrlich D J 1982 Phys. Rev. Lett. 48
1678

Guosheng Z, Fauchet P M and Siegman A E 1982 Phys. Rev.
B 26 5366

Kerr N C, Omar B A, Clark S E and Emmony D C 1990
J. Phys. D: Appl. Phys. 23 884

Kerr N C, Clark S E and Emmony D C 1989 Appl. Opt. 28
3718

Pierre-Louis O and Haftel M 1 2001 Phys. Rev. Lett. 87
048701

Tang D W and Araki N 1996 J. Phys. D: Appl. Phys. 29
2527

Blackwell B F 1990 J. Heat Transfer 112 567

Mullins W W 1957 J. Appl. Phys. 28 333

4201


http://www.knovel.com/knovel2/Toc.jsp?BookID=459

	1. Introduction
	2. Problem formulation and solution
	3. Results
	4. Conclusions
	Appendix A. Derivation of the boundary condition (17)
	 References

