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Abstract

We provide a unifying approach which links results on algebraic actions by Lind and Schmidt,
Chung and Li, and a topological result by Meyerovitch that relates entropy to the set of asymptotic
pairs. In order to do this we introduce a series of Markovian properties and, under the assumption
that they are satisfied, we prove several results that relate topological entropy and asymptotic
pairs (the homoclinic group in the algebraic case). As new applications of our method, we give a
characterization of the homoclinic group of any finitely presented expansive algebraic action of (1)
any elementary amenable group with an upper bound on the orders of finite subgroups or (2) any
left orderable amenable group, using the language of independence entropy pairs.
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1 Introduction

Inspired by properties introduced in the context of symbolic dynamical systems in [22, 6] we define a
series of Markovian properties for actions of countable groups G on compact metrizable spaces X by
homeomorphisms. Among them, the topological Markov property (TMP) and the strong topological
Markov property (strong TMP). Every group action which satisfies the pseudo-orbit tracing property
(or shadowing) has the strong TMP, and every action with the strong TMP has the TMP. Although
these properties were introduced to study supports of measures that arise in the theory of thermody-
namic formalism, it turns out that they are specially relevant in the context of algebraic actions on
compact metrizable abelian groups.

A group action G ~ X satisfies the TMP, if for every € > 0, there is § > 0 such that for every finite
set A C G there exists a finite subset B D A of G such that for every pair z,y € X whose G-orbits are
at distance at most d in B\ A, there is z € X whose G-orbit is at distance at most e from the G-orbit
of z in B and at distance at most ¢ from the G-orbit of y in G \ A. Intuitively, satisfying the TMP
means that for every finite set A C G, there is a finite subset B D A of G such that knowledge of the
values (up to ¢) of any G-orbit on C'\ A for some C' O B does not provide further information about
the values (up to €) of the G-orbit in A than the mere knowledge of the values in B \ A, hence the
name Markovian. The strong TMP imposes that the set B should take the form F'A for some fixed
finite set F' C G which does not depend on A, and hence gives a bounded variant of the TMP.

An action G ~ X of a countable group G on a compact metrizable space X by homeomorphisms
is called expansive if there is some ¢ > 0 such that sup,c d(sz, sy) > ¢ for all distinct z,y € X, where
d is a given compatible metric on X. A pair (z,y) in X? is called asymptotic if d(sz,sy) — 0 as
G 3 s — 0co. The TMP and the strong TMP are especially useful for establishing relations between
independence entropy pairs and asymptotic pairs for expansive actions (Theorems 6.1, 6.4 and 6.9).

By an algebraic action we mean an action of a countable group G on a compact metrizable
abelian group X by continuous automorphisms. The study of algebraic actions has been an active
field, because of rich connections with commutative algebra, operator algebras, and L2-invariants. See
for example [67, 78, 94] for algebraic actions of Z, [33, 59, 68, 70, 71, 88, 90, 91] for algebraic actions
of Z%, and [7, 8, 16, 26, 29, 30, 35, 38, 43, 45, 46, 62, 63, 64, 66, 69] for algebraic actions of countable
groups. Denote by ZG and CG the group rings of G with coefficients in Z and C respectively (see
Section 4). For any algebraic action G ~ X, the Pontryagin dual X of X as a compact abelian



group is naturally a countable left ZG-module. In fact, up to isomorphism, there is a natural one-
to-one correspondence between algebraic actions of G and countable left ZG-modules. Recall that
a unital ring is (left/right) Noetherian if every (left/right) ideal is finitely generated. For any
positive integers m,n and any a € M, «,(CG), the von Neumann dimension dim,y ker a of the kernel
of the bounded operator M,,»1(¢%(G)) = My,x1(£*(G)) sending z to az is a real number in [0,n] (see
Section 4). The group G is said to satisfy the strong Atiyah conjecture if dim,y ker a lies in the
subgroup of Q generated by 1/|H| for H ranging over finite subgroups of G. For algebraic actions
G ~ X, the asymptotic pairs are determined by the homoclinic group A(X, G) consisting of x € X
such that sx — ex as G 2 s — oo, where ex denotes the identity element of X. For any algebraic
action G ~ X of an amenable group G, we may either view the action as a topological dynamical
system and speak about the topological entropy, or view it as an action preserving the normalized
Haar measure of X and speak about the measure-theoretical entropy (see Section 2). It turns out that
these two entropies always coincide [29]. Furthermore, the action has complete positive entropy in the
topological sense (i.e. every nontrivial topological factor has positive topological entropy) exactly when
it has completely positive entropy in the measure-preserving sense (i.e. every nontrivial measurable
factor has positive measure-theoretical entropy) [26]. One of our main results is the following:

Theorem 1.1. Let G ~ X be an expansive algebraic action of a countably infinite amenable group.
Assume that at least one of the following conditions holds:

1. the integral group ring ZG is left Noetherian;

2. G satisfies the strong Atiyah conjecture, there is an upper bound on the orders of finite subgroups
of G, and the Pontryagin dual X of X is a finitely presented left ZG-module.

Then G ~ X has the strong TMP. As a consequence, the following hold:
i. G ~ X has positive entropy if and only if A(X,G) is nontrivial;
it. G ~ X has completely positive entropy if and only if A(X,G) is dense in X.

The “if” direction of consequences (i) and (ii) in the above statement, i.e. non-triviality and
denseness of the homoclinic group A(X,G), imply that G ~ X has positive entropy and completely
positive entropy respectively, is in fact valid in much wider generality. It is known for all amenable
groups [26], and for all groups in the sense of naive topological entropy [56]. It is even true without
assuming that X is abelian, for all groups in the sense of naive topological entropy and for all sofic
groups in the sense of sofic topological entropy (see Corollary 7.3). A recent result of Hayes shows that
when A(X,G) is replaced by the subgroup of square summable homoclinic points, it is also true for
sofic groups without assuming expansivity [46, Theorem 1.3]. The “only if” direction (the existence
of non-trivial homoclinic points from positive entropy and denseness of the homoclinic group from
completely positive entropy) is much more difficult to establish. It is still open whether the “only if”
direction holds for all finitely presented algebraic actions of amenable groups. The crucial statement
of the second part of the theorem is that the “only if” direction holds in the aforementioned cases.
Both directions were first established by Lind and Schmidt [68] in the case G = Z¢, using commutative
algebra tools. The case where ZG is left Noetherian was proven by Chung and Li [26] using local
entropy theory, Peters’ entropy formula and Yuzvinskii’s addition formula for entropy. Besides local
entropy theory, our proof uses techniques of von Neumann algebras to prove the strong TMP, and then
straightforward combinatorial arguments to obtain the conclusion. We also present examples where
this conclusion does not hold when assuming weaker hypotheses.

For every polycyclic-by-finite group G, the group ring ZG is left Noetherian [42] [76, Theorem
1.5.12]. Tt is a long standing conjecture that the converse holds. Recall that the class of elementary
amenable groups is the smallest class of groups containing all finite groups and all abelian groups
and is closed under taking subgroups, quotient groups, extensions, and inductive limits [28]. A result
of Linnell says that if there is an upper bound on the orders of finite subgroups of an elementary
amenable group G, then the strong Atiyah conjecture holds for G [72, Theorem 1.5] [74, Theorem
10.19]. In particular, for any polycyclic-by-finite group G, there is an upper bound on the orders of
finite subgroups of G and the strong Atiyah conjecture holds for G. Recall that a unital ring R is called
a domain if for any a,b € R with ab = 0 one must have either a = 0 or b = 0. If CG is a domain, then
G is torsion-free. Kaplansky’s zero-divisor conjecture asserts that the converse holds. For torsion-free
amenable groups, the strong Atiyah conjecture is equivalent to Kaplansky’s zero-divisor conjecture



[74, Lemma 10.16]. In particular, if G is amenable and CG is a domain, then G satisfies the strong
Atiyah conjecture and 1 is an upper bound on the orders of finite subgroups. Also recall that G is
said to be left orderable [80] if there is a total order < on G such that s < ¢ implies gs < gt for
all g,s,t € G. Based on his work on the strong Atiyah conjecture, Linnell showed that if G has a
torsion-free elementary amenable normal subgroup H such that G/H is left orderable, then CG is a
domain [73, Theorem 8.9]. In particular, if G is torsion-free elementary amenable or left orderable,
then CG is a domain. In [39] Grigorchuk constructed a finitely generated group of intermediate growth
(so amenable but not elementary amenable [24]), which was shown to left orderable by Grigorchuk and
Maki [40].

The strong Atiyah conjecture fails for the lamplighter group (Z/2Z) 1 Z [41]. So far there is no
counterexample for the strong Atiyah conjecture in the case there is an upper bound on the orders of
finite subgroups.

The finitely presented condition in (2) of Theorem 1.1 is natural since for any expansive algebraic
action G ~ X of a countable group G, the Pontryagin dual X of X is a finitely generated left ZG-
module [90]. In particular, when ZG is left Noetherian, X is finitely presented for every expansive
algebraic action G ~ X of G. In general, when ZG is not left Noetherian, we expect much better
dynamical properties for algebraic actions G ~ X with X finitely presented than just X finitely
generated. For instance, Meyerovitch [77] has constructed an expansive algebraic action of an infinite
locally finite abelian group with positive entropy and trivial homoclinic group, in which X is finitely
generated but not finitely presented.

Homoclinic points were first studied by Poincaré [2], and are used in the study of smooth dynamical
systems [86, 27] (note that Anosov diffeomorphisms are expansive and have the pseudo-orbit tracing
property [3, Theorem 1.2.1]). Recently, Meyerovitch [77] showed that every expansive action of an
amenable group on a compact metrizable space by homeomorphisms, which has positive topologi-
cal entropy and which satisfies the pseudo-orbit tracing property, must have off-diagonal asymptotic
pairs. Schmidt showed that expansive actions of polycyclic-by-finite groups on zero-dimensional com-
pact metrizable groups by continuous automorphisms satisfy the pseudo-orbit tracing property [90,
Corollary 2.3, Theorems 3.8 and 4.2], thus Meyerovitch’s result applies to such actions. However,
Meyerovitch’s result does not apply to all expansive algebraic actions of polycyclic-by-finite groups as
Bhattacharya constructed an expansive algebraic action of a polycyclic group which does not have the
pseudo-orbit tracing property [7]. We improve Meyerovitch’s result by showing that the pseudo-orbit
tracing condition in his result may be replaced by the condition of satisfying the strong TMP (Corol-
lary 6.10). This provides a broader dynamical setting than the pseudo-orbit tracing property, which
also assures the existence of off-diagonal asymptotic pairs under the assumption of positive topological
entropy. Our proof of Theorem 1.1 rests on the fact that both of the conditions stated in the theorem
imply that the action has the strong TMP (Theorem 4.3).

We also study analogous results in the context of non-amenable group actions. Entropy theory
beyond the scope of actions of amenable groups has only been introduced recently. For sofic group ac-
tions the theory of measurable entropy was introduced by Bowen in [15] and its topological counterpart
along with a variational principle by Kerr and Li [55]. Another notion, naive entropy, which applies to
actions of any countable group was formally introduced respectively in the measurable and topological
settings by Bowen [17] and Burton [18] although in the amenable case the notion is already present
in the work of Downarowicz, Frej and Romagnoli [32]. The naive entropy can only take the values 0
or +oo for action of non-amenable groups [17, 18], thus is not suitable as an invariant for classifying
actions. However, it is very suitable for discussing whether the entropy is positive or not [65]. We
provide an example of an expansive algebraic symbolic action of the free group with two generators
which has uniformly positive naive entropy but whose homoclinic group is trivial (Example 7.6), thus
showing that Theorem 1.1 does not extend naively into the context of non-amenable group actions.

The TMP provides a condition which ensures that under simple conditions a group action has
positive topological entropy. Assuming the TMP, we show that expansivity and the existence of an
off-diagonal asymptotic pair (and a necessary technical condition) is enough to ensure both positive
topological naive and sofic entropy (Theorems 6.1 and 6.4). This gives easy criteria to show positive
entropy for all sofic approximation sequences. For example, we use this result to show that expan-
sive algebraic actions with nontrivial homoclinic group (see Corollary 7.3) and hard-square models
(see Example 6.6) in sofic groups have positive sofic entropy for any sofic approximation sequence.

The results explained in the previous paragraphs are given in the context of local entropy theory.
Classical local entropy theory was initiated by Blanchard when he introduced the concept of entropy



pairs [9, 10] and developed quickly in [11, 12, 13, 14, 36, 47, 48, 50] (for a survey on local entropy theory
see [37]). Later on a combinatorial approach was given by Kerr and Li in [53], and further developed
in [26, 44, 49, 54, 56, 58, 65]. One advantage of local entropy theory is that it provides necessary
and sufficient conditions for uniform positive entropy (an action which has positive topological entropy
with respect to any standard open cover).

The paper is organized as follows. In Section 2 we provide the definitions of several classical notions
which will be used through the paper. Particularly, we provide definitions of topological classical, sofic
and naive entropy and their local versions. We also provide a few notions on shift spaces and we define
the pseudo-orbit tracing property.

In Section 3 we introduce our topological Markov properties and their uniform versions. We prove
several structural results of the topological Markov properties, in particular, we describe the connection
between uniformity and expansivity, which shall be used extensively in the remainder of the paper. We
also present several examples of group actions which satisfy different types of Markovian properties,
which show that all the classes we introduce are relevant.

In Section 4 we study the Markovian properties in the setting of algebraic actions. We show that
every action of a countable group on a compact metrizable group by continuous automorphisms has
the TMP (Proposition 4.1) and that a large class of finitely presented expansive algebraic actions of
amenable groups have the strong TMP (Theorem 4.3).

In Section 5 we study the Markovian properties in the setting of minimal group actions. In particular
we show that minimal expansive group actions have the TMP if and only if they do not admit off-
diagonal asymptotic pairs (Theorem 5.1).

In Section 6 we present our results regarding the connection between topological entropy and
asymptotic pairs in the setting of Markovian properties. First we give conditions under which the
existence of off-diagonal asymptotic pairs of an action which satisfies the TMP give rise to positive
entropy (Corollaries 6.2 and 6.5). Then we give conditions under which an action with positive entropy
which satisfies the strong TMP has off-diagonal asymptotic pairs (Corollary 6.10).

In Section 7 we put together the results from the previous sections and present applications to

algebraic actions, minimal actions and subshifts which are the support of some Markovian measure.
In particular we prove Theorem 1.1 and show that a minimal expansive action of an amenable group
which satisfies the strong TMP always has zero topological entropy (Corollary 7.13). We also provide
an example which shows that an analogue of Theorem 1.1 does not hold in the free group for naive
entropy, even for subshifts of finite type.
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2 Preliminaries

Throughout this paper N denotes the set of positive integers and G denotes a countably infinite group
with identity eg. We denote by F' € G a finite subset of G.

Let 6 > 0 and K € G. A nonempty set F' € G is said to be left (K, §)-invariant if |[KFAF| < §|F.
A sequence of nonempty finite subsets {F}, },en of G is said to be left asymptotically invariant or
left Fglner if it is eventually left (K, d)-invariant for every nonempty K € G and 6 > 0. From this
point forward we shall omit the usage of the word left and speak plainly about a Fglner sequence.
A countable group G is amenable if it admits a Fglner sequence. Elementary amenable groups and
finitely generated groups of subexponential growth are all amenable.

For n € N we write Sym(n) for the group of permutations of {1,...,n}. A group G is sofic if
there exist a sequence {n;},.y of positive integers which goes to infinity and a sequence ¥ = {0;: G —



Sym(n;)}2, that satisfies

1
lim — {v e {l,...,n;}: 0i(st)v = 0;(s)o;(t)v}| =1 for every s,t € G

i—00 M

lim 1 Hv e {l,...,n;}:0i(s)v # o;(t)v}| =1 for every s #t € G.
1—00 1;

In this case we say X is a sofic approximation sequence of G. Amenable groups are all sofic. We
refer the reader to [19, 20, 84] for general information about amenable groups and sofic groups.

A (left) action of the group G on X is represented by G ~ X. In this paper we shall always
assume that X is a compact metrizable space and that G acts by homeomorphisms. We denote by d
a compatible metric on X.

We say G ~ X is expansive if there exists ¢ > 0 such that whenever x,y € X if z # y then there
exists g € G such that d(gz, gy) > ¢. The value c is called an expansivity constant of G ~ X.

Let G ~ X be an action, k > 2 and € > 0. We say (z1,...,z;) € X* is an e-asymptotic tuple if
there exists F' € G such that for every g ¢ F and 1 < ,j < k, one has d(gz;, gz;) < e. Furthermore,
we say (z1,...,2Tx) is an asymptotic tuple if it is e-asymptotic for every € > 0.

Notation 2.1. We denote by A5 (X, G) the set of all (z1,...,xx) € X* which are e-asymptotic and by
Ap(X, G) = Nos0 AL(X, G) the set of asymptotic k-tuples.

Remark 2.2. When G = Z, asymptotic pairs are sometimes called bilateral asymptotic pairs or
two-sided asymptotic pairs to avoid confusion with the weaker notion of forward asymptotic pairs,
for which the only requirement is that lim,, . d(nz1,nzs) = 0.

Let G ~ X and G ~ Y be two actions of G. A function 7: X — Y is G-equivariant if gr(x) =
m(gz) for every g € G and x € X. A G-equivariant function as above is called a topological factor
if it is continuous and surjective, and is called a topological conjugacy if it is a homeomorphism. If
there exists a topological conjugacy between X and Y we say G ~ X and G ~ Y are topologically
conjugate.

Let G ~ X be an action. A Borel probability measure p on X is G-invariant if for every Borel
set A C X and g € G, we have u(A) = u(g~1A). In this case we say that G ~ (X, u) is a probability
measure preserving (p.m.p.) action. For p.m.p. actions G ~ (X, u) and G ~ (Y, v) we say that
G ~ (Y,v) is a factor of G ~ (X, u) if there is a G-invariant conull set X’ C X and a G-equivariant
measurable map 7: X’ — Y such that pu(m~1(A)) = v(A) for every Borel set A C Y. Furthermore,
we say that G ~ (X, u) and G ~ (Y,v) are isomorphic if there are G-invariant conull sets X’ C X
and Y’ C Y and a G-equivariant bimeasurable bijection m: X’ — Y’ such that u(7m=1(A4)) = v(A) for
every Borel set A C Y.

2.1 Entropy theory

In what follows we shall provide several definitions and results on entropy theory. For a more detailed
exposition of these topics we refer the reader to [31, 85, 93] for ample background on entropy theory
of Z-actions, and to [58, 79] for entropy theory of actions of amenable and sofic groups.

2.1.1 Topological entropy for actions of amenable groups

Given two open covers U,V of X we define their join by U VvV ={UNV:U €U,V € V}. Forge G
let g = {gU : U € U} and denote by N(U) the smallest cardinality of a subcover of U. If F' is a
nonempty finite subset of G, denote by &% the join

ut = \/ g .
geF

Let G be an amenable group, G ~ X an action, U an open cover of X and {F,},en a Folner
sequence for G. We define the topological entropy of G ~ X with respect to U/ as

1
htop(GmX,U)z lim ——

log N (U™™).



The function F' + log N (UF") is subadditive and thus the limit exists and does not depend on the choice
of Fglner sequence, see for instance [82, 60] [58, page 220]. The topological entropy of G ~ X is
defined as
hiop(G ™ X)) = sup hiop(G ™~ X, U).
u

2.1.2 Naive topological entropy

Let G »~ X be an action and U an open cover of X. We define the naive topological entropy of
G ~ X with respect to U as

hid (G~ X,U) = inf 1

F
top oAFEG |F| IOgN(u )

The naive topological entropy of G ~ X is defined as
hioo (G ~ X)) = sup hig (G ~ X, U).
u

top top
The notion of naive entropy was introduced by Burton [18]. He showed that in the case of a
non-amenable group hiy (G'~ X) can only take the values {0, +oc}.

2.1.3 Sofic topological entropy

The following notion of topological entropy for sofic group actions was introduced by Kerr and Li [55]
following the breakthrough of Bowen for probability-measure-preserving actions [15].

Let G ~ X be an action. Let F € G,J > 0,n € N, and 0: G — Sym(n). We define Map(d, F, J, o)
as the set of all maps ¢: {1,...,n} — X such that

N 1/2
(TIL Zd((p(a(s)v), s<p(v))2> < ¢ for every s € F.
v=1

Write N.(Y,ds) for the maximum cardinality of a subset Y’ of ¥ € X 11"} such that whenever
@1, 2 are distinct in Y/ then max,c 1, n} d(@1(v), p2(v)) > €.

Let G be a sofic group and ¥ = {0;: G — Sym(n;)} a sofic approximation sequence for G. The
topological sofic entropy of G ~ X with respect to X is

1
htzop(G ~ X) =sup inf inflimsup — log N.(Map(d, F',6,0;), d).

>0 FEG >0 ;400 Ty

The value of hZ

iop(G ™ X)) does not depend on the choice of d by [58, Proposition 10.25].

Remark 2.3. If G is a countable amenable group, then the classical topological entropy of a G-action
coincides with the naive topological entropy [32, Theorem 6.8] and the topological sofic entropy [57,
Theorem 5.3] [58, Theorem 10.37] for any sofic approximation sequence.

2.1.4 Measure-theoretical entropy and the variational principle

Let G ~ (X, p) be a p.m.p. action. For a finite partition P of X consisting of Borel sets the Shannon
entropy of P with respect to u is given by

Hy(P) =" —pu(A)log u(A).

AeP

For an amenable group G, the measure-theoretical entropy of G ~ (X, ) with respect to P is
given by
1
hy(G~X,P)= lim —

n— 00 |Fn|

IOg HH( \/ gilfp)a
geF,

where {F,}nen is a Folner sequence. The measure-theoretical entropy of G ~ (X, p) is the
supremum of h,(G ~ X, P) taken over all finite partitions:

hy(G~X)= sup h,(G~ X,P).
P finite



The variational principle relates the topological entropy with the measure-theoretical entropy
through the following formula.

Theorem 2.4. [79, Theorem 5.2.7] Let G be an amenable group and G ~ X an action, we have

hiop(GX)= sup  h, (G~ X).
pEM(GAX)

where M(G ~ X)) denotes the space of all Borel G-invariant probability measures on X.

For a p.m.p. action G ~ (X, u1) of a sofic group G, there is the notion of the measure-theoretical
sofic entropy hE(G ~ X)) with respect to a sofic approximation sequence ¥ for G introduced by
Bowen [15]. An analogous variational principle for sofic entropy was established by Kerr and Li [55].

2.2 Local entropy theory

In the seminal papers [9, 10], Blanchard introduced the notion of entropy pairs. These can be used
to give a local characterization of positive entropy. This work was the birth of what is now called
local entropy theory (see [37] for a survey). A combinatorial counterpart of that theory is the notion of
independence which can also be used in the context of non-amenable group actions. For an introduction
to the subject see [58, Chapter 12].

Notation 2.5. For each k € N, we represent by Ap(X) the diagonal of X*, that is, the set of all
tuples (z,x,...,x) € X*.

2.2.1 Orbit independence entropy tuples

Let G ~ X be an action and A = (Ay,...,A4,) a tuple of subsets of X. We say J C G is an
independence set for A if for every nonempty I € J and every ¢: I — {1,...,n} we have

ﬂ 8_1A¢(5) #+ @.

sel

We define the independence density of A (over G) to be the largest ¢ > 0 such that every set
F € G has a subset of cardinality at least ¢ |F'| which is an independence set for A.

Definition 2.6. [56, Definition 3.2] Fiz an integer k > 1. We say a tuple x = (z1,...,zx) € X* is an
orbit independence entropy tuple (orbit IE-tuple) if for every product neighborhood Uy X - - - X Uy,
of x the tuple U = (Un,...,Uy) has positive independence density. We denote the set of orbit IE-tuples
of length k by IEx(X, G).

An open cover U of X is called standard if 4 = {U;,Us} such that none of Uy, Us is dense in X.
We say an action G ~ X has naive uniform positive entropy (naive UPE) if for each standard

cover U we have that hiy (G~ X,U) > 0. The notion of UPE was defined in the context of Z-actions

by Blanchard [9] and naive UPE is a natural generalization in the context of naive topological entropy.

Theorem 2.7. Let G ~ X be an action.

1. [65, Theorem 2.5] If IEo(X, G) \ Na(X) # &, then b (G ~ X) > 0.

top

2. [58, Theorems 12.19 and 12.25] If G is amenable and hyop(G ~ X) > 0, then for each k € N
there is some (x1,...,2x) € IEx(X, G) such that z1,. ..,z are distinct.

3. [65, Theorem 2.5] IE5(X,G) = X2 if and only if G ~ X has naive UPE.

4. [56, Lemma 6.2] We have that J, e v~ x) SUPP(1) C IE1(X, G), where M(G ~ X)) is the set
of G-invariant Borel probability measures on X and supp(u) denotes the support of .

Consequently with the third point of Theorem 2.7, for k£ > 2 we shall say that G ~ X has naive
UPE of order k if IE;(X,G) = X*. We also say that G ~ X has naive UPE of all orders if it
has naive UPE of order k for all & > 2.



2.2.2 Sofic independence entropy tuples

Let G be a sofic group, G ~ X an action and A = (A, ..., Ag) a tuple of subsets of X. Given F € G,
d>0,neNand o: G— Sym(n), wesay J C {1,...,n}is a (d, F,§,o)-independence set for A if
for every w: J — {1,...,k} there exists ¢ € Map(d, F, 6, 0) such that ¢(a) € A, ) for every a € J.

Definition 2.8. [58, Definitions 12.33 and 12.34] Let G be a sofic group, G ~ X an action and
Y = {o;: G = Sym(n;)},cy @ sofic approvimation sequence for G. We say a tuple A = (Ay, ..., Ag)
of subsets of X has positive upper independence density over X if there exists g > 0 such that
for every FF € G and 0 > 0 there exists an infinite set of i for which A has a (d, F, 0, 0;)-independence
set of cardinality at least gn;. This property does not depend on the choice of the metric d, see [58,
Lemma 10.24].

We say x = (x1,...,7x) € X* is a sofic independence entropy tuple with respect to ¥ (%-
IE-tuple) if for every product neighborhood Uy X - -- x Uy, of x the tuple U = (Uy,...,Uy) has positive
upper independence density over 3. We denote the set of X-1E-tuples of length k by IEE(X, QG).

Theorem 2.9. [58, Theorem 12.39] Let G be sofic, ¥ a sofic approzimation sequence for G, and
G ~ X an action. Then

1. IEY(X,G) # @ if and only if he, (G ~ X) > 0.

top

2. IEZ(X,G) \ Aa(X) # @ if and only if hZ (G ~ X) > 0.

top

Given a sofic group G and a sofic approximation sequence ¥ for G, for k > 2 we say G ~ X has
sofic UPE of order £ if IEY(X,G) = X*. We also say that G ~ X has sofic UPE of all orders
if it has sofic UPE of order k for all k& > 2.

Remark 2.10. Every X-IE-tuple is an orbit IE-tuple [56, Proposition 4.6] but there might exist orbit
IE-tuples that are not X-IE-tuples for any . Nonetheless, if G is amenable then every orbit IE-tuple
is a X-IE-tuple for every ¥ [56, Theorem 4.8]. In this case we call naive/sofic UPE simply UPE.

2.3 Shift spaces and the pseudo-orbit tracing property

Given a nonempty finite set A, we say X C A is a G-subshift or G-shift space if X is closed under
the product topology and G-invariant under the left shift action G ~ A® given by

gz(h) = z(g~'h) for every g,h € G.

Elements € A® are called configurations. A pattern is an element p € A4 for some A € G.
For a pattern p € A? let us denote by [p] = {x € A® : z|4 = p} the cylinder centered at p. A set
X C A% is a subshift if and only if there exists a set F of patterns which generates X, that is, X = Xr
where,

Xr=A%\ | gl

g€G,peF

In other words, X is the set of all configurations € AY where no translation of a pattern p € F
appears in x. If there exists a finite set F of patterns such that X = Xz, then we say that X is a
subshift of finite type (SFT).

Let G ~ X be an action, § > 0 and S € G. An (5,6) pseudo-orbit is a sequence {z4}g4eq of
elements in X such that d(sz4,zs4) < 6 for every s € S and g € G. We say a pseudo-orbit is e-traced
by z € X if d(gz,z,) < ¢ for every g € G.

An action G ~ X has the pseudo-orbit tracing property (POTP) if for every € > 0 there
exist 6 > 0 and S € G such that any (5, J) pseudo-orbit is e-traced by some point x € X. The POTP
is also known as shadowing. For a shift space, POTP coincides with the notion of SFT [92, 81] [25,
Theorem 3.2].



3 Topological Markov properties: results and examples

3.1 Topological Markov properties

In what follows the following notation shall be useful.

Notation 3.1. For an action G ~ X, a set K C G, and x,y € X, we shall write

dr (z,y) = sup d(gz, gy).
geEK
Definition 3.2. Let G ~ X be an action, and €,0 > 0. We say that B € G is an (e,d)-memory set
for A C B if for every pair x,y € X satisfying dp\ a(x,y) < 0 there exists z € X such that dp(x,z) < €
and dg\a(y, 2) < €.

In [22] the authors introduced the notion of topological Markov field. A topological Markov
field is a subshift X C A% which has the following property: for every pair of configurations z,y € X
for which there are n,m € Z so that n < m, z, = y, and x,, = y.,,, we have that the configuration
z € A? given by

2() = {x(z) 1fz e{n,...,m}
y(i) itieZ\{n,...,m}

belongs to X. In terms of memory sets, this property is stating that for an adequate choice of €,
(which depends upon d) an (e, d)-memory set for an interval A = {n +1,...,m — 1} is the interval
B = {n,...,m}. The notion of topological Markov field was in turn generalized to the concept of
(strong) topological Markov property for subshifts on arbitrary countable groups in [6]. We shall give
a natural generalization of these properties to the non-symbolic setting.

Definition 3.3. An action G ~ X has the:

1. Topological Markov property (TMP) if for every € > 0 there exists § > 0 such that every
A € G admits an (g,9)-memory set for A.

2. Strong topological Markov property (strong TMP) if for every e > 0 there exist 6 > 0 and
F € G containing the identity, such that every A € G admits F A as an (g,d)-memory set for A.

3. Mean topological Markov property (mean TMP) if for every e > 0 there exists 6 > 0 and
an increasing sequence {F,}nen of finite subsets of G with union G such that for each n € N
there is an (g,0)-memory set F,, for F, so that |F, \ F,| = o(|Fy|).

Now we introduce uniform versions of the topological Markov properties. These are mainly technical
conditions needed for the results in the following sections.

Let B € G. We say that a set V C G is B-separated if Bv; N Bvy = & whenever v, # vo and
V1,V € V.

Definition 3.4. Let G ~ X be an action, €,0 > 0, and A € G. We say that an (g,0)-memory
set B for A is uniform, if for any B-separated V € G, x, € X forv € V and y € X such that
d(p\ Ay (Tv,y) < 0 for every v € V, there exists z € X such that dp,(z,,) < € for every v € V and

denav(z,y) <e.

Remark 3.5. If an (g, §)-memory set B is uniform, it follows by compactness that in fact the above
property holds for any B-separated V C G, even if it is not finite.

Definition 3.6. We say that an action G ~ X has the uniform (mean/strong) topological
Markov property if it satisfies the (mean/strong) topological Markov property with a memory set
which is uniform.

If two metrics d and d’ on X are both compatible with the given compact topology on X, then for
any € > 0 there is some &’ > 0 such that for any x,y € X satisfying d'(x,y) < &’ one has d(z,y) < e.
It follows that the topological Markov properties do not depend upon the choice of the metric as long
as it is compatible with the topology of X. Hence, they are invariants of topological conjugacy.



3.2 Structural results

We say that a continuous pseudometric p on X is dynamically generating for an action G ~ X [58,
Definition 9.35] if for any distinct ,y € X one has sup,cq p(sx,sy) > 0. As in the case of a metric,
for K C G we denote pg(x,y) = sup,c g p(sT, 5Y).

Proposition 3.7. Let p be a dynamically generating continuous pseudometric on X for an action

G ~ X. Then the following hold.

1. G ~ X has the TMP if and only if for any € > 0 there is some § > 0 such that for any A € G
there is some B € G containing A so that for any x,y € X with pp\a(x,y) < 0 there is some
z € X with pp(z,7) < e and pea(z,y) < €.

2. G ~ X has the strong TMP if and only if for any € > 0 there are some § > 0 and F € G
containing e such that for any A € G and any v,y € X with ppa\a(x,y) < 0 there is some
z € X with pra(z,x) <€ and pera(2,y) < e.

Proof. We shall prove (1). The proof for (2) is similar.
Take a function f: G — (0,1] with > . f(s) < oo and f(eg) = 1. For any z,y € X, put

Zf (s, sy).

seG

Then it is easily checked that d is a compatible metric on X and d > p.

We prove the “only if” part first. Assume that G ~ X has the TMP. Let € > 0. Then there is
some 0 > 0 such that for any A € G there is some B4 € G containing A so that for any z,y € X with
dp\a(z,y) < & there is some z € X with dp,(z,2) < § and dg\A(z y) < 5. Take a K € G with
e € K = K1 such that diam(X, p) Yseavr [(8) < S Put &' = 2\K| min(e,d) > 0. For A € G, let
B’ = KBk 4. Then B’ is a finite subset of G containing A, and K(Bga \ KA) C B'\ A. Let z,y € X
with ppna(z,y) < 6. For any s € Bra \ KA, we have

d(sz, sy) Z F@)p(tsz,tsy) + Z f(t)p(tsz, tsy) < |K|6" + g <.
teK teG\K

Thus there is some z € X with dp,,(z,2) < § and dg\ga(z,y) < 5. For any s € Bga, we have
p(sz,sx) < d(sz,sx) < 5. Forany s € G\ KA, we have p(sz, sy) < d(sz,sy) < 5. Forany s € KA\ A,
we have .

p(sz,sy) < p(sz,sx) + p(sx, sy) < d(sz,sx) +§ < 3t § <e.

For any s € B’ \ Bia, we have
pls2.52) < plsz.su) + ploy,sw) < & +5/ <=

This proves the “only if” part.

Next we prove the “if” part. Let ¢ > 0. Take a K € G with e¢ € K = K~! such that
diam(X, p) > sean i f(8) < §. Put & = gz > 0. By assumption, there is some 6’ > 0 such that
for any A € G there is some B); € G containing A so that for any z,y € X with pp/\a(z,y) < 0’
there is some 2 € X with pp/ (2,2) <&’ and pe\a(2,y) < &'. Put § = min(¢’,¢’) > 0. Let A € G. Put

B =Bj.,, > K?AD A. LetxyeGW1tth\A(xy)<6 Then

<d <6< .
seB}r(Izli}\{I@A plst, sy) < dpya(@,y) <0 <

Thus there is some z € X with pB;(2A(z,:c) < ¢ and pe\k24(z,y) <€ For any s € KA, we have

d(sz, sx) Z f@)p(tsz, tsx) + Z f(t)p(tsz, tsx) < |K|e" +

teK teG\K

<

NS
ol o

For any v € K2A\ A C B\ A, we have

p(vz,7y) < p(vz,yx) + p(yz,vy) <& +d(va,vy) <& +4.

10



Thus p(vyz,vy) <&’ 46 for all v € G\ A. Then for any s € G\ KA, we get

d(sz,sy) = Y f(D)pltsz,tsy) + Y f(D)p(tsz tsy) < |K|(' +6) +

teK teG\K

PR
N ™

For any s € KA\ A, we have

d(sz,sy) < d(sz,sx)+ d(sz,sy) < % +0<e.
For any s € B\ KA, we have

d(sz,sx) < d(sz,sy) + d(sy, sz) < g +i<e.

Therefore G ~ X has the TMP. This proves the “if” part. O

Let X C A® be a G-subshift. For any z,y € X, put

p<x7y) — {1 if I’(BG) 7& y(eG)

0 otherwise

Then p is a dynamically generating continuous pseudometric for G ~ X. Thus from Proposition 3.7
we get the following corollary.

Corollary 3.8. Let X C A% be a G-subshift. The following hold.

1. G ~ X has the TMP if and only if for any A € G there is some B @ G containing A so
that for any x,y € X with x =y on B\ A the configuration z € A® such that z|4 = z|a and

Z\G\A = y|G\A lies in X.

2. G ~ X has the strong TMP if and only if there is some F @ G containing the identity, such
that for any A € G and any z,y € X with x =y on AF \ A the configuration z € A® such that
zla=xla and z|lc\a = yla\a lies in X.

In particular, we recover the original definitions introduced for subshifts in [6, Section 2.5.1]. Before
stating the relation between the POTP and the TMP properties, we shall state the following technical
lemma.

Lemma 3.9. Let G ~ X be an action, F € G witheq € F = F~! and 6 > 0. There exists n > 0
such that for any A € G, any FA-separated V. C G, any x, € X forv € V, and y € X satisfying
dpa\ay(Tv,y) < for allv € V, we have that {w,} cq is an (F,0) pseudo-orbit, where

| yxy if v € Av for somev eV
R 7 ify€G\AV

Proof. Take 0 < 1 < ¢ such that, for any z,y € X with d(z,y) <7, we have dp(z,y) < . Let A,V,z,
and y be as in the statement. We need to check d(sw,,ws,) < ¢ for all s € F and v € G. Fix s € F.
The only nontrivial cases are (1) v € Av for some v € V and sy € G\ AV, and (2) v € G\ AV and
sy € Av for some v € V.

Consider the case (1). Then sy € (FA\ A)v, and hence

d(swy, wsy) = d(s7Ty,87y) < < 6.

Now consider the case (2). Note that sy € Av and s~!(sy) € G\ AV, and hence from the case (1)
we have
d(s gy, wy) <.

From our choice of n we get d(ws, sw,) < § as desired. O

Proposition 3.10. Let G ~ X be an action. The following implications hold.
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G ~ X has POTP ——— G ~ X has uniform strong TMP — G ~ X has uniform TMP

ﬂ ﬂ

G ~ X has strong TMP ———= G ~ X has TMP

Proof. The fact that the uniform versions imply the non-uniform ones follows by taking V' = {eg}.
The implications showing that (uniform) strong TMP implies (uniform) TMP are also trivial. Let us
show that if G ~ X has the POTP then G ~ X has the uniform strong TMP.

Let € > 0. By the POTP, there exist 6 > 0 and S € G such that every (S,d) pseudo-orbit is
$-traced by some z € X. Take F' € G such that F' D S and eg € F = F~!. Choosing 6 < 5 we can
apply Lemma 3.9 to obtain 1 < §, such that for any A € G, any F A-separated set V C G, any x, € X
for v € V, and y € X satisfying d(pa\ a)o(70,y) <7 for all v € V, we have that {w,},eq defined by

vz, if v € Av for some v € V
Wy = )
vy ifyeG\AV

is an (5,9) pseudo-orbit. By the POTP, there exists z € X which §-traces {w,},cq. Therefore, for
every v € V and g € FAv we have that either g € Av, and thus d(gz,gz,) = d(gz,wy) < §, or
g € (FA\ A)v and thus d(gz, gz,) < d(9z,9y) + d(gy, gxv) < d(gz,wy) +n < €. For g € G\ AV we
have d(gz, gy) = d(gz,wy) < 5. This shows that F'A is a uniform (g, 7)-memory set for A and hence
that G ~ X has the uniform strong TMP. O

Proposition 3.11. Let G be an amenable group and G ~ X an action. The following implications
hold.

G X G X G X
has uniform strong TMP = has uniform mean TMP =~ has uniform TMP

ﬂ ﬂ ﬂ

G ~ X has strong TMP =———=> G ~ X has mean TMP =———= G ~ X has TMP

Proof. As before, the uniform versions imply the non-uniform versions by choosing V' = {eg}. Since
G is amenable, there exists an increasing Fglner sequence {F), },en for G with union G. If G ~ X has
the (uniform) strong TMP, for any ¢ > 0 there are 6 > 0 and K € G containing the identity such that
KF, is a (uniform) (¢, d)-memory set for F,,. As {F,}nen is Folner, we have that | K F,,\ F,,| = o(|Fy,|)-
Thus G ~ X has the (uniform) mean TMP.

If G ~ X has the (uniform) mean TMP then for every € > 0 there are 0 < 0 < § and an increasing
sequence {F, },en of finite subsets of G with union G for which there are finite (uniform) (§, §)-memory
sets E/L It suffices to choose for every A € G a value of n large enough such that A € F}, and thus F,:
is a (uniform) (e, §)-memory set for A. O

Now we will see that an expansive action has the TMP if and only if it has the uniform TMP. Note
that for any F' € G and 0 > 0, if {z¢ }+e¢ is an (F, 6) pseudo-orbit, then so is {x¢4}+cq for any g € G.
The following lemma is only stated for G = Z in the reference, but its proof works for all countable
groups.

Lemma 3.12 (Propositions 1 and 2 of [1]). Let G ~ X be an action and ¢ > 0. The following are
equivalent:

1. ¢ is an expansivity constant for G ~ X.

2. For any € > 0, there exist F € G and § > 0 such that for any two (F, ) pseudo-orbits {xi}ica
and {yt }rea, if d(xe,ye) < c for allt € G, then d(x,y:) < e for allt € G.

3. For any e > 0, there exists W € G such that for any x,y € X, if dw(z,y) < ¢, then d(z,y) < €.
Theorem 3.13. Every expansive action G ~ X with the TMP has the uniform TMP.
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Proof. Let ¢ > 0 be an expansivity constant for G ~ X. Let 0 < ¢ < ¢. We have F and ¢
in Lemma 3.12.(2) for 5. Replacing F by F'U F~1U{eg}, we may assume that eg € F = F~!. Then
we have 7 in Lemma 3.9 for F' and 6.

Since G ~ X has the TMP, there is some 0 < 7 < min(7, 5) such that for any A € G there is
some B4 € G containing A such that for any x,y € X satisfying dg,\ a(z,y) < 7, there is some z € X
such that dp,(z,7) < § and deg\a(z,y) < 5. Take W in Lemma 3.12.(3) for 7. Replacing W by
W UW~tU{eg}, we may assume that eg € W = WL, Let A € G. Then we have B4 and By as

above. Put B= B4 UW By UFA € G. We shall prove the following claim.

Claim: For any B-separated V € G and any z, € X forv € V and y € X satisfying d(p\ ayo (20, y) < 7
for all v € V, there is some z € X such that da,(z,2,) < § forall v € V and dg\av (2,y) < 5.

Assume the claim holds. As 7 < 5, we have that for any such finite set V, dp, (2, z,) < € for every
v eV and dg\ av(z,y) < e. This is exactly what we wanted to show.

To prove the claim, we argue by induction on |V|. Consider first the case |V| = 1. Say, V = {v}.
Let 2,y € X with d(p\ a)v(Tv,y) < 7. Then d(s(vw,),s(vy)) < 7 for all s € B\ A, in particular
for all s € B4\ A. Thus by our choice of By there is some z € X such that dp, (z,vx,) < § and
de\a(z,vy) < 5. Putting 2’ = v™'z, we have dp,o(2/,2,) < § and dg\ a,(2',y) < §. This proves the
case |[V| = 1.

Assume that the claim holds for |V| = n. Let V' € G be B-separated with |V| = n + 1, and let
r, € X for v € V and y € X with d(p\a)y(®y,y) < 7 for all v € V. Take vo € V. Applying the
inductive hypothesis to V'\ {vg} we find some u € X such that da,(u,z,) < § for all v € V'\ {vg}, and
dena(v\{vo}) (U, y) < 5. For any g € Bywa \ WA and any s € W, we have sg € WBwa \ A C B\ 4,
and hence .

d(sguots, SgUoTy, ) < d(sgvou, sguoy) + d($gUoZ v, , SGUOY) < 3 +7<ec.

From our choice of W, we get dp,, ,\w 4 (vou, voTy,) < 7. From the TMP and our choice of By a, we
obtain there is u’ € X such that dp,, , (W, v0%,) < § and deywa (v, vou) < 5. Put 2 = vy '/ € X.

Then dpy, ,v, (2, Tv,) < § and de\w av, (2,u) < 5. For any v € V'\ {vg} and s € Av, we have

sz, 52,) < d(sz,su) + d(su,52,) < =+ = <.

For any s € Avg C W Avg, we have d(sz,s2,,) < 5 < c. For any s € G\ (AV UW Av), we have

<ec.

d(sz,sy) < d(sz, su) + d(su, sy) < g +

DN ™

For any s € W Avg \ Avg, we have
d(sz,sy) < d(sz, 8%y, ) + d($Tay, sY) < g +7<ec.

Put w, = vz, for all v € V and v € Av and w,, = vy for all v € G\ AV. Then d(yz,w,) < ¢ for all
v € G. Since 7 < n and B D F A, by our choice of 7 we know that {w,} e is an (F,J) pseudo-orbit.
Then from our choice of F' and ¢ we conclude d(yz,w,) < § for all ¥ € G. This finishes the induction
step, and proves the claim. O

Remark 3.14. The previous proof can be easily adapted to show that every expansive action with
the strong TMP has the uniform strong TMP.

Theorem 3.13 does not hold if we do not assume expansivity. Indeed, Lind and Schmidt [68, Exam-
ple 7.5] constructed an algebraic action of Z? with off-diagonal asymptotic pairs and zero topological
entropy. As a consequence of Theorem 2.7 and Proposition 6.3 which we shall prove later on, this
action does not have the uniform TMP, but it has the TMP by Proposition 4.1. Nonetheless, as we
saw in Proposition 3.10, whenever an action has the POTP it will have the uniform TMP even if it is
not expansive.
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3.3 Examples

Classic examples of actions with the POTP are subshifts of finite type (SFTs). Schmidt showed that
expansive actions of polycyclic-by-finite groups on zero-dimensional compact metrizable groups by
continuous automorphisms are SFTs [90, Corollary 2.3, Theorems 3.8 and 4.2], thus have the POTP.
Other examples of group actions with the POTP are Axiom A diffeomorphisms [3, Theorem 1.2.1],
and expansive principal algebraic actions of countable groups [77, Theorem 1.5].

There are known examples of Z-subshifts with the strong TMP but which are not SFTs, see [22,
Proposition 3.6]. For any fixed countable group there are countably many SFTs, but in contrast, there
are uncountably many Z2-subshifts X such that Z2 ~ X has the strong TMP [23]. Indeed, if X C A%
is any Z-subshift, then the Z2-subshift consisting of all = € A% whose restriction to Z x {0} is an
element of X and such that {0} x Z acts trivially has the strong TMP but is not necessarily an SFT.

We shall see that subshifts with the strong TMP also arise naturally as supports of Markovian
measures. A G-invariant Borel probability measure p on a G-subshift X is Markovian if there exists
F € G containing the identity such that for every A € G, p € ¥4 and x € supp(u) we have that for
every B € G which contains AF

w([p] | [$|B\A]) = u([p] | [mlAF\A])a

where p([p] | [¢]) = % denotes the conditional probability of [p] given [q].

The following proposition is essentially a rephrasing of [21, Lemma 2.0.1].

Proposition 3.15. Let X C A be a G-subshift and i a Markovian measure on X. Then G ~ supp(j)
has the strong TMP.

Proof. As u is Markovian there is F' € G containing the identity such that for every A € G and p € A4
we have that for every B € G which contains AF and 2 € supp(u) we have u([p] | [z]p\a]) = p([p] |
[m|AF>;A]). Let us fix A € G and let x,y € supp(u) such that |44 = y|lap\a. We shall show that

z € A%, defined by
x ifge A
(o) = { ) Haed
y(g) otherwise

is in supp(p). Indeed, it suffices to show that for every large enough B € G we have pu([z|g]) > 0. For
any B € G which contains AF' we have

[zl 8]) = u([2la] | [zlm\al) - ul(2lB\a]) = p(lzla] | [yls\al) - #([ylm\al)-

As y € supp(u), we have u([y|p\4]) > 0. Furthermore, by our choice of F' we also get

pllalal | lsal) = u(lolal | Blama)) = p(alal | blama) = S m s

Since = € supp(u), we obtain u([z|a] | [y|p\4]) > 0 and thus u([z|g]) > 0. O

Example 3.16 (mean TMP but not strong TMP). Let G be a locally finite group (for instance
G = @,y Z/2Z) and X be the subshift {09,19} C {0,1}¢. Recall that G is infinite as assumed at
the beginning of Section 2. We claim that G ~ X does not have the strong TMP. Indeed, assume
G ~ X has the strong TMP. Then for every € > 0 there are § > 0 and F' € G containing the identity,
such that for every A € G we have that F'A is an (e, §)-memory set for A. In particular taking A = (F')
the subgroup generated by F', we get that (F') is an (g, )-memory set for (F') which is clearly false.
On the other hand, G ~ X does have the mean TMP. Indeed, for any sufficiently small § > 0, any
A €G and any g € G\ A we have that AU {g} is an (e, §)-memory set for A.

Example 3.17 (TMP but not mean TMP. Lemmas 4.2 and 4.3 of [77]). Let G; be a sequence of finite
groups of order a; and consider their direct sum G = @, G;. Identify g € G; with the tuple in G for
which the only non-identity coordinate is g at position i. Consider the subshift X C (Z/2Z)% consisting
of all z € (Z/27)% such that for every i € N and h € G we have >_gec, (hg) = 0. This example has
no off-diagonal asymptotic pairs and, if a; grows rapidly enough (so that [[;~,(1 —a; ') > 0) then
G ~ X has positive topological entropy. We shall later see that, by Proposition 4.1 the action G ~ X
has the TMP, while as a consequence of Remark 6.11 it does not satisfy the mean TMP.
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Another example with the TMP and not the strong TMP can be found in [6, Example 2.4]. This
example has both positive topological entropy and off-diagonal asymptotic pairs.

Example 3.18 (not TMP). Consider the sunny-side up G-subshift consisting on all points z € {0,1}¢
where z(g) = 1 for at most one value of g, that is,

X< ={ze{0,1}9: |27 (1) < 1}.

We claim that G ~ X<; does not have the TMP. Let A = {e¢}. For every B € G which contains A,
let h € G\ B and z,y € X<; such that 2(eg) = 1 and y(h) = 1. Then z|p\ 4 = y|p\a but z € {0, 1}¢
such that z|4 = 2|4 and z[g\ 4 = Y|\ a does not belong to X<;. By Corollary 3.8 the action G ~ X<
does not have the TMP.

When G = Z the sunny-side up subshift X<; is a topological factor of an SFT. Indeed, let X C
{a,b}” be the subshift of all configurations which satisfy that if x(n) = b, then x(n + 1) = b for every
n € Z. Since X is an SFT, it satisfies the TMP by Proposition 3.10. The map m: X — X<; given by

for every n € Z,

~(a)(n) = {1 if o(n — 1) = a and a(n) =b

0 otherwise

is a factor map. It follows that even for Z-actions the property of having the TMP does not pass to
topological factors.

4 Markovian properties of algebraic actions

In this section we prove Theorem 4.3, which establishes the strong TMP for finitely presented expansive
algebraic actions of a large class of amenable groups.

Proposition 4.1. Every action G ~ X of a group G on a compact metrizable group X by continuous
automorphisms has the TMP.

Proof. We can find a compatible metric d on X which is translation-invariant, that is, d(zaw, zyw) =
d(z,y) for all z,y,z,w € X. Indeed, given any compatible metric d’ on X, we can define d(z,y) =
sup, ,ex d' (22w, zyw) which satisfies the property. Let ¢ > 0 be arbitrary and fix 6 = 5. Let
C={C1,Cy,...,Cy} be a é-cover of X, that is, for every C;, sup, ,cc, d(x,y) < 4§, and for A, B € G

define L4 p as the set of all functions ¢: A — {1,...,n} such that there exists z € X satisfying:
1. For every g € A we have gz € Cy(g).
2. We have dp\4(2,ex) < 6, where ex denotes the identity element of X.

Clearly if By C By then Ly, D Lyp,, also, these sets are all finite. It follows that if we fix an
enumeration gg, g1, ... of G and set B, = {go, ..., gn} then the decreasing sequence

CLAan (G CLA|B1 CLA\BO

stabilizes for some Ny € N. Let us fix B= AU By,.

Suppose we have = € X such that dp\ 4(z,ex) < 0. By definition any function ¢,: A — {1,...,n}
such that ¢, (g) = k implies gr € Cy is in L4 p. By our choice of N4, for each m > Ny we may
extract a point z, € X for which dg \a(zm,ex) < 6 and gz, € Cy, (4 for every g € A. As C is
a d-cover, we obtain that da(z,z,) < ¢ for every m > N4. By compactness of X, we may extract
an accumulation point z € X which satisfies that de\a(z,ex) < 0 < € and da(z,7) < ¢ < e. Then
dp\a(z,z) < dp\a(z,ex) +dpalex,r) <25 <e.

Now let z,y € X be arbitrary points such that dg\a(z,y) < 0. Then 2’ = y~ 'z satisfies that
dp\a(z’,ex) < 9. Consequently we may extract 2z’ with the aforementioned properties. Let z = yz'.
As the metric is translation-invariant, by left-multiplying by y~! we have that dg(z,2) = dp(2’,2') < ¢
and den\a(z,y) = dg\a(?',ex) < e. O
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We say G ~ X is an algebraic action if X is a compact metrizable abelian group and G acts by
continuous automorphisms.

Schmidt [90, Theorems 3.8 and 4.2] showed that every group shift of a polycyclic-by-finite group
has the POTP (i.e. it is an SFT). Nonetheless, Bhattacharya [7, Section 3] showed that not every
expansive algebraic action of a polycyclic group has the POTP (negatively answering [77, Question
3.11]). We will now show that a larger class of algebraic actions, including Bhattacharya’s example,
always satisfy the strong TMP.

Let us briefly recall the notion of group ring. Given a group G and a unital ring R, the group
ring RG consists of all functions f: G — R of finite support. We shall write the elements of RG as
[ =2 scq fs5, where f, € R is zero except for finitely many s € G. The addition and multiplication

of RG are given by
Z fss+ ngs = Z(fs +gs>37

seG seG seG
(Z f85>(z gss) = Z(Z ftgi-14)s. (1)
seG seG seG teG

We refer the reader to [83] for general information about group rings. The ring CG has also a x-

operation given by
O fes) = fesh (2)

seG seG

Under these operations CG becomes a *-algebra, that is, (fg)* = ¢*f*, (f +¢9)* = f* + ¢*, and
(Af)* = M\f* for all f,g € CG and A € C. For g € (R/Z)% and f € ZG, the convolution products
fg,9f € (R/Z)C are also defined via (1).

Let us also denote for p € [1,+00) by #(G) = {f: G — C : Y o |fs|? < oo} and £2(G) =
{f: G = C :sup,cq|fs| < oo} together with the norms | - ||, on #(G) and || - || on £>°(G). The
convolution products fg,gf € £°(G) are defined by (1) for all 1 < p < oo and f € 1(G), g € P(G).
The *-operation also extends to £(G) for p € [1,+00] via (2). Then ¢1(G) is also a *-algebra.

For m,n € N and a € M, »,(CG), denote by kera the kernel of the bounded linear operator
M1 (0%(G)) = Myx1(£%(G)) sending z to az, and by P the orthogonal projection from M,,x1(¢*(G))
to kera. Then P = (Pjr)i<jk<n € Mpxn(B(f*(G))), where B(¢*(G)) denotes the algebra of all
bounded linear operators from ¢%(G) to itself. We have the canonical orthonormal basis {,}sec of
2(G), where §4 is the unit vector in ¢?(G) taking value 1 at s and 0 everywhere else. The von
Neumann dimension of ker a is

dimyn kera := Z (Pjjlecs0eq) -
j=1

For a gentle introduction to group von Neumann algebras and a definition of the von Neumann
dimension in a general context we refer the reader to Sections 1.1.1 to 1.1.3 of [74]. The following
lemma is well known. For convenience of the reader, we give a proof here.

Lemma 4.2. Let a € M,, ,(CG). The following hold:
1. dimyy kera € [0, n],
2. dimyx ker a = 0 if and only if kera = {0},
3. dimyn kera = n if and only if a = 0.

Proof. For each z € £2(G) and 1 < j < n denote by 2z ® 67 the column vector in M, 1 (¢?(G)) which
is equal to z at the j-th row and 0 everywhere else. Then

n

dim,y kera = Z <P(66G R (53')75% ® 5j> .

j=1

Since P is an orthogonal projection, we have P? = P = P*. Thus

dim,y kera = Z (P?(bei; ©67),0c @07) = (P(be; @ 67), P(0ee; @ 67)) > 0. (3)

j=1
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Denote by I the identity map from M, x;(¢f?(G)) to itself. Then I — P is the orthogonal projection
from M,,«1(¢*(G)) to the orthogonal complement of kera, and hence (I — P)? =1 — P = (I — P)*.
Thus

n—dimykera =Y (I(ug ®5),006 @) = Y (P(beg ® ), 806 @ 07) ()
j=1 j=1
= Z <(I - P)((SSG ® (;j)a(sec ® 5]‘>
j=1
= T = PP (beg ® ), 606 @)
j=1

= i<(I_P)(6€G ®§j)7(I_P)§eG ®(5j> > 0.
j=1

This proves dim,y kera € [0,n].

For each s € G, we have the unitary ps-1, on M,x1(¢*(G)) given by ps-1,z = zs. Since the
bounded linear operator T : M, x ((*(G)) — Mu,x1(¢?(G)) sending z to az satisfies Tps-1 ,, = ps—1 T,
we have p;—1 , ker a = ker a, and hence the projections P and I — P commute with ps—1 .

If ker a = {0}, then P = 0, and hence dim,x ker a = 0. Conversely, assume that dim,x kera = 0.
From (3) we have P(J., ® 67) =0 for all 1 < j < n, and hence

P(6s®67) = Ppy-1 n(6ee, ®67) = pg-1,nP(Se, ®67) =0

forall s € Gand 1< j <n. Since §, ® ¢ for all s € G and 1 < j < n is an orthonormal basis of
M, 51 (0%(G)), we conclude that P = 0. Therefore ker a = {0}.

If a =0, then P = I, and hence dimyy ker a = n. Conversely, assume that dim,y kera = n. From
(4) we have (I — P)(8ee ® 87) = 0 for all 1 < j < n, and hence

(I = P)(0: ®87) = (I = P)ps=1,,(0ee ®67) = py=1,,(I = P)(bee ®67) =0

forall s € Gand 1 < j <n. Since §, ® 67 for all s € G and 1 < j < n is an orthonormal basis of
M,,51(0%(G)), we conclude that I — P = 0. Then kera = M, »1(¢*(G)), and hence a = 0. O

The strong Atiyah conjecture asserts that dimyy ker a is in the subgroup of Q generated by 1/|H|
for H ranging over all finite subgroups of G. We refer the reader to [74, Chapter 10] for information
about the strong Atiyah conjecture and related conjectures.

For each locally compact abelian group Y, we denote by Y its Pontryagin dual. It consists of all
continuous group homomorphisms ¥ — R/Z, and becomes a locally compact abelian group under
pointwise addition and the topology of uniform convergence on compact subsets. Then Y is compact
metrizable if and only if Y is countable discrete.

For a compact metrizable abelian group X, there is a natural one-to-one correspondence between
algebraic actions of G on X and actions of G on X by automorphisms. There is also a natural one-to-one
correspondence between the latter and the left ZG-module structure on X. Thus, up to isomorphism,
there is a natural one-to-one correspondence between algebraic actions of G and countable left ZG-
modules. We say an algebraic action G ~ X is finitely generated (finitely presented resp.) if X
is a finitely generated (finitely presented resp.) left ZG-module. Every expansive algebraic action of
G is finitely generated [90, Proposition 2.2 and Corollary 2.16].

Using the x-operation it is easy to see that ZG is left Noetherian if and only if it is right Noetherian.
Also note that if a unital ring R is left Noetherian, then every finitely generated left R-module is finitely
presented [61, Proposition 4.29].

Theorem 4.3. Let G be an amenable group. The following results hold:
1. If ZG is left Noetherian, then every expansive algebraic action of G has the strong TMP.

2. If G satisfies the strong Atiyah conjecture and there is an upper bound on the orders of finite
subgroups of G, then every finitely presented expansive algebraic action of G has the strong TMP.
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If G satisfies the strong Atiyah conjecture and there is an upper bound on the orders of finite
subgroups of G, then {dimyx kera : a € ZG} is a finite subset of [0, 1] and thus every point of this set
is isolated. Therefore Theorem 4.3 follows from Lemmas 4.5 and 4.6 below.

For each nonempty F' € G, denote by CF (resp. ZF) the set of f € CG (f € ZG resp.) with
support in F. We shall need the following result of Elek in [34] on the analytic zero divisor conjecture.
The result is proven for a finitely generated amenable group and m = n = 1, but the arguments work
for any countable amenable group and any m,n € N.

Lemma 4.4. Let G be an amenable group, and a € M, «x»(CG) for some m,n € N. Then the following
hold:

dimg (ker anM,, x 1 (CF))

1. For any F € G, one has dimyy ker a > 7 ,

2. If az = 0 for some nonzero z € M, x1((*(G)), then ab = 0 for some nonzero b € M, 1(CG).

For amenable groups, in view of Lemmas 4.2 and 4.4, the condition (2) of the following lemma
implies that dimyy ker a for a € ZG is equal to 1 or 0 depending on a = 0 or not, which in turn implies
the condition (3). Nevertheless we give a separate proof for the case (2) since the proof in this case is
easier.

Lemma 4.5. Let G be an amenable group. Assume that at least one of the following conditions holds:
1. ZG is right Noetherian,
2. ZG is a domain,
3. 1 is an isolated point in {dimyx kera : a € ZG}.

Let f € M, (ZG) be invertible in M, (¢*(G)), and let g € M, x1(ZG). Then there is some ¢ > 0 such
that for any x € Myx,(ZG), if xf g & ZG, then ||z f =g — ylloo > € for all y € ZG.

Proof. Denote by K the union of the supports of f and g, which is a nonempty finite subset of G.

For each nonempty F' € G, denote by V(F,Z) (V(F,C) resp.) the set of (h,w) € My x1(ZF) x ZF
((h,w) € Mp,x1(CF) x CF resp.) satisfying gw = fh. Note that gw = fh is a finite system of linear
equations with coefficients in Z. Thus V' (F,C) is the C-linear span of V(F,Z). Since f is invertible in
M, (¢1(@)), for any (h,w) € V(F,C), we have h = f~1gw, and hence h is determined by w. Denote by
W(F,C) the image of V(F,C) under the projection M, «1(CF) x CF — CF sending (h,w) to w, and
by W (F,Z) the image of V(F,Z) under the same map. Then W (F, C) is the C-linear span of W (F,Z).

Consider the map ¢p: M, x1(CF) x CF — M, x1(CKF) sending (h,w) to fh — gw. Then V(F,C)
is the kernel of ¢r. Thus

dim¢ W (F,C) = dim¢ V(F,C)
= dimg ker(pp)
> dime(Myx1(CF) x CF) — dimg My 1 (CKF)
= (n+1)|F| —n|KF|.

As G is amenable, there exists a left Folner sequence {F}}ren such that Fy, C Fj4q for all k € N
and ey Fr = G. Then

o g AEW(ELLC) o (04 DIF| = nlKF| _

1.

Denote by W(Z) (resp. W(C)) the union of W(F,Z) (W (F,C) resp.) over all nonempty F € G.
Then W(Z) contains nonzero elements. Let W = {ws,...,w,,} be a nonempty finite set of nonzero
elements in W (Z) which we shall determine later. Take 0 < & < mini<j<p, ——. Let x € M1 xn(ZG)

llw;llx
and y € ZG with ||zf~1g — y||oc < &. Then
lzf~ gw; = ywjllse < llzf "9 = yllscllwll < ellwslls < 1.

Since w; € W(Fy,Z), we have f~lgw; € M,x1(ZF}), and hence zf~'gw; — yw; € ZG. Therefore
zflgw; —yw; = 0. Put b :=zf"lg—y € (1(G) C £3(G). Then b(wi,...,wy,) = 0, and hence
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* *

wi wy
b* = 0. Assume b # 0. Then by Lemma 4.4 there is some nonzero ¢ € CG such that | : | ¢* =

* *
wm wm

0, and hence cw; = 0 for all 1 < j < m. Denote by K’ the support of ¢, which is a nonempty finite
subset of G. Note that z(wy,...,wy,) = 0 for z € CK’ is a finite system of linear equations with
coefficients in Z and has a nonzero solution ¢. Thus it has a nonzero solution a € ZK'.

Now consider the case ZG is a domain. Since ZG is a domain, we have aw # 0 for all nonzero
w € ZG, which is a contradiction. Thus xf~1g =y € ZG.

Next consider the case ZG is right Noetherian. Note that W(Z) is a right ideal of ZG, and
hence is finitely generated. We may take W to generate W(Z). Since aw = 0 for every w € W, we
have aw = 0 for every w € W(Z), and hence aw = 0 for all w € W(C). By Lemma 4.4 we have

dim,n ker a > sup;.cy dimplFi(lF*’C) > 1. From Lemma 4.2 we get a = 0, which is a contradiction. Thus

xflg=y € ZG.

Finally consider the case where 1 is an isolated point in V' = {dimyxkerz : z € ZG}. Take
0 < ¢ < 1close to 1 such that VN[d,1] = {1}. Take k € N such that mﬂwi(f’“’c) > 6. We may take W
to be a basis of W (F}, C) contained in W (Fy,Z). Then aw = 0 for all w € W(F},C). By Lemma 4.4

we have dim,y ker a > %}ffk’c) > 0. Then dimyy kera = 1. From Lemma 4.2 we get a = 0, which
is a contradiction. Thus zf~1g =y € ZG. O

For each n € N, we write My, (ZG) and M;x,((R/Z)%) a s (ZG)" and (( R/7Z)%)™ respectively.
For any finitely generated algebraic action G ~ X, if we write X as (ZG)™/J for some n € N and
some left ZG-submodule J of (ZG)™, then we may identify X with

{z e (R/Z))" : zg* = O z)c for all g € J}

with the G-action on X being the restriction of the left shift action of G on ((R/Z)%)" = ((R/Z)")¢
to X [58, page 312].

Lemma 4.6. Assume that for anyn € N, any f € M, (ZG) which is invertible in M, (¢*(G)) and any
g € My,»1(ZG), there is some ¢ > 0 such that for any x € (ZG)", if vf g & ZG, then ||z f~Lg—ylloo >
€ for ally € ZG. Then every finitely presented expansive algebraic action of G has the strong TMP.

Proof. Let G ~ X be a finitely presented expansive algebraic action of G. Then we can write X as
(ZG)" ) (ZG)kg for some n, k € N and g € My ,,(ZG). Since G ~ X is expansive, by [26, Theorem 3.1]
we can find an f € M,,(ZG) such that f is invertible in M, (¢}(G)) and the rows of f are all contained
in (ZG)*g. Write the rows of g as g1, ..., gr. Then we may identify X with

{z € (R/Z)°)" : 2g} = Ogyz)c for all 1 < j < k}.

In particular, for each z € X, we have xf = (Owr/z)c;- -+ Omy/z)c)-

Applymg our assumption to f* and g7 we find an n > 0 such that for any x € (ZG)" and 1 < j < k,
if 2(f*)"'g} ¢ ZG, then [lz(f*)~" —y||(><> >n for all y € ZG.

Denote by P the natural prOJectlon (RMY — ((R/Z)%)™ modulo Z. For each bounded function

w: G = R, we put [[ulloo = sup,eq [|uslloo- Set [[fllv =320 Ifislh
Consider the metric p on (R/Z)" given by

pla+Z"b+72") = mi%l la —b—m| oo
mezn

for all a,b € R™. Then we may think of p as a continuous pseudometric on ((R/Z)")¢ via setting

p(x,y) = p(Teg, Yee)

for all x,y € ((R/Z)™)C. This is a dynamically generating continuous pseudometric on X, thus Propo-
sition 3.7 applies.

Let € > 0. Take 0 < 7 < ml‘lr}(ﬁ 1""). Take a finite subset K; of G containing the support of f* and
{eg}. Take a large nonempty finite subset K5 of G containing eq such that

Z Z| g]”|<7foralll<J<k and Z Z I Vil <

s€EG\ Ko i=1 SEG\ K> 1,j=1
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Take 0 < § < min(4 e £). Put F = K1 KoKy 'K ", which is a finite subset of G containing eg.

Let A € G and z,y € X with ppa\a(z,y) § 0. Put z = x —y € X. There is a unique
7€ ([-1/2,1/2)")¢ satisfying P(Z) = 2. Then
max I1Zs|lo0 = max 1Z5-1]l 0o
SEATTK 1 KoKy 'K T\ A1 SEK1 KoKy 'K P A\A

= max ||Z;-1]eo
sEFA\A

= 0
L0500

= a
S plsz, s)

= pFA\A(%Z/) S 57

and hence
max Gl < max Rl < 8 < 1,
SEATTK Ky Ky \A—1K; SEA-TK KoKy VKT M\ A-1
Since zf* = (Or/z)e;---Om/zyc), we have Zf* € (Z")¢. Therefore (2f*)s = Ogn for all s €

ATVK KoKy P\ A 1K1 We also have

12/ Moo < [IZllooll f* I <

/11
B

Define v’ € (ZG)™ by ul, = (f*)s for all s € A71K; and v/, = 0zn for all s € G\ A7 K;. Also
put v/ = Zf* — /. Then the supports of u' and v’ are contained in A~'K; and G\ A~ 'K, KK, "
respectively. Note that

Hf||1

max([|u[|oo, [[0"[|o0) = [I2f*[lee <
Let 1 <j < k. Then

sup |/ (F) sl < Ml D ZI 9;)

SEG\ATIK 1 Ky SEG\ Ko i=1

_ 7l

— 2 )

and

7| £l
ma < -1 * < <
sEA*II)((lKQ ( ( ) | H’U Hco Z Z| Zs| 2

s€EG\ Ky i=1

Since z € X, we have zg5 = Or/z)a, and hence u'(f*)~'g; +'(f*)"'g; = Zg} € ZS. Tt follows that
||u’(f*)_1g]*v — Uj|loc < m for some u; € ZG, and hence u’(f*)_lgj* € ZG by our choice of 7.

Put u = P(u/'(f*)~") € (R/Z)%)™ and v = P(v'(f*)~1) € (R/Z))". Note that u+v = z = z—y.
For each 1 < j <k, since u’(f*)*lg; € ZG, we have ug; = Og/zyc. Thus u € X. We have

sup  p(us,Omyzyn) < sup [/ (f) 7 slleo
SEG\A—1K1 K> SEG\A-1K1 K>
< Tl e
< ]l oo Z Z| )i 9 <§7
SEG\K> i,j=1
and similarly
3
o p(vs 0eyzye) < max @)l < 0w D Z ((F) sl < 5
SEG\ K2 t,j=1
Then
9
pG\KglelA(u +y,y) = sup p((u+y)s,ys) = sup p(USaO(R/Z)") < bR
SGG\A71K1K2 SGG\A71K1K2
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and

PKglelA(u +y,z) = e p((u+y)s, zs)
€
N SEAIPPI)gle P((«T - ,U>S,$S) - sEArPlaI)({JQ plvs, O(R/Z)") < 2
Now we have
Prs i a8 Y) S P ana (U Y 2) o aa (@ y)
€
< /’K;1K1—1A(U +y,7) + praa(z,y) < 3 +46 <e,
and
pFA\K;IKflA(Uz +v, l‘) < PFA\K;K;lA(u + vy, y) + pFA\K;K;lA(y, m)
€
= pG\K,;lelA(“ +u,y) +praaly, ) < 3 +i<e.
Finally,
pena(u+y,y) = max(p g1 =14 W+ Y, Y), P ot a(u+9,y)) <e,
and
pra(u+y,o) =max(pp 1p1, (Wt Y, 2), ppay gt alu+9,2)) <e
From Proposition 3.7 we conclude that G ~ X has the strong TMP. |

5 Markovian properties of minimal actions

In this section we prove Theorem 5.1, which characterizes the TMP for minimal expansive actions. We
say G ~ X is minimal if every closed G-invariant subset of X is either equal to X or empty.

Theorem 5.1. Let G ~ X be a minimal expansive action. Then G ~ X has the TMP if and only if
it has no off-diagonal asymptotic pairs.

Theorem 5.1 follows from Theorem 3.13 and Propositions 5.3 and 5.4 below.
The following result is [26, Lemma 6.2], and also follows from the part (3) of Lemma 3.12.

Lemma 5.2. Let G ~ X be an expansive action with an expansivity constant ¢ > 0. Then A5(X,G) =
A (X, G).

Proposition 5.3. If G ~ X is expansive and has no off-diagonal asymptotic pairs, then G ~ X has
the TMP.

Proof. Let ¢ > 0 be an expansivity constant for G ~ X. If G ~ X does not have the TMP then there
exists € > 0 such that for every § > 0 there is A € G such that for every B € G which contains A
there exist ,y € X such that dp\ a(x,y) < d but for every z € X we have that either dg(z,2) > ¢ or
dena(y,z) > €. Choose 0 < min(c,e) and consider an increasing sequence {B,,}nen of finite subsets
of G such that | J, .y Bn = G and B,, D A and let (z,,,y») be a pair for which dp \ a(2n,yn) < but
for every z € X we have that either dp, (v, 2) > € or dg\ a(yn, 2) > €. By compactness of X x X, we
may extract an accumulation point (Z, ) of {(zn, yn) }nen-

From the choice of B,, and (z,,y,) it follows that for every g ¢ A we get that d(¢9z,gy) < o
and hence by the choice § < ¢ and Lemma 5.2 we have that (Z,7) is an asymptotic pair. If Z = §
then for every ¢ > 0 there would be n € N such that da(z,,y,) < &. Taking ¢’ < ¢ yields a
contradiction because z = y, would satisfy that dp, (z,,2) < € and dg\ 4(yn,2) < €. Therefore (Z,7)
is an off-diagonal asymptotic pair. O

Salo [89] communicated to us a proof that minimal actions of finitely generated groups on subshifts
do not have exchangeable patterns. We use some of his ideas to prove the following generalization of
his result.

Proposition 5.4. Assume that G ~ X has only finitely many minimal closed G-invariant subsets
and has the uniform TMP. Then X has no off-diagonal asymptotic pairs (x1,x2) with Gxry minimal.
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Proof. List the minimal closed G-invariant subsets of X as Y7,...,Yx. Take a point w; € Y} for each
1<j<N.Put Q={wi,...,wn}. Assume that X has an off-diagonal asymptotic pair (z1,z2) such
that Gz, is minimal. Take 0 < ¢ < %d(ml,xg).

Since G ~ X has the uniform TMP, there is some 7 > 0 such that for any A € G there is some
B € G containing A such that for any B-separated V € G and any x, € X forv € V and y € X
satisfying d(p\ Ay, (7v,y) < 7 for all v € V, there is some 2z € X such that dp,(z,2,) < § forallv eV
and dg\av(z,y) < 5.

Since (x1,z2) is asymptotic, there is some A € G containing eg such that dg\ 4 (21, 22) < 5. Then
we have B as above for A. Take 0 < § < § such that for any x,y € X with d(z,y) < 6, one has
dp\a(z,y) < 5. Since Gy is minimal, there is some K| € G containing eg such that for any y € Gay
one has minge g7 d(z1,sy) < 0. Put Ky = BK| € G. Then K; D B.

Since G is infinite, we can take a K-separated Wy € G with 2/"2l > N|K[4|W;|*. Put Ky =
K 1W3 € G. Then |Ky| < |K| - |[Wa| and Ky D Wa. Put K3 = KoK,y 'Ky € G.

Denote by U the union of the open dg; i,-balls of radius € around each w € €. Then GU > U;v:1 Y;.
If GU # X, then X \ GU contains a minimal closed G-invariant subset, which is impossible. Thus
GU = X. Since X is compact, this means that there is some K, € G with K4_1U = X, i.e. for any
y € X one has minge g, min,en dK{K3 (w,sy) < e. Take a maximal Ks-separated subset Wy of Kj.
Then

K2_1K2W4 O Ky. (5)

Since Wy is Ks-separated and Ko D Ws, we know that W, is Ws-separated.
We claim that WyW, is Ki-separated. Let V1,72 € WolWy with Kivi N Kqvys 7é . Say, Y = hij
with h; € Wa,s; € Wy for j =1,2. From

Kos1 N Koso = K1Was1 N K1Wase D K1v1 N Ki7s

we know that Kss; N Kase # &, and hence s; = s5. Then Kihy N K1hy # &, and consequently
h1 = hs. Therefore 1 = 5. This proves our claim.

Fix y; € Gzy. For ecach v € WoW,, by our choice of K| we can find some g, € K} with
d(z1,947y1) < 0. Put V' = {g,v : v € WolW,} € G. For any v, € WoWa, if Bg,yNBg,v' # &, then
using that WoW, is K;-separated we get v = /. Thus V' is B-separated, and the map WoW, — V'
sending 7 to g,7v is a bijection.

Let s € W,. Denote by Cs the set of t € G satisfying K3t DO Kss. For each t € Cy one has
t € K3 'Kys, and hence

_ 1
|Cs| < |K3 ' Ko| < |[Ko|* < |K [ Wal* < N2|W2‘-

Note that for any distinct maps ¢, ¢": (W2)s — {1,2}, one has max,¢w,)s d(Tp(y), Ty (v)) > Be.
Thus for each ¢t € Cs and w € , there is at most one map ¢: (W3)s — {1,2} which satisfies that
Max. ¢ (w,)s A(go 7t 1w, Ty(y)) < 2e. Since N|Cy| < 2/W2l, we can find some map ¢, : (Wa)s — {1,2}
such that for every t € Cs and w € Q) one has

d(gyt tw, > 2. 6
max (g7t W, Ty, (4)) > 2¢ (6)

Since Wy is Wh-separated, WoWy is the disjoint union of (Ws)s for s € W,. Then we can define
a map ¢: WoWy — {1,2} by taking ¢ to be @5 on (Ws)s for all s € Wy. Put V = {g,v : v €
¢~ 1(2)} € V'. Then V is B-separated. For each v € ¢~!(2), putting z, , = (g9,7) ‘22 and using
d(z1,947y1) < 0 we have

9v7) " w2, u(g4) " gy vyn))
< d(u(gyy) e, ulgyy) ) + d(ulgyy) e, u(gyy) T gy w))

d(ury ~,uy) = d(u

for all u € (B\ A)g,7y. Thus there is some z € X satisfying dpg (2, 24,,) < 5 for all v € ¢~ 1(2) and
) <

denav(z,y1) < 5.

22



By our choice of Ky, there are some t € Ky and w € Q with dg/k,(w,t2) < e. From (5) we have
te K2_1K23 for some s € Wy4. Then s € K;lth, and hence Kys C K3t. Thus t € Cy, and

d til < dgr til
’YGH(IVa[}}z()s (g»y’}/ w’g’Y’Y'Z)— Kl(WQ)S( W’Z)

S dKiKQS(t71w7 Z)
< dgrgat(t™'w, 2)

= dK{Kg(w,tZ) < E.

From (6) we can find some ~ € (Ws)s with d(g,yt™'w, 2y, (4)) > 2¢. Then

~—

A2y, (), 972) = d(gy 7t W, T () — d(gy 7t w, gy72) > 26 —e = €. (7

Now we have ¢s(y) = 1 or 2. Consider first the case ¢s(y) = 2. We have d(g,vz,x2) =
d(gy72, 94V g.~) < §, contradicting (7). Next consider the case ¢s(y) = 1. We have g,y € V' \'V C
G\ AV. Then d(g9,7%,9,vy1) < 5. Therefore

19
d(x1,9,72) < d(21, gy7y1) + d(gy7y1, 9y72) < 0+ 5 <&

again contradicting (7). Thus X has no off-diagonal asymptotic pairs (z1,x2) with Gz; minimal. O

6 Topological entropy and asymptotic pairs

In this section we will explore the consequences of having Markovian properties on the relation between
asymptotic pair and independence entropy pairs.

6.1 From asymptotic pairs to independence entropy pairs

In this subsection we shall give conditions under which the existence of an off-diagonal asymptotic pair
gives rise to IE-pairs. We provide a result for orbit IE-pairs which applies to all groups (Theorem 6.1),
and a result for ¥-IE-pairs which applies to sofic groups (Theorem 6.4).

Theorem 6.1. Let G ~ X be an expansive action with the TMP. Let k € N and (x1,...,%k, Tp+1) €
XF+L such that (x4, ..., 71) € IEL(X, G) and (xk, T4 1) is an asymptotic pair. Then (x1,..., Tk, Tpr1) €
IEk+1(X, G)

Theorem 6.1 follows from Theorem 3.13 and Proposition 6.3 below.

Whenever G is amenable, we have x € IE; (X, G) if and only if  is in the the support of an invariant
Borel probability measure, see [58, Lemma 12.6]. For a non-amenable group G every element in the
support of some G-invariant Borel probability measure is in IE; (X, G) but the converse may not hold,
see Theorem 2.7.

A direct application of Theorems 6.1 and 2.7 yields the following result.

Corollary 6.2. Let G ~ X be an expansive action with the TMP.

1. Suppose that (x,y) € Aa(X,G)\L2(X) and x € IE1(X, G), then (x,y) € IE2(X, G). In particular
we have hy (G ~ X) > 0.

top

2. If IE;(X,G) = X and A2(X,G) = X2, then G ~ X has naive UPE of all orders.

For z € X and 6 > 0, denote by Bs(x) = {y € X : d(y,z) < ¢} the open ball of radius ¢ centered
at x.

Proposition 6.3. Suppose that G ~ X has the uniform TMP. Let k € N and (x1,..., 2%k, Txy1) €
Xk such that (zg,zrr1) is an asymptotic pair. Then (x1,...,7;) € IEL(X,G) if and only if
(x17 e 7xka'rk+1) € IEkJ+1(X7 G)
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Proof. The “if” part is trivial. We shall prove the “only if” part. Let € > 0. Then there is some 7 > 0
such that for any A € G there is some B’ € G containing A such that for any B’-separated V € G
and any z, € X for v € V and y € X satisfying d(p\ ayv(2v,y) < 7 for all v € V, there is some z € X
such that dp/, (2, 2,) < § for all v € V and deyav (2, ) < 5.

Since (2, Zr+1) is an asymptotic pair, there is some A € G containing eg such that de\ a(7x, Tr11) <
Z. Then we have B’ D A as above. Take 0 < § < § such that for any z,y € X with d(z,y) < 6 one
has dpna(z,y) < 3.

Since (z1,...,2%) € IEx(X, G), the tuple (Bs(x1), ..., Bs(xy)) has independence density ¢ > 0.

Let FF € G. Then there is some F’ C F with |F’| > ¢|F| such that F’ is an independence set for
(Bs(r1),...,Bs(xy)). Take a maximal B’-separated subset J of F’. Then B’~!B’J O F’ and hence

/
| dF|
B = 5P

=

We claim that J is an independence set for (B.(z1),...,B:(zk), Be(zg+1)). Consider an arbitrary
map f:J — {1,...,k+ 1} and put V = f~1(k + 1), which is B’-separated. Define g: J — {1,...,k}
by g=fon J\V and g =k on V. Then there is some y € [, s’lBg(xg(s)). Put z, = v 'z for
each v € V. For any v € V we have d(zy,vy) < §, and hence for s € (B’ \ A)v,

T
+

d(s2y,5y) = d(sv ' zpy1, 507 H(vy)) < d(sv ™ wppr, sv " ay) + d(sv oy, sv (vy)) < % 5=
Thus there is some z € X such that dp/,(z,2,) < § for all v € V and dg\av(2,y) < 5. For any
ve f7H(k+1) =V, we have d(vz, zy41) = d(vz,vx,) < 5. For any v € J\ V, we have
d(vz,zp)) < d(vz,vy) + d(vy, Tie)) < g +i<e.
Therefore z € (., s~ ' Be(2f(s)). This proves our claim.
Now we conclude that (B:(z1),...,B:(zk), Be(2g+1)) has independence density at least ‘B%.
Therefore (x1,...,2k, Tk4+1) € IEpt1(X, G). O

Next we shall prove Theorem 6.4, which is the analogue of Theorem 6.1 for sofic topological entropy.

Theorem 6.4. Let G be a sofic group and ¥ a sofic approximation sequence for G. Suppose that G ~
X s expansive and has the TMP. Let k € N and (x1,..., 75, pr1) € X such that (z1,...,71) €
IE} (X, G) and (zy,2p41) is an asymptotic pair. Then (x1,...,xk, Tp1) € IEL (X, G).

A direct consequence of Theorems 2.9 and 6.4 yields the following.

Corollary 6.5. Let G be a sofic group, ¥ a sofic approximation sequence for G, and G ~ X an
expansive action with the TMP.

1. Suppose that (z,y) € A (X, G) \ N2(X) and x € IEY(X, G), then (z,y) € IEF(X, Q). In partic-
ular we have hZ (G ~ X) > 0.

top

2. If IEY(X,G) = X and A2(X,G) = X2, then G ~ X has sofic UPE of all orders.
Example 6.6. Let G be a sofic group, F' € G which does not contain e, and X a sofic approximation

sequence for G. The F' hard-square model of G is the subshift Xj,,.4 » C 10, 1}€ consisting of all
x € {0,1}€ for which z='(1) is an independence set in the right Cayley graph of G given by F, that is

Xpard p = {2 € {0,1}9 : for every g € G and s € F,z(g)z(gs) =0} .

Xyard g is @ subshift of finite type, and therefore has the POTP and thus the TMP by Proposi-
tion 3.10. It is easy to see that any point which is asymptotic to 0 is in IET (Xhard #» G) and hence
IElz(Xhard,FvG) = Xpard > moreover, Ay(Xporq - G) = (Xhard,F)z' By Corollary 6.5 we obtain
that G ~ X3 ,.q  has sofic UPE of all orders for every sofic approximation sequence. Although this

result is not very surprising, as far as we now, this is the first proof of (uniform) positive topological
sofic entropy of hard-square models on sofic groups.
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To prove Theorem 6.4 we need to make some preparations. The following is a result of Karpovsky
and Milman [51]. See also [58, Lemma 12.14].

Lemma 6.7. Let k > 2 and A > 1. Then there is a ¢ > 0 such that for every n € N and S C
{1,2, ... k}B2nd aith |S| > (K — DA™ there is an I C {1,2,...,n} satisfying |I| > cn and
S|y ={1,2,...,k}.

Lemma 6.8. Let G be a sofic group and ¥ = {o;: G — Sym(n;)}ien a sofic approzimation sequence
for G. Let G ~ X be an action and A = (A1, ..., Ax) a tuple of subsets of X. Then A has positive
upper independence density over ¥ if and only if there exists ¢ > 0 such that for every FF € G and
d > 0 there exists an infinite set of i for which there is a set J; C {1,...,n;} so that |J;| > gqn; and
for every map w : J; — {1,...,k} there is some v € Map(d, F, 6, 0;) satisfying that @(a) € Ay for
all a € J; and d(sp(a), p(oi(s)a)) <6 foralla € J; and s € F.

Proof. The “if” part is trivial.

Assume that A has positive upper independence density over 3. Then there exists ¢ > 0 such that
for every F' € G and ¢ > 0 there is an infinite set Iy s of ¢ for which A has a (d, F, §, 0;)-independence
set J; C {1,...,n;} of cardinality at least gn,;.

Consider the case k > 2. Take n > 0 small such that k'=7 > k — 1. Put A = k'77/(k — 1) > 1.
Then we have ¢ > 0 given by Lemma 6.7 for k¥ and A. From Stirling’s approximation formula (see
example [58, Lemma 10.1]) it is easy to see that there is some 7/ > 0 depending only on k" such that
2 0<j<rn (;’) < k" for all n € N. Put 7 = min(7’, ¢q/2) > 0.

In the case k = 1, we put 7 = ¢/2.

Let F € G and 0 > 0. Put §' = (lF‘T_H)l/Q(S > 0.

Let ¢ € Ips. Then A has a (d, F,, 0;)-independence set J; C {1,...,n;} of cardinality at least
qn;. For each w: J; — {1,2,...,k}, take @, € Map(d, F,¢', 0;) such that o, (a) € A, ) for all a € J;.
Denote by W, the set of all a € {1,...,n;} satisfying d(s¢,(a), pu(oi(s)a)) < 0 for all s € F. Since
Yw € Map(d, F,¢',0;), we have [W,|/n; > 1 — 7. In the case k = 1, there is only one w and setting
J! = J; N W, we have |J!|/n; > q/2. Thus we may assume k > 2. From our choice of 7, we get that
the number of choices for W, is at most k79":. Thus there is a set Q C {1,2,...,k}’ such that W,
is the same for all w € 2, which we denote by W, and

Q] > kil jgnani > g1l el il — pQ=ml il — (g — 1)0) Ve,

By our choice of ¢, we find a J; C J; such that [J;| > c|J;| and Q[ ;; = {1,2,.. kM Put J = JINW.
Then
|5’ /ni = | il /ni = (L= [W|/ni) > eq — 7 > cq/2.

Let g : J;" — {1,2,...,k} be an arbitrary map. Take a w €  such that w|;» = g. Then ¢, €
Map(d, F,¢',0;) C Map(d, F,0,0;), pu(a) € Ay@) = Ageq) for all @ € J{’, and for any a € J;' and
s € F we have a € W = W,,, whence d(sp.(a), p,(0i(s)a)) <. This proves the “only if” part. O

We are ready to prove Theorem 6.4.

Proof of Theorem 6.4. Let ¢ > 0 be an expansivity constant for G ~ X. Say, ¥ = {0;: G —
Sym(n;)}ien-

Let 0 < e < §. It suffices to show that the tuple (B (1), ..., B:(2k), B:(2r+1)) has positive upper
independence density over ¥. By Theorem 3.13 we have that G ~ X satisfies the uniform TMP and
thus there is some 7 > 0 such that for any A € G there is some B’ € G containing A such that for
any B'-separated V € G and any z, € X for v € V and y € X satisfying d(p\ ayy(24,y) < 7 for all
v €V, there is some z € X such that dp/,(z,2,) < 5 for all v € Vand dg\av (2,y) < §.

Since (g, zr+1) is asymptotic, there is some A € G containing eg such that degy a(2k, Try1) < 5.
Then we have B’ for A as above. Take 0 < 6 < § such that for any z,y € X with d(x,y) < 26 one has
dB’\A(‘T7y) < %

Since (z1,...,7x) € IEZ(X,G), the tuple (By(z1),..., By(zy)) has positive upper independence
density over 3. By Lemma 6.8 there is some g > 0 such that for every F' € G and § > 0 there is an
infinite set I s of ¢ for which there is a set Wgs,; C {1,...,n;} so that [Wgs;| > gn; and for every
map w : Wgs; — {1,...,k} there is a ¢ € Map(d, I, 6, 0;) satisfying that ¢(a) € Bp(2w(q)) for all
a € Wrs,; and d(sp(a), p(oi(s)a)) < d forall a € Wgs,; and s € F.
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Let ' € G and § > 0. By Lemma 3.12 there is some K; € G such that for any z,y € X, if
di, (z,y) < ¢, then d(z,y) < g. Take 0 < k < 6 such that for any z,y € X with d(z,y) < k, one has
dKl (l‘,y) < %

Put K = BUFUA'K; UAT'K F € G. Take 0 < 7 < £ such that 4ndiam(X,d)? < ()2, Put
8" = ky/n/|K| > 0. Let i € Ik s be sufficiently large so that |W;| > (1 — n)n, for

W; ={a € {1,...,n;} : 0;(s)a # o;(t)a for all distinct s,t € K,
and o;(s)o;(t)a = o;(st)a for all s,t € K}.

Take a maximal subset J; of W; N W 5 ; subject to the condition that o;(B")aNo;(B')b = & for all
distinct a,b € J;. Then (0;(B’)) " to;(B')J; D W; N\ Wk s.;, and hence

(Wi Wioril o (@=mni o qns
|B/|2 = |B"2 = 2|B/|2'

Now it suffices to show that J; is a (d, F, §, 0;)-independence set for (B (1), ..., Be(2k), Be(Xg41))-
Let f: J; — {1,...,k+1} be an arbitrary map and define g: J; — {1,...,k} by g = fon J;\ f~1(k+1)
and g = k on f~'(k +1). Then there is some ¢ € Map(d, K, §',0;) such that (a) € By(wy(,) for all
a € J; and d(sp(a), p(o;(s)a)) < ¢ for all a € Wi 5 ; and s € K.

Denote by W,, the set of a € {1,...,n;} satisfying d(sp(a), ¢(oi(s)a)) < k for all s € K. Since
¢ € Map(d, K,0',0;), we have [W,|/n; > 1—n.

Let a € W; N W,. Denote by V, (V/ resp.) the set of t € K satisfying o;(t)a € f~1(k + 1)
(0i(t)a € J; resp.). For each t € V| we have 0;(B’t)a = 0;(B’)o;(t)a. For any distinct ¢1,t3 € V| we
have o;(t1)a # 04(t2)a, and hence o;(B't1)a N o;(B't2)a = 0;(B")o;(t1)a N o;(B")o;(t2)a = &, which
implies that B’t; N B'ty = @. Thus V! is B’-separated. Put y, = ¢(a), and for each t € V, put
Tar =t 1xpy1. Forany t € V, and s € (B"\ A)t, we have

d(xk, tp(a)) < d(zk, p(oi(t)a)) +d(p(oi(t)a), tp(a)) < 0+ r < 20,

|Ji| >

and hence

d(8Ta ¢, 8Ya) = d(st gy, st (tp(a))) < d(st™ apy, st ag) + d(st™ g, st (tp(a))) < = +

=T

(Y

T
2
Then there is some ¢(a) € X such that dp/¢(¥(a), z4,¢) < § for all t € V, and degy av, (¥(a),ya) < 5.
Fora € {1,...,n;}\(W;NW,,), take 1)(a) to be any point in X. Then we get amap ¢: {1,...,n;} —
X. We claim that ¢ € Map(d, F, J, ;).
Indeed, let s € F and put W = (W; N W) N (0:(s)) "1 (W; N W,,). We have
H1,..oona b \ W] <2{1,...,n b \ Wi + 2{1,...,n;} \ Wo| < 4nn,.
Let a € W and v € K;. If vs € At for some t € V,, then ts™! € A71K; C K and o;(ts 1)o;(s)a =
oi(t)a € f~1(k+1), and hence ts~! € Voi(s)a and v € Ats™!, from which we get
d('ysq/)(a),fyq/z(al(s)a)) < d(’%ﬂ/’(a)a ’ysxa,t) + d(’ysxa,ta ’yxai(s)a,ts_l) + d(’yxai(s)a,ts_lvwa(o—i(s)a))

€ €
< 5 +d(yst a1, yst  apg) + 5=¢ <ec.

If v € At for some t € V,,(5)q, then ts € ALK F C K and o4(ts)a = o5(t)oi(s)a € f~1(k + 1),
and hence ts € V, and vs € A(ts). Thus, if ys € G\ AV,, then v € G\ AV, (5)4, and using
d(sp(a), p(o;(s)a)) < k and v € K; we have

d(ys(a), v (oi(s)a)) < d(vs(a), Y8Ya) + A(V8Yar Vo (s)a) + A VYo, (s)a> Y (Ti(5)a))

< 5 +d(ysp(a), 1p(i(s)a) +5 < S+ 5 +5 <

We conclude that d, (st(a),¥(0;(s)a)) < ¢ for every a € W. From our choice of K7, we obtain that
d(sy(a),¥(0i(s)a)) < § for all a € W. Therefore

% S dlsv(@), (o)) =+ Y dlsvla) poa)? + - d(sb(a), loi(s)a))?

7 n;
aew a€{l, i \W

< M (g>2 + diam(X, d)2 {1,... 77%} \W

on ng

N
ac{l,...,n;}

5\ 2 ' , N,
< 3 + 4ndiam (X, d)* < 2 3 < 0%
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This proves our claim.

We have Wi 5 ; C W, and hence J; C W;NWg 5 ; C W;NW,,. Since eq € K, we have ;(eg)a =a
for alla € W;. For any a € f~!(k+1), we have eg € V,, and hence d(i(a), tps1) = d(p(a), Taes) < 5.
For any a € J; \ f~!(k+1), we have eq € V] \ V, C G\ AV,, whence d(¢(a), p(a)) = d(¢(a),ya) < 5

and consequently
d((a), 75w < d((a), 9(a) + d(p(a), z5w) < 5 +0 < <.

We conclude that ¢(a) € B.(2(,)) for all a € J;. This shows that J; is a (d, F, d, 0;)-independence set
for (B:(x1),...,B:(zk), Be(xg+1)) as desired. O

6.2 From independence entropy pairs to asymptotic pairs

In this subsection we prove Theorem 6.9 which gives sufficient conditions under which positive topo-
logical entropy for an action of an amenable group implies the existence of off-diagonal asymptotic
pairs.

Theorem 6.9. Let G be an amenable group, and G ~ X an expansive action with the strong TMP.
Then 1E,(X,G) C Ax(X, G) for every k > 2.

Theorem 6.9 follows from Proposition 3.11, Lemma 5.2 and Proposition 6.12 below.

Combining Theorem 6.9 and part (2) of Theorem 2.7 we obtain the following corollary. Part (1) of
it was proven by Meyerovitch [77, Theorem 1.4] under the stronger assumption that G ~ X has the
POTP.

Corollary 6.10. Let G be an amenable group, and G ~ X an expansive action with the strong TMP.

1. If hiop(G ™~ X) > 0, then for every k > 2 there exists an (z1,...,x,) € A(X, G) with x4, ...,z
distinct.

2. If G ~ X has UPE of order k for some k > 2, then Ax(X,G) is dense in X*.

Remark 6.11. Theorem 6.9 and Corollary 6.10 also hold with the strong TMP replaced by the mean
TMP.

The following result was proven in [5, Theorem 4.2] under the stronger assumption of the POTP.
The proof is very similar but it is in fact much more natural in this general context.

Proposition 6.12. Let G ~ X be an action with the mean TMP. For every k > 2 and € > 0 we have
IEx(X,G) C A5(X,G).

Proof. Let (x1,...,xr) € IEx(X, G). It suffices to show that for any € > 0 there exists an e-asymptotic
tuple in Bg(x1) X -+ X Be(z). By the mean TMP there exist 6 > 0 and an increasing sequence
{F }nen of finite subsets of G with union G such that for each n € N there is an (§,J)-memory set
F, for F, so that |F, \ F,| = o(|F,|). Let C = {C;} be a finite 6-cover of X, that is, for every Cj,

Sup, o, d(z,w) < J. For every n € N we define

K, = \/geF ¢ 'C and 0K, = \/ gl

gan\Fn

Let U = (Bz(r1),...,Bs(wg)). Since (x1,...,zx) is an orbit IE-tuple, there exists ¢ > 0 such that
for every n € N there exists an independence set J, C F,, for U such that |J,| > ¢|F,|. We also have
that for all n € N. s

0K,| < ||\ |

Since \1:"; \ | = o(|Fp]), for all sufficiently large m € N we have |F7n \ B < qu | and

o log(|C])
us,
k k F’;’: F7Yl
(m)lJml > (m)qum\ > |C\| \Fn| > [0Kp| .
In particular, as J,, is an independence set for U, there exist v € J,,, C € 0K, and z1,...,2) € C
such that

ya € Bg(x;) forevery 1<j<k.
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Let 2 < j < k. Since z7,z} € C, for every g € F,, \ Fy, we have that d(gx}, gz’) < ¢ and thus

dg\p, (z1,27) < 4. As F,, is an (5,0)-memory set for Fy,, there exists 2 € X such that di— (27, 2}) <
5 and da\r,, (21,2;) < §. By definition, (z9,2}) is an §-asymptotic pair and as v € Fy, C Fp, we
obtain th-at d(’y:z:;-,fy;z;-) <5 ar.1d hence vz} € le(zj.).

Defining 2; = 72 for 2 < j < k and 21 = yz7 yields that (z1,...,2;) € AL (X, G) N (Be(z1) x -+ ¥
Bg(xk)). O]

Remark 6.13. Proposition 6.12 does not hold in general for actions with the (uniform) TMP. In-
deed, Example 3.17 is an expansive algebraic action of a countable amenable group with positive
topological entropy and no off-diagonal asymptotic pairs. By Proposition 4.1 and Theorem 3.13 we
conclude that this action has the uniform TMP but cannot have the mean TMP as it would contradict
Remark 6.11.

Corollary 6.10 does not hold in general for actions of non-amenable groups and sofic topological
entropy. In order to illustrate this, we need to introduce a few concepts from measurable dynamics.
Given a sofic group G, a sofic approximation sequence X for GG, and an action G ~ X and a G-invariant
Borel probability measure p on X, we say G ~ (X, u) is Bernoulli if it is isomorphic to a p.m.p.
action of the form G ~ (Y, v%) where Y is a compact metrizable space, v is a Borel probability
measure on Y, v% is the product measure on Y and the action G ~ Y@ is given by gy(h) = y(g~'h)
for every y € Y& and g € G. We say that G ~ (X, u) has completely positive entropy with
respect to X if every nontrivial measurable factor G ~ (X', ') of G ~ (X, ) has positive measure-
theoretical sofic entropy with respect to ¥ (by nontrivial we mean that v does not have an atom of full
measure). A theorem of Kerr [52, Theorem 2.6] states that every Bernoulli measure has completely
positive entropy with respect to any sofic approximation sequence .

Example 6.14. Let F» = (a,b | @) be the free group on two generators. The perfect matchings
subshift X, is the SFT consisting of the configurations = € {a, b,a=t, b~ 1} such that for every
g € Fy we have (z(g))~! = 2(g-2(g)). By a result of Lyons and Nazarov there is an Fh-invariant Borel
probability measure fipm on Xy, which is a nontrivial factor of a Bernoulli measure [75, Theorem 1.1].
By the result of Kerr, we obtain that hEpm (Fy ~ Xpm) > 0 for every sofic approximation sequence
3. By the variational principle for actions of sofic groups, we conclude that Fy ~ X, has positive
topological sofic entropy for every sofic approximation sequence Y. However, the next proposition

shows that F» ~ X,m has no off-diagonal asymptotic pairs.
Proposition 6.15. The action F» ~ X, has no off-diagonal asymptotic pairs.

Proof. Let (z,y) € (Xpm)? be an asymptotic pair. Let ' € G be the set of g € Fy such that
z(g) # y(g). If @ # y then F # &. Let g € F such that the length of the reduced word
wiws ... wy € {a,b,a”t,b=1}* which represents g is maximized. Then we have that gs ¢ F for every
s € {a,b,a 1, b7 3\ {w; '}. If 2(g) = s for some s € {a,b,a™, b7} \ {w; '}, then y(gs) = (gs) = s~
and thus y(g) = y(gss—!) = s which contradicts g € F. Then we have x(g) = w; '. Using the same
argument we get y(g) = wk_l and thus z(g) = y(g) contradicting again that g € F'. Therefore F' = &
and thus x = y. O

7 Applications

In this section we shall put together the results of Sections 3 to 6 to obtain several results about
Markovian measures, algebraic actions, and minimal actions.

7.1 Supports of Markovian measures

Recall that a p.m.p. action G ~ (X, i) of an amenable group has completely positive entropy if every
nontrivial measurable factor of G ~ (X, u) has positive measure-theoretical entropy.

Corollary 7.1. Let G be an amenable group, X a G-subshift, and u a G-invariant Markovian measure
on X. The following hold:

1. If hy(G ~ X) >0, then G ~ supp(u) has off-diagonal asymptotic pairs.
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2. If G ~ (X, 1) has completely positive entropy, then the asymptotic pairs of G ~ supp(u) are
dense in supp(p) x supp(u).

Proof. If h, (G ~ X) > 0, we have that
htop(G ™~ supp(p)) = hy(G ~ supp(p)) = hy(G ~ X) > 0,

where the first inequality comes from the variational principle.

If G ~ (X, p) has completely positive entropy, then IEs(supp(u), G) = supp(u) X supp(u) by [54,
Theorems 2.27 and 2.21].

By Proposition 3.15 we have that G ~ supp(u) has the strong TMP. Now the corollary follows
from Corollary 6.10. O

7.2 Algebraic actions

For an action G ~ X of G on a compact metrizable group X by continuous automorphisms, we say
x € X is a homoclinic point [68] if sz — ex as G 5 s — o0, where ex denotes the identity element
of X. The homoclinic points form a G-invariant normal subgroup of X, called the homoclinic group
and denoted by A(X, G). Using the fact that X admits a translation-invariant compatible metric (see
the proof of Proposition 4.1), it is easy to see that for each k > 2, one has

A (X, G) = {(yx1, ..y yzg) t 21,2 € AX,G),y € X}
={(z1y,...,zry) 1 21,..., 2 € A(X,G),y € X}.

We say « € X is an IE point [26, Definition 7.2] [56, page 247 if (z,ex) € IE2(X,G). The IE points
form a G-invariant closed normal subgroup of X [56, Theorem 6.4], called the IE group and denoted
by IE(X,G). Furthermore, for each k € N, we have [56, Theorem 6.4]

IEL(X,G) = {(yz1,...,yzk) : 21, ..., 2k € IE(X,G),y € X}
={(x1y,...,2ry) : T1,..., 2 € IE(X,G),y € X }.

Corollary 7.2. Let G ~ X be an expansive action of G on a compact metrizable group X by contin-
wous automorphisms. We have:

1. A(X,G) C IE(X,G). In particular, A(X,G)* C 1IE,(X,G) for every k € N.

2. If G is sofic and ¥ is any sofic approzimation sequence for G, then A(X,G)* C IEF (X, G) for
every k € N.

Proof. Tt is quite easy to see that ex € IE;(X,G) and ex € IEY(X,G). By Proposition 4.1 we have
that G ~ X has the TMP. Therefore, using Theorem 6.1 and Theorem 6.4 we obtain respectively
that {ex} x A(X,G) C IEx(X, G) and {ex} x A(X,G) C IEJ(X,G). From the first inclusion we get
(1). From the second inclusion we get that A(X,G) C IEY(X,G). Therefore by repeating the above
argument we obtain that A(X,G)? C IEY(X, Q). Iterating the above argument yields (2). O

In the case X is abelian and G is amenable, part (1) of Corollary 7.2 was known first as a con-
sequence of [26, Theorems 5.6 and 7.8] and the fact that every expansive algebraic action of G is
finitely generated [90, Proposition 2.2 and Corollary 2.16]. In general, when X is abelian, part (1)
of Corollary 7.2 is also a consequence of [56, Theorem 6.5] and [26, Theorem 5.6].

A straightforward application of Corollary 7.2 together with Theorems 2.7 and 2.9 yields the fol-
lowing result:

Corollary 7.3. Let G ~ X be an expansive action of G on a compact metrizable group X by contin-
uous automorphisms. The following hold:

L If A(X,G) # {ex}, then hiy (G ~ X) > 0.
2. If A(X,G) is dense in X, then G ~ X has naive UPE of all orders.

Furthermore, if G is sofic with 3 a sofic approximation sequence for G, then:

1. If A(X,G) # {ex}, then hi (G ~ X) > 0.

top
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2. If A(X,G) is dense in X, then G ~ X has sofic UPE of all orders.

Remark 7.4. Note that we do not need to assume that X is abelian for any of the results so far in
this section.

The previous corollaries are false without the expansivity assumption. In [68, Example 7.5] Lind and
Schmidt constructed an algebraic action of Z? with zero topological entropy and nontrivial homoclinic
points.

Possibly the most interesting corollary in this section is the following.

Corollary 7.5. Let G ~ X be an expansive algebraic action of an amenable group such that either:

1. Z@G is left Noetherian, or

2. G satisfies the strong Atiyah conjecture, there is an upper bound on the orders of finite subgroups
of G, and G ~ X is finitely presented.
Then A(X,G) = IE(X, G).
Proof. By Theorem 4.3 the hypotheses above imply that G ~ X has the strong TMP. Using Theo-
rem 6.9 and Corollary 7.2 yields the result. O

For an action G ~ X of an amenable group GG on a compact metrizable group X by continuous
automorphisms, denoting by px the normalized Haar measure of X, one has hyop (G ~ X) = hy, (G
X) [29, Theorem 2.2]. See also [58, Proposition 13.2]. For such an action, IE(X,G) # {ex} exactly
when hyop (G ~ X) > 0 [26, Theorem 7.3]. Furthermore, IE(X, ) = X exactly when G ~ X has
completely positive topological entropy in the sense that every nontrivial (i.e. not reduced to a single
point) topological factor of G ~ X has positive topological entropy [26, Theorem 7.4], also exactly
when the p.m.p. action G ~ (X, ux ) has completely positive entropy in the sense that every nontrivial
measurable factor of G ~ (X, ux) has positive measure-theoretical entropy [26, Theorem 8.1]. Now
Theorem 1.1 follows from Corollary 7.5.

We will see now that Theorem 1.1 does not hold for naive topological entropy if the group is not
amenable (even if the finitely presented expansive algebraic action is an SFT).

Example 7.6. Let Fy = (a,b | &) be the free group on two generators. For g € Fy denote by |g| the
length of the reduced word on {a,b,a!,b=1}* representing g. Also, for g, h € F, define their distance
by §(g,h) = |g~*h|. Write B, = {g € F» : |g| <n} and B,, = B,, \ By—1.

Consider the 5-dot shift in Fy given by

Xg = {:r € (2)27)" Z x(gs) = 0 for every g € FQ} .
SEB;

Let Fy be the finite set of all p € (Z/2Z)"* such that Y- 5 p(s) # 0. Clearly

Xe = @27\ | gl

gEF,,pEF 8,

Thus X4 is a subshift of finite type. It is also clear that F» ~ Xa is an algebraic action and

—

Xy = ZFy/J, where J is the left ideal of ZF generated by 2 and ) __p s. Thus Fh ~ Xy is a finitely
presented expansive algebraic action.

Proposition 7.7. X4 has no off-diagonal asymptotic pairs.

Proof. Suppose there exists an asymptotic pair (z,y) such that  # y. Let n be the smallest integer
such that z|p,\ B, = y|m\B,- It follows that there is g € OB, such that z(g) # y(g).

Let u € By such that gu € dB,,+1. For every h € By \ {u™!,er,} we have guh € 9B, 2. By
definition, we have that every z € Xy satisfies 3 . 5 z(gus) = 0 and thus z(9) = - cp,\ (41} 2(gus).
Hence, using that z|p,\ g, = y|r,\ B, We obtain

wg)= > wlgus)= D ylgus) =ylg),

s€Bi\{u""} s€B1\{u"1}

which contradicts z(g) # y(g)- O
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Let X C A% be a G-subshift and let F C Usece A4, Fix F € G. The set of globally admissible
patterns of support F is Lr(X) = {p € A¥ : [p] N X # @}. The set of F-locally admissible patterns
of support F is L1¢(F) = {p € A" : for every ¢ € F and g € G, [p] ¢ g[q]}. Note that whenever F
generates X in the sense that X = A%\ Uyeq per 9lpl, we have Lp(X) C Lo (F).

For s,t,g € Fy let (s,t)y = 3(8(s,9) + 6(t,g) — 6(s,t)). For F € F,, the span of F is the set
Span(F) of all g € F, for which there are s,t € F' such that (s,t), = 0. We say that F' is connected
if FF = Span(F'). This is the same as saying that F' is connected in the right Cayley graph of Fy given
by the generators {a,b,a=t,b71}.

Lemma 7.8. Let A, B be connected finite subsets of Fy such that A C B and |B\ A| = 1. For every
p € L%°(Fy) there exists ¢ € L¥¢(Fg) such that qla = p.

Proof. As |B\ Al =1 and B D A is connected, there exists g € A and s € 9B; such that gs € B\ A.
As A is connected, if u € By \ {s71} then gsu ¢ A.

For h € A we let q(h) = p(h). If gB1 C B, then we define q(gs) = 3, cp,\ (s} P(9v), otherwise we
define g(gs) = 0. By definition, g|4 = p. Let us show that g € L} (Fy).

Suppose that ¢ ¢ L3°(Fs). Then there is some h € B such that hBy C B and - p q(hv) # 0.
As qla = p € L¥°(Fs), we have gs € hB;. Since for every u € By \ {s7'} we have gsu ¢ A, the only
possibility is that & = g. Then gB; C B and by definition of g(gs) we have ) _p ¢(gv) = 0, which is
a contradiction. O

Lemma 7.9. Let F be a connected finite subset of Fr. Then L°(Fg) = Lp(X4).

Proof. Let p € L}%°(Fg) and consider an increasing sequence {A, },en of finite subsets of Fy with
union F» such that Ay = F. In order to show that p € Lp(X4) it suffices to construct a sequence
Pn € L}:j(}".;.) such that p; = p and for n > 1, pyy1]a, = pn. Indeed, by definition [p,] D [pnt1]
and thus ), cy[pn] is nonempty. As the sets A, increase to Fy, the set (1, cn[pn] is a singleton, say
{z}. If x € g[p] for some g € F, and q € Fu, then p, C g[g|] for some large n, which is impossible as
pn € LY°(Fg). Therefore z € X N [p].

For m > 0, consider C,,, = F'B,,. Let hy,...,hyum) be an enumeration of Cy,41 \ Cp, and for
i € {l,....k(m)} let Dy, ; = Cpy U{hy,...,hi} and note that Dy, y(m) = Cpy1. For n € N define
recursively A, = C7; = F and

A = Dy iv1 it Ay = Dy, ioand @ < k(m)
n+1 — Dm71 i An :Cm .

Note that each A, is a connected subset of F, |A,+1\A,| = 1 for every n € N and that A,, increases
to F». Assume inductively that we have p, € L}f°(Fy). By Lemma 7.8 there is pp1 € LY (Fa)
such that pp41]a, = pn-

We say a pair of sets A, B C F; are k-separated if 6(A, B) = inf(, n)caxp d(g,h) > k. We say a
collection Ay, ..., A, C Fy is k-separated if it is pairwise k-separated.

loc

Lemma 7.10. Let A, B be a 3-separated pair of connected subsets of F». Then for everyp € LYS5(Fu)

loc

there exists q € Ly, o p)(Fa) such that qlaup = p.

Proof. Let hy € A and hp € B such that §(ha,hp) = inf(4 p)caxp d(g,h). As A, B are connected and
F5 has no cycles, it follows that Span(AUB) = AUBUSpan({ha,hp}). Let ho, h1,..., hn, hni1 € Fo be
an enumeration of Span({h4, hp}) such that hg = ha, hny1 = hp and AU{hq, ..., h;} is connected for
every 1 <k <n. As A, B are 3-separated, it follows that 6(h4, hp) > 3 and thus n > 2. By Lemma 7.8
there are p4 € L}:Lj{hl}(]ig.) and pp € Lg’é{hn}(}".;.) such that pala = p|la and pp|p = p|a. Let

q € {0,1}%P2(AUB) he defined by

palg) ifge AU{h}
q(9) = {pe(g9) ifge BU{h,}
0 otherwise.

It can be verified directly from the definition that g|aup = p and that ¢ € Léggn(AuB) (Fa). O
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Lemma 7.11. Let A be a 5-separated finite collection of finite connected subsets of Fy. Let pa €
LYe(Fy) for each A € A. Then there exists p € LSpan(UA AA)(]-';.) such that pla = pa for all A € A.

Proof. We proceed by induction on the size of A. If |A| = 1 the result is trivial. Let |A] =n > 1
and assume the result for all 5-separated collections of cardinality at most n — 1. By Lemma 7.10 it is
enough to show that there is A € A which is 3-separated from Span(Uce 4\ 143 C)-

Let us verify the above property. Pick Ay € A and choose A € A such that §(A, Ag) achieves
the maximum. We claim that (A, Span(Uce a4y C)) = 3. Indeed, let go € Ag and g € A
such that 6(A,Ao) = 0(g,90). Assume that 6(A,Span(Ucea\(ay C)) < 2. Then there exist h €
Span(Ucea(a) €) \ Ucea(ay € and g € A such that 6(g,h) = 6(A,Span(Ucec a4y C)) < 2. It
follows that there are distinct A1, Ay € A\{A} and g1 € A1, g2 € As such that h € Span({g1, g2}) and
Span({g1,92}) N UCGA\{A} C ={g1,92}. Without loss of generality we may assume that A; # Ag. If
g # g, then

6(A1, Ag) = (g1, 90) = 6(91,9) + (3, 9) + 6(g,90) > 6(g, go) = 0(A, Ao),

which contradicts our choice of A. Thus § = g. We have Span({g, go}) N Span({g, ¢1}) = Span({g, h1})
for some hy. If hy € Span({g, h}), then

(Ao, A1) = (g0, 91)

= 0(go, h1) + 6(h1, 91)

= 6(90,9) — 0(h1,9) + (g, 91) — 0(g, h1)
3(g0,9) + (g, 91) — 20(h, )

5(g0,9) +5—4 > d(g0,9) = (4o, 4),

(AVANYS

which contradicts our choice of A. Thus hy ¢ Span({g,h}). Then Ay # Aoy, and Span({g,g0}) N
Span({g, g2}) = Span({g, ha}) for some hy € Span({g,h}). Similar to the above, we get 6(A4g, A2) >
d(Ap, A), which again contradicts our choice of A. O

Proposition 7.12. F» ~ X4 has naive UPE of all orders.

Proof. Tt suffices to show IE(X4, Fy) = Xg. Let (21,72) € (Xg)2. Then it suffices to show that
for every n € N there exists a@ > 0 such that for every D € F5 there exists a set A € D such that
|A| > a|D| and for any map ¢: A — {1,2} we have

Xa N m a[gcg,(a) B

a€A

£ 2.

Put @ = |Byya,|7!. Fix D € F, and let A be any maximal (5 + 2n)-separated subset of D. Then
AByyo, D D, and hence |A| > |Byy2,| "t D| = a|D|. Consider the collection A = {aB, : a € A} and
for each a € A the pattern p, = (a2y(q))|aB, - By definition, A is 5-separated and each p, € Lap, (X4),
therefore, by Lemma 7.11, there exists p € Lé;;n(uaeA aBn)(]-".;.) such that pl.p, = p, for every a € A.

In other words, [p] C ,c4 @[Zp(a)|B,]-
Furthermore, as Span(|J,c 4 aBy) is connected, by Lemma 7.9 we have [p] N Xg # @ and therefore

Xa NNaen altp@ls,] # 2. -

7.3 Minimal actions

Corollary 7.13. Let G be an amenable group and G ~ X a minimal expansive action with the strong
TMP. Then hyop(G ~ X) = 0.

Proof. By Proposition 3.11 the action G ~ X has the TMP. Then by Theorem 5.1 there is no off-
diagonal asymptotic pair. From Corollary 6.10 we conclude that hyop (G ~ X) = 0. O

The previous result was proven for minimal Z?-SFTs in [87, Corollary 2.3] and for minimal G-SFTs
of any amenable group in [4, Corollary 3.17] using the formalism of group quasi-tilings. Our result
jointly generalizes these previous theorems from the context of subshifts and the POTP.

Remark 7.14. Corollary 7.13 also holds if we just assume that G ~ X has the mean TMP instead
of the strong TMP.
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We do not know whether the result fails for non-amenable groups. We believe the following question

might not be easy.

Qu

estion 7.15. Does there exist a sofic group (and some sofic approzimation sequence) for which

there exists a minimal SFT with positive topological sofic entropy?
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