EXPANSIVE ACTIONS WITH SPECIFICATION OF SOFIC GROUPS, STRONG TOPOLOGICAL MARKOV PROPERTY, AND SURJUNCTIVITY

TULLIO CECCHERINI-SILBERSTEIN, MICHEL COORNAERT, AND HANFENG LI

To Klaus Schmidt on his 80th anniversary

Abstract. A dynamical system is a pair (X, G), where X is a compact metrizable space and G is a countable group acting by homeomorphisms of X. An endomorphism of (X, G) is a continuous selfmap of X which commutes with the action of G. One says that a dynamical system (X, G) is surjunctive provided that every injective endomorphism of (X, G) is surjective (and therefore is a homeomorphism). We show that when G is sofic, every expansive dynamical system (X, G) with nonnegative sofic topological entropy and satisfying the weak specification and the strong topological Markov properties, is surjunctive.

Contents

1. Introduction 2 2. Preliminaries 5 2.1. General notation 5 2.2. Actions 6 2.3. Shifts and subshifts 6 2.4. Dynamical systems 6 2.5. Expansivity 7 2.6. The strong topological Markov property 7 2.7. The weak specification property 8 2.8. The pseudo-orbit tracing property 9 2.9. Algebraic dynamical systems 9 2.10. The Hamming distance 10 2.11. Sofic groups 10 2.12. Sofic topological entropy 11 3. Proofs 13 4. Examples 19 Appendix A. Stirling’s approximation formula 20

Date: February 9, 2024.

2010 Mathematics Subject Classification. 37B40, 37B10, 37D20, 20F65.

Key words and phrases. Sofic group, sofic entropy, surjunctive dynamical system, expansive action, strong topological Markov property, weak specification property, subshift, surjunctive subshift, strongly irreducible subshift, algebraic dynamical system. 1

References 21

1. Introduction

Let A be a finite set, called the alphabet, and let G be a group. We equip A^G = � g∈G A with the prodiscrete topology, i.e., the product topology obtained by taking the discrete topology on each factor A of A^G, and the shift action of G, given by gx(h) := x(g^{−1}h) for all g, h ∈ G and x ∈ A^G. This action is clearly continuous. A closed G-invariant subset X of A^G is called a subshift and a continuous map f : X → X which commutes with the shift is called a cellular automaton (cf. [10]).

A group G is called surjunctive if, given any finite alphabet A, every injective cellular automaton f : A^G → A^G is surjective (and therefore a homeomorphism) (see [10, Chapter 3]). Lawton [28] proved that all residually finite groups are surjunctive and Gottschalk [22] raised the question of determining those groups which are surjunctive. The statement asserting that every group is surjunctive is now commonly known as the Gottschalk conjecture. The fact that all amenable groups are surjunctive follows from one of the implications of the Garden of Eden theorem established in [14] (see also [10, Chapter 5]). Up to now, the largest class of groups that are known to be surjunctive is the class of sofic groups introduced by Gromov in [23] and named by Weiss in [36] (see Section 2.11): surjunctivity of sofic groups was established by Gromov [23] and Weiss [36] (see also [8], [10], [25] for expositions of this result). The class of sofic groups contains all residually finite groups, all amenable groups, and, more generally, all residually amenable groups. Actually, no example of a non-sofic group has yet been found.

A dynamical system is a pair (X, G) consisting of a compact metrizable space X equipped with a continuous action of a countable group G. An endomorphism of a dynamical system (X, G) is a continuous G-equivariant map f : X → X.

For instance, if A is a finite set, G is a countable group, and X ⊂ A^G is a subshift, then (X, G), where X is equipped with the topology induced by the prodiscrete topology and the action of G obtained by restriction of the shift action, is a dynamical system whose endomorphisms are the cellular automata f : X → X.

One says that a dynamical system (X, G) is surjunctive if every injective endomorphism of (X, G) is surjective (and hence a homeomorphism). Also (X, G) is expansive if, given a compatible metric ρ on X, there exists a constant c > 0 such that for all distinct x, y ∈ X there exists g ∈ G such that ρ(gx, gy) > c. By compactness of X, the fact that the dynamical system (X, G) is expansive or not does not depend on the choice of the compatible metric ρ. For instance, if X ⊂ A^G is a subshift, then (X, G) is expansive. See Section 2.5.

A sofic approximation of a countable group G is a sequence Σ = (d_j, σ_j)_{j∈N}, where d_j is a positive integer and σ_j : G → Sym(d_j) is a map from G into the symmetric group of degree d_j , satisfying the following conditions:

(i) lim_{j→∞} d_j = +∞, (ii) lim_{j→∞} η_{dj} (σ_j (s)σ_j (t), σ_j (st)) = 0 for all s, t ∈ G, and

(iii) lim_{j→∞} η_{dj} (σ_j (s), σ_j (t)) = 1 for all distinct s, t ∈ G, where η_{dj} denotes the normalized Hamming distance on Sym(d_j). A countable group G is sofic if it admits a sofic approximation. More generally, a group is sofic if all of its finitely generated subgroups are sofic.

For sofic groups, David Kerr and the third named author [24, 25, 26] defined and studied the topological entropy h_Σ(X, G) of a dynamical system (X, G) relative to a sofic approximation Σ of the group G. See Section 2.12.

The notion of specification, a strong orbit tracing property, was introduced by Rufus Bowen for Z-actions in relation to his studies on Axiom A diffeomorphisms in [5] (see also [19, Definition 21.1]) and was subsequently extended to Z^d-actions by Ruelle in [34]. Several versions and generalizations of specification have appeared in the literature (see, in particular, [30, Definition 5.1] and [16, Definition 6.1]). Here is the one we need (cf. [16, Definition 6.1], see also [29]). A dynamical system (X, G) has the weak specification property if for any ε > 0 there exists a finite symmetric subset F ⊂ G containing 1_G satisfying the following property: if (Ω_i)_{i∈I} is any finite family of finite subsets of G such that F Ω_i ∩ Ω_j = ∅ for all distinct i, j ∈ I, and (x_i)_{i∈I} is any family of points in X, then there exists x ∈ X such that ρ(sx, sx_i) ≤ ε for all i ∈ I and s ∈ Ω_i, where ρ is any metric compatible with the topology on X. When X ⊂ A^G is a subshift, the dynamical system (X, G) has the weak specification property if and only if X is strongly irreducible (cf. [9], [29, Proposition A.1]). See Section 2.7.

In [2], Barbieri, García-Ramos, and the third named author, inspired by investigations in the context of symbolic dynamics [3], introduced and studied various notions of topological Markov properties. Among them, the following will play a crucial role in our work. A dynamical system (X, G) satisfies the strong topological Markov property (briefly, sTMP) if for any ε > 0 there exists δ > 0 and a finite subset F ⊂ G containing 1_G such that the following holds: given any finite subset A ⊂ G and x, y ∈ X such that ρ(sx, sy) ≤ δ for all s ∈ F A \ A, there exists z ∈ X satisfying that ρ(sz, sx) ≤ ε for all s ∈ F A and ρ(sz, sy) ≤ ε for all s ∈ G \ A. When X ⊂ A^G is a subshift, the strong topological Markov property for (X, G) is equivalent to X being splicable in the sense of Gromov [23, Section 8.C] (see also [13, Section 3.8]). For instance, every subshift of finite type is splicable. See Section 2.6.

We are now in a position to state the main result of the paper.

Theorem 1.1. Let G be a countable sofic group and let (X, G) be an expansive dynamical system with the weak specification property and the strong topological Markov property. Assume that h_Σ(X, G) ≥ 0 for some sofic approximation Σ of G. Then (X, G) is surjunctive.

The key ingredient for the proof of Theorem 1.1 is the following simple classical argument: a dynamical system (X, G), admitting a topological conjugacy invariant taking values in an ordered set which are strictly smaller than that of (X, G) on proper subsystems, is surjunctive. The following result, which is of independent interest, shows that (in the hypotheses of Theorem 1.1) sofic topological entropy yields such a suitable topological conjugacy invariant:

Proposition 1.2. Let G be a countable sofic group and let (X, G) be an expansive dynamical system with the weak specification property and the strong topological Markov property. Assume that h_Σ(X, G) ≥ 0 for some sofic approximation Σ of G. Suppose that Y ⊂ X is a proper closed G-invariant subset. Then h_Σ(Y, G) < h_Σ(X, G).

As an immediate consequence of Theorem 1.1 we deduce the following:

Corollary 1.3. Let A be a finite set and let G be a countable sofic group. Suppose that X ⊂ A^G is a splicable (e.g., of finite type) strongly irreducible subshift. Assume that h_Σ(X, G) ≥ 0 for some sofic approximation Σ of G. Then (X, G) is surjunctive. □

As the full shift A^G is (trivially) splicable (in fact of finite type) and strongly irreducible, and h_Σ(A^G, G) = log |A| ≥ 0 for all sofic approximations Σ of any sofic group G, from Corollary 1.3 one immediately recovers the Gromov-Weiss surjunctivity theorem for sofic groups. When G is an amenable group, the surjunctivity result in Corollary 1.3 was proved under the additional assumption of X being of finite type by Fiorenzi [21, Corollary 4.8]; the first two named authors [9] then showed that the strong irreduciblity of the subshift is sufficient to imply surjunctivity when G is amenable. Note that, however, the strong irreducibility condition cannot be dropped: for instance, Weiss [36] gave an example of a subshift of finite type over G = Z which is not surjunctive (see Example 4.2) as well as an example of a topologically mixing subshift of finite type over G = Z^2 which is not surjunctive either.

An algebraic dynamical system is a dynamical system (X, G), where X is a compact metrizable abelian group and G is a countable group acting by continuous automorphisms of X. Given an algebraic dynamical system (X, G), the Pontryagin dual ^X, when equipped with the dual action of G, is a countable left Z[G]-module (see Section 2.9). In fact, Pontryagin duality establishes a bijective correspondence between algebraic dynamical systems over G and countable left Z[G]-modules.

An algebraic dynamical system (X, G) is said to be finitely presented provided its Pontryagin dual ^X is a finitely presented left Z[G]-module. This amounts to saying that there exists an n × m matrix A with coefficients in Z[G] such that ^X = Z[G]^m/(Z[G]^nA); we then denote X by X_A. In the particular case when A is a square matrix, the associated algebraic dynamical system (X_A, G) is called a generalized principal algebraic dynamical system. Note that if (X, G) is an algebraic dynamical system, then G fixes the identity element of X. Therefore, if in addition the group G is sofic, then (X, G) satisfies h_Σ(X, G) ≥ 0 for all sofic approximations Σ of G. From Theorem 1.1, in combination with results of Meyerovitch [31], Ren [33], and Barbieri, García-Ramos and the third named author [2], we then deduce the following:

Corollary 1.4. Let G be a countable sofic group. Let A ∈ Mat_n(Z[G]) and suppose that A is invertible in Mat_n(ℓ^1(G)). Then the generalized principal algebraic dynamical system (X_A, G) is surjunctive.

Here ℓ^1(G) := {f ∈ R^G : � g∈G |f(g)| < ∞} is the Banach algebra of all real summable functions on G. Note that when n = 1 and m ≥ 2 is an integer, then taking f = m1_G ∈

Z[G] one has X_f = {1, 2, . . . , m}^G, the full shift over an m-elements alphabet set. From Corollary 1.4 one then recovers, once more, the Gromov-Weiss surjunctivity theorem for sofic groups.

We don’t know if the above corollary can be extended to all expansive finitely presented algebraic dynamical systems.

Surjunctivity of algebraic dynamical systems, in relation with the so-called topological rigidity property, was investigated also in [4].

We conclude with a surjunctivity result for actions of amenable groups on (not necessarily abelian) compact metrizable groups by continuous automorphisms. First, recall that given a countable amenable group G, a dynamical system (X, G) has completely positive entropy (briefly CPE ) if every nontrivial factor has positive topological entropy. We then have the following result whose proof is not a consequence of Proposition 1.2 (or Theorem 1.1) but can be read independently.

Theorem 1.5. Let G be a countably infinite amenable group G and let (X, G) be a dynamical system, where X is a compact metrizable group and G acts by continuous automorphisms of X. Suppose that (X, G) has CPE and that h_{top}(X, G) < ∞ (e.g., (X, G) is expansive). Then (X, G) is surjunctive.

Acknowledgments. We express our gratitude to Felipe García-Ramos and to the anonymous referee for their several interesting remarks. H. Li wishes to thank Filippo Tolli (Università Roma Tre) and the Department SBAI of the Sapienza University in Rome for hospitality during a visit in December 2019, in which this work started. He was partially supported by NSF grant DMS-1900746.

2. Preliminaries

In this section we fix the notation and review some background material on dynamical systems, sofic groups, and sofic entropy.

2.1. General notation. Throughout the paper, we use | · | to denote cardinality of finite sets.

We write N for the set of non-negative integers.

Given sets A and B, we denote by A^B the set consisting of all maps x: B → A. We will sometimes regard an element x ∈ A^B as a family of elements of A indexed by B, namely x = (x(b))_{b∈B} , where x_b := x(b) for all b ∈ B. If B^′ ⊂ B and x ∈ A^B, we denote by x|_B′ ∈ A^{B′} the restriction of x to B^′, that is, the map x|_B′ : B^′ → A defined by x|_B′ (b^′) := x(b^′) for all b^′ ∈ B^′.

Given a set X, we denote by Sym(X) the symmetric group of X, i.e., the group consisting of all bijective maps σ : X → X with the composition of maps as the group operation.

Given a positive integer d, we write [d] := {1, 2, . . . , d}. To simplify notation, we write Sym(d) instead of Sym([d]).

Given a group G, we denote by F(G) the set of all nonempty finite subsets F ⊂ G. Also, given F ∈ F(G), we say that a (not necessarily finite) subset V ⊂ G is F -separated if F s ∩ F t = ∅ for all distinct s, t ∈ V .

Given a metric space (X, ρ) and a subset Y ⊂ X, we denote by diam(Y, ρ) := sup{ρ(y_1, y_2) : y_1, y_2 ∈ Y } the diameter of Y . For x ∈ X, we write ρ(x, Y ) := inf_{y∈Y} ρ(x, y). Moreover, given ε > 0 one says that Y is (ρ, ε)-separated provided that ρ(y, y^′) ≥ ε for all distinct y, y^′ ∈ Y .

2.2. Actions. An action of a group G on a set X is a group morphism α : G → Sym(X). If α is an action of a group G on a set X, given g ∈ G and x ∈ X, we usually write α_g(x) or, if the action is clear from the context, gx, instead of α(g)(x).

An action of a group G on a topological space X is said to be continuous if its image is contained in the group of homeomorphisms of X.

2.3. Shifts and subshifts. Let A be a finite set and let G be a countable group. We equip A with the discrete topology and A^G = � g∈G A with the product topology (this is also called the prodiscrete topology on A^G). Note that A^G is a compact space (by Tychonoff’s theorem) and is metrizable since G is countable. A metric inducing the prodiscrete topology can be constructed as follows. Let (Ω_n)_{n∈N} be a sequence of finite subsets of G satisfying that Ω_0 = ∅, Ω_1 = {1_G}, Ω^{−1}_n := {g^{−1} : g ∈ Ω_n} = Ω_n, Ω_n ⊂ Ω_{n+1} for all n ∈ N, and � n∈N Ω_n = G. Then the map ρ: A^G × A^G → [0, 1] defined by setting

(2.1) ρ(x, y) := 2^{−n(x,y)}, where n(x, y) := sup{n ∈ N : x|_{Ωn} = y|_{Ωn} }

(with the usual convention that 2^{−∞} = 0) for all x, y ∈ A^G, is a metric on A^G inducing the prodiscrete topology.

We make G act on A^G by the shift action, given by the map G × A^G → A^G, (g, x) → gx, where

(2.2) gx(h) := x(g^{−1}h) for all g, h ∈ G and x ∈ A^G.

The action of G on A^G is clearly continuous.

A closed G-invariant subset of A^G is called a subshift.

A subshift X ⊂ A^G is said to be of finite type provided there exists a finite subset Ω ⊂ G and A ⊂ A^Ω such that X = {x ∈ A^G : (gx)|_Ω ∈ A for all g ∈ G} (such a set A is then called a defining set of admissible patterns for X and the subset Ω is called a memory set for X).

2.4. Dynamical systems. A dynamical system is a pair (X, G) consisting of a compact metrizable space X, called the phase space, equipped with a continuous action of a countable group G.

Let (X, G) be a dynamical system and let ρ be a metric on X compatible with the topology. Given a nonempty subset A ⊂ G, we denote by ρ_A the metric on X defined by setting

(2.3) ρ_A(x, y) = sup_{g∈A} ρ(gx, gy) for all x, y ∈ X. Note that ρ_{{1G}} = ρ.

2.5. Expansivity.

Definition 2.1. The dynamical system (X, G) is expansive if there exists a constant c > 0 such that for all distinct x, y ∈ X there exists g ∈ G such that ρ(gx, gy) > c. Such a value c is called an expansivity constant for (X, G) (relative to the metric ρ).

Compactness of the phase space X guarantees that the definition of expansivity does not depend on the choice of the metric ρ. Note that c > 0 is an expansivity constant for (X, G) if and only if ρ_G(x, y) > c for all distinct x, y ∈ X (cf. (2.3)). For example, if A is a finite set and G is a countable group, then the symbolic dynamical system (A^G, G) is expansive (with expansivity constant c = 1/2 relative to the metric ρ defined by (2.1)).

The following lemma (cf. [2, Lemma 3.13]) was proved by Bryant [7, Theorem 5] (cf. [1, Proposition 2]) for G = Z.

Lemma 2.2 (Uniform expansivity). Let (X, G) be a dynamical system, let ρ be a compatible metric on X, and let c > 0. The following conditions are equivalent: (a) (X, G) is expansive and c is an expansivity constant for (X, G) relative to ρ; (b) for every ε > 0, there exists a nonempty finite subset K ⊂ G such that the following holds: if x, y ∈ X satisfy that ρ_K (x, y) ≤ c, then ρ(x, y) < ε.

Proof. Assume (a) and suppose, by contradiction, that (b) fails to hold, that is, there exists ε_0 > 0 such that for every nonempty finite subset K ⊂ G there exist x_K , y_K ∈ X such that ρ_K (x_K , y_K) ≤ c but ρ(x_K , y_K ) ≥ ε_0. Consider the nets (x_K )_{K∈F(G)} and (y_K )_{K∈F(G)} of points in X, where the common index set F(G) is partially ordered by inclusion. Since X is compact, we can find a cluster point (x, y) in X × X for (x_K , y_K)_{K∈F(G)}. Note that, by continuity, ρ(x, y) ≥ ε_0, so that, in particular, x ≠ y. Let g ∈ G. If K ∈ F(G) contains g one has ρ(gx_K , gy_K) ≤ c. By continuity, we have ρ(gx, gy) ≤ c. As g was arbitrary, we deduce that ρ_G(x, y) ≤ c. Since x ≠ y, this contradicts the assumption that c is an expansivity constant. This proves the implication (a) ⇒ (b).

Conversely, suppose (b). Let x, y ∈ X such that ρ_G(x, y) ≤ c and let us show that x = y. Let ε > 0 and let K ⊂ G be a finite subset as in (b). As ρ_K (x, y) ≤ ρ_G(x, y) ≤ c, we have ρ(x, y) < ε. Since ε was arbitrary, this implies that ρ(x, y) = 0, that is, x = y. This shows that c is an expansivity constant for (X, G). □

2.6. The strong topological Markov property.

Definition 2.3. The dynamical system (X, G) satisfies the strong topological Markov property (briefly, sTMP) if for any ε > 0 there exists δ > 0 and a finite subset F ⊂ G containing 1_G such that the following holds. Given any finite subset A ⊂ G and x, y ∈ X such that ρ_{F A\A}(x, y) ≤ δ, there exists z ∈ X satisfying that ρ_{F A}(z, x) ≤ ε and ρ_{G\A}(z, y) ≤ ε.

Definition 2.4. The dynamical system (X, G) satisfies the uniform strong topological Markov property if for any ε > 0 there exists δ > 0 and a finite subset F ⊂ G containing 1_G such that the following holds. Given a finite subset A ⊂ G, an F A-separated subset

V ⊂ G, a family (x_v)_{v∈V} of points in X, and y ∈ X such that ρ_{(F A\A)s}(x_s, y) ≤ δ for all s ∈ V , there exists z ∈ X satisfying that ρ_{F As}(x_s, z) ≤ ε for all s ∈ V and ρ_{G\AV} (y, z) ≤ ε.

Remark 2.5. Clearly, every dynamical system with uniform sTMP satisfies sTMP (just take V = {1_G}). Conversely, it is shown in [2, Remark 3.14] that every expansive dynamical system satisfying sTMP satisfies the uniform sTMP.

In the symbolic setting, we have the following characterization of sTMP and usTMP (see [2, Corollary 3.8] and [13, Proposition 3.16]).

Proposition 2.6. Let A be a finite set, let G be a countable group, and let X ⊂ A^G be a subshift. Then the following conditions are equivalent: (a) (X, G) satisfies the strong topological Markov property; (b) (X, G) satisfies the uniform strong topological Markov property; (c) there exists a finite subset S ⊂ G containing 1_G such that the following holds. Given any finite subset A ⊂ G and x, y ∈ X such that x|_{AS\A} = y|_{AS\A}, the configuration z ∈ A^G such that z|_A = x|_A and z|_{G\A} = y|_{G\A} belongs to X.

Moreover, a sufficient condition for the above equivalent conditions is X being of finite type. □

Remark 2.7. A subshift X ⊂ A^G satisfying condition (c) (equivalently, conditions (a) and (b)) in Proposition 2.6 was termed splicable by Gromov in [23, Section 8.C] (see also [13, Section 3.8]).

2.7. The weak specification property.

Definition 2.8. The dynamical system (X, G) satisfies the weak specification property (briefly, wSP) if for any ε > 0 there exist a finite symmetric subset F ⊂ G containing 1_G such that the following holds. Given finite subsets A_1, A_2, . . . , A_n ⊂ G satisfying F A_i ∩ F A_j = ∅ for all distinct i, j = 1, 2, . . . , n, and x_1, x_2, . . . , x_n ∈ X, there exists z ∈ X such that ρ_{Ai} (x_i, z) ≤ ε for all i = 1, 2, . . . , n.

Remark 2.9. If wSP holds, then one may allow the subsets A_1, A_2, . . . , A_n ⊂ G in Definition 2.8 to be infinite.

In the symbolic setting, the wSP has the following characterization (see [29, Proposition A.1] and [11, Proposition 6.7]).

Proposition 2.10. Let A be a finite set, let G be a countable group, and let X ⊂ A^G be a subshift. Then the following conditions are equivalent:

(a) the dynamical system (X, G) satisfies the weak specification property; (b) there exists a finite subset S ⊂ G containing 1_G such that the following holds. Given finite subsets A_1, A_2 ⊂ G such that A_1S ∩ A_2 = ∅ and x_1, x_2 ∈ X, there exists z ∈ X such that z|_{A1} = x_1|_{A1} and z|_{A2} = x_2|_{A2} . □ Remark 2.11. A subshift satisfying condition (b) (equivalently, condition (a)) in Proposition 2.10 is called strongly irreducible (cf. [21], [9]).

We mention that M. Doucha [20] recently showed that any expansive action of a countable amenable group G on a compact metrizable space X satisfying both the weak specification and the strong topological Markov properties also satisfies the so-called Moore property, i.e. every surjective endomorphism of (X, G) is pre-injective (the latter means that the restriction to each homoclinicity class of (X, G) is injective). This, together with an earlier result of the third-named author [29] (where the strong topological Markov property is not needed), namely, the so-called Myhill property, i.e. every pre-injective endomorphism of (X, G) is surjective, establishes the Garden of Eden theorem for all expansive actions of countable amenable groups on compact metrizable spaces satisfying the weak specification and the strong topological Markov properties.

2.8. The pseudo-orbit tracing property. The pseudo-orbit tracing property (briefly, POTP) was originally introduced and studied by R. Bowen [6] for Z-actions, motivated by the study of Axiom A diffeomorphisms. Walters [35] studied the relationships between POTP and topological stability and proved, among other things, that every topologically stable homeomorphism of a compact manifold of dimension ≥ 2 has the POTP. Chung and Lee [15] recently considered the pseudo-orbit tracing property for actions of (finitely generated) countable groups and extended Walters’s results. In particular, they proved that every expansive dynamical system (X, G) with the POTP is topologically stable. Here is the definition:

Definition 2.12. Let (X, G) be a dynamical system and let ρ be a compatible metric on X. Given δ > 0 and a finite subset S ⊂ G an (S, δ) pseudo-orbit is a sequence (x_g)_{g∈G} in X such that ρ(sx_g, x_{sg}) < δ for all s ∈ S and g ∈ G. Then one says that (X, G) has the pseudo-orbit tracing property if for every ε > 0 there exists δ > 0 and a finite subset S ⊂ G such that for every (S, δ) pseudo-orbit (x_g)_{g∈G} in X there exists x ∈ X such that ρ(gx, x_g) < ε for all g ∈ G (one then says that the pseudo-orbit is ε-traced by x).

Barbieri, García-Ramos, and the third-named author [2, Proposition 3.10] proved that every dynamical system with the pseudo-orbit tracing property has the strong topological Markov property.

2.9. Algebraic dynamical systems. Let L be a locally compact Abelian group. The Pontryagin dual of L is the set ^L of all continuous group homomorphism χ: L → T = R/Z, called the characters of L. When equipped with the topology given by uniform convergence on compact sets, ^L is a locally compact Abelian group as well. Moreover, if L is compact (resp. discrete, resp. countable and discrete) then ^L is discrete (resp. compact, resp. compact metrizable). The so-called Pontryagin duality establishes that the evaluation

map ev_L : L → ^L, defined by setting ev_L(ℓ)(χ) := χ(ℓ) for all ℓ ∈ L and χ ∈ ^L, yields a

canonical isomorphism (of locally compact topological groups) of L into its bi-dual ^L. (We refer to [32] for more on Pontryagin duality.)

Let G be a countable group and let Z[G] denote the integral group ring of G. Suppose that G acts on L by continuous group automorphisms. Then the action of G induces an action on the Pontryagin dual ^L by continuous group automorphisms and, by linearity, a left Z[G]-module structure on both L and ^L. In particular, the evaluation map is Gequivariant.

An algebraic dynamical system is a pair (X, G), where X is a compact metrizable Abelian topological group and G is a countable group acting on X by continuous group automorphisms.

Let M be a countable left Z[G]-module. Then, if we equip the Abelian group M with its discrete topology, its Pontryagin dual ^M is a compact metrizable Abelian group and (^M, G) is an algebraic dynamical system. In this way, algebraic dynamical systems with acting group G are in one-to-one correspondence with countable left Z[G]-modules.

An algebraic dynamical system (X, G) is said to be finitely presented provided its Pontryagin dual ^X is a finitely presented left Z[G]-module. For a ring R we denote by Mat_{n,k}(R) the left R-module of all n × k matrices with coefficients in R. If n = k we simply write Mat_n(R) instead of Mat_{n,k}(R). Let k, n ∈ N and let A ∈ Mat_{n,k}(Z[G]). Then Z[G]^nA is a finitely generated left Z[G]-submodule of Z[G]^k. We denote by M_A := Z[G]^k/(Z[G]^nA) the corresponding finitely presented left Z[G]-module and by X_A := �M_A its Pontryagin dual. The algebraic dynamical system (X_A, G) is called the finitely presented algebraic dynamical system associated with A. An algebraic dynamical system (X, G) is finitely presented if and only if there exist k, n ∈ N and A ∈ Mat_{n,k}(Z[G]) such that (X, G) is isomorphic to (X_A, G) (i.e., there exists a continuous G-equivariant group isomorphism X → X_A).

An algebraic dynamical system (X, G) is said to be principal if ^X is a cyclic left Z[G]- module whose annihilator is a principal left ideal of Z[G]. This amounts to saying that (X, G) is isomorphic to (X_f , G) for some f ∈ Z[G], where (X_f , G) is the algebraic dynamical system whose Pontryagin dual is Z[G]/Z[G]f (here k = n = 1).

2.10. The Hamming distance. Let d be a positive integer. The map η_d : Sym(d) × Sym(d) → [0, 1] defined by setting

(2.4) η_d(σ, σ^′) := 1 d |{a ∈ [d] : σ(a) ≠ σ^′(a)}|

for all σ, σ^′ ∈ Sym(d), is a bi-invariant metric on Sym(d), called the Hamming distance.

2.11. Sofic groups. Let G be a countable group. A sofic approximation of G is a sequence Σ = (d_j, σ_j)_{j∈N}, such that the following conditions are satisfied:

• d_j is a positive integer and lim_{j→∞} d_j = +∞;

• σ_j : G → Sym(d_j) is a map from G into the symmetric group of [d_j ]; • lim_{j→∞} η_{dj} (σ_j (st), σ_j (s)σ_j (t)) = 0 for all s, t ∈ G; • lim_{j→∞} η_{dj} (σ_j (s), σ_j (t)) = 1 for all distinct s, t ∈ G,

where η_{dj} denotes the Hamming distance on Sym(d_j) defined by Formula (2.4).

One says that a (possibly uncountable) group is sofic if each of its finitely generated subgroups admits a sofic approximation.

2.12. Sofic topological entropy. In this section we recall the definition of the sofic topological entropy introduced by Kerr and the third-named author in [26, Chapter 10].

Let G be a countable sofic group and let (X, G) be a dynamical system. We fix a metric ρ on X compatible with the topology and a sofic approximation Σ = (d_j, σ_j )_{j∈N} of G.

Let d ≥ 1 be an integer. We regard X^d as the set {φ: [d] → X} of all maps from [d] to X. We equip X^d with the product topology and the diagonal action of G given by (gφ)(a) := gφ(a) for all φ ∈ X^d and a ∈ [d]. Define the metrics ρ_2 and ρ_∞ on X^d by setting

ρ_2(φ, ψ) := � �1 d � a∈[d]

(ρ(φ(a), ψ(a)))^2 � � 1/2 and ρ_∞(φ, ψ) := max_{a∈[d]} ρ(φ(a), ψ(a))

for all φ, ψ ∈ X^d.

Given a nonempty finite subset F ⊂ G, a map σ : G → Sym(d), and a real number δ > 0, we denote by Map(X, ρ, F, δ, σ) the set consisting of all maps φ: [d] → X such that

ρ_2(φ ∘ σ_s, sφ) < δ for all s ∈ F,

equivalently,

(2.5) � a∈[d]

ρ(φ(σ_sa), sφ(a))^2 < dδ^2 for all s ∈ F.

Given ε > 0, we denote by N_ε(Map(X, ρ, F, δ, σ), ρ_∞) the maximal cardinality of a (ρ_∞, ε)-separated subset Z ⊂ Map(X, ρ, F, δ, σ). Note that N_ε(Map(X, ρ, F, δ, σ), ρ_∞) = −∞ if Map(X, ρ, F, δ, σ) = ∅ and otherwise it is finite since X^d is compact.

The sofic topological entropy of (X, G) with respect to Σ is then defined as

h_Σ(X, G) := sup_{ε>0} inf_{F ∈F(G)} inf_{δ>0} lim sup_{j→∞} 1 d_j log N_ε(Map(X, ρ, F, δ, σ_j ), ρ_∞).

It can be shown that h_Σ(X, G) ∈ {−∞} ∪ [0, ∞] does not depend on the choice of the metric ρ for (X, G) (see [26, Proposition 10.25]). It follows in particular that h_Σ(X, G) is a topological conjugacy invariant, i.e., if (Y, G) is another dynamical system such that there exists a G-equivariant homeomorphism f : X → Y then h_Σ(X, G) = h_Σ(Y, G).

The following is a generalization of a result by Keyne and Robertson [27] for expansive homeomorphisms (see also [19, Chapter 16] and, for a uniform version over amenable groups, [11, Corollary 4.21]).

Lemma 2.13. Let G be a countable sofic group and let (X, G) be an expansive dynamical system. Fix a compatible metric ρ on X and let c > 0 be an expansivity constant for (X, G) relative to ρ. Let Σ = (d_j , σ_j)_{j∈N} be a sofic approximation for G. Then

(2.6) h_Σ(X, G) = inf_{F ∈F(G)} inf_{δ>0} lim sup_{j→∞} 1 d_j log N_{c/2}(Map(X, ρ, F, δ, σ_j ), ρ_∞) < +∞.

Proof. Clearly h_Σ(X, G) is no less than the right hand side in (2.6). By virtue of [26, Proposition 10.23], it suffices to show that for any ε > 0 one has inf F ∈F(G)

inf_{δ>0} lim sup j→∞ 1 d_j log N_ε(Map(X, ρ, F, δ, σ_j ), ρ_2)

≤ inf_{F ∈F(G)} inf_{δ>0} lim sup_{j→∞} 1 d_j log N_{c/2}(Map(X, ρ, F, δ, σ_j), ρ_∞).

Let ε > 0. By Lemma 2.2 we can find K ∈ F(G) such that for any x, y ∈ X with ρ_K (x, y) ≤ c one has ρ(x, y) < ε/4.

Let F ∈ F(G) containing K and let δ > 0 be small enough so that δ < (c/4)^2 and 2|K|δdiam(X, ρ)^2 < (ε/4)^2. It suffices to show that for any d ∈ N and any map σ : G → Sym(d) one has N_ε(Map(X, ρ, F, δ, σ), ρ_2) ≤ N_{c/2}(Map(X, ρ, F, δ, σ), ρ_∞).

For each φ ∈ Map(X, ρ, F, δ, σ) set W_φ := {a ∈ [d] : ρ(φ(σ_sa), sφ(a)) < δ^{1/2} for all s ∈ K}.

We claim that (2.7)

|W_φ| d ≥ 1 − |K|δ.

In order to prove the claim, for s ∈ K let us set W_{φ,s} := {a ∈ [d] : ρ(φ(σ_sa), sφ(a)) < δ^{1/2}}. By applying the Chebyshëv inequality we have |[d] \ W_{φ,s}| = |{a ∈ [d] : ρ(φ(σ_sa), sφ(a)) ≥ δ^{1/2}}| ≤ 1 δ � a∈[d]\W_{φ,s}

ρ(φ(σ_sa), sφ(a))^2 ≤ 1 δ � a∈[d]

ρ(φ(σ_sa), sφ(a))^2

(by (2.5)) ≤ dδ. We deduce that |[d] \ W_φ| = | � s∈K ([d] \ W_{φ,s}) | ≤ d|K|δ,

and the claim follows.

Take a (ρ_∞, c/2)-separated subset Φ of Map(X, ρ, F, δ, σ) with |Φ| = N_{c/2}(Map(X, ρ, F, δ, σ), ρ_∞).

Let ψ ∈ Map(X, ρ, F, δ, σ). Then ρ_∞(ψ, φ) < c/2 for some φ ∈ Φ. For every a ∈ W_φ ∩ W_ψ, we have

ρ(sφ(a), sψ(a)) ≤ ρ(sφ(a), φ(σ_sa)) + ρ(φ(σ_sa), ψ(σ_sa)) + ρ(ψ(σ_sa), sψ(a)) ≤ δ^{1/2} + c/2 + δ^{1/2} ≤ c for all s ∈ K, and hence ρ(φ(a), ψ(a)) < ε/4 by our choice of K. Therefore

ρ_2(φ, ψ) ≤ � |W_φ ∩ W_ψ| d ( ε 4 )^2 + (1 −

|W_φ ∩ W_ψ| d )diam(X, ρ)^2

�_{1/2}

(by (2.7)) ≤ (( ε 4 )^2 + 2|K|δdiam(X, ρ)^2)^{1/2} < ε/2.

Then N_ε(Map(X, ρ, F, δ, σ), ρ_2) ≤ |Φ| = N_{c/2}(Map(X, ρ, F, δ, σ), ρ_∞),

as desired. □

3. Proofs

Proof of Proposition 1.2. Take a compatible metric ρ for X and let c > 0 be an expansivity constant for (X, G) relative to ρ. Take a point x_0 ∈ X \Y and set ε := min(ρ(x_0, Y ), c)/6 > 0. Take a maximal (ρ, ε)-separated subset Z of X.

Since (X, G) is expansive and has the strong TMP, by Remark 2.5 it has the uniform strong TMP. Thus we can find τ > 0 and F_1 ∈ F(G) containing 1_G such that for any A ∈ F(G), any F_1A-separated V ⊂ G, any x_s ∈ X for s ∈ V , and any y ∈ X satisfying ρ_{(F1A\A)s}(x_s, y) ≤ τ for all s ∈ V , there is some z ∈ X so that ρ_{F1As}(x_s, z) ≤ ε for all s ∈ V and ρ_{G\AV} (y, z) ≤ ε.

Moreover, by the weak specification property, we can find some symmetric F_2 ∈ F(G) containing 1_G such that for any A_1, A_2 ⊂ G satisfying F_2A_1 ∩F_2A_2 = ∅ and any x_1, x_2 ∈ X there is some z ∈ X such that ρ_{A1} (x_1, z) ≤ min(τ/2, ε) and ρ_{A2} (x_2, z) ≤ min(τ/2, ε). In particular (by taking A_1 := {1_G} and A_2 := G \ F^2_2 ), for each y ∈ Y , there is some z_y ∈ X such that ρ(x_0, z_y) ≤ min(τ/2, ε) and ρ_{G\F} 2_2 (y, z_y) ≤ min(τ/2, ε).

Let now K ∈ F(G) and δ, κ > 0.

By Stirling’s approximation formula (cf. Lemma A.1), there is some 0 < γ < 1 such that for any d ∈ N, the number of subsets D ⊂ [d] with |D| ≤ γd is at most e^{κd}. Take 0 < θ < min(1/4, γ) such that

(3.1) |Z|^{2θ} ≤ e^κ

and 4θ diam(X, ρ)^2 ≤ (δ/2)^2.

Since c is an expansivity constant for (X, G), by Lemma 2.2 we can find some K_1 ∈ F(G) containing 1_G such that for any x_1, x_2 ∈ X with ρ_{K1} (x_1, x_2) ≤ c, one has ρ(x_1, x_2) < δ/2.

By compactness of X, the continuous action of G is indeed uniformly continuous. As a consequence, we can find ξ > 0 such that

(3.2) ρ(x, y) ≤ ξ ⇒ ρ_{F1F} 2_2 (x, y) ≤ τ/2 and ρ_{K1} (x, y) ≤ ε

for all x, y ∈ X.

Set F := F_1F^2_2 F^{−1}_1 K_1({1_G} ∪ K) ∈ F(G), and take ζ > 0 such that

(3.3) ζ ≤ ξ^2 and ζ|F | ≤ θ.

Let j_0 ∈ N be large enough so that for all j ≥ j_0, setting for simplicity d := d_j and σ := σ_j , we have that (cf. Section 2.11)

(3.4) |U| d ≥ 1 − θ, where U denotes the set of a ∈ [d] satisfying that σ_sa ≠ σ_ta for all distinct s, t ∈ F and σ_{st}a = σ_sσ_ta for all s, t ∈ F . Note that σ_{1G} a = a for all a ∈ U, since 1_G ∈ F .

For any φ, ψ : [d] → X and any Θ ⊂ [d], we put ρ_{∞,Θ}(φ, ψ) := max_{a∈Θ} ρ(φ(a), ψ(a)).

As, by our assumptions, h_Σ(X, G) ≥ 0, the statement would trivially hold if h_Σ(Y, G) = −∞. Thus, we may assume that Map(Y, ρ, F, ζ, σ) ≠ ∅. For φ ∈ Map(Y, ρ, F, ζ, σ) we then set W_φ := {a ∈ [d] : ρ(φ(σ_sa), sφ(a)) ≤ ζ^{1/2} for all s ∈ F }.

As in the proof of Lemma 2.13, we have (cf. (2.7))^{|Wφ|}_d ≥ 1 − |F |ζ so that as |F |ζ ≤ θ (cf. (3.3)), (3.5)

|W_φ| d ≥ 1 − θ.

Take a (ρ_∞, c/2)-separated subset Φ of Map(Y, ρ, F, ζ, σ) such that (3.6) |Φ| = N_{c/2}(Map(Y, ρ, F, ζ, σ), ρ_∞).

By our choice of θ and γ (cf. (3.1)) there is some Φ_1 ⊂ Φ such that (3.7) |Φ_1| ≥ |Φ|e^{−κd} and the set W_φ is the same for all φ ∈ Φ_1. Set W := W_φ for φ ∈ Φ_1, and U^′ := U ∩ W . Then, keeping in mind (3.4) and (3.5), we have^{|U ′|}_d ≥ 1 − 2θ.

Since Z is a maximal (ρ, ε)-separated subset of X, for every φ ∈ Φ_1 and a ∈ [d] \ U^′ we can find an element f_φ(a) ∈ Z such that ρ(φ(a), f_φ(a)) < ε. This defines a map f_φ : [d] \ U^′ → Z. Then, there is a set Φ_2 ⊂ Φ_1 such that |Φ_2| ≥ |Φ_1| · |Z|^{−|[d]\U ′|} ≥ |Φ_1| · |Z|^{−2θd} ≥ |Φ_1|e^{−κd} and the map f_φ is the same for all φ ∈ Φ_2. Note that by (3.7) we have (3.8) |Φ_2| ≥ |Φ|e^{−2κd}.

Now, for any distinct φ, ψ ∈ Φ_2, we have ρ_{∞,[d]\U} ′ (φ, ψ) < 2ε ≤ c/2 and ρ_∞(φ, ψ) ≥ c/2, and hence

(3.9) ρ_{∞,U} ′ (φ, ψ) ≥ c/2.

Take a maximal subset Λ of U^′ subject to the condition that σ(F_1F^2_2 )w_1 ∩σ(F_1F^2_2 )w_2 = ∅ for all distinct w_1, w_2 ∈ Λ. Then σ(F_1F^2_2 )^{−1}σ(F_1F^2_2 )Λ ⊇ U^′, and hence (recalling that

0 < θ ≤ 1/4)

(3.10) |Λ| d ≥ |U^′| |F_1F^2_2 |^2d ≥ 1 − 2θ |F_1F^2_2 |^2 ≥ 1 2|F_1F^2_2 |^2 . Let B ⊂ Λ. Again, since Z is a maximal (ρ, ε)-separated subset of X, for every φ ∈ Φ_2 and a ∈ σ(F_1F^2_2 )B we can find an element f_{B,φ}(a) ∈ Z such that ρ(φ(a), f_{B,φ}(a)) < ε. This defines a map f_{B,φ} : σ(F_1F^2_2 )B → Z. Then there is a subset Φ_B ⊂ Φ_2 such that |Φ_B| ≥ |Φ_2| · |Z|^{−|σ(F1F 22 )B|} = |Φ_2| · |Z|^{−|F1F 22 |·|B|} and the map f_{B,φ} is the same for all φ ∈ Φ_B . Note that by (3.8) we have (3.11) |Φ_B| ≥ |Φ|e^{−2κd}|Z|^{−|F1F 22 |·|B|}.

For any distinct φ, ψ ∈ Φ_B , we have ρ_{∞,σ(F1F} 2_{2 )B} (φ, ψ) < 2ε ≤ c/2 and ρ_{∞,U} ′ (φ, ψ) ≥ c/2, and hence (3.12) ρ_{∞,U} ′_{\σ(F1 F} 2_{2 )B} (φ, ψ) ≥ c/2.

Let a ∈ U^′. Denote by V_a the set of all s ∈ F such that σ_sa ∈ Λ. For any s ∈ V_a, since F_1F^2_2 ⊂ F and a ∈ U, we have σ(F_1F^2_2 s)a = σ(F_1F^2_2 )σ_sa. Since a ∈ U, for any distinct s, t in V_a, we have σ_sa ≠ σ_ta, and hence σ(F_1F^2_2 s)a ∩ σ(F_1F^2_2 t)a = σ(F_1F^2_2 )σ_sa ∩ σ(F_1F^2_2 )σ_ta = ∅.

It follows that V_a is F_1F^2_2 -separated.

With a subset B ⊂ Λ and φ ∈ Φ_B we associate a map φ̄_B : [d] → X defined as follows. Let a ∈ [d]. Suppose first that a ∈ U^′. Denote by V_{B,a} the set of all s ∈ F such that σ_sa ∈ B. Then V_{B,a} ⊂ V_a and hence V_{B,a} is F_1F^2_2 -separated. Let s ∈ V_{B,a} and consider φ(σ_sa) ∈ Y . By our choice of F_2, there is a point z_{φ(σsa)} ∈ X with ρ(x_0, z_{φ(σsa)}) ≤ min(τ/2, ε) and ρ_{G\F} 2_2 (z_{φ(σsa)}, φ(σ_sa)) ≤ min(τ/2, ε). By our choice of ξ, since ρ(φ(σ_sa), sφ(a)) ≤ ζ^{1/2} ≤ ξ, we have ρ_{F1F} 2_2 (φ(σ_sa), sφ(a)) ≤ τ/2. Setting x_{φ,a,s} := s^{−1}z_{φ(σs a)} ∈ X, we have

ρ_{(F1F} 2_{2 \F} 2_{2 )s}(x_{φ,a,s}, φ(a)) ≤ ρ_{(F1F} 2_{2 \F} 2_{2 )s}(s^{−1}z_{φ(σsa)}, s^{−1}φ(σ_sa)) + ρ_{(F1F} 2_{2 \F} 2_{2 )s}(s^{−1}φ(σ_sa), φ(a)) = ρ_{F1F} 2_{2 \F} 2_2 (z_{φ(σs a)}, φ(σ_sa)) + ρ_{F1F} 2_{2 \F} 2_2 (φ(σ_sa), sφ(a)) ≤ τ/2 + τ/2 = τ.

By our choice of F_1 and τ (coming from the uniform sTMP of (X, G)), there is some φ̄_B (a) ∈ X such that (3.13) ρ_{F1F} 2_{2 s}(x_{φ,a,s}, φ̄_B(a)) ≤ ε for all s ∈ V_{B,a} and (3.14) ρ_{G\F} 2_{2 VB,a} (φ(a), φ̄_B(a)) ≤ ε.

For a ∈ [d] \ U^′, we set φ̄_B(a) := x_0.

Claim 1. φ̄_B ∈ Map(X, ρ, K, δ, σ).

Proof of Claim 1. Let t ∈ K, let a ∈ U^′ ∩ σ^{−1}_t U^′, and let g ∈ K_1.

Suppose gt ∈ F_1F^2_2 V_{B,a}, say gt = hs with h ∈ F_1F^2_2 and s ∈ V_{B,a}. Then h^{−1}g ∈ F^2_2 F^{−1}_1 K_1 ⊂ F and σ_h−1_gσ_ta = σ_h−1_{gt}a = σ_sa ∈ B, and hence h^{−1}g ∈ V_{B,σta}. In this case we have (3.15) gx_{φ,σta,h}−1_g = g(h^{−1}g)^{−1}z_{φ(σh−1 g σta)} = hz_{φ(σh−1 g σta)} = gts^{−1}z_{φ(σsa)} = gtx_{φ,a,s}, and hence using g = h(h^{−1}g) ∈ F_1F^2_2 V_{B,σta}, we have

ρ(gφ̄_B (σ_ta), gtφ̄_B(a)) ≤ ρ(gφ̄_B(σ_ta), gx_{φ,σta,h}−1_g) + ρ(gx_{φ,σta,h}−1_g, gtx_{φ,a,s}) + ρ(gtx_{φ,a,s}, gtφ̄_B(a)) (by (3.15)) = ρ(gφ̄_B(σ_ta), gx_{φ,σta,h}−1_g) + ρ(gtx_{φ,a,s}, gtφ̄_B(a)) (as gt = hs) = ρ(gφ̄_B(σ_ta), gx_{φ,σta,h}−1_g) + ρ(hsx_{φ,a,s}, hsφ̄_B(a)) (by (3.13)) ≤ ε + ε ≤ c.

Suppose g ∈ F_1F^2_2 V_{B,σta}, say g = h_1s_1 with h_1 ∈ F_1F^2_2 and s_1 ∈ V_{B,σta}. Then h^{−1}_1 gt ∈ F^2_2 F^{−1}_1 K_1K ⊂ F and σ_h−1_{1 gt}a = σ_h−1_{1 g}σ_ta = σ_{s1} σ_ta ∈ B, and hence h^{−1}_1 gt ∈ V_{B,a}. In this case we have gt = h_1(h^{−1}_1 gt) ∈ F_1F^2_2 V_{B,a}, and hence, by the above, we get ρ(gφ̄_B(σ_ta), gtφ̄_B(a)) ≤ c.

Finally, suppose that gt ∉ F_1F^2_2 V_{B,a} and g ∉ F_1F^2_2 V_{B,σta}. Since ρ(φ(σ_ta), tφ(a)) ≤ ζ^{1/2} ≤ ξ, and recalling that g ∈ K_1, we have ρ(gφ(σ_ta), gtφ(a)) ≤ ε by (3.2). As a consequence, ρ(gφ̄_B(σ_ta), gtφ̄_B(a)) ≤ ρ(gφ̄_B(σ_ta), gφ(σ_ta)) + ρ(gφ(σ_ta), gtφ(a)) + ρ(gtφ(a), gtφ̄_B(a)) (by (3.14)) ≤ ε + ε + ε ≤ c.

We conclude that ρ_{K1} (φ̄_B(σ_ta), tφ̄_B (a)) ≤ c, and hence ρ(φ̄_B (σ_ta), tφ̄_B(a)) < δ/2 by our choice of K_1. Now we get

ρ_2(φ̄_B ∘ σ_t, tφ̄_B) ≤ � (δ/2)^2 + (1 −

|U^′ ∩ σ^{−1}_t U^′| d ) diam(X, ρ)^2

�_{1/2}

≤ � (δ/2)^2 + 4θ diam(X, ρ)^2

�_{1/2}

≤ δ.

This proves our claim. □ Let B ⊂ Λ and φ ∈ Φ_B . For any a ∈ B, we have 1_G ∈ V_{B,a}, and hence (3.16) ρ(φ̄_B (a), x_0) ≤ ρ(φ̄_B (a), x_{φ,a,1G} ) + ρ(x_{φ,a,1G} , x_0) ≤ ε + ρ(z_{φ(a)}, x_0) ≤ ε + ε = 2ε. For any a ∈ U^′ \ σ(F_1F^2_2 )B, we have 1_G ∉ F_1F^2_2 V_{B,a}, and hence (3.17) ρ(φ̄_B (a), φ(a)) ≤ ε. In particular, (3.17) holds for all a ∈ Λ \ B ⊂ U^′ \ σ(F_1F^2_2 )B.

Let us set Φ := {φ̄_B : B ⊂ Λ and φ ∈ Φ_B } ⊂ Map(X, ρ, K, δ, σ).

Claim 2. Φ is (ρ_∞, ε)-separated.

Proof of Claim 2. For any distinct B_1, B_2 ⊂ Λ and φ ∈ Φ_{B1} , ψ ∈ Φ_{B2} , we have for, say, a ∈ B_1 \ B_2, ρ_∞(φ̄_{B1} , ψ̄_{B2} ) ≥ ρ(φ̄_{B1} (a), ψ̄_{B2} (a)) ≥ ρ(x_0, ψ(a)) − ρ(φ̄_{B1} (a), x_0) − ρ(ψ̄_{B2} (a), ψ(a)) (by (3.16), (3.17), and ε ≤ ρ(x_0, Y )/6) ≥ 4ε − 2ε − ε = ε.

For any B ⊂ Λ and any distinct φ, ψ ∈ Φ_B , by (3.12) we have ρ(φ(a), ψ(a)) ≥ c/2 for some a ∈ U^′ \ σ(F_1F^2_2 )B, and hence ρ_∞(φ̄_B , ψ̄_B) ≥ ρ(φ̄_B (a), ψ̄_B (a)) ≥ ρ(φ(a), ψ(a)) − ρ(φ(a), φ̄_B(a)) − ρ(ψ(a), ψ̄_B (a)) (by (3.17)) ≥ c/2 − ε − ε ≥ ε.

This proves our claim. □ We need the following elementary fact. Given a finite set Λ and a variable t, we have

(3.18) � B⊂Λ t^{|B|} =

|Λ|� j=0 � |Λ| j � t^j = (1 + t)^{|Λ|}.

We are now in a position to prove the entropic inequality and conclude the proof of the proposition.

N_ε(Map(X, ρ, K, δ, σ), ρ_∞) ≥ |Φ| ≥ � B⊂Λ |Φ_B |

(by (3.11)) ≥ � B⊂Λ |Φ|e^{−2κd}|Z|^{−|F1F 22 |·|B|}

(by (3.6) and (3.18)) = N_{c/2}(Map(Y, ρ, F, ζ, σ), ρ_∞)e^{−2κd}(1 + |Z|^{−|F1F 22 |})^{|Λ|} (by (3.10)) ≥ N_{c/2}(Map(Y, ρ, F, ζ, σ), ρ_∞)e^{−2κd}(1 + |Z|^{−|F1F 22 |})^{d/(2|F1F 22 |2)}.

It follows that

lim sup i→∞ 1 d_i log N_ε(Map(X, ρ, K, δ, σ_i), ρ_∞)

≥ lim sup i→∞ 1 d_i log N_{c/2}(Map(Y, ρ, F, ζ, σ_i), ρ_∞) − 2κ + 1 2|F_1F^2_2 |^2 log(1 + |Z|^{−|F1F 22 |})

≥ h_Σ(Y, G) − 2κ + 1 2|F_1F^2_2 |^2 log(1 + |Z|^{−|F1F 22 |}),

where in the 2nd inequality we apply Lemma 2.13 to (Y, G). Letting κ → 0, we obtain lim sup i→∞ 1 d_i log N_ε(Map(X, ρ, K, δ, σ_i), ρ_∞) ≥ h_Σ(Y, G) + 1 2|F_1F^2_2 |^2 log(1 + |Z|^{−|F1F 22 |}).

Taking the infimum over K and δ, we get

h_Σ(X, G) ≥ h_Σ(Y, G) + 1 2|F_1F^2_2 |^2 log(1 + |Z|^{−|F1F 22 |}) > h_Σ(Y, G). □ Proof of Theorem 1.1. Let f : X → X be an injective endomorphism of the dynamical system (X, G). By continuity of f and since X is compact and Hausdorff, f yields a homeomorphism between X and Y := f(X). Moreover, since f is G-equivariant, Y ⊂ X is G-invariant. It follows that f in fact establishes a conjugacy between the dynamical systems (X, G) and (Y, G) so that h_Σ(X, G) = h_Σ(Y, G). By Proposition 1.2, Y cannot be a proper subset of X. Thus f(X) = Y = X, that is, f is surjective. This shows that (X, G) is surjunctive. □

Proof of Corollary 1.4. Deninger and Schmidt [18, Theorem 3.2] proved that a principal algebraic dynamical system (X_f , G) is expansive if and only if f is invertible in ℓ^1(G) and Ren [33, Theorem 1.2] proved that every expansive principal algebraic action has the weak specification property. The proofs of the analogous statements for (X_A, G), A ∈ Mat_n(Z[G]), n ≥ 1, follow essentially the same lines: the generalization of the Deninger-Schmidt result to finitely-presented algebraic actions is straightforward (see [16, Theorem 3.1] for an even more general setting). The generalization of Ren’s result goes as follows. First of all, recall that, for subshifts, the weak specification property and strong irreducibility coincide (cf. Proposition 2.10 and Remark 2.11) and observe that for any nonempty finite set B, the full shift (B^G, G) is strongly irreducible and whence it has the weak specification property. Secondly, it is easy to see that weak specification property passes to factors, that is, if (X, G) and (Y, G) are two dynamical systems such that (X, G) satisfies the weak specification property and there exists a G-equivariant continuous surjective map f : X → Y , then (Y, G) satisfies the weak specification property as well, as observed in [29, Section 2.1] (see also [11, Proposition 6.2] and [12, Exercise 1.66]). Suppose that A ∈ Mat_n(Z[G]) is invertible in Mat_n(ℓ^1(G)). Set ‖A‖_1 := � j,k ‖A_{j,k}‖_1, where, ‖A_{j,k}‖_1 := � g∈G |A_{j,k}(g)| denotes the ℓ^1-norm of the (j, k)th entry A_{j,k} ∈ ℓ^1(G) of the matrix A. By virtue of (the matrix version of) [18, Proposition 4.2] and [33, Lemma 4.1], one has that (X_A, G) is a factor of the full shift (B^G, G), where B := {(b_1, b_2, . . . , b_n) ∈ Z^n : |b_j | ≤^1_2 ‖A‖_1, 1 ≤ j ≤ n}. As a consequence, (X_A, G) has the weak specification property. Moreover, Meyerovitch [31, Theorem 3.4] proved that the finitely-presented dynamical system (X_A, G) associated with an element A ∈ Mat_n(Z[G]) which is invertible in Mat_n(ℓ^1(G)) has the pseudo-orbit tracing property (POTP). Finally, every dynamical system with the POTP has the strong topological Markov property (sTMP) [2, Proposition 3.10]. In conclusion, (X_A, G) is expansive and satisfies the weak specification property and the strong topological Markov property. The statement then follows from Theorem 1.1. □

Proof of Theorem 1.5. It is a result of Deninger that for any action of a countably infinite amenable group G on a compact metrizable group X by continuous automorphisms, the topological entropy is equal to the measure entropy h_{μX} (X, G) of the normalized Haar measure μ_X [17, Theorem 2.2] (though Deninger assumed X to be abelian, the proof there does not use this assumption). It was shown in [16, Corollaries 7.5 and 8.4] that such an action has CPE if and only if it has CPE with respect to μ_X , i.e., every nontrivial factor of the probability-measure-preserving action G ↷ (X, μ_X ) has positive entropy. Furthermore, it was shown in [16, Theorem 8.6] that such an action with finite measure entropy of μ_X has CPE with respect to μ_X if and only if, for every G-invariant Borel probability measure ν of X not equal to μ_X , one has h_ν (X, G) < h_{μX} (X, G).

Let now f : X → X by an injective endomorphism of (X, G). We have h_{f∗μX} (X, G) = h_{f∗μX} (f(X), G) = h_{μX} (X, G) so that f_∗μ_X = μ_X . Since μ_X has full support, we deduce that f(X) = X, that is, f is surjective. This shows that the dynamical system (X, G) is surjucntive. □

4. Examples

Example 4.1 (The hard-ball model). Take G = Z and A = {0, 1}. Then the subset X ⊂ A^G, consisting of all x: Z → {0, 1} such that (x(n), x(n + 1)) ≠ (1, 1) for all n ∈ Z, is a subshift. This subshift is called the golden mean subshift.

More generally, take G = Z^d and A = {0, 1}. Then the subset X ⊂ A^G, consisting of all x ∈ A^G such that (x(g), x(g + e_i)) ≠ (1, 1) for all g ∈ G, where (e_i)_{1≤i≤d} is the canonical basis of Z^d, is a subshift. This subshift is called the hard-ball model.

The hard-ball model is strongly irreducible and of finite type (and therefore splicable). To see this it suffices to convince ourselves that the set S := {g = (g_1, . . . , g_d) ∈ G : |g_i| ≤ 1, i = 1, . . . , d} witnesses both strong irreducibility and the finite type condition.

In [2, Example 6.6] the following generalization is presented. Let G be a group, let F ⊂ G be a finite nonempty subset not containing 1_G. The F -hard-ball model of G is the subshift X_{hard,F} ⊂ {0, 1}^G defined by setting

X_{hard,F} := {x ∈ {0, 1}^G : x(g)x(gs) = 0 for all g ∈ G and s ∈ F }.

Then X_{hard,F} is a strongly irreducible subshift of finite type, and therefore has the POTP and thus the sTMP, equivalently the usTMP (cf. [2, Proposition 3.11] and Proposition 2.6). When G is sofic, given any sofic approximation Σ for G, one has h_Σ(X_{hard,F} , G) ≥ 0, since the action has fixed points (in fact, only one, namely the constant 0-configuration).

We deduce from Theorem 1.1 that if G is sofic then the F -hard-ball model (X_{hard,F} , G) is surjunctive.

Example 4.2 (Weiss’ example). Benjy Weiss [36] found the following simple example of a shift of finite type that is not surjunctive. Let A = {0, 1, 2} and G = Z. Consider the subshift X ⊂ A^G of finite type with defining set of admissible patterns A = {00, 01, 11, 12, 22} ⊂ A^2 = A^Ω, where Ω = {0, 1} ⊂ G (cf. Section 2.3). Thus any point x in X has at most one block of 1’s, which, if finite is bordered by an infinite string of 0’s to the left and 2’s to the right. Set S := {−1, 0} ⊂ G and define μ: A^S = A^2 → A by setting

μ(s, t) = � t if (s, t) ≠ (1, 2) 1 if (s, t) = (1, 2).

Then the associated cellular automaton f : A^G → A^G leaves X invariant (and therefore is an endomorphism of (X, G)) and works as follows: if the finite block of 1’s occurs in x ∈ X, then in f(x) the same block is elongated by one extra 1 on the right. Thus f is injective. Clearly, f is not surjective since a configuration with a single 1 will be in X \ f(X). As a consequence (X, G) is not surjunctive. Note that (X, G) has the sTMP (indeed, the subshift X is of finite type) but it does not satisfy the weak specification property (indeed, the subshift X is not strongly irreducible).

Appendix A. Stirling’s approximation formula The following old result was widely used, without proof, in [25]. For the reader’s convenience and the sake of completeness, we include its detailed proof.

Given a real number α we denote by ⌊α⌋ ∈ Z the greatest integer less than or equal to α. Lemma A.1. Let 0 < γ < 1/2. Then there exists κ = κ(γ) > 0 and d_0 = d_0(γ) ∈ N with (A.1) lim_{γ→0} κ(γ) = 0

such that

(A.2)

⌊γd⌋�

j=0 � d j � ≤ e^{κd}

for all d ∈ N such that d ≥ d_0.

Proof. Let d ≥ 2/γ so that, on the one hand (A.3) ⌊γd + 1⌋ = ⌊γd⌋ + 1 ≤ 2⌊γd⌋, and, on the other hand, since γ < 1/2, one has d ≥ 4 and therefore d − γd ≥ 2.

As γ < 1/2, we clearly have

⌊γd⌋�

j=0 � d j � ≤ (⌊γd⌋ + 1) � d ⌊γd⌋ � , so that, by virtue of (A.3), we only need to find κ = κ(γ) satisfying (A.1) and such that

(A.4) 2⌊γd⌋ � d ⌊γd⌋ � ≤ e^{κd}.

Setting κ := −2(γ ln γ +(1−γ) ln(1−γ)) > 0, we clearly have that (A.1) holds. Consider the function G(x) = e^{κx/2} − x^3. It is easy to see that there exists an integer d_0 ≥ 2/γ such that G(x) > 0 for all x ≥ d_0.

In [26, Lemma 10.1] the following version of Stirling’s classical formula is proved by purely elementary means:

(A.5) e �m e �_m ≤ m! ≤ em �m e �_m

for all m ∈ N such that m ≥ 1.

Let d ≥ d_0. Then, setting m := ⌊γd⌋, we deduce that

2⌊γd⌋ � d ⌊γd⌋ � = 2m � d m � = 2m · d! m!(d − m)!

≤ 2m · ed �_d e �_d e �_m e �_m · e �_{d−m} e �_{d−m}

= 2m · d e · d^d · 1 m^m · 1 (d − m)^{d−m}

(since γd − 1 ≤ m ≤ γd) ≤ 2γd · d e · d^d · 1 (γd − 1)^{γd−1} · 1 ((1 − γ)d)^{(1−γ)d}

= 2γd · d e · d^d · γd · � γd γd − 1

�_{γd−1}

· 1 d^d · 1 γ^{γd} · 1 (1 − γ)^{(1−γ)d}

(since (γd/(γd − 1))^{γd−1} ≤ e) ≤ 2d^3γ^2 · 1 γ^{γd} · 1 (1 − γ)^{(1−γ)d}

(since γ < 1/2) < d^3 · � 1 γ^γ · 1 (1 − γ)^{(1−γ)}

�_d

= d^3 · e^{−(γ ln γ+(1−γ) ln(1−γ))d} (as d ≥ d_0) ≤ e^{κd}.

This proves (A.4) and the proof is complete. □

References

[1] M. Achigar, A note on Anosov homeomorphisms, Axioms 8 (2019), no. 2, 54. [2] S. Barbieri, F. García-Ramos, and H. Li, Markovian properties of continuous group actions: algebraic actions, entropy and the homoclinic group, Adv. Math. 397 (2022), Paper No. 108196, 52 pp.

[3] S. Barbieri, R. Gómez, B. Marcus, and S. Taati, Equivalence of relative Gibbs and relative equilibrium measures for actions of countable amenable groups, Nonlinearity 33 (2020), no. 5, 2409–2454.

[4] S. Bhattacharya, T. Ceccherini-Silberstein, and M. Coornaert, Surjunctivity and topological rigidity of algebraic dynamical systems, Ergodic Theory Dynam. Systems 39 (2019), no. 3, 604–619.

[5] R. Bowen, Periodic points and measures for Axiom A diffeomorphisms, Trans. Amer. Math. Soc. 154 (1971), 377–397.

[6] R. Bowen, On Axiom A dffeomorphisms, American Mathematical Society, Providence, R.I., 1978.

Regional Conference Series in Mathematics, No. 35.

[7] B.F. Bryant, Expansive self-homeomorphisms of a compact metric space, Amer. Math. Monthly 69 (1962), 386–391.

[8] V. Capraro and M. Lupini, Introduction to sofic and hyperlinear groups and Connes’ embedding conjecture. With an appendix by Vladimir Pestov, Lecture Notes in Mathematics, 2136. Springer, Cham, 2015.

[9] T. Ceccherini-Silberstein and M. Coornaert, The Myhill property for strongly irreducible subshifts over amenable groups, Monatsh. Math. 165 (2012), 155–172.

[10] T. Ceccherini-Silberstein and M. Coornaert, Cellular automata and groups, Springer Monographs in Mathematics, Springer-Verlag, Berlin, 2010.

[11] T. Ceccherini-Silberstein and M. Coornaert, Expansive actions with specification on uniform spaces, topological entropy, and the Myhill property, J. Dyn. Control Syst. 27 (2021), no. 3, 427–456.

[12] T. Ceccherini-Silberstein and M. Coornaert, Exercises in cellular automata and groups, Springer Monographs in Mathematics, Springer Cham, 2023.

[13] T. Ceccherini-Silberstein, F. Fiorenzi, and F. Scarabotti, The Garden of Eden theorem for cellular automata and for symbolic dynamical systems, in Random walks and geometry, Walter de Gruyter, Berlin, 2004, pp. 73–108.

[14] T. Ceccherini-Silberstein, A. Machì, and F. Scarabotti, Amenable groups and cellular automata, Ann.

Inst. Fourier (Grenoble) 49 (1999), 673–685.

[15] N.-P. Chung and K. Lee, Topological stability and pseudo-orbit tracing property of group actions, Proc. Amer. Math. Soc. 146 (2018), no. 3, 1047–1057.

[16] N.-P. Chung and H. Li, Homoclinic groups, IE groups, and expansive algebraic actions, Invent. Math.

199 (2015), no. 3, 805–858.

[17] C. Deninger, Fuglede-Kadison determinants and entropy for actions of discrete amenable groups, J.

Amer. Math. Soc. 19 (2006), no. 3, 737–758.

[18] C. Deninger and K. Schmidt, Expansive algebraic actions of discrete residually finite amenable groups and their entropy, Ergodic Theory Dynam. Systems 27 (2007), no. 3, 769–786.

[19] M. Denker, C. Grillenberger, and K. Sigmund, Ergodic theory on compact spaces, Lecture Notes in Mathematics, Vol. 527. Springer-Verlag, Berlin-New York, 1976.

[20] M. Doucha, Garden of Eden and weakly periodic points for certain expansive actions of groups, Ergodic Theory Dynam. Systems, 1–22. doi:10.1017/etds.2022.37 [21] F. Fiorenzi, Cellular automata and strongly irreducible shifts of finite type, Theoret. Comput. Sci.

299 (2003), 477–493.

[22] W.H. Gottschalk, Some general dynamical systems, Recent advances in topological dynamics, pp.

120–125, Lecture Notes in Mathematics Vol. 318, Springer, Berlin, 1973.

[23] M. Gromov, Endomorphisms of symbolic algebraic varieties, J. Eur. Math. Soc. (JEMS) 1 (1999), 109–197.

[24] D. Kerr and H. Li, Entropy and the variational principle for actions of sofic groups, Invent. Math.

186 (2011), no. 3, 501–558.

[25] D. Kerr and H. Li, Soficity, amenability, and dynamical entropy, Amer. J. Math. 135 (2013), no. 3, 721–761.

[26] D. Kerr and H. Li, Ergodic theory. Independence and dichotomies. Springer Monographs in Mathematics. Springer, Cham, 2016.

[27] H.B. Keynes and J.B. Robertson, Generators for topological entropy and expansiveness, Math. Systems Theory 3 (1969), 51–59.

[28] W. Lawton, Note on symbolic transformation groups, Notices of the AMS 19 (1972), pA–376 (abstract).

[29] H. Li, Garden of Eden and specification, Ergodic Theory Dynam. Systems 39 (2019), no. 11, 3075– 3088.

[30] D. Lind and K. Schmidt, Homoclinic points of algebraic Z^d-actions, J. Amer. Math. Soc. 12 (1999), 953–980.

[31] T. Meyerovitch, Pseudo-orbit tracing and algebraic actions of countable amenable groups, Ergodic Theory Dynam. Systems 39 (2019), no. 9, 2570–2591.

[32] S. A. Morris, Pontryagin duality and the structure of locally compact Abelian groups, Cambridge University Press, Cambridge-New York-Melbourne, 1977. London Mathematical Society Lecture Note Series, No. 29.

[33] X. Ren, Periodic measures are dense in invariant measures for residually finite amenable group actions with specification, Discrete Contin. Dyn. Syst. 38 (2018), no. 4, 1657–1667.

[34] D. Ruelle, Statistical mechanics on a compact set with Z^ν action satisfying expansiveness and specification, Trans. Amer. Math. Soc. 187 (1973), 237–251.

[35] P. Walters, On the pseudo-orbit tracing property and its relationship to stability. In The structure of attractors in dynamical systems (Proc. Conf., North Dakota State Univ., Fargo, N.D., 1977), volume 668 of Lecture Notes in Math., pages 231–244. Springer, Berlin, 1978.

[36] B. Weiss, Sofic groups and dynamical systems, (Ergodic theory and harmonic analysis, Mumbai, 1999) Sankhya Ser. A. 62 (2000), 350–359.

Dipartimento di Ingegneria, Università del Sannio, 82100 Benevento, Italy Email address: tullio.cs@sbai.uniroma1.it

Université de Strasbourg, CNRS, IRMA UMR 7501, F-67000 Strasbourg, France Email address: michel.coornaert@math.unistra.fr

Department of Mathematics, SUNY at Buffalo, Buffalo, NY 14260-2900, USA Email address: hfli@math.buffalo.edu