MALCOLMSON SEMIGROUPS

TSZ FUN HUNG AND HANFENG LI

Abstract. Inspired by the construction of the Cuntz semigroup for a C^∗-algebra, we introduce the matrix Malcolmson semigroup and the finitely presented module Malcolmson semigroup for a unital ring. These two semigroups are shown to have isomorphic Grothendieck group in general and be isomorphic for von Neumann regular rings. For unital C^∗-algebras, it is shown that the matrix Malcolmson semigroup has a natural surjective order-preserving homomorphism to the Cuntz semigroup, every dimension function is a Sylvester matrix rank function, and there exist Sylvester matrix rank functions which are not dimension functions.

Contents

1. Introduction 1 2. Preliminaries 4 2.1. Grothendieck groups, partially ordered abelian semigroups, and states 4 2.2. Cuntz semigroup and dimension function 6 2.3. Sylvester rank function 7 3. Matrix Malcolmson semigroup 8 4. Sylvester rank functions for commutative rings 12 5. Malcolmson semigroups and Sylvester rank functions for C^∗-algebras 16 6. Finitely presented module Malcolmson semigroup 22 7. Finitely generated module Malcolmson semigroup 29 Appendix A. Goodearl-Handelman theorem and Antoine-Perera-Thiel theorem for partially ordered abelian semigroups 32 References 35

1. Introduction

The Cuntz semigroup and dimension function for C^∗-algebras were introduced by Cuntz [14] as means to study simple C^∗-algebras. For unital C^∗-algebras A, the

Date: January 22, 2023.

2010 Mathematics Subject Classification. Primary 16D10, 46L05.

Key words and phrases. Cuntz semigroup, dimension function, Sylvester rank function, Malcolmson semigroup, partially ordered abelian semigroup. 1

Cuntz semigroup W_C(A) is a partially ordered abelian monoid with a fixed orderunit and the dimension functions are suitable R_{≥0}-valued functions defined on the space M(A) of rectangular matrices over A and can be identified with the states of the Cuntz semigroup, i.e. semigroup homomorphisms W_C(A) → R_{≥0} preserving the order and order-unit. Toms used the Cuntz semigroup to distinguish two simple separable nuclear unital C^∗-algebras with the same Elliott invariants [38]. Ever since then the Cuntz semigroup has played a vital role in the Elliott classification program [2, 7, 11, 13, 37, 40].

The Sylvester rank functions for unital rings were introduced by Malcolmson [33]. It can be defined equivalently at several levels: at the matrix level as suitable R_{≥0}-valued functions on the space M(R) of rectangular matrices over R [33], at the module level as suitable R_{≥0}-valued functions on the class M_{fp}(R) of finitely presented left R-modules [33], at the homomorphism level as suitable R_{≥0}-valued functions on the class of homomorphisms between finitely generated projective left R-modules [36], and at the pair of modules level as suitable R_{≥0} ∪ {+∞}-valued functions on the space of pairs of left R-modules M_1 ⊆ M_2 [30].

The Sylvester rank functions have various applications in ring theory and L^2- invariants theory. The classical result of Cohn on epimorphisms from R to division rings [12] can be stated as that there is a natural 1-1 correspondence between Z_{≥0}-valued Sylvester rank functions on R and isomorphism classes of such homomorphisms [33]. Schofield further showed that for algebras R over a field, there is a natural 1-1 correspondence between^1_n Z_{≥0}-valued Sylvester rank functions on R for some n ∈ N and equivalence classes of homomorphisms from R to simple Artinian rings [36, Theorem 7.12], where two such homomorphisms φ_1 : R → S_1 and φ_2 : R → S_2 are called equivalent if there are a simple Artinian ring S and homomorphisms ψ_i : S_i → S for i = 1, 2 with ψ_1 ∘ φ_1 = ψ_2 ∘ φ_2. Ara, O’Meara, and Perera used Sylvester rank functions to establish Kaplansky’s direct-finiteness conjecture for free-by-amenable groups [6], which was later extended by Elek and Szabó to all sofic groups [17]. Sylvester rank functions also played a vital role in the recent work of Jaikin-Zapirain and López-Álvarez on the Atiyah conjecture and the Lück approximation conjecture [24, 25]. See also [3–5, 15, 16, 23, 26, 27, 39].

For a unital C^∗-algebra A, the most important dimension functions and Sylvester matrix rank functions are induced from tracial states. In fact, when A is exact, all lower semicontinuous dimension functions of A are induced from tracial states of A [9, 22]. In this work we give a systematic study of the relation between dimension functions and Sylvester matrix rank functions for A. It turns out that every dimension function is a Sylvester matrix rank function (see Proposition 5.2), while not every Sylvester matrix rank function is a dimension function (Examples 5.4 and 5.5). On the other hand, certain nice properties of the dimension functions still hold for all Sylvester matrix rank functions (Proposition 5.7). From any Sylvester matrix rank function for A, one can construct a lower semicontinuous dimension function

(Proposition 5.12). In particular, if A is exact and has a Sylvester rank function, then A has a tracial state (Corollary 5.13).

The analogy between dimension functions and Sylvester matrix rank functions motivates us to introduce an algebraic counterpart of the Cuntz semigroup, called the matrix Malcolmson semigroup and denoted by W_M(R), for any unital ring R. This is also a partially ordered abelian monoid with a fixed order-unit. For a unital C^∗- algebra A, there is a natural surjective order-preserving homomorphism W_M(A) → W_C(A) (Proposition 5.2), which may fail to be injective (Remark 5.3).

As the Sylvester rank functions can be defined at both the matrix and the module levels, we also introduce a finitely presented module version of W_M(R), denoted by V_M(R), for any unital ring R. The Grothendieck groups of W_M(R) and V_M(R) are naturally isomorphic (Theorem 6.2). When R is von Neumann regular, W_M(R) and V_M(R) are the same (Theorem 6.7).

We take one step further to introduce a finitely generated module version of V_M(R), denote by U_M(R). It is somehow surprising that the partial order on U_M(R) extends that on V_M(R) (Theorem 7.3).

A fundamental result in the theory of partially ordered abelian groups is the Goodearl-Handelman theorem [19, 21] describing the range of an element under states extending a given state of a subgroup. In applications to the study of partially ordered abelian semigroups such as W_C(A) and W_M(R), one needs to pass to the Grothendieck group to apply the Goodearl-Handelman theorem. Recently Antoine, Perera, and Thiel give a nice version of the Goodearl-Handelman theorem for positively ordered monoids [1]. In an appendix we give a version in the setting of partially ordered abelian semigroups (Theorem A.2), unifying the theorems of Goodearl-Handelman and Antoine-Perera-Thiel. This enables us to show that a certain bound for the range of dimension function given by Cuntz in [14] is in fact precisely the range (Remark A.4) and to construct some interesting Sylvester rank functions in Theorem 4.5 and Examples 5.4. Though these applications can be obtained using the Antoine-Perera-Thiel result for positively ordered monoids, the extension to partially ordered abelian semigroups is of some interest itself.

This paper is organized as follows. We collect some basic facts about Grothendieck groups, partially ordered abelian semigroups, Cuntz semigroups, and Sylvester rank functions in Section 2. In Section 3 we introduce W_M(R) and calculate it for left Artinian unital local rings whose maximal ideal is generated by a central element. Some interesting Sylvester rank functions are constructed in Section 4. We compare W_C(A) and dimension functions with W_M(A) and Sylvester matrix rank functions for a unital C^∗-algebra A in Section 5. In Section 6 we introduce V_M(R) and study its relation with W_M(R). In Section 7 we introduce U_M(R) and show that V_M(R) embeds into U_M(R). The extension of the Goodearl-Handelman theorem and the Antoine-Perera-Thiel theorem to partially ordered abelian semigroups is given in Appendix A.

Acknowledgements. Both authors were partially supported by NSF grant DMS- 1900746. We are grateful to Leonel Robert for bringing the paper [18] to our attention and to Francesc Perera and Hannes Thiel for comments. We also thank the referees for very helpful comments.

2. Preliminaries

In this section we recall some basic definitions and facts about Grothendieck groups, partially ordered abelian semigroups, Cuntz semigroups, and Sylvester rank functions. Throughout this article, all unital rings are assumed to be nonzero.

2.1. Grothendieck groups, partially ordered abelian semigroups, and states. Let W be an abelian semigroup. Denote by G(W) the Grothendieck group of W. Then there is a canonical semigroup homomorphism W → G(W). For each a ∈ W denote by [a] the image of a in G(W). Then the elements of G(W) are all of the form [a] − [b] for a, b ∈ W, and [a] = [b] exactly when a + c = b + c for some c ∈ W.

Now assume further that (W, ⪯) is a partially ordered abelian semigroup in the sense that W is an abelian semigroup, and ⪯ is a partial order on W such that a + c ⪯ b + c whenever a ⪯ b and c ∈ W. Denote by G(W)_+ the set of elements of G(W) of the form [a] − [b] such that b + c ⪯ a + c for some c ∈ W.

Lemmas 2.1 and 2.2 below are well known. We include a proof for convenience of the reader.

Lemma 2.1. Let a, b ∈ W. Then [a] − [b] ∈ G(W)_+ if and only if b + c ⪯ a + c for some c ∈ W.

Proof. The “if” part follows from the definition of G(W)_+.

Assume that [a] − [b] ∈ G(W)_+. Then [a] − [b] = [c] − [d] for some c, d ∈ W such that d + u ⪯ c + u for some u ∈ W. Since

[a + d] = [a] + [d] = [b] + [c] = [b + c],

we have a + d + v = b + c + v for some v ∈ W. Then

b + (c + v + u) = a + d + v + u ⪯ a + (c + v + u).

This proves the “only if” part. □

For a partially ordered abelian semigroup (W, ⪯), we say v ∈ W is an order-unit if for any a ∈ W there is some n ∈ N such that a ⪯ a+v, a ⪯ nv, and v ⪯ a+nv [10, Definition 2.1]. For a partially ordered abelian semigroup (W, ⪯) with order-unit v, we denote it by (W, ⪯, v).

For a partially ordered abelian group (G, ⪯), set G_+ = {a ∈ G : 0 ⪯ a}, where 0 is the identity element of G. Then G_+ is a subsemigroup of G and G_+ ∩ (−G_+) = {0}. Conversely, given any abelian group G and any subsemigroup G_+ of G satisfying G_+ ∩ (−G_+) = {0}, we have the partial order ⪯ on G defined by a ⪯ b if b − a ∈ G_+. Thus we also write (G, G_+) for a partially ordered abelian group.

For any partially ordered abelian group (G, G_+), note that u ∈ G is an order-unit exactly if u ∈ G_+ and for any a ∈ G one has a ⪯ nu for some n ∈ N. In such case G ≠ {0} if and only if u ≠ 0, where 0 is the identity element of G.

Lemma 2.2. Let (W, ⪯) be a partially ordered abelian semigroup with order-unit v. Then (G(W), G(W)_+) is a partially ordered abelian group with order-unit [v].

Proof. Let [a] − [b], [c] − [d] ∈ G(W)_+. Then b + x ⪯ a + x and d + y ⪯ c + y for some x, y ∈ W. Thus

([a] − [b]) + ([c] − [d]) = [a + c] − [b + d]

with b + d + (x + y) ⪯ a + c + (x + y), and hence ([a] − [b]) + ([c] − [d]) ∈ G(W)_+. Therefore G(W)_+ is a subsemigroup of G(W).

We have 0 = [a] − [a] ∈ G(W)_+ ∩ (−G(W)_+) for any a ∈ W.

Let [a] − [b] ∈ G(W)_+ ∩ (−G(W)_+). By Lemma 2.1 we have b + c ⪯ a + c and a+d ⪯ b+d for some c, d ∈ W. Then b+c+d ⪯ a+c+d and a+c+d ⪯ b+c+d. Thus b+c+d = a+c+d. Therefore [a]−[b] = 0. This shows that G(W)∩(−G(W)_+) = {0}.

We conclude that (G(W), G(W)_+) is a partially ordered abelian group. Note that [v] = [v + a] − [a] ∈ G(W)_+ for any a ∈ W. Let [a] − [b] ∈ G(W)_+.

Then there are some n, m ∈ N such that v ⪯ b + nv and a ⪯ mv. It follows that a ⪯ mv ⪯ b + (n + m − 1)v, whence [a] − [b] ⪯ (n + m − 1)[v]. Therefore [v] is an order-unit of (G(W), G(W)_+). □

For a partially ordered abelian semigroup (W, ⪯, v), a state of (W, ⪯, v) is a semigroup homomorphism φ : W → R such that φ(v) = 1 and φ(a) ≤ φ(b) whenever a ⪯ b [10, Definition 2.1]. Clearly there is a natural one-to-one correspondence between states of (W, ⪯, v) and states of (G(W), G(W)_+, [v]).

The following is the fundamental result of Goodearl and Handelman on extensions of states of partially ordered abelian groups with order-unit [21, Lemma 3.1 and Theorem 3.2] [19, Lemma 4.1 and Proposition 4.2].

Theorem 2.3. Let (G, G_+, u) be a partially ordered abelian group with order-unit. Let H be a subgroup of G containing u, and let φ be a state of (H, H ∩ G_+, u). Let a ∈ G. Set p = sup{φ(b)/m | b ∈ H, m ∈ N, b ⪯ ma}, and q = inf{φ(b)/m | b ∈ H, m ∈ N, b ⪰ ma}.

Then −∞ < p ≤ q < ∞, and

[p, q] = {ψ(a) | ψ is a state of (G, G_+, u) extending φ}.

In particular, every state of (H, H ∩ G_+, u) extends to a state of (G, G_+, u).

A partially ordered abelian semigroup (W, ⪯) is called a positively ordered monoid if W has an identity element 0 and 0 ⪯ a for all a ∈ W [1, page 172].

The following nice result on extension of states for positively ordered monoid is a special case of [1, Lemma 5.2.3], which applies more generally for positively ordered monoids not necessarily with order-units.

Lemma 2.4. Let (W, ⪯, v) be a positively ordered monoid with order-unit. Let W_1 be a submonoid of W containing v, and let φ be a state of (W_1, ⪯, v). Let a ∈ W. Set p = sup{(φ(b) − φ(c))/m | b, c ∈ W_1, m ∈ N, b ⪯ c + ma}, and q = inf{(φ(b) − φ(c))/m | b, c ∈ W_1, m ∈ N, b ⪰ c + ma}.

Then 0 ≤ p ≤ q < ∞ and

[p, q] = {ψ(a) | ψ is a state of (W_1 + Z_{≥0}a, ⪯, v) extending φ}.

The following analogue of Theorem 2.3 for positively ordered monoids with orderunit, due to Antoine, Perera, and Thiel, is a direct consequence of Lemma 2.4 and Zorn’s lemma. The last sentence was proven earlier by Fuchssteiner [18, Theorem 1] and Blackadar and Rørdam [10, Corollary 2.7].

Theorem 2.5. Let (W, ⪯, v) be a positively ordered monoid with order-unit. Let W_1 be a submonoid of W containing v, and let φ be a state of (W_1, ⪯, v). Let a ∈ W. Set p = sup{(φ(b) − φ(c))/m | b, c ∈ W_1, m ∈ N, b ⪯ c + ma}, and q = inf{(φ(b) − φ(c))/m | b, c ∈ W_1, m ∈ N, b ⪰ c + ma}.

Then 0 ≤ p ≤ q < ∞, and

[p, q] = {ψ(a) | ψ is a state of (W, ⪯, v) extending φ}.

In particular, every state of (W_1, ⪯, v) extends to a state of (W, ⪯, v).

2.2. Cuntz semigroup and dimension function. We refer the reader to [7, 9, 14] for detail on Cuntz semigroup and dimension function.

Let A be a C^∗-algebra. Denote by M(A) the space of all rectangular matrices over A. For A, B ∈ M(A), we say A is Cuntz subequivalent to B, written as A ⪯_C B, if there are sequences {C_n}_{n∈N} and {D_n}_{n∈N} in M(A) such that C_nBD_n → A in norm as n → ∞. This is a reflexive and transitive relation on M(A), and if A ⪯_C B and C ⪯_C D, then diag(A, C) ⪯_C diag(B, D). If A ⪯_C B and B ⪯_C A, we say that A and B are Cuntz equivalent and write A ∼_C B. Then ∼_C is an equivalence relation on M(A), diag(A, B) ∼_C diag(B, A) for all A, B ∈ M(A), and if A ∼_C B and C ∼_C D, then diag(A, C) ∼_C diag(B, D). The Cuntz semigroup of A is W_C(A) := M(A)/ ∼_C. For each A ∈ M(A), denote by ⟨A⟩_C the equivalence class of A in W_C(A). For any ⟨A⟩_C, ⟨B⟩_C ∈ W_C(A), ⟨A⟩_C + ⟨B⟩_C := ⟨diag(A, B)⟩_C does not depend on the choice of the representatives A and B. Thus W_C(A) is an abelian monoid with identity ⟨0⟩_C and partial order given by ⟨A⟩_C ⪯_C ⟨B⟩_C if A ⪯_C B.

Proposition 2.6. The following hold:

(1) A ∼_C |A| ∼_C A^∗ for every A ∈ M(A). (2) A ∼_C A^θ for any A ∈ M(A)_{≥0} and θ > 0. (3) B ⪯_C A for any B, A ∈ M(A) with 0 ≤ B ≤ A.

(4) If A is the C^∗-algebra C(X) of continuous C-valued functions on some compact Hausdorff space X, then for any f, g ∈ A, one has f ⪯_C g iff supp(f) ⊆ supp(g), where supp(f) = {x ∈ X : f(x) ≠ 0} is the open support of f.

As indicated by Proposition 2.6.(1), W_C(A) can be defined equivalently using only positive matrices over A, which is how W_C(A) is defined in most literature. Though we won’t use it in this work, let us point out that another semigroup Cu(A) = W_C(K ⊗ A), where K ⊗ A is the stablization of A, was introduced in [13] and is heavily studied.

Now assume that A is unital. Then ⟨1⟩_C is an order-unit of the partially ordered abelian semigroup (W_C(A), ⪯_C). A dimension function for A is a function φ : M(A) → R_{≥0} satisfying that φ(A) ≤ φ(B) whenever A ⪯_C B, φ(1) = 1, and φ(diag(A, B)) = φ(A) + φ(B). Clearly there is a natural one-to-one correspondence between dimension functions φ of A and states ψ of (W_C(A), ⪯_C, ⟨1⟩_C): every φ is of the form ψ ∘ π for a unique ψ, where π is the quotient map M(A) → W_C(A).

2.3. Sylvester rank function. For general references on Sylvester matrix and module rank functions see [23, 33, 36]. Let R be a unital ring. Denote by M(R) the set of all rectangular matrices over R.

Definition 2.7. A Sylvester matrix rank function for R is a function rk : M(R) → R_{≥0} satisfying the following conditions:

(1) rk(0) = 0 and rk(1) = 1. (2) rk(AB) ≤ min(rk(A), rk(B)).

(3) rk( ï A B ò ) = rk(A) + rk(B).

(4) rk( ï A C B ò ) ≥ rk(A) + rk(B).

We shall denote by P(R) the set of all Sylvester matrix rank functions for R. It is naturally a compact convex space under the topology of pointwise convergence. When R is a division ring, it has a unique Sylvester matrix rank function, i.e. rk(A) is the dimension of the row space or column space of A over R.

Denote by M_{fp}(R) the class of finitely presented left R-modules.

Definition 2.8. A Sylvester module rank function for R is a function dim : M_{fp}(R) → R_{≥0} satisfying the following conditions:

(1) dim(0) = 0 and dim(R) = 1. (2) dim(M_1 ⊕ M_2) = dim(M_1) + dim(M_2).

(3) For any exact sequence M_1 → M_2 → M_3 → 0, one has dim(M_3) ≤ dim(M_2) ≤ dim(M_1) + dim(M_3).

From (3) it is clear that dim is an isomorphism invariant. The following is [33, Theorem 4].

Theorem 2.9. There is a natural one-to-one correspondence between Sylvester matrix rank functions and Sylvester module rank functions for R as follows:

(1) Given a Sylvester matrix rank function rk for R, for any M ∈ M_{fp}(R) take some A ∈ M_{n,m}(R) such that M ∼= R^m/R^nA, and define dim(M) = m − rk(A). Then dim is a Sylvester module rank function for R.

(2) Given a Sylvester module rank function dim for R, for any A ∈ M_{n,m}(R), define rk(A) = m − dim(R^m/R^nA). Then rk is a Sylvester matrix rank function for R.

A unital ring R is von Neumann regular [29, page 61] [20, page 1] if for any a ∈ R one has aba = a for some b ∈ R.

Definition 2.10. A Sylvester matrix rank function rk for R is regular if there are a unital ring homomorphism φ from R to some von Neumann regular ring S and a rk_S ∈ P(S) such that rk(A) = rk_S (φ(A)) for all A ∈ M(R).

We shall denote by P_{reg}(R) the set of all regular Sylvester matrix rank functions for R. This is a closed convex subset of P(R) [24, Proposition 5.9].

3. Matrix Malcolmson semigroup

Throughout this section let R be a unital ring. The following is inspired by the construction of the Cuntz semigroup.

Definition 3.1. For A, B ∈ M(R), we write A ≲ B if either A = CBD for some

C, D ∈ M(R) or B = ï C E D ò and A = ï C D ò for some C, D, E ∈ M(R). We

say A is Malcolmson subequivalent to B, written as A ⪯_M B, if there are n ∈ N and A_1, . . . , A_n ∈ M(R) such that A = A_1 ≲ A_2 ≲ · · · ≲ A_n = B. This is a reflexive and transitive relation on M(R). If A ⪯_M B and B ⪯_M A, we say that A and B are Malcolmson equivalent and write A ∼_M B. Then ∼_M is an equivalence relation on M(R). We define the matrix Malcolmson semigroup of R as W_M(R) := M(R)/ ∼_M. For each A ∈ M(R), denote by ⟨A⟩_M the equivalence class of A in W_M(R).

Note that if A ⪯_M B and C ⪯_M D, then diag(A, C) ⪯_M diag(B, D). Also note that diag(A, B) ∼_M diag(B, A) for all A, B ∈ M(R), and if A ∼_M B and C ∼_M D, then diag(A, C) ∼_M diag(B, D). For any ⟨A⟩_M, ⟨B⟩_M ∈ W_M(R), ⟨A⟩_M + ⟨B⟩_M := ⟨diag(A, B)⟩_M does not depend on the choice of the representatives A and B. Thus

W_M(R) is an abelian monoid with identity ⟨0⟩_M and partial order given by ⟨A⟩_M ⪯_M ⟨B⟩_M if A ⪯_M B. The element ⟨1⟩_M is an order-unit of (W_M(R), ⪯_M).

Denote by π the quotient map M(R) → W_M(R). Clearly the Sylvester matrix rank functions of R are exactly φ ∘ π for states φ of the partially ordered abelian semigroup with order-unit (W_M(R), ⪯_M, ⟨1⟩_M). From Corollary A.3 we obtain the following.

Proposition 3.2. R has a Sylvester rank function if and only if I_{n+1} ⪯̸_M I_n for all n ∈ N.

Recall that R is said to satisfy the rank condition if for any n ∈ N the free left R-module R^n is not generated by n − 1 elements [28, Definition 1.20].

Proposition 3.3. If R has a Sylvester rank function, then R satisfies the rank condition.

Proof. Suppose that R does not satisfy the rank condition. Then there are n < m in N and A ∈ M_{m,n}(R), B ∈ M_{n,m}(R) such that AB = I_m [28, Proposition 1.24]. If R has a Sylvester matrix rank function rk, then

m = rk(I_m) = rk(AB) = rk(AI_nB) ≤ rk(I_n) = n,

which is impossible. □

It will be interesting to know whether the rank condition characterises the existence of Sylvester rank functions.

Question 3.4. If R satisfies the rank condition, then must R have a Sylvester rank function?

Question 3.4 has an affirmative answer for von Neumann regular rings [20, Theorem 18.3]. Recall that a unital ring R is said to be stably finite if for any n ∈ N and A, B ∈ M_n(R) with AB = I_n, one has BA = I_n. It is a result of Malcolmson that R satisfies the rank condition if and only if R has a stably finite quotient ring [28, Theorem 1.26] [32]. Thus Question 3.4 is equivalent to the following question.

Question 3.5. If R is stably finite, then must R have a Sylvester rank function?

We remark that a result of Cuntz [14, Corollary 4.5] says that stably finite unital C^∗-algebras have dimension functions. In view of Proposition 5.2 below this implies an affirmative answer of Question 3.5 for unital C^∗-algebras.

As an example, we compute the matrix Malcolmson semigroup for left Artinian local rings whose maximal ideal is generated by a central element. For this we need the following lemma.

Lemma 3.6. Let A ∈ M_n(R). Let 0 ≤ k ≤ j and 0 < m be integers. Then diag(A^j, A^{k+m}) ⪯_M diag(A^k, A^{j+m}), where we set A^0 = I_n.

Proof. For any B, C, D ∈ M_l(R) with B, D invertible, one has BCD ∼_M C. Thus using elementary row and column operations we have ï A^k A^{j+m} ò ∼_M ï I_n A^m I_n ò · ï A^k

A^{j+m} ò · ï I_n A^{j−k} −I_n ò · ï I_n I_n ò

= ï I_n A^m I_n ò · ï A^k A^j −A^{j+m} ò · ï I_n I_n ò

= ï A^j A^k A^{k+m} ò . From the second case in the definition of ≲ one also has ï A^j A^k A^{k+m} ò ≳ ï A^j

A^{k+m} ò . Now the assertion follows. □

Recall that a unital ring R is local if the set of non-invertible elements of R is an ideal [29, Section 19]. In such case, this ideal is equal to the Jacobson radical rad(R) of R. Also recall that if a unital ring R is left Artinian, i.e. there is no infinite strictly descending chain of left ideals J_1 ⊋ J_2 ⊋ · · · [29, page 19], then rad(R) is nilpotent [29, Theorem 4.12], i.e. (rad(R))^n = 0 for some n ∈ N.

Let R be a left Artinian local ring such that rad(R) is generated by some central element c. Let n be the smallest positive integer such that c^n = 0. Examples include R = D[x]/x^nD[x], where D is a division ring and D[x] is the polynomial ring over D, and R = Z/p^nZ, where p is a prime number.

By [26, Corollary 2.4] for each 1 ≤ k ≤ n there is a rk_k ∈ P(R) satisfying

rk_k(c^i) =

®_{k−i} k if 0 ≤ i < k 0 if k ≤ i ≤ n − 1. (1) It is further shown in [26, Corollary 2.4] that rk_1, . . . , rk_n are exactly the extreme points of the convex set P(R), which we shall need later in Example 4.2. Below we shall identify rk ∈ P(R) with the corresponding state of (W_M(R), ⪯_M, ⟨1⟩_M).

Proposition 3.7. Let R be a left Artinian unital local ring such that rad(R) is generated by a central element c. Let n be the smallest positive integer such that c^n = 0. Then W_M(R) is the free abelian monoid generated by ⟨c^i⟩_M for i = 0, 1, . . . , n − 1, i.e. W_M(R) = � 0≤i≤n−1 Z≥0⟨c

i⟩_M. Furthermore, for any a, b ∈ W_M(R), the following are equivalent:

(1) a ⪯_M b;

(2) rk(a) ≤ rk(b) for all rk ∈ P(R); (3) rk_k(a) ≤ rk_k(b) for all k = 1, . . . , n.

Proof. Note that every nonzero element of R is of the form xc^i for some invertible x ∈ R and 0 ≤ i ≤ n − 1. We claim that for any A ∈ M_m(R), there are some invertible B, C ∈ M_m(R) such that BAC = diag(c^{i1} , . . . , c^{il} , 0, . . . , 0) for some 0 ≤ l ≤ m and 0 ≤ i_1, . . . , i_l ≤ n − 1. We argue by induction on m. The case m = 1 is obvious. Assume that the claim holds for matrices in M_{m−1}(R). Let A ∈ M_m(R). The claim is trivial if A is the zero matrix. Thus we may assume that A is nonzero. Writing each nonzero entry of A as xc^i for some invertible x ∈ R and 0 ≤ i ≤ n − 1, we can find one nonzero entry of A with the smallest exponent i. Via exchanging some rows and columns of A, which be can achieved via replacing A by BAC for some invertible B, C ∈ M_m(R), we may assume that this entry is at the upper-left corner of A. Via elementary row and column operations, which can be achieved again via replacing A by BAC for some invertible B, C ∈ M_m(R), we may use this entry to eliminate all other entries in the first row and column of A so that A becomes diag(xc^i, A^′) for some invertible x ∈ R, some 0 ≤ i ≤ n − 1, and some A^′ ∈ M_{m−1}(R). By induction hypothesis we have B^′A^′C^′ = diag(c^{i1} , . . . , c^{il} , 0, . . . , 0) for some invertible B^′, C^′ ∈ M_{m−1}(R), some 0 ≤ l ≤ m − 1 and 0 ≤ i_1, . . . , i_l ≤ n − 1. Then B = diag(x^{−1}, B^′) and C = diag(1, C^′) are invertible in M_m(R), and BAC = diag(c^i, c^{i1} , . . . , c^{il} , 0, . . . , 0). This finishes the induction step and proves our claim.

From the above claim it follows that W_M(R) is generated by ⟨c^i⟩_M for i = 0, 1, . . . , n − 1.

For each a ∈ W_M(R), write a as

�_{n−1} i=0 a_i⟨c^i⟩_M with a_0, . . . , a_{n−1} ∈ Z_{≥0}. If a = b, then_{k−1} � i=0 (k − i)a_i = k · rk_k(a) = k · rk_k(b) = k−1� i=0 (k − i)b_i

for every 1 ≤ k ≤ n, from which it follows that a_i = b_i for all 0 ≤ i ≤ n − 1. Thus W_M(R) is the free abelian monoid generated by ⟨c^i⟩_M for i = 0, 1, . . . , n − 1. For each a ∈ W_M(R), denote by supp(a) the set of 0 ≤ i ≤ n − 1 with a_i ≠ 0, and set ‖a‖_1 =

�_{n−1} i=0 a_i.

(1)⇒(2)⇒(3) are trivial. To prove (3)⇒(1), let a, b ∈ W_M(R) such that rk_k(a) ≤ rk_k(b) for all k = 1, . . . , n. We shall show a ⪯_M b by induction on ‖a‖_1. The case ‖a‖_1 = 0 is trivial. Assume that the claim holds when ‖a‖_1 = l. Consider the case ‖a‖_1 = l + 1.

If there is some i ∈ supp(a) ∩ supp(b), then a − ⟨c^i⟩_M, b − ⟨c^i⟩_M ∈ W_M(R), rk_k(a − ⟨c^i⟩_M) ≤ rk_k(b − ⟨c^i⟩_M) for all 1 ≤ k ≤ n, and ‖a − ⟨c^i⟩_M‖_1 = l, thus by the induction hypothesis we have a − ⟨c^i⟩_M ⪯_M b − ⟨c^i⟩_M, whence a ⪯_M b. Therefore we may assume that supp(a) ∩ supp(b) = ∅.

Put i_a = min(supp(a)) and i_b = min(supp(b)). If i_a < i_b, then rk_{ia+1}(a) > 0 = rk_{ia+1}(b), which is impossible. Thus i_a > i_b. Denote by j_1 the largest element of supp(b) smaller than i_a. If j_1 ≠ max(supp(b)), let j_2 be the smallest element in supp(b) greater than j_1. Otherwise, put j_2 = n. Then i_b ≤ j_1 < i_a < j_2. By Lemma 3.6 we have

⟨c^{j1} ⟩_M + ⟨c^{j2} ⟩_M ⪰_M ⟨c^{j1+1}⟩_M + ⟨c^{j2−1}⟩_M.

Put b^{(1)} = b − ⟨c^{j1} ⟩_M − ⟨c^{j2} ⟩_M + ⟨c^{j1+1}⟩_M + ⟨c^{j2−1}⟩_M ∈ W_M(R).

Then b^{(1)} ⪯_M b.

We claim that rk_k(a) ≤ rk_k(b^{(1)}) for all 1 ≤ k ≤ n. Assume that rk_k(a) > rk_k(b^{(1)}) for some 1 ≤ k ≤ n instead. Then rk_k(b) ≥ rk_k(a) > rk_k(b^{(1)}), whence j_1 < k < j_2. Note that k·rk_k(b), k·rk_k(a), k·rk_k(b^{(1)}) are all integers, and k·rk_k(b) = k·rk_k(b^{(1)})+1. Thus k · rk_k(b) = k · rk_k(a) = k · rk_k(b^{(1)}) + 1.

We have k · rk_k(b) = � i∈supp(b),i<k

(k − i)b_i ≥ (k − j_1) � i∈supp(b),i<k

b_i > 0, and k · rk_k(a) = � i∈supp(a),i<k

(k − i)a_i ≤ (k − i_a) � i∈supp(a),i<k

a_i.

Since k − i_a < k − j_1, we obtain 0 < k − i_a and � i∈supp(b),i<k

b_i < � i∈supp(a),i<k

a_i.

Note that

(k + 1) · rk_{k+1}(b) = k · rk_k(b) + � i∈supp(b),i≤k

b_i = k · rk_k(b) + � i∈supp(b),i<k

b_i,

whence

(k + 1) · rk_{k+1}(a) = k · rk_k(a) + � i∈supp(a),i≤k

a_i ≥ k · rk_k(a) + � i∈supp(a),i<k

a_i

> k · rk_k(b) + � i∈supp(b),i<k

b_i = (k + 1) · rk_{k+1}(b),

which is impossible. This proves our claim.

Iterating the above construction, we find b^{(1)}, . . . , b^{(m)} in W_M(R) such that b ⪰_M b^{(1)} ⪰_M · · · ⪰_M b^{(m)}, and rk_k(a) ≤ rk_k(b^{(m)}) for all 1 ≤ k ≤ n, and supp(a) ∩ supp(b^{(m)}) ≠ ∅. As at the beginning of the induction step, we conclude b^{(m)} ⪰_M a. Therefore b ⪰_M a. This finishes the induction step and proves (3)⇒(1). □

4. Sylvester rank functions for commutative rings

In this section we use the matrix Malcolmson semigroup to construct some interesting Sylvester matrix rank functions for commutative rings in Theorem 4.5. Throughout this section, R will be a unital commutative ring.

For a unital ring R, recall that a ∈ R is nilpotent if a^n = 0 for some n ∈ N.

Proposition 4.1. The following hold:

(1) P_{reg}(R) ≠ ∅.

(2) If a ∈ R is invertible, then

{rk(a) : rk ∈ P_{reg}(R)} = {rk(a) : rk ∈ P(R)} = {1}.

(3) If a ∈ R is neither invertible nor nilpotent, then

{rk(a) : rk ∈ P_{reg}(R)} = [0, 1].

(4) If a ∈ R with a^m = 0 for some m ∈ N, then

{0} ⊆ {rk(a) : rk ∈ P_{reg}(R)} ⊆ {rk(a) : rk ∈ P(R)} ⊆ [0, (m − 1)/m].

Proof. (1). By Zorn’s lemma R has a maximal ideal J. Then R/J is a field, and hence R/J has a unique Sylvester matrix rank function. It pulls back to a regular Sylvester matrix rank function for R.

(2) follows from (1).

(3). Let a ∈ R such that a is not invertible. Then by Zorn’s lemma a is contained in some maximal ideal J of R. As in the proof of (1), R has a unique regular Sylvester matrix rank function vanishing on J. Thus 0 ∈ {rk(a) : rk ∈ P_{reg}(R)}.

Let a ∈ R such that a is not nilpotent. By Zorn’s lemma R has an ideal J being maximal among the ideals which do not intersect with {a^n : a ∈ N}. It is easily checked that J is a prime ideal of R. Then the fraction field of R/J has a unique Sylvester matrix rank function. It pulls back to a regular Sylvester matrix rank function rk for R. Clearly rk(a) = 1. Thus 1 ∈ {rk(a) : rk ∈ P_{reg}(R)}.

The assertion follows from the above two paragraphs and the fact that P_{reg}(R) is a convex set.

(4). Since a is not invertible, the proof of (3) shows that {0} ⊆ {rk(a) : rk ∈ P_{reg}(R)}.

When m = 1 one has a = 0, whence rk(a) = 0 for every rk ∈ P(R). Thus we may assume that m ≥ 2. From Lemma 3.6 we have ⟨a^j⟩_M + ⟨a⟩_M ⪯_M ⟨1⟩_M + ⟨a^{j+1}⟩_M for every j ∈ Z_{≥0}. Then

m⟨a⟩_M ⪯_M ⟨1⟩_M + ⟨a^2⟩_M + (m − 2)⟨a⟩_M

⪯_M 2⟨1⟩_M + ⟨a^3⟩_M + (m − 3)⟨a⟩_M ⪯_M · · · ⪯_M (m − 1)⟨1⟩_M + ⟨a^m⟩_M = (m − 1)⟨1⟩_M.

Thus for every rk ∈ P(R) one has m · rk(a) ≤ m − 1. □

Example 4.2. Let R = K[x]/x^nK[x] for some field K and some even integer n > 6. Put c = x + x^nK[x] ∈ R and a = c^n2^{−1} ∈ R. Then a^3 = 0 and a^2 ≠ 0. By [26, Corollary 2.4] the extreme points of P(R) are rk_1, rk_2, . . . , rk_n satisfying (1). Thus max rk∈P(R)

rk(a) = max_{1≤k≤n} rk_k(a) = rk_n(a) = n + 2 2n < 2 3 . This shows that the inclusion {rk(a) : rk ∈ P(R)} ⊆ [0, (m − 1)/m] in Proposition 4.1.(4) may be proper even when m is the smallest j ∈ N with a^j = 0.

Recall that for any A ∈ M_{m,n}(R) and any integer 0 < k ≤ min(m, n), a k × kminor is the determinant of a k ×k-submatrix of A. As a convention, for any integer k > min(m, n), we say that 0 is the unique k × k-minor of A.

Lemma 4.3. Let A, B ∈ M(R) such that A ⪯_M B. Let J be an ideal of R and k ∈ N such that every k × k-minor of B lies in J. Then every k × k-minor of A lies in J.

Proof. It suffices to consider three cases: A = BC for some C ∈ M(R), A = CB for

some C ∈ M(R), and B = ï C E D ò and A = ï C D ò for some C, D, E ∈ M(R).

Consider first the case A = BC for some C ∈ M(R). Say, B ∈ M_{m,n}(R) and C ∈ M_{n,l}(R). We may assume that k ≤ min(m, l). Let A^′ be a k × k-submatrix of A. Then A^′ = B^′C^′ for some k × n-submatrix B^′ of B and some n × k-submatrix C^′ of C. Thus each column of A^′ is a linear combination of columns of B^′ with coefficients being entries of C^′. It follows that det(A^′) is a finite sum of elements of the form ±c det(A^{′′}) such that c is a product of entries in C^′ and A^{′′} ∈ M_k(R) with each column of A^{′′} being a column of B^′. If A^{′′} has two identical columns, then det(A^{′′}) = 0. Otherwise, A^{′′} is a k × k-submatrix of B with the columns permuted, whence det(A^{′′}) ∈ J. Therefore, det(A^′) ∈ J.

The case A = CB for some C ∈ M(R) is handled similarly, via considering rows instead of columns.

Finally consider the case B = ï C E D ò and A = ï C D ò for some C, D, E ∈

M(R). Again, we may assume that A has at least k rows and at least k columns.

Let A^′ be a k × k-submatrix of A. Then A^′ = ï C^′ D^′ ò for some submatrix C^′

of C and some submatrix D^′ of D. Note that there is a submatrix E^′ of E such that B^′ = ï C^′ E^′ D^′ ò is a k × k-submatrix of B. If one of C^′ and D^′ is not a square

matrix, then det(A^′) = 0 ∈ J. Thus we may assume that both C^′ and D^′ are square matrices. Then det(A^′) = det(C^′) det(D^′) = det(B^′) ∈ J. □

Lemma 4.4. Let a ∈ R, and let m, n, j, k, l ≥ 0. Assume that a^{2|n−k|+1} ∉ Ra^{2|n−k|+2}. Also assume that k⟨1⟩_M + j⟨a^2⟩_M + m⟨a⟩_M ⪯_M n⟨1⟩_M + l⟨a^2⟩_M. Then m ≤ 2(n − k).

Proof. Denote by A an (k + j + m) × (k + j + m)-diagonal matrix with k diagonal entries being 1, j diagonal entries being a^2, and m diagonal entries being a. Also denote by B an (n + l) × (n + l)-diagonal matrix with n diagonal entries being 1 and l diagonal entries being a^2. Then A ⪯_M B.

Since a^{2|n−k|+1} ∉ Ra^{2|n−k|+2}, we have 1 ∉ Ra.

We claim that n ≥ k. Assume that n < k instead. Note that every (n+1)×(n+1)- minor of B lies in the ideal Ra. By Lemma 4.3 every (n + 1) × (n + 1)-minor of A lies in Ra. But clearly 1 is an (n + 1) × (n + 1)-minor of A, a contradiction. This proves our claim.

Put K = 2n−k+1. Note that every K ×K-minor of B lies in the ideal Ra^{2(n−k+1)}. By Lemma 4.3 every K ×K-minor of A lies in Ra^{2(n−k+1)}. Assume that m > 2n−2k instead. Then m ≥ 2n − 2k + 1. Clearly a^{2n−2k+1} is a K × K-minor of A. This contradicts our assumption that a^{2|n−k|+1} ∉ Ra^{2|n−k|+2}. Therefore m ≤ 2n − 2k. □

Theorem 4.5. Let a ∈ R such that a^n ∉ Ra^{n+1} for all n ≥ 0, where we put a^0 = 1. Then {rk(a) : rk ∈ P(R), rk(a^2) = 0} = [0, 1/2].

Proof. Taking k = 0 and j = m = 1 in Lemma 3.6 we have diag(a, a) ⪯_M diag(1, a^2), whence 2rk(a) ≤ 1 + rk(a^2) for every rk ∈ P(R). Therefore

{rk(a) : rk ∈ P(R), rk(a^2) = 0} ⊆ [0, 1/2].

Since P(R) is a convex set, to show

{rk(a) : rk ∈ P(R), rk(a^2) = 0} ⊇ [0, 1/2],

it suffices to show that there are rk, rk^′ ∈ P(R) such that rk(a^2) = rk^′(a^2) = 0, and rk(a) = 1/2, rk^′(a) = 0.

Since 1 ∉ Ra, the commutative quotient ring R/aR is nonzero, thus by Proposition 4.1.(1) R/aR has Sylvester matrix rank functions. Take any such rank function and pull it back to R, we obtain an rk^′ ∈ P(R) such that rk^′(a^2) = rk^′(a) = 0.

Let W_1 be the subsemigroup of W_M(R) generated by ⟨1⟩_M and ⟨a^2⟩_M. Let rk_1 be the restriction of rk^′ to (W_1, ⪯_M, ⟨1⟩_M). Put

λ := inf{(rk_1(b) − rk_1(c))/m | b, c ∈ W_1, m ∈ N, b ⪰_M c + m⟨a⟩_M}.

By Lemma 4.4 we have λ ≥ 1/2. From the first paragraph of the proof we have λ ≤ 1/2. Therefore λ = 1/2. By Theorem A.2 there is a state rk of (W_M(R), ⪯_M, ⟨1⟩_M) extending rk_1 such that rk(a) = λ = 1/2. □

Theorem 4.5 will be used later in Example 5.4.

Remark 4.6. It was shown in [31, Example 2.1.13] that the rank function rk ∈ P(Z/4Z) satisfying rk(2 + 4Z) = 1/2 is not regular. We don’t know whether Theorem 4.5 still holds if we replace P(R) by P_{reg}(R).

To end this section, we record the following two simple lemmas, which will be used in Section 5.

Lemma 4.7. Let a, b ∈ R. Then ⟨a⟩_M ⪯_M ⟨b⟩_M if and only if a ∈ Rb.

Proof. Taking J = Rb and k = 1 in Lemma 4.3 we get the “only if” part. If a ∈ Rb, say a = xb for some x ∈ R, then a ≲ b, whence ⟨a⟩_M ⪯_M ⟨b⟩_M, yielding the “if” part. □

Lemma 4.8. Let a, b ∈ R such that a^n ∉ Rb for all n ∈ N. Then there is a rk ∈ P_{reg}(R) such that rk(a) = 1 and rk(b) = 0.

Proof. Denote by π the quotient map R → R^′ := R/Rb. The assumption says that π(a) is not nilpotent. The proof of Proposition 4.1.(3) shows that there is some rk^′ ∈ P_{reg}(R^′) such that rk^′(π(a)) = 1. Then rk := rk^′ ∘ π is in P_{reg}(R). Clearly rk(a) = 1 and rk(b) = 0. □

5. Malcolmson semigroups and Sylvester rank functions for C^∗-algebras

In this section we compare the matrix Malcolmson semigroup (resp. Sylvester matrix rank functions) with the Cuntz semigroup (resp. dimension functions) of a unital C^∗-algebra. Throughout this section A will be a unital C^∗-algebra.

Lemma 5.1. For any A, B ∈ M(A), if A ⪯_M B, then A ⪯_C B.

Proof. It suffices to show that if A ≲ B, then A ⪯_C B. In turn it suffices to show that

for any A ∈ M_{n,m}(A), B ∈ M_{k,l}(A) and C ∈ M_{n,l}(A), one has ï A B ò ⪯_C ï A C B ò . For any continuous C-valued function f on the spectrum spec(|A|) of |A|, we have ï |A|A^∗

I_k ò ï A C B ò ï I_m −f(|A|)A^∗C I_l ò = ï |A|^3 (|A| − |A|^3f(|A|))A^∗C B ò . Take a sequence {f_j }_{j∈N} of continuous R-valued functions on spec(|A|) such that max_{x∈spec(|A|)} |x − x^3f_j (x)| → 0 as j → ∞. Then ï |A|^3 (|A| − |A|^3f_j (|A|))A^∗C B ò → ï |A|^3 B ò

in norm as j → ∞. Thus ï A C B ò ⪰_C ï |A|^3 B ò ∼_C ï |A| B ò ∼_C ï A B ò , where for the two equivalences we apply Proposition 2.6. □

From Lemma 5.1 we get the following.

Proposition 5.2. We have an order-preserving homomorphism of monoids W_M(A) → W_C(A) sending ⟨A⟩_M to ⟨A⟩_C for A ∈ M(A). In particular, every dimension function for A is a Sylvester matrix rank function.

Remark 5.3. The homomorphism W_M(A) → W_C(A) in Proposition 5.2 may fail to be injective, as the following examples indicate. For a compact Hausdorff space X we denote by C(X) the C^∗-algebra of all C-valued continuous functions on X.

(1) Let A = C([−1, 1]), and let f ∈ A be given by f(x) = x for all x ∈ [−1, 1].

Then f ∉ |f|A and |f| ∉ fA. From Lemma 4.7 we have f �_M |f| and |f| �_M f, while f ∼_C |f| by Proposition 2.6.

(2) Let A = C([0, 1]), and let f ∈ A be given by f(x) = xe^{i/x} for 0 < x ≤ 1 and f(0) = 0. Then f^∗ ∉ fA and f ∉ f^∗A. From Lemma 4.7 we have f �_M f^∗ and f^∗ �_M f, while f ∼_C f^∗ by Proposition 2.6.

(3) Let A = C(X) for some connected compact Hausdorff space X with more than one point. Take a nonnegative nonzero f ∈ C(X) such that f vanishes at some point of X. Then f ∉ f^2A. From Lemma 4.7 we have f �_M f^2, while f ∼_C f^2 by Proposition 2.6.

(4) Let A = C([0, 1]), and let f, g ∈ A be given by f(x) = x for all x ∈ [0, 1] and g(x) = x(2 + sin(1/x))/3 for all x ∈ (0, 1] and g(0) = 0. Then 0 ≤ g ≤ f. Since g ∉ fA, from Lemma 4.7 we have g �_M f. Since supp(g) = supp(f), we have g ∼_C f by Proposition 2.6.

Next we show that there are Sylvester matrix rank functions which are not dimension functions, even in the case A is commutative.

Example 5.4. Let A = C([0, 1]) and let f ∈ A be the identity function given by f(x) = x for all x ∈ [0, 1]. By Proposition 2.6.(2) we have f ∼_C f^2. Note that f^n ∉ Af^{n+1} for all n ≥ 0. By Theorem 4.5 there is a rk ∈ P(A) such that rk(f) = 1/2 and rk(f^2) = 0. In particular, rk is not a dimension function. We don’t know whether rk must be regular or irregular.

Example 5.5. Let A = C([0, 1]). Let f ∈ A be the identity function given by f(x) = x for all x ∈ [0, 1], and let g ∈ A be given by g(x) =^1_{log(2/x)} for all x ∈ (0, 1] and g(0) = 0. Since supp(f) = supp(g) = (0, 1], by Proposition 2.6.(4) we have f ∼_C g. It is easily checked that g^n ∉ Af for all n ∈ N. By Lemma 4.8 there is some rk ∈ P_{reg}(A) such that rk(g) = 1 and rk(f) = 0. In particular, rk is not a dimension function.

The following lemma can be proved in the same way as Lemma 3.6.

Lemma 5.6. Let A ∈ M(A)_{≥0}. Let 0 < δ ≤ η and 0 < θ. Then

diag(A^η, A^{δ+θ}) ⪯_M diag(A^δ, A^{η+θ}).

In particular, rk(A^{δ+θ}) − rk(A^{η+θ}) ≤ rk(A^δ) − rk(A^η) for all rk ∈ P(A).

Despite the examples constructed in Examples 5.4 and 5.5, the next result shows certain properties of dimension functions do hold for all Sylvester matrix rank functions.

Proposition 5.7. Let rk ∈ P(A). The following hold:

(1) For any A ∈ M(A)_{≥0}, the function f : (0, +∞) → R sending θ to rk(A^θ) is uniformly continuous.

(2) rk(A) = rk(|A|) = rk(A^∗) and rk(|A|^θ) = rk(|A^∗|^θ) for all A ∈ M(A) and θ > 0.

(3) rk(B^θ) ≤ rk(A^θ) for all 0 < θ ≤ 2 and B, A ∈ M(A) with 0 ≤ B ≤ A. Proof. (1). Since A^η ⪯_M A^δ for all 0 < δ ≤ η, f is decreasing. Say, A ∈ M_n(A). Then rk(A^θ) ≤ n for all θ > 0. Put L = sup_{θ>0} rk(A^θ) ≤ n. Then rk(A^θ) → L as θ → 0.

Let ε > 0. Then there is some ζ > 0 such that L − ε < rk(A^δ) ≤ L for all 0 < δ < ζ. For any θ > 0 and 0 < δ < ζ, taking max(θ + δ − ζ, 0) < κ < θ, by Lemma 5.6 we have 0 ≤ rk(A^θ)−rk(A^{θ+δ}) = rk(A^{κ+(θ−κ)})−rk(A^{κ+(θ+δ−κ)}) ≤ rk(A^{θ−κ})−rk(A^{θ+δ−κ}) < ε. Therefore f is uniformly continuous.

(2). Let A = S|A| be the polar decomposition of A. For any 0 < δ < 1, we have |A|^{1+δ} = (S|A|^δ)^∗S|A| ⪯_M A = (S|A|^δ)|A|^{1−δ} ⪯_M |A|^{1−δ}.

Thus rk(|A|^{1+δ}) ≤ rk(A) ≤ rk(|A|^{1−δ}).

Letting δ → 0, by part (1) we get rk(|A|) ≤ rk(A) ≤ rk(|A|).

Thus rk(|A|) = rk(A).

For any 0 < δ < θ, we have |A^∗|^θ = S|A|^θS^∗ = (S|A|^{δ/2})|A|^{θ−δ}(|A|^{δ/2}S^∗) ⪯_M |A|^{θ−δ}.

Thus rk(|A^∗|^θ) ≤ rk(|A|^{θ−δ}). Letting δ → 0, by part (1) we get rk(|A^∗|^θ) ≤ rk(|A|^θ). Replacing A by A^∗ we have rk(|A|^θ) ≤ rk(|A^∗|^θ). Therefore rk(|A^∗|^θ) = rk(|A|^θ). In particular, rk(A) = rk(|A|) = rk(|A^∗|) = rk(A^∗).

(3). For any 0 < δ < 1/2, by [34, Proposition 1.4.5] there is some C_δ ∈ M(A) such that B^{1/2} = C_δA^δ. Then B = C_δA^{2δ}C^∗_δ , whence B^2 = C_δA^{2δ}C^∗_δ C_δA^{2δ}C^∗_δ ⪯_M A^{2δ} C^∗_δ C_δA^{2δ} = |C_δA^{2δ} |^2.

By part (2) we have rk(B^2) ≤ rk(|C_δA^{2δ} |^2) = rk(|(C_δA^{2δ})^∗|^2).

Note that |(C_δA^{2δ})^∗|^2 = C_δA^{4δ}C^∗_δ ⪯_M A^{4δ}.

Thus rk(B^2) ≤ rk(|(C_δA^{2δ})^∗|^2) ≤ rk(A^{4δ}).

Letting δ → 1/2, by part (1) we get rk(B^2) ≤ rk(A^2). For any 0 < θ ≤ 2, we have B^{θ/2} ≤ A^{θ/2} [34, Proposition 1.3.8]. Therefore rk(B^θ) ≤ rk(A^θ). □

For each unital ring R and each n ∈ N denote by P_n(R) the set of rk ∈ P(R) taking values in^1_n Z. It is a result of Schofield that when R is an algebra over a field, � n∈N P_n(R) consists of exactly those rk in P(R) which are induced from unital homomorphisms from R to M_n(D) for some n ∈ N and some division ring D and the unique Sylvester matrix rank function for M_n(D) [36, Theorem 7.12]. In particular, when R is an algebra over a field, one has � n∈N P_n(R) ⊆ P_{reg}(R). It is an open question whether P(R) = P_{reg}(R) for algebras R over a field [23, Question 5.7].

Corollary 5.8. For A = C([0, 1]), � n∈N P_n(A) is not dense in P(A).

Proof. Let f ∈ A be the identity function given by f(x) = x for all x ∈ [0, 1]. Let rk^′ ∈ � n∈N P_n(A). By Proposition 5.7.(1) the function (0, +∞) → R sending θ to rk^′(f^θ) is continuous. Since rk^′ takes values in^1_n Z for some n ∈ N, this means that rk^′(f^θ) does not depend on θ ∈ (0, +∞). Then for any rk^{′′} in the closure of � n∈N P_n(A), one has that rk^{′′}(f^θ) does not depend on θ ∈ (0, +∞). Thus the rank function rk in Example 5.4 does not lie in the closure of � n∈N P_n(A). □

From Proposition 5.7 we know that every φ ∈ P(A) is determined by its restriction on M(A)_{≥0}. It will be interesting to characterise elements of P(A) in terms of their restrictions on M(A)_{≥0}.

Question 5.9. Let φ : M(A)_{≥0} → R_{≥0}. Assume that the following conditions hold:

(1) For any A ∈ M(A)_{≥0}, the function f : (0, +∞) → R sending θ to φ(A^θ) is continuous.

(2) φ(|A|) = φ(|A^∗|) for all A ∈ M(A).

(3) φ(B) ≤ φ(A) for all B, A ∈ M(A) with 0 ≤ B ≤ A. (4) φ(diag(A, B)) = φ(A) + φ(B) for all A, B ∈ M(A)_{≥0}.

(5) φ(0) = 0, φ(1) = 1 and φ(λA) = φ(A) for all λ ∈ (0, ∞) and A ∈ M(A)_{≥0}. Then is rk : M(A) → R_{≥0} defined via rk(A) = φ(|A|) in P(A)?

We say a function φ : M(A) → R (resp. M(A)_{≥0} → R) is lower semicontinuous if it is lower semicontinuous on M_{n,m}(A) (resp. M_n(A)_{≥0}) for all n, m ∈ N (resp. n ∈ N), i.e. for any sequence {A_k}_{k∈N} in M_{n,m}(A) (resp. M_n(A)_{≥0}) converging to some A in norm, one has φ(A) ≤ lim_{k→∞} φ(A_k). Every lower semicontinuous Sylvester matrix rank function rk for A is a dimension function: for any A, B ∈ M(A) with A ⪯_C B, taking two sequences {C_k}_{k∈N} and {D_k}_{k∈N} in M(A) with C_kBD_k → A in norm as k → ∞, one has rk(C_kBD_k) ≤ rk(B) for each k ∈ N, whence

rk(A) ≤ lim_{k→∞} rk(C_kBD_k) ≤ rk(B).

From Proposition 5.2 we have the following consequence.

Proposition 5.10. The lower semicontinuous dimension functions for A are exactly the lower semicontinuous Sylvester matrix rank functions for A.

Question 5.9 has affirmative answer for lower semicontinuous functions, even without assuming the condition (1).

Lemma 5.11. Let φ : M(A)_{≥0} → R_{≥0} be lower semicontinuous satisfying the conditions (2)-(5) in Question 5.9. Then rk : M(A) → R_{≥0} defined via rk(A) = φ(|A|) is a lower semicontinuous dimension function for A.

Proof. Let A ∈ M_{m,n}(A) and B ∈ M_{n,k}(A). We have (AB)^∗(AB) ≤ ‖A‖^2B^∗B, whence |AB| = ((AB)^∗(AB))^{1/2} ≤ (‖A‖^2B^∗B)^{1/2} = ‖A‖ · |B| by [34, Proposition 1.3.8]. Thus rk(AB) = φ(|AB|) ≤ φ(‖A‖ · |B|) = φ(|B|) = rk(B) when A ≠ 0. Clearly rk(AB) = 0 ≤ rk(B) when A = 0. We also have rk(A) = φ(|A|) = φ(|A^∗|) = rk(A^∗), and hence rk(AB) = rk(B^∗A^∗) ≤ rk(A^∗) = rk(A).

Since φ is lower semicontinuous, so is rk.

Let A, B ∈ M(A) with A ⪯_C B. Then there are sequences {C_n}_{n∈N} and {D_n}_{n∈N} in M(A) such that C_nBD_n → A in norm as n → ∞. We have rk(A) ≤ lim_{n→∞} rk(C_nBD_n) ≤ rk(B).

For any A, B ∈ M(A), we have

rk(diag(A, B)) = φ(diag(|A|, |B|)) = φ(|A|) + φ(|B|) = rk(A) + rk(B). Clearly rk(1) = φ(1) = 1. □ Blackadar and Handelman note that for every dimension function φ for A there is a largest lower semicontinuous dimension function bounded above by φ [9, Proposition I.1.5] [8, Proposition 6.4.3] [35, Proposition 4.1]. Using their construction, here we extend this result to Sylvester matrix rank functions.

Proposition 5.12. Let rk ∈ P(A). Define rk^′ : M(A) → R_{≥0} by rk^′(A) = sup_{ε>0} rk((|A| − ε)_+). Then rk^′ is the largest lower semicontinuous dimension function for A bounded above by rk. In particular, if A has a Sylvester rank function, then it has a lower semicontinuous dimension function. Proof. For any ε > 0, since (|A| − ε)_+ ≤ |A|, by Proposition 5.7 one has rk((|A| − ε)_+) ≤ rk(|A|) = rk(A).

Thus rk^′(A) ≤ rk(A).

Let A, B ∈ M(A)_{≥0} and ε > 0 such that B ≥ A − ε/4. We claim that rk^′(B) ≥ rk((A − ε)_+).

Note that (B − ε/4)_+ ≥ B − ε/4 ≥ A − ε/2.

Define continuous functions f_ε, g_ε, h_ε : R → R by g_ε(x) = x − ε and h_ε(x) = max(0, x − ε) for all x ∈ R, f_ε(x) = 0 for x ≤ ε, f_ε(x) = (x − ε)^{1/2} for x ∈ [ε, ε + 1], and f_ε(x) = 1 for x ≥ ε + 1. Then there is some constant λ_ε > 0 such that f^2_ε g_{ε/2} ≥ λ_εh_ε. Thus

f_ε(A)(B − ε/4)_+f_ε(A) ≥ f_ε(A)(A − ε/2)f_ε(A) = (f_εg_{ε/2}f_ε)(A) ≥ λ_εh_ε(A).

By Proposition 5.7 we have

rk((B−ε/4)_+) ≥ rk(f_ε(A)(B−ε/4)_+f_ε(A)) ≥ rk(λ_εh_ε(A)) = rk(h_ε(A)) = rk((A−ε)_+).

Therefore rk^′(B) ≥ rk((B − ε/4)_+) ≥ rk((A − ε)_+).

This proves our claim.

Let A ∈ M_n(A)_{≥0} and let δ > 0. Take ε > 0 such that rk((A − ε)_+) ≥ rk^′(A) − δ. Let B ∈ M_n(A)_{≥0} with ‖A − B‖ < ε/4. Then B ≥ A − ε/4. From the above claim we have rk^′(B) ≥ rk((A − ε)_+) ≥ rk^′(A) − δ.

This shows that the restriction of rk^′ on M(A)_{≥0} is lower semicontinuous.

Let A, B ∈ M(A) with 0 ≤ A ≤ B. For every ε > 0 we have B ≥ A−ε/4, whence from the above claim we get rk^′(B) ≥ rk((A − ε)_+). It follows that rk^′(B) ≥ rk^′(A). This verifies the condition (3) of Question 5.9 for rk^′.

Let A ∈ M(A). Let A = S|A| be the polar decomposition of A. For each ε > 0, the element B := S(|A|−ε)_+ is in M(A) with |B| = (|A|−ε)_+ and |B^∗| = (|A^∗|−ε)_+, whence by Proposition 5.7 we have

rk((|A| − ε)_+) = rk(|B|) = rk(|B^∗|) = rk((|A^∗| − ε)_+).

It follows that rk^′(|A|) = rk^′(|A^∗|). This verifies the condition (2) of Question 5.9 for rk^′.

It is easily checked that the condition (4) and (5) of Question 5.9 hold for rk^′. From Lemma 5.11 we conclude that rk^′ is a lower semicontinuous dimension function for A.

Now let rk^{′′} be a lower semicontinuous dimension function for A such that rk^{′′} ≤ rk. Let A ∈ M(A). Then rk^{′′}((|A| − ε)_+) ≤ rk((|A| − ε)_+) for every ε > 0. Since rk^{′′} is lower semicontinuous, we have

rk^{′′}(A) = rk^{′′}(|A|) ≤ lim_{ε→0+} rk^{′′}((|A| − ε)_+) ≤ lim_{ε→0+} rk((|A| − ε)_+) ≤ rk^′(A). □ It is a result of Blackadar and Handelman that there is a natural 1-1 correspondence between lower semicontinuous dimension functions of A and normalized 2- quasitraces of A [9, page 327]. Haagerup showed that every 2-quasitrace of a unital exact C^∗-algebra is a trace [22]. Thus, when A is exact, there is a natural 1-1 correspondence between lower semicontinuous dimension functions of A and tracial states of A. Combining this with Proposition 5.12 we have the following consequence.

Corollary 5.13. If A is exact and has a Sylvester rank function, then A has a tracial state.

6. Finitely presented module Malcolmson semigroup

In this section we define the finitely presented module Malcolmson semigroup, give a natural isomorphism between the Grothendieck groups of the matrix Malcolmson semigroup and the finitely presented module Malcolmson semigroup for any unital ring in Theorem 6.2, and show that for a von Neumann regular ring these two semigroups are naturally isomorphic in Theorem 6.7. Throughout this section, R will be a unital ring. Denote by M_{fp}(R) the class of all finitely presented left Rmodules. Note that any direct summand of a finitely presented module is finitely presented.

Definition 6.1. For M, N ∈ M_{fp}(R), we write M ≲ N if we can write N as N_1 ⊕ N_2 such that there is an exact sequence of left R-modules

N_1 → M → N_2 → 0.

We say that M is Malcolmson subequivalent to N, written as M ⪯_M N, if there are n ∈ N and M_1, . . . , M_n ∈ M_{fp}(R) such that M = M_1 ≲ M_2 ≲ · · · ≲ M_n = N. This is a reflexive and transitive relation on M_{fp}(R). If M ⪯_M N and N ⪯_M M, we say that M and N are Malcolmson equivalent and write M ∼_M N. Then ∼_M is an equivalence relation on M_{fp}(R). We define the finitely presented module Malcolmson semigroup of R as V_M(R) := M_{fp}(R)/ ∼_M. For each M ∈ M_{fp}(R), denote by ⟨M⟩_M the equivalence class of M in V_M(R).

Note that if M_1 ⪯_M N_1 and M_2 ⪯_M N_2, then M_1 ⊕ M_2 ⪯_M N_1 ⊕ N_2. It follows that if M_1 ∼_M N_1 and M_2 ∼_M N_2, then M_1 ⊕ M_2 ∼_M N_1 ⊕ N_2. For any ⟨M⟩_M, ⟨N⟩_M ∈ V_M(R), ⟨M⟩_M + ⟨N⟩_M := ⟨M ⊕ N⟩_M does not depend on the choice of the representatives M and N. Thus V_M(R) is an abelian monoid with identity 0 = ⟨0⟩_M and partial order given by ⟨M⟩_M ⪯_M ⟨N⟩_M if M ⪯_M N. The element ⟨_RR⟩_M is an order-unit of (V_M(R), ⪯_M). The Sylvester module rank functions for R can be identified with the states of (V_M(R), ⪯_M, ⟨_RR⟩_M) naturally.

For each M ∈ M_{fp}(R), denote by [M]_M the image of ⟨M⟩_M in the Grothendieck group G(V_M(R)) of V_M(R). Similarly, for each A ∈ M(R), denote by [A]_M the image of ⟨A⟩_M in the Grothendieck group G(W_M(R)) of W_M(R). By Lemma 2.2 we have the partially ordered abelian groups with order-unit (G(V_M(R)), G(V_M(R))_+, [_RR]_M) and (G(W_M(R)), G(W_M(R))_+, [1]_M). The following result explains the one-to-one correspondence between Sylvester matrix rank functions and Sylvester module rank functions in Theorem 2.9 at the Grothendieck group level.

Theorem 6.2. There is a natural isomorphism

Φ : (G(V_M(R)), G(V_M(R))_+, [_RR]_M) → (G(W_M(R)), G(W_M(R))_+, [1]_M) such that Φ([R^m/R^nA]_M) = m[1]_M − [A]_M and Φ^{−1}([A]_M) = m[_RR]_M − [R^m/R^nA]_M for every A ∈ M_{n,m}(R).

To prove Theorem 6.2, we need to make some preparation. We describe the monoid morphism V_M(R) → G(W_M(R)) first.

Lemma 6.3. Let M ∈ M_{fp}(R). Write M as R^m/R^nA for some A ∈ M_{n,m}(R). Put ϕ(M) = m[1]_M − [A]_M ∈ G(W_M(R))_+.

Then ϕ(M) does not depend on the presentation of M as R^m/R^nA. Proof. Put f(A) = m[1]_M − [A]_M ∈ G(W_M(R))_+ for each A ∈ M_{n,m}(R). Then it suffices to show f(A) = f(B) whenever A ∈ M_{n,m}(R) and B ∈ M_{k,l}(R) with R^m/R^nA ∼= R^l/R^kB. By [33, Lemma 2] there is an isomorphism ψ : R^m ⊕ R^l → R^m ⊕ R^l such that ψ(R^nA ⊕ R^l) = R^m ⊕ R^kB.

Then there is some invertible C ∈ M_{m+l}(R) such that ψ(u) = uC for all u ∈ R^{m+l} = R^m ⊕R^l. Note that R^nA⊕R^l = R^{n+l}diag(A, I_l) and R^m ⊕R^kB = R^{m+k}diag(I_m, B). Thus R^{n+l}diag(A, I_l)C = R^{m+k}diag(I_m, B). Then there are some D ∈ M_{n+l,m+k}(R) and E ∈ M_{m+k,n+l}(R) such that diag(A, I_l)C = Ddiag(I_m, B) and Ediag(A, I_l)C = diag(I_m, B). It follows that diag(A, I_l) ∼_M diag(I_m, B). Therefore

[A]_M + l[1]_M = [diag(A, I_l)]_M = [diag(I_m, B)]_M = m[1]_M + [B]_M, whence f(A) = m[1]_M − [A]_M = l[1]_M − [B]_M = f(B). □ Lemma 6.4. Let M, N ∈ M_{fp}(R) with M ⪯_M N. Then ϕ(M) ⪯ ϕ(N). Proof. We may assume that M ≲ N. Then we can write N as N_1 ⊕ N_2 such that there is an exact sequence N_1 → M → N_2 → 0.

Write M (N_1 resp.) as R^m/R^nA (R^l/R^kB resp.) for some A ∈ M_{n,m}(R) (B ∈ M_{k,l}(R) resp.). Then there is a homomorphism ψ : R^l → R^m such that the diagram

R^l � ψ � R^m � N_1 � M

commutes. Let C ∈ M_{l,m}(R) such that ψ(u) = uC for all u ∈ R^l. Then N_2 is isomorphic to

R^m/(R^nA + R^lC) = R^m/(R^{n+l} ï A C ò ), whence N is isomorphic to

R^l/R^kB ⊕ R^m/(R^{n+l} ï A C ò ) ∼= R^{l+m}/(R^{k+n+l} � � B A C � �).

Thus ϕ(M) = m[1]_M − [A]_M and

ϕ(N) = (l + m)[1]_M − [ � � B A C � �]_M,

and hence

ϕ(N) − ϕ(M) = l[1]_M + [A]_M − [ � � B A C � �]_M = [ ï I_l A ò ]_M − [ � � B A C � �]_M.

Note that R^kBC = ψ(R^kB) ⊆ R^nA. Thus there is some D ∈ M_{k,n}(R) such that BC = DA. Then ï I_l A ò ≳ � � B −D I_n I_l � � · ï I_l A ò · ï I_l C

I_m ò = � � B A I_l C � � ⪰_M � � B A C � � .

Therefore ϕ(N) ⪰ ϕ(M). □

Next we describe the monoid morphism W_M(R) → G(V_M(R)). For A ∈ M_{n,m}(R) put ψ(A) = m[_RR]_M − [R^m/R^nA]_M ∈ G(V_M(R))_+.

Lemma 6.5. Let A, B ∈ M(R) with A ⪯_M B. Then ψ(A) ⪯ ψ(B).

Proof. We may assume that A ≲ B. Then we may further assume that we are in one of the following three cases.

Case I. A = CB for some C ∈ M(R). Say, A ∈ M_{n,m}(R), B ∈ M_{k,m}(R), and C ∈ M_{n,k}(R). Then R^nA = R^nCB ⊆ R^kB, whence R^m/R^kB is a quotient module of R^m/R^nA. Thus ⟨R^m/R^kB⟩_M ⪯_M ⟨R^m/R^nA⟩_M. Hence

ψ(A) = m[_RR]_M − [R^m/R^nA]_M ⪯ m[_RR]_M − [R^l/R^kB]_M = ψ(B). Case II. A = BD for some D ∈ M(R). Say, A ∈ M_{n,m}(R), B ∈ M_{n,l}(R), and D ∈ M_{l,m}(R). We have

ψ(B) − ψ(A) = l[_RR]_M − [R^l/R^nB]_M − m[_RR]_M + [R^m/R^nA]_M = [R^l ⊕ (R^m/R^nA)]_M − [R^m ⊕ (R^l/R^nB)]_M.

Denote by α the homomorphism R^m ⊕ (R^l/R^nB) → R^m/R^nA sending (u, v + R^nB) to u − vD + R^nA. Then α is surjective. Also denote by β the homomorphism R^l → R^m⊕(R^l/R^nB) sending w to (wD, w+R^nB). Then αβ = 0. Let (u, v+R^nB) ∈ ker α. Then u − vD = xA for some x ∈ R^n. We have β(xB + v) = (xBD + vD, xB + v + R^nB) = (xA + vD, v + R^nB) = (u, v + R^nB). Thus im(β) = ker α. This means that we have an exact sequence

R^{l β}→ R^m ⊕ (R^l/R^nB)^α→ R^m/R^nA → 0. Therefore ⟨R^m ⊕ (R^l/R^nB)⟩_M ⪯_M ⟨R^l ⊕ (R^m/R^nA)⟩_M.

Thus ψ(A) ⪯ ψ(B).

Case III. B = ï C E D ò and A = ï C D ò for some C, D, E ∈ M(R). Say, C ∈ M_{n,m}(R), E ∈ M_{n,l}(R), and D ∈ M_{k,l}(R). We have ψ(B) − ψ(A) = [R^{m+l}/R^{n+k}A]_M − [R^{m+l}/R^{n+k}B]_M.

Note that R^{m+l}/R^{n+k}A ∼= (R^m/R^nC) ⊕ (R^l/R^kD).

Denote by α the homomorphism R^{m+l}/R^{n+k}B → R^m/R^nC sending (u, v) + R^{n+k}B to u + R^nC. Then α is surjective. Also denote by β the homomorphism R^l/R^kD → R^{m+l}/R^{n+k}B sending w + R^kD to (0, w) + R^{n+k}B. Then αβ = 0. Let (u, v) + R^{n+k}B ∈ ker α. Then u = xC for some x ∈ R^n. We have β(v−xE+R^kD) = (0, v−xE)+R^{n+k}B = (0, v−xE)+(x, 0)B+R^{n+k}B = (u, v)+R^{n+k}B. Thus im(β) = ker α. This means that we have an exact sequence

R^l/R^kD^β→ R^{m+l}/R^{n+k}B^α→ R^m/R^nC → 0. Therefore ⟨R^{m+l}/R^{n+k}B⟩_M ⪯_M ⟨R^{m+l}/R^{n+k}A⟩_M.

Thus ψ(A) ⪯ ψ(B). □

We are ready to prove Theorem 6.2.

Proof of Theorem 6.2. From Lemma 6.4 we have a well-defined map ϕ^′ : V_M(R) → G(W_M(R)) sending ⟨M⟩_M to ϕ(M), and for any ⟨M⟩_M ⪯_M ⟨N⟩_M, we have ϕ^′(⟨M⟩_M) ⪯ ϕ^′(⟨N⟩_M). Clearly ϕ^′ is additive. It induces a group homomorphism Φ : G(V_M(R)) → G(W_M(R)) satisfying Φ([_RR]_M) = [1]_M. By Lemma 2.1 Φ is positive, i.e. Φ(G(V_M(R))_+) ⊆ G(W_M(R))_+.

From Lemma 6.5 we have a well-defined additive map ψ^′ : W_M(R) → G(V_M(R)) sending ⟨A⟩_M to ψ(A), and for any ⟨A⟩_M ⪯_M ⟨B⟩_M, we have ψ^′(⟨A⟩_M) ⪯ ψ^′(⟨B⟩_M). It induces a group homomorphism Ψ : G(W_M(R)) → G(V_M(R)) satisfying Ψ([1]_M) = [_RR]_M. By Lemma 2.1 Ψ is positive, i.e. Φ(G(W_M(R))_+) ⊆ G(V_M(R))_+.

Clearly Φ and Ψ are inverses to each other. Thus they are isomorphisms between (G(V_M(R)), G(V_M(R))_+, [_RR]_M) and (G(W_M(R)), G(W_M(R))_+, [1]_M). □

Remark 6.6. Let S be another unital ring and let f : R → S be a unital ring homomorphism. Then we have a natural monoid map W_M(R) → W_M(S) sending ⟨A⟩_M to ⟨f(A)⟩_M. It induces a homomorphism

(G(W_M(R)), G(W_M(R))_+, [1]_M) → (G(W_M(S)), G(W_M(S))_+, [1]_M). We also have a monoid map V_M(R) → V_M(S) sending ⟨M⟩_M to ⟨S ⊗_R M⟩_M. It induces a homomorphism

(G(V_M(R)), G(V_M(R))_+, [_RR]_M) → (G(V_M(S)), G(V_M(S))_+, [_S S]_M). Clearly the diagram

(G(W_M(R)), G(W_M(R))_+, [1]_M) � � (G(W_M(S)), G(W_M(S))_+, [1]_M) � (G(V_M(R)), G(V_M(R))_+, [_RR]_M) � (G(V_M(S)), G(V_M(S))_+, [_SS]_M)

commutes.

When R is von Neumann regular, the isomorphism in Theorem 6.2 can be lifted to an isomorphism between (V_M(R), ⪯_M, ⟨_RR⟩_M) and (W_M(R), ⪯_M, ⟨1⟩_M).

Theorem 6.7. Assume that R is von Neumann regular. There is a natural isomorphism ~Ψ : (W_M(R), ⪯_M, ⟨1⟩_M) → (V_M(R), ⪯_M, ⟨_RR⟩_M) given by ~Ψ(⟨A⟩_M) = ⟨R^nA⟩_M for every A ∈ M_{n,m}(R).

We need some preparation for the proof of Theorem 6.7 which will be given at the end of this section. Lemmas 6.8 and 6.9 below should be known. For completeness, we give a proof.

Lemma 6.8. Let P ∈ M_n(R) and Q ∈ M_k(R) be idempotents. The following are equivalent:

(1) there are C ∈ M_{n,k}(R) and D ∈ M_{k,n}(R) such that P = CQD; (2) R^nP is isomorphic to a direct summand of R^kQ.

Proof. (1)⇒(2). Replacing C and D by P CQ and QDP respectively if necessary, we may assume that P CQ = C and D = QDP . Define a homomorphism φ : R^nP → R^kQ by φ(x) = xC. Also define a homomorphism ψ : R^kQ → R^nP by ψ(y) = yD. For each x ∈ R^nP we have

ψ(φ(x)) = xCD = xCQD = xP = x.

Therefore φ is an embedding of R^nP into R^kQ, and R^kQ = φ(R^nP ) ⊕ ker ψ.

(2)⇒(1). Let φ be the embedding R^nP → R^kQ, and let ψ be a homomorphism R^kQ → R^nP such that ψ ∘ φ is the identity map of R^nP . Since R^nP is a direct summand of R^n, we may extend φ to a homomorphism R^n → R^kQ, whence find a C ∈ M_{n,k}(R) such that CQ = C and xC = φ(x) for all x ∈ R^nP . Replacing C by P C, we may assume that C = P C. Similarly, we can find a D ∈ M_{k,n}(R) such that DP = D = QD and yD = ψ(y) for all y ∈ R^kQ. Then

xCD = ψ(xC) = ψ(φ(x)) = x

for all x ∈ R^nP . Thus zP CD = zP for all z ∈ R^n, and hence P CD = P . Then

CQD = CD = P CD = P. □ Lemma 6.9. Assume that R is von Neumann regular. Let A ∈ M_{n,m}(R). Then there are some k ∈ N and an idempotent P ∈ M_k(R) satisfying the following conditions:

(1) there are B ∈ M_{k,n}(R), C ∈ M_{m,k}(R), D ∈ M_{n,k}(R) and E ∈ M_{k,m}(R) such that P = BAC and A = DP E;

(2) R^nA and R^kP are isomorphic as left R-modules.

Proof. We consider first the case n ≥ m. Set k = n. Set C = � I_m 0_{m,n−m} � ∈ M_{m,n}(R), and E = ï I_m 0_{n−m,m} ò ∈ M_{n,m}(R).

Also set A^′ = AC ∈ M_n(R). Then A = A^′E, and R^nA ∼= R^nA^′.

Since R is von Neumann regular, so is M_n(R) [29, Exercise 6.20] [20, Theorem 1.7]. Thus there is some B ∈ M_n(R) such that A^′BA^′ = A^′. Then P := BA^′ = BAC is an idempotent. Note that

R^nA^′ = R^nA^′BA^′ ⊆ R^nBA^′ ⊆ R^nA^′.

Thus R^nA ∼= R^nA^′ = R^nBA^′ = R^nP.

Also A^′P E = A^′BA^′E = A^′E = A.

Next we consider the case n < m. Set k = m. Set B = ï I_n 0_{m−n,n} ò ∈ M_{m,n}(R), and D = � I_n 0_{n,m−n} � ∈ M_{n,m}(R).

Also set A^′ = BA ∈ M_m(R). Then A = DA^′, and R^nA = R^mA^′.

As noted above, M_n(R) is von Neumann regular. Thus there is some C ∈ M_m(R) such that A^′CA^′ = A^′. Then

P := CA^′ = BCA = (BC)AI_m

is an idempotent. Note that

R^mA^′ = R^mA^′CA^′ ⊆ R^mCA^′ = R^mP ⊆ R^mA^′.

Thus R^nA = R^mA^′ = R^mP.

Finally, (DA^′)P I_m = DA^′P = DA^′CA^′ = DA^′ = A. □ Lemma 6.10. Assume that R is von Neumann regular. Let A ∈ M_{n,m}(R) and B ∈ M_{k,l}(R). Then the following are equivalent:

(1) A ⪯_M B;

(2) there are C ∈ M_{n,k}(R) and D ∈ M_{l,m}(R) such that A = CBD; (3) R^nA is isomorphic to a direct summand of R^kB; (4) R^nA is isomorphic to a quotient module of R^kB.

Proof. (1)⇒(2). We may assume that B = ï C E D ò and A = ï C D ò for some

C, D, E ∈ M(R). By Lemma 6.9 there are some U, V, X, Y ∈ M(R) such that P := UCV is an idempotent and C = XP Y . Say, D ∈ M_{i,j}(R). Then ï P U I_i ò ï C E D ò ï V I_j ò = ï P P UE D ò , andï X I_i ò ï P P UE D ò ï P −UE I_j ò ï Y I_j ò = ï X I_i ò ï P D ò ï Y I_j ò = ï C D ò . Thereforeï X I_i ò ï P U I_i ò ï C E D ò ï V I_j ò ï P −UE

I_j ò ï Y I_j ò = ï C D ò .

(2)⇒(1) and (3)⇒(4) are trivial. (2)⇔(3) follows from Lemmas 6.9 and 6.8.

(4)⇒(3). From Lemma 6.9 we know that R^nA is projective. □

Lemma 6.11. Assume that R is von Neumann regular. Let M, N ∈ M_{fp}(R). Then M ⪯_M N if and only if M is isomorphic to a quotient module of N.

Proof. If M is isomorphic to a quotient module of N, then clearly M ≲ N, whence M ⪯_M N. This proves the “if” part.

To prove the “only if” part, we may assume that M ≲ N. Then we can write N as N_1 ⊕ N_2 such that there is a homomorphism φ : N_1 → M with M/im(φ) ∼= N_2. Since R is von Neumann regular, every finitely presented left R-module is projective [29, Exercise 6.19] [20, Theorem 1.11]. Thus M ∼= im(φ) ⊕ N_2. It follows that M is isomorphic to a quotient module of N. □

For von Neumann regular rings, every finitely presented left module is projective [29, Exercise 6.19] [20, Theorem 1.11]. Thus Theorem 6.7 follows from Lemmas 6.9, 6.10 and 6.11.

Remark 6.12. Denote by V(R) the set of isomorphism classes of finitely generated projective left R-modules. For each finitely generated projective left R-module M, denote by ⟨M⟩ its isomorphism class in V(R). Then V(R) is an abelian monoid with addition given by ⟨M⟩+⟨N⟩ := ⟨M⊕N⟩. There is a natural monoid homomorphism Θ : V(R) → V_M(R) sending ⟨M⟩ to ⟨M⟩_M. If R is stably finite, then V(R) has the partial order given by ⟨M⟩ ⪯ ⟨N⟩ if M is isomorphic to a direct summand of N, and an order-unit ⟨_RR⟩, and Θ preserves the partial order and order-unit. When R is stably finite and von Neumann regular, since every finitely presented left R-module is projective [29, Exercise 6.19] [20, Theorem 1.11], it follows from Lemma 6.11 that Θ is an isomorphism of partially ordered abelian monoids with order-units.

7. Finitely generated module Malcolmson semigroup

In this section we define the finitely generated module Malcolmson semigroup and show that for any unital ring the finitely presented module Malcolmson semigroup embeds naturally into the finitely generated module Malcolmson semigroup in Theorem 7.3. Throughout this section R will be a unital ring. Denote by M_{fg}(R) the class of all finitely generated left R-modules.

Definition 7.1. For M, N ∈ M_{fg}(R), we define the relations M ≲ N, M ⪯^{fg}_M N, and M ∼^{fg}_M N in the same way as M ≲ N, M ⪯_M N, and M ∼_M N in Definition 6.1, except that all modules appearing are in M_{fg}(R) now. We define the finitely generated module Malcolmson semigroup of R as U_M(R) := M_{fg}(R)/ ∼^{fg}_M. For each M ∈ M_{fg}(R), denote by ⟨M⟩^{fg}_M the equivalence class of M in U_M(R).

Similar to the situation of V_M(R), for any ⟨M⟩^{fg}_M, ⟨N⟩^{fg}_M ∈ U_M(R), ⟨M⟩^{fg}_M +⟨N⟩^{fg}_M := ⟨M ⊕ N⟩^{fg}_M does not depend on the choice of the representatives M and N. Thus U_M(R) is an abelian monoid with identity 0 = ⟨0⟩^{fg}_M and partial order given by ⟨M⟩^{fg}_M ⪯^{fg}_M ⟨N⟩^{fg}_M if M ⪯^{fg}_M N. The element ⟨_RR⟩^{fg}_M is an order-unit of (U_M(R), ⪯^{fg}_M).

Remark 7.2. For any M ∈ M_{fg}(R), writing M as a quotient module of R^n for some n ∈ N, we see that R^n is finitely presented and M ≲ R^n. Thus, M ∈ M_{fg}(R) and N ∈ M_{fp}(R) with M ≲ N does not imply that M ∈ M_{fp}(R).

Theorem 7.3. (V_M(R), ⪯_M, ⟨_RR⟩_M) is naturally a partially ordered submonoid of (U_M(R), ⪯^{fg}_M, ⟨_RR⟩^{fg}_M).

Theorem 7.3 follows from Lemma 7.6 below.

Lemma 7.4. Let N ∈ M_{fp}(R) and let M be a quotient module of N. Write M as M_1 ⊕ M_2. Then N has a quotient module ‹N ∈ M_{fp}(R) such that we can write ‹N as ‹N_1 ⊕ ‹N_2 and M_i is a quotient module of ‹N_i for i = 1, 2.

Proof. Take a surjective homomorphism φ : R^n → N for some n ∈ N. Then ker φ is finitely generated. Denote by π the quotient map N → M. Then ker φ ⊆ ker(πφ) ⊆ (πφ)^{−1}(M_1) ∩ (πφ)^{−1}(M_2).

For any u ∈ R^n, writing πφ(u) as x_1 + x_2 with x_i ∈ M_i for i = 1, 2 and taking v_i ∈ R^n with πφ(v_i) = x_i for i = 1, 2, we have πφ(v_1 + v_2) = πφ(u), whence u ∈ v_1 + v_2 + ker(πφ) ⊆ (πφ)^{−1}(M_1) + (πφ)^{−1}(M_2).

Therefore R^n = (πφ)^{−1}(M_1) + (πφ)^{−1}(M_2).

Take a finite generating subset W of R^n. Write each w ∈ W as w_1 + w_2 with w_i ∈ (πφ)^{−1}(M_i) for i = 1, 2. Denote by W_i the submodule of R^n generated by w_{3−i} for w ∈ W and ker φ. Then W_i is finitely generated. Since W_1 + W_2 = R^n, it is easily checked that the homomorphism R^n → (R^n/W_1) ⊕ (R^n/W_2) sending u to (u + W_1, u + W_2) is surjective and has kernel W_1 ∩ W_2. Thus we have R^n/(W_1 ∩ W_2) ∼= (R^n/W_1) ⊕ (R^n/W_2).

Put ‹N = R^n/(W_1 ∩ W_2), and ‹N_i = R^n/W_i for i = 1, 2. Since ‹N_1 and ‹N_2 are finitely presented, so is ‹N. As ker φ ⊆ W_1 ∩ W_2, ‹N is a quotient module of N. For each i = 1, 2, as W_i ⊆ (πφ)^{−1}(M_{3−i}) + ker φ = (πφ)^{−1}(M_{3−i}), M_i ∼= R^n/(πφ)^{−1}(M_{3−i}) is a quotient module of ‹N_i. □

Lemma 7.5. Let N ∈ M_{fp}(R) and M^′, M ∈ M_{fg}(R) such that M^′ is a quotient module of N and M ≲ M^′. Then there are some ‹N, N^′ ∈ M_{fp}(R) such that N^′ ≲ ‹N, and that ‹N and M are quotient modules of N and N^′ respectively.

Proof. Write M^′ as M^′_1 ⊕ M^′_2 such that there is an exact sequence

M^′_1^θ→ M^ζ→ M^′_2 → 0.

By Lemma 7.4 we can find a quotient module ‹N ∈ M_{fp}(R) of N such that we can write ‹N as ‹N_1 ⊕ ‹N_2 and M^′_i is a quotient module of ‹N_i for i = 1, 2.

Let i = 1, 2. Take a surjective homomorphism φ_i : R^{ni} → ‹N_i for some n_i ∈ N. Then ker φ_i is finitely generated. Denote by π_i the quotient map ‹N_i → M^′_i.

Take a homomorphism α : R^{n2} → M such that ζα = π_2φ_2. Denote by β the homomorphism R^{n1+n2} = R^{n1} ⊕R^{n2} → M sending (u, v) to (θπ_1φ_1)(u)+α(v). Then β is surjective.

Take a finite generating subset W_2 of ker φ_2. For each w ∈ W_2, since ζα(w) = π_2φ_2(w) = 0, we have α(w) ∈ ker ζ = im(θπ_1φ_1), whence we can find some x_w ∈ R^{n1} such that θπ_1φ_1(x_w) = α(w). Denote by W the submodule of R^{n1} ⊕ R^{n2} generated by (−x_w, w) for w ∈ W_2. Then W is finitely generated and contained in ker β. Put N^′ = (R^{n1} ⊕ R^{n2} )/(ker φ_1 + W).

Then N^′ is finitely presented. Since ker φ_1 + W ⊆ ker(θπ_1φ_1) + ker β ⊆ ker β, M is a quotient module of N^′.

Denote by γ the homomorphism ‹N_1 ∼= R^{n1} / ker φ_1 → N^′ sending u + ker φ_1 to (u, 0) + ker φ_1 + W. Also denote by ξ the homomorphism N^′ → R^{n2} / ker φ_2 ∼= ~N_2 sending (u, v) + ker φ_1 + W to v + ker φ_2. Then ξ is surjective and ξγ = 0. For any (u, v) + ker φ_1 + W ∈ ker ξ, we have (x, v) ∈ W for some x ∈ R^{n1} , whence (u, v) + ker φ_1 + W = (u − x, 0) + ker φ_1 + W ∈ im(γ).

Thus the sequence ‹N_1^γ→ N^{′ ξ}→ ‹N_2 → 0

is exact. Therefore N^′ ≲ ‹N_1 ⊕ ‹N_2 = ‹N. □

Lemma 7.6. Let M, N ∈ M_{fp}(R). Then M ⪯_M N if and only if M ⪯^{fg}_M N.

Proof. The “only if” part is trivial.

Assume that M ⪯^{fg}_M N. Then there are n ∈ N and M_1, . . . , M_n ∈ M_{fg}(R) such that N = M_1 ≳ M_2 ≳ · · · ≳ M_n = M. Applying Lemma 7.5 to (N, M^′, M) = (N, N, M_2), we find N_2, N^′_2 ∈ M_{fp}(R) such that N^′_2 ≲ N_2, and that N_2 and M_2 are quotient modules of N and N^′_2 respectively. Assuming that for some 2 ≤ k < n we have constructed N^′_k ∈ M_{fp}(R) such that M_k is a quotient module of N^′_k. Applying Lemma 7.5 to (N, M^′, M) = (N^′_k, M_k, M_{k+1}), we find N_{k+1}, N^′_{k+1} ∈ M_{fp}(R) such that N^′_{k+1} ≲ N_{k+1}, and that N_{k+1} and M_{k+1} are quotient modules of N^′_k and N^′_{k+1} respectively. In this way we obtain N_k, N^′_k ∈ M_{fp}(R) for all 2 ≤ k ≤ n such that N^′_k ≲ N_k for all 2 ≤ k ≤ n, and that N_{k+1} is a quotient module of N^′_k for all

2 ≤ k < n, and that N_2 and M are quotient modules of N and N^′_n respectively. Note that for any W_1, W_2 ∈ M_{fp}(R), if W_2 is a quotient module of W_1, then W_2 ≲ W_1. Thus we have

N ≳ N_2 ≳ N^′_2 ≳ N_3 ≳ N^′_3 ≳ · · · ≳ N_n ≳ N^′_n ≳ M.

Therefore M ⪯_M N. This proves the “if” part. □

Remark 7.7. From Theorems 7.3 and A.2 we conclude that every state of (V_M(R), ⪯_M , ⟨_RR⟩_M) extends to a state of (U_M(R), ⪯^{fg}_M, ⟨_RR⟩^{fg}_M). Equivalently, every Sylvester module rank function dim for R extends to a function dim^′ : M_{fg}(R) → R_{≥0} satisfying the conditions (1)-(3) of Definition 2.8. In fact, there is always a canonical extension. In [30, Theorem 3.3] it was shown that dim extends uniquely to a bivariant Sylvester module rank function for R which assigns a value dim(M_1 | M_2) ∈ R_{≥0} ∪ {+∞} for every pair of left R-modules M_1 ⊆ M_2, satisfies the conditions in [30, Definition 3.1], and extends dim in the sense that dim(M) = dim(M | M) for every M ∈ M_{fp}(R). Setting dim^′(M) = dim(M | M) for every M ∈ M_{fg}(R) provides a canonical extension of dim.

Appendix A. Goodearl-Handelman theorem and Antoine-Perera-Thiel theorem for partially ordered abelian semigroups

In this appendix we prove Theorem A.2, unifying Theorem 2.3 of Goodearl- Handelman and Theorem 2.5 of Antoine-Perera-Thiel in the setting of partially ordered abelian semigroups.

We first extend Lemma 2.4 to the case of partially ordered abelian semigroups. In fact, the main part of the proof of [1, Lemma 5.2.3] holds for this situation, and we only indicate the modification needed.

Lemma A.1. Let (W, ⪯, v) be a partially ordered abelian semigroup with order-unit. Let W_1 be a subsemigroup of W containing v, and let φ be a state of (W_1, ⪯, v). Let a ∈ W. Set

p = sup{(φ(b) − φ(c))/m | b, c ∈ W_1, m ∈ N, b ⪯ c + ma}, and q = inf{(φ(b) − φ(c))/m | b, c ∈ W_1, m ∈ N, b ⪰ c + ma}.

Denote by W_2 the subsemigroup of W generated by W_1 and a. Then −∞ < p ≤ q < ∞ and [p, q] = {ψ(a) | ψ is a state of (W_2, ⪯, v) extending φ}.

Proof. As convention, we put b + 0 · a = b for b ∈ W_1. Set

p^′ = sup{(φ(b) − φ(c))/m | b, c ∈ W_1, m ∈ N, m̄ ∈ Z_{≥0}, b + m̄a ⪯ c + (m + m̄)a}, and q^′ = inf{(φ(b) − φ(c))/m | b, c ∈ W_1, m ∈ N, m̄ ∈ Z_{≥0}, b + m̄a ⪰ c + (m + m̄)a}.

Clearly, for every state ψ of (W_2, ⪯, v) extending φ, one has ψ(a) ∈ [p, q]. In the proof of [1, Lemma 5.2.3.(4)], it was shown that for every r ∈ [p^′, q^′], there is some state ψ of (W_2, ⪯, v) extending φ such that ψ(a) = r. Thus it suffices to show p = p^′, q = q^′ and −∞ < p ≤ q < ∞.

Clearly p ≤ p^′. Let b, c ∈ W_1, m ∈ N, m̄ ∈ Z_{≥0} such that b + m̄a ⪯ c + (m + m̄)a.

Via induction it was shown in the proof of [1, Lemma 5.2.3.(1)] that nb + m̄a ⪯ nc + (nm + m̄)a for all n ∈ N. Since v is an order-unit, one has v ⪯ m̄a + kv for some k ∈ N. Then nb + v ⪯ nb + m̄a + kv ⪯ nc + kv + (nm + m̄)a for all n ∈ N. Thus p ≥ sup_{n∈N} φ(nb + v) − φ(nc + kv) nm + m̄ ≥ φ(b) − φ(c) m . It follows that p ≥ p^′, whence p = p^′. Also, since v is an order-unit, one has v ⪯ a+lv for some l ∈ N. Then p ≥ φ(v) − φ(lv) = 1 − l > −∞.

It was shown in the proof of [1, Lemma 5.2.3.(2)] that q = q^′. Since v is an order-unit, one has a ⪯ nv for some n ∈ N. Then v + a ⪯ (n + 1)v, and hence q ≤ φ((n + 1)v) − φ(v) = n < ∞.

The inequality p ≤ q was shown in the proof of [1, Lemma 5.2.3.(1)]. □ From Lemma A.1 and Zorn’s lemma we obtain the following result immediately, which unifies Theorems 2.3 and 2.5. The last sentence was proven earlier by Blackadar and Rørdam [10, Corollary 2.7], and as Leonel Robert points out to us, also by Fuchssteiner [18, Theorem 1].

Theorem A.2. Let (W, ⪯, v) be a partially ordered abelian semigroup with orderunit. Let W_1 be a subsemigroup of W containing v, and let φ be a state of (W_1, ⪯, v). Let a ∈ W. Set p = sup{(φ(b) − φ(c))/m | b, c ∈ W_1, m ∈ N, b ⪯ c + ma}, and q = inf{(φ(b) − φ(c))/m | b, c ∈ W_1, m ∈ N, b ⪰ c + ma}.

Then −∞ < p ≤ q < ∞, and [p, q] = {ψ(a) | ψ is a state of (W, ⪯, v) extending φ}.

In particular, every state of (W_1, ⪯, v) extends to a state of (W, ⪯, v). Corollary A.3. Let (W, ⪯, v) be a partially ordered abelian semigroup with orderunit. Assume that (n + 1)v ⪯̸ nv for all n ∈ N. For any a ∈ W, setting p = sup{(n − k)/m | n, k, m ∈ N, nv ⪯ ma + kv}, and q = inf{(n − k)/m | n, k, m ∈ N, nv ⪰ ma + kv}, one has −∞ < p ≤ q < ∞, and [p, q] = {φ(a) | φ is a state of (W, ⪯, v)}.

If furthermore a ∈ W is an order-unit, then q = inf{n/m | n, m ∈ N, nv ⪰ ma}, and p = sup{n/m | n, m ∈ N, nv ⪯ ma}.

Proof. By assumption we have kv ⪯̸ nv for all k, n ∈ N with k > n. Thus kv ≠ nv for all distinct k, n ∈ N. Then W_1 := {nv | n ∈ N} is a subsemigroup of W containing v, and φ : W_1 → R defined by φ(nv) = n is the unique state of (W_1, ⪯, v). From Theorem A.2 we obtain [p, q] = {φ(a) | φ is a state of (W, ⪯, v)}.

Now assume further that a ∈ W is an order-unit. Set q^′ = inf{n/m | n, m ∈ N, nv ⪰ ma}, and p^′ = sup{n/m | n, m ∈ N, nv ⪯ ma}.

Clearly q ≤ q^′ and p ≥ p^′.

Let n, k, m ∈ N such that nv ⪰ ma + kv. Then nv ⪰ ma + kv ⪰ kv, whence n ≥ k. If (l(n − k) + k)v ⪰ lma + kv for some l ∈ N, then

((l + 1)(n − k) + k)v ⪰ (n − k)v + lma + kv = lma + nv ⪰ (l + 1)ma + kv. It follows that (l(n − k) + k)v ⪰ lma + kv ⪰ lma for all l ∈ N. Thus q^′ ≤ inf_{l∈N} l(n − k) + k lm = n − k m . Consequently, q^′ ≤ q. Therefore q^′ = q.

Since a is an order-unit, we have v ⪯ ra for some r ∈ N. Then^1_r ≤ p^′. Let n, k, m ∈ N such that nv ⪯ ma + kv. If n ≤ k, then^{n−k}_m ≤ 0 ≤ p^′. Thus we may assume n > k. If (l(n − k) + k)v ⪯ lma + kv for some l ∈ N, then

((l + 1)(n − k) + k)v ⪯ (n − k)v + lma + kv = lma + nv ⪯ (l + 1)ma + kv. It follows that (l(n − k) + k)v ⪯ lma + kv ⪯ lma + kra for all l ∈ N. Thus p^′ ≥ sup_{l∈N} l(n − k) + k lm + kr ≥ n − k m . Consequently, p^′ ≥ p. Therefore p^′ = p. □

Remark A.4. Let A be a stably finite simple unital C^∗-algebra. In [14] Cuntz gave some bounds for the value of any nonzero x ∈ M(A) under dimension functions. Putting s_n(x) = sup{s ∈ N | s⟨1⟩_C ⪯_C n⟨x⟩_C}, and r_n(x) = inf{r ∈ N | r⟨1⟩_C ⪰_C n⟨x⟩_C}, the limits A_−(x) = lim_{n→∞} s_n(x)/n and A_+(x) = lim_{n→∞} r_n(x)/n

exist. Using Theorem 2.3, in [14, page 152] Cuntz observed that [A_−(x), A_+(x)] ⊇ {φ(x) | φ is a dimension function for A}.

Since A is stably finite, (n + 1)⟨1⟩_C ⪯̸ n⟨1⟩_C for all n ∈ N [14, Lemma 4.1]. As A is simple, ⟨x⟩_C is an order-unit of W_C(A) for every nonzero x ∈ M(A). Thus from Corollary A.3 we actually have [A_−(x), A_+(x)] = {φ(x) | φ is a dimension function for A} for every nonzero x ∈ M(A).

References

[1] R. Antoine, F. Perera, and H. Thiel. Tensor products and regularity properties of Cuntz semigroups. Mem. Amer. Math. Soc. 251 (2018), no. 1199.

[2] R. Antoine, F. Perera, L. Robert, and H. Thiel. C^∗-algebras of stable rank one and their Cuntz semigroups. Duke Math. J. 171 (2022), no. 1, 33–99.

[3] P. Ara and J. Claramunt. Sylvester matrix rank functions on crossed products. Ergodic Theory Dynam. Systems 40 (2020), no. 11, 2913–2946.

[4] P. Ara and J. Claramunt. L^2-Betti numbers arising from the lamplighter group. J. Algebraic Combin. 54 (2021), no. 4, 1201–1245.

[5] P. Ara and J. Claramunt. Approximating the group algebra of the lamplighter by infinite matrix product. Forum Math. 34 (2022), no. 4, 851–891.

[6] P. Ara, K. C. O’Meara, and F. Perera. Stable finiteness of group rings in arbitrary characteristic. Adv. Math. 170 (2002), no. 2, 224–238.

[7] P. Ara, F. Perera, and A. S. Toms. K-theory for operator algebras. Classification of C^∗- algebras. In: Aspects of Operator Algebras and Applications, pp. 1–71, Contemp. Math., 534, Amer. Math. Soc., Providence, RI, 2011.

[8] B. Blackadar. Comparison theory for simple C^∗-algebras. In: Operator Algebras and Applications, Vol. 1, pp 21–54, London Math. Soc. Lecture Note Ser., 135, Cambridge Univ. Press, Cambridge, 1988.

[9] B. Blackadar and D. Handelman. Dimension functions and traces on C^∗-algebras. J. Funct.

Anal. 45 (1982), no. 3, 297–340.

[10] B. Blackadar and M. Rørdam. Extending states on preordered semigroups and the existence of quasitraces on C^∗-algebras. J. Algebra 152 (1992), no. 1, 240–247.

[11] N. P. Brown, F. Perera, and A. S. Toms. The Cuntz semigroup, the Elliott conjecture, and dimension functions on C^∗-algebras. J. Reine Angew. Math. 621 (2008), 191–211.

[12] P. M. Cohn. Free Rings and their Relations. London Mathematical Society Monographs, No.

2. Academic Press, London-New York, 1971.

[13] K. T. Coward, G. A. Elliott, and C. Ivanescu. The Cuntz semigroup as an invariant for C^∗-algebras. J. Reine Angew. Math. 623 (2008), 161–193.

[14] J. Cuntz. Dimension functions on simple C^∗-algebras. Math. Ann. 233 (1978), no. 2, 145–153. [15] C. Dean and J. T. Stafford. A nonembeddable Noetherian ring. J. Algebra 115 (1988), no. 1, 175–181.

[16] G. Elek. Infinite dimensional representations of finite dimensional algebras and amenability.

Math. Ann. 369 (2017), no. 1-2, 397–439.

[17] G. Elek and E. Szabó. Sofic groups and direct finiteness. J. Algebra 280 (2004), no. 2, 426–434. [18] B. Fuchssteiner. Sandwich theorems and lattice semigroups. J. Funct. Anal. 16 (1974), 1–14. [19] K. R. Goodearl. Partially Ordered Abelian Groups with Interpolation. Mathematical Surveys and Monographs, 20. American Mathematical Society, Providence, RI, 1986.

[20] K. R. Goodearl. Von Neumann Regular Rings. Second edition. Robert E. Krieger Publishing Co., Inc., Malabar, FL, 1991.

[21] K. R. Goodearl and D. Handelman. Rank functions and K_0 of regular rings. J. Pure Appl.

Algebra 7 (1976), no. 2, 195–216.

[22] U. Haagerup. Quasitraces on exact C^∗-algebras are traces. C. R. Math. Acad. Sci. Soc. R.

Can. 36 (2014), no. 2-3, 67–92.

[23] A. Jaikin-Zapirain. L^2-Betti numbers and their analogues in positive characteristic. In:

Groups St Andrews 2017 in Birmingham, pp 346–405, London Math. Soc. Lecture Note Ser., 455, Cambridge Univ. Press, Cambridge, 2019.

[24] A. Jaikin-Zapirain. The base change in the Atiyah and the Lück approximation conjectures.

Geom. Funct. Anal. 29 (2019), no. 2, 464–538.

[25] A. Jaikin-Zapirain and D. López-Álvarez. The strong Atiyah and Lück approximation conjectures for one-relator groups. Math. Ann. 376 (2020), no. 3-4, 1741–1793.

[26] A. Jaikin-Zapirain and D. López-Álvarez. On the space of Sylvester matrix rank functions.

Preprint, arXiv:2012.15844 [27] B. Jiang and H. Li. Sylvester rank functions for amenable normal extensions. J. Funct. Anal.

280 (2021), no. 6, 108913.

[28] T. Y. Lam. Lectures on Modules and Rings. Graduate Texts in Mathematics, 189. Springer- Verlag, New York, 1999.

[29] T. Y. Lam. A First Course in Noncommutative Rings. Second edition. Graduate Texts in Mathematics, 131. Springer-Verlag, New York, 2001.

[30] H. Li. Bivariant and extended Sylvester rank functions. J. Lond. Math. Soc. (2) 103 (2021), no. 1, 222–249.

[31] D. López-Álvarez. Sylvester Rank Functions, Epic Division Rings and the Strong Atiyah Conjecture for Locally Indicable Groups. Ph.D. thesis, Universidad Autónoma de Madrid, 2020.

[32] P. Malcolmson. On making rings weakly finite. Proc. Amer. Math. Soc. 80 (1980), no. 2, 215–218.

[33] P. Malcolmson. Determining homomorphisms to skew fields. J. Algebra 64 (1980), no. 2, 399–413.

[34] G. K. Pedersen. C^∗-algebras and their Automorphism Groups. Second edition. Edited and with a preface by Søren Eilers and Dorte Olesen. Pure and Applied Mathematics (Amsterdam). Academic Press, London, 2018.

[35] M. Rørdam. On the structure of simple C^∗-algebras tensored with a UHF-algebra. II. J.

Funct. Anal. 107 (1992), no. 2, 255–269.

[36] A. H. Schofield. Representation of Rings over Skew Fields. London Mathematical Society Lecture Note Series, 92. Cambridge University Press, Cambridge, 1985.

[37] H. Thiel. Ranks of operators in simple C^∗-algebras with stable rank one. Comm. Math. Phys.

377 (2020), no. 1, 37–76.

[38] A. S. Toms. On the classification problem for nuclear C^∗-algebras. Ann. of Math. (2) 167 (2008), no. 3, 1029–1044.

[39] S. Virili. On the relation between length functions and exact Sylvester rank functions. Topol.

Algebra Appl. 7 (2019), no. 1, 69–74.

[40] W. Winter. Structure of nuclear C*-algebras: from quasidiagonality to classification and back again. In: Proceedings of the International Congress of Mathematicians—Rio de Janeiro 2018. Vol. III. Invited Lectures, pp 1801–1823, World Sci. Publ., Hackensack, NJ, 2018.

Tsz Fun Hung, Department of Mathematics, SUNY at Buffalo, Buffalo, NY 14260-2900, USA

Current address: Department of Mathematics, Fort Lewis College, 1000 Rim Drive, Durango, CO 81301, USA

Email address: thung@fortlewis.edu

Hanfeng Li, Department of Mathematics, SUNY at Buffalo, Buffalo, NY 14260- 2900, USA

Email address: hfli@math.buffalo.edu