SOFIC MEAN LENGTH

HANFENG LI AND BINGBING LIANG

Abstract. Given a length function L on the R-modules of a unital ring R, for any sofic group Γ, we define a mean length for every locally L-finite RΓ-module relative to a bigger RΓ-module. We establish an addition formula for the mean length.

We give two applications. The first one shows that for any unital left Noetherian ring R, RΓ is stably direct finite. The second one shows that for any ZΓ-module M, the mean topological dimension of the induced Γ-action on the Pontryagin dual of M coincides with the von Neumann-Lück rank of M.

Contents

1. Introduction 2 2. Preliminaries 7 2.1. Length functions 7 2.2. Group rings 9 2.3. von Neumann-Lück dimension 9 2.4. Sofic groups 10 3. Sofic mean length 10 4. Stably direct finiteness 17 5. Amenable group case for mean length 20 6. Finitely generated submodule of free module 23 7. Mean rank and von Neumann-Lück rank 26 8. Relative sofic mean topological dimension 31 9. Relative sofic metric mean dimension 35 10. Mean dimension and mean rank 40 11. Applications to mean dimension 48 References 50

Date: May 21, 2017.

2010 Mathematics Subject Classification. Primary 16D10, 16U60, 37B99, 22D25, 55N35. Key words and phrases. Length function, addition formula, stably direct finite, mean dimension, von Neumann-Lück rank, von Neumann dimension, strong Atiyah conjecture. 1

2 HANFENG LI AND BINGBING LIANG

1. Introduction

The notion of length functions was introduced by Northcott and Reufel in [51]. Given a unital ring R, a length function L on left R-modules assigns a numerical isomorphism invariant L(M ) ∈ R_{≥0} ∪ {+∞} to every left R-module M satisfying suitable conditions (see Definition 2.1 below for detail). The major requirement on L is that for any left R-modules M_1 ⊆ M_2, one has the addition formula

L(M_2) = L(M_1) + L(M_2/M_1).

In particular, it implies that L is increasing in the sense that submodules have smaller L-length. The length functions have been studied in [67, 72], especially in detail in the thesis of Vámos [68].

Given a discrete group Γ, one can form the group ring RΓ of Γ with coefficients in R (see Section 2.2 below) [54]. The left RΓ-modules are exactly left R-modules equipped with a Γ-action by automorphisms. When L is a length function on left R-modules with L(R) = 1 and Γ is infinite, the left RΓ-modules, e.g. RΓ itself, are typically large as left R-modules and could easily have infinite L-length. Thus it is desirable to define a length function mL on left RΓ-modules taking into account of the Γ-action. This can be thought of developing an equivariant version of the L-invariant. More precisely, the question is whether there is a length function mL on the left RΓ-modules satisfying that mL(RΓ) = 1, or more generally, mL(RΓ ⊗_R M ) = L(M ) for every left R-module M ?

This question has been studied and answered affirmatively for amenable groups Γ (see Section 5 for detail). It was studied by Salce-Zanardo and Salce-Vámos- Virili in [58, 60] for Γ = Z in the case L is discrete in the sense that the set of finite values of L is order isomorphic to N, and by Salce-Virili in [59] for Γ = Z^d, with motivation from the entropy theory for algebraic actions. Elek considered finitely generated left RΓ-modules for any field R and any amenable group Γ [12]. We studied the case L(R) < +∞ for amenable groups Γ in [38], and used mL to establish the correspondence between the mean dimension for algebraic actions of amenable groups and the von Neumann-Lück rank of left ZΓ-modules in the L^2- invariants theory. Virili considered discrete L for amenable groups in [69], and used mL to show that RΓ for left Noetherian R and amenable Γ is stably direct finite. It turns out that when L(R) = +∞, the suitable domain for mL is the class of left RΓ-modules M which are locally L-finite in the sense that every finitely generated R-submodule of M has finite L-length.

For nonamenable groups, the above question is hopeless, since the answer is already negative for the free group F_2 with 2 generators. Indeed, it is well known [54] that, as a left RF_2-module, RF_2 contains RF_2 ⊕ RF_2 as a submodule, violating the monotonicity of mL (see Example 6.3 below for more on this example). Interesting enough, if we take R = Z/2Z, then the algebraic actions of F_2 associated to these modules is exactly the Ornstein-Weiss example [52, page 138] of the Bernoulli shift

SOFIC MEAN LENGTH 3

over F_2 with 2 symbols factoring onto the Bernoulli shift with 4 symbols, which had been an obstruction to developing an entropy theory for nonamenable group actions for many years until the work of Bowen in [4].

The class of sofic groups was introduced by Gromov [19] and Weiss [71]. It contains all discrete amenable groups and residually finite groups, especially the free groups. So far it is unknown whether non-sofic groups exist. In the last several years, the entropy and mean dimension theory for amenable group actions has been extended to actions of sofic groups [4, 5, 30–32, 37], pioneered by the work of Bowen. Thus one might hope to define mL for sofic groups. However, in all these work, of crucial use is a priori given metric structure so that one can talk about approximations and then use the size of the space of approximations to define the invariant. In the measurepreserving action situation, the metric structure is that on the measurable subsets coming from taking measure of the symmetric difference, while in the topological action situation, the metric structure is that of the underlying compact space. Thus it is not clear how one could proceed in the purely algebraic setting when handling length functions.

In this paper, we find a satisfactory way to define mean length mL for sofic groups. There are two main ingredients in our approach. The first is that we find a way to define invariants for sofic group actions in a purely algebraic setting. The second is that, we define relative invariants for a pair of objects. That is, for any left RΓmodules M_1 ⊆ M_2, under the mild condition that M_1 is locally L-finite, we define the mean length of M_1 relative to M_2, denoted by mL_{Σ,ω}(M_1|M_2) (Definition 3.1). Here Σ is a fixed sofic approximation net for Γ and ω is a fixed free ultrafilter. For any left RΓ-module M which is locally L-finite, we then define its mean length mL_{Σ,ω}(M) as mL_{Σ,ω}(M|M). The relative invariants is completely a sofic phenomenon, since mL_{Σ,ω}(M_1|M_2) does not depend on M_2 when Γ is amenable and M_2 is locally Lfinite (Theorem 5.1). One advantage of introducing invariants for two variables (M_1 and M_2) is that the monotonicity is preserved for each variable: mL_{Σ,ω}(M_1|M_2) increases with M_1 and decreases with M_2 (Proposition 3.4). Most importantly, using relative invariants we are able to establish a modified addition formula.

Theorem 1.1. Let M_1 ⊆ M_2 ⊆ M_3 be locally L-finite left RΓ-modules. Then

mL_{Σ,ω}(M_2|M_3) = mL_{Σ,ω}(M_1|M_3) + mL_{Σ,ω}(M_2/M_1|M_3/M_1).

In particular, for any locally L-finite left RΓ-modules M_1 ⊆ M_2, taking M_3 = M_2 one has mL_{Σ,ω}(M_2) = mL_{Σ,ω}(M_1|M_2) + mL_{Σ,ω}(M_2/M_1).

We give two applications of the sofic mean length.

The first application concerns the stably direct finiteness of RΓ. A unital ring R̃ is called directly finite or von Neumann finite if for any a, b ∈ R̃ with ab = 1, one has ba = 1. It is called stably direct finite if M_n(R̃) is directly finite for every n ∈ N. Kaplansky’s direct finiteness conjecture asserts that for any field R and any group

4 HANFENG LI AND BINGBING LIANG

Γ, RΓ is directly finite [29, page 123]. Kaplansky proved that RΓ is stably direct finite when R is a field with characteristic 0 and Γ is any group [29, page 122] (see also [49, 53] and [54, Corollary 2.1.9]). Using the sofic mean length, we are able to prove the following result.

Theorem 1.2. Let R be a unital left Noetherian ring and Γ be a sofic group. Then RΓ is stably direct finite.

Theorem 1.2 proves a conjecture of Virili in [70]. It was proved in the cases when R is a skew-field and Γ is residually amenable by Ara et al. [3, Remark 3.5.(iii)], when R is a skew-field and Γ is sofic by Elek and Szabó [13, Corollary 4.7], when R is an Artinian ring and Γ is sofic by Ceccherini-Silberstein and Coornaert [7, Corollary 1.5], and when R is a unital left Noetherian ring and Γ is amenable by Virili [69, Theorem 7.8].

Just as commutative Noetherian rings play a vital role in commutative algebra, left Noetherian rings are at the heart of the theory of noncommutative rings [17, 48]. When R is a unital subring of the direct product

�_{j∈J}

R_j for a family of rings {R_j }_{j∈J} , RΓ is a unital subring of

�_{j∈J}

R_j Γ, and hence the direct finiteness of RΓ follows from that of R_j Γ. For unital commutative rings R, it is then natural to try to obtain the direct finiteness of RΓ by embedding R into the direct product of fields. However, this is not always possible. Indeed, it is easy to show that a unital commutative ring R embeds into the direct product of fields exactly when the nilradical of R consisting of all nilpotent elements is trivial. For noncommutative case, Goldie’s theorem implies that a semiprime left Noetherian ring has a semisimple (and hence Artinian) left quotient ring [16] [48, Theorem 2.3.6] [17, Corollary 6.16]. Beyond that, it is not clear when one can embed a left Noetherian ring into the direct product of Artinian rings. For example, for any finite-dimensional Lie algebra g over a field, since the enveloping algebra U(g) is left Noetherian [48, Corollary 1.7.4], for any two-sided ideal I of U(g) which is not the intersection of prime ideals, we do not know whether the left Noetherian ring U(g)/I embeds into the direct product of Artinian rings or not. Here a two-sided ideal I^′ of R is called prime if for any a, b ∈ R \ I^′ one has aRb ⊈ I^′. Thus Theorem 1.2 enables us to establish the stable direct finiteness of RΓ for many cases which one can not reduce to the results of Elek-Szabó and Ceccherini-Silberstein-Coornaert.

Our second application concerns the correspondence between the mean dimension in dynamical systems and the von Neumann-Lück rank in the L^2-invariants theory. Mean topological dimension was introduced by Gromov [20], and developed systematically by Lindenstrauss and Weiss [42] for continuous actions of countable amenable groups on compact metrizable spaces, as an equivariant version of the covering dimension for compact metrizable spaces. Lindenstrauss and Weiss also introduced the metric mean dimension in the same setting, as an equivariant version of the infimum of the Minkowski dimensions of the compatible metrics on a

SOFIC MEAN LENGTH 5

compact metrizable space. Later the mean dimensions were extended to continuous actions of countable sofic groups on compact metrizable spaces [37]. The mean topological dimension has applications to the problem of embedding one dynamical system into another [42] and the problem of finding factors with small entropy [40]. The mean dimensions have attracted much attention in the last several years [10, 11, 21–25, 34, 35, 41, 46, 47, 63–66].

The von Neumann-Lück dimension was originally defined for finitely generated projective left modules over the group von Neumann algebra LΓ for a discrete group Γ, and later extended to arbitrary left LΓ-modules by Lück [44] in order to extend Atiyah’s L^2-Betti numbers [2] to arbitrary continuous Γ-action. In our terminology, it is a length function on the left LΓ-modules. It has profound applications to the L^2-invariants theory [45]. Via taking tensor product with LΓ, one can define the von Neumann-Lück rank for any left ZΓ-module M, which is in fact the 0-th L^2-Betti number of M.

Despite the fact that the mean dimensions are dynamical invariants while the von Neumann-Lück rank is an analytic invariant, using the mean length we shall show that they correspond to each other in the setting of algebraic actions of sofic groups. Since the relative invariants are crucial for the sofic mean length, in order to establish such a correspondence, we must introduce relative invariants for the mean dimensions and the von Neumann-Lück rank. For any countable sofic group Γ acting on compact metrizable spaces X and Y and any factor map X → Y , we define the mean topological dimension mdim_{Σ,ω}(Y |X) of Γ ↷ Y relative to the extension Γ ↷ X (Definition 8.6) and the metric mean dimension mdim_{Σ,ω,M}(Y, ρ|X) of Γ ↷ Y relative to Γ ↷ X with respect to a compatible metric ρ on Y (Definition 9.3). The metric mean dimension mdim_{Σ,ω,M}(Y |X) of Γ ↷ Y relative to Γ ↷ X is defined as the infimum of mdim_{Σ,ω,M}(Y, ρ|X) for ρ ranging over all compatible metrics on Y . For any discrete group Γ and any left ZΓ-modules M_1 ⊆ M_2, we define the von Neumann-Lück rank vrk(M_1|M_2) of M_1 relative to M_2 (Definition 7.1). In the absolute case X = Y or M = M_1 = M_2, we write the invariants as mdim_{Σ,ω}(X), mdim_{Σ,ω,M}(X) and vrk(M) respectively.

Note that for any countable ZΓ-module M, its Pontryagin dual ^M consisting of all group homomorphisms from M to the circle group R/Z is a compact metrizable abelian group. The ZΓ-module structure of M induces a natural Γ-action on ^M by continuous automorphisms. The information about the ZΓ-module M is equivalent to the information about the Γ-action on the compact metrizable abelian group ^M. Thus, if we forget the group structure of ^M, a priori there is no reason that the Γ-action on the compact metrizable space ^M should remember any information about the ZΓ-module M. Our second application in the following theorem says that indeed the mean dimensions of the Γ-action on the compact metrizable space ^M are exactly the von Neumann-Lück rank of the ZΓ-module M.

6 HANFENG LI AND BINGBING LIANG

Theorem 1.3. Let Γ be a countable sofic group and M_1 ⊆ M_2 be countable ZΓmodules. Then

mdim_{Σ,ω,M}(�M_1|�M_2) = mdim_{Σ,ω}(�M_1|�M_2) = vrk(M_1|M_2).

Furthermore, there exists a translation-invariant compatible metric ρ on �M_1 with

mdim_{Σ,ω,M}(�M_1, ρ|�M_2) = mdim_{Σ,ω}(�M_1|�M_2).

The first and the last equalities of Theorem 1.3 is the algebraic action case of the dynamical analogue of the Pontryagin-Schnirelmann theorem [56] which says that for any compact metrizable space X, its covering dimension is the minimal value of the Minkowski dimension of (X, ρ) for ρ ranging over all compatible metrics on X. The amenable group case of Theorem 1.3 was proved in [38]. Hayes proved [27] that mdim_{Σ,ω,M}(^M) = vrk(M) for countable sofic groups Γ and finitely generated ZΓ-modules M, and that mdim_{Σ,ω}(^M) = vrk(M) for residually finite groups Γ and finitely presented ZΓ-modules M when the sofic approximation sequence Σ of Γ comes from finite quotient groups of Γ.

The correspondence between mean dimensions and von Neumann-Lück rank in Theorem 1.3 is parallel to the correspondence between entropy and L^2-torsion in [39, Theorem 1.1], though the latter is known only for amenable groups so far.

The ideas in this paper can be applied to many other problems such as dimension for isometric actions on Banach spaces and addition formula for sofic entropy, which we plan to investigate in subsequent papers.

This paper is organized as follows. We recall some basic definitions and results in Section 2. In Section 3 we introduce the sofic mean length and establish some basic properties including Theorem 1.1. Theorem 1.2 is proved in Section 4. In Section 5 we show that for amenable groups the sofic mean length coincides with the mean length introduced in [38, 69]. In Section 6 we give a formula for the mean length of a finitely generated RΓ-module relative to a free RΓ-module. We prove the equality of the mean length and the von Neumann-Lück rank when R is a unital subring of Q̄ in Section 7. The relative mean topological dimension and the relative metric mean dimension are introduced in Sections 8 and 9 respectively. Theorem 1.3 is proved in Section 10. In Section 11 we give three applications to the mean dimension.

Throughout this paper, R will be a unital ring, and Γ will be a discrete group. All modules are left modules unless specified. For any d ∈ N, we write [d] for the set {1, . . . , d} and Sym(d) for the permutation group of [d]. We denote by F(Γ) the set of all finite subsets of Γ.

Acknowledgements. H. Li was partially supported by NSF and NSFC grants. He is grateful to Alain Connes and Henri Moscovici for comments at the noncommutative geometry workshop in June 2015 at MFO. We thank Simone Virili for helpful comments.

SOFIC MEAN LENGTH 7

2. Preliminaries

2.1. Length functions. In this section we give some examples of length functions, following the thesis of Vámos [68].

Definition 2.1. By a length function L on R-modules we mean associating a value L(M ) ∈ R_{≥0} ∪ {+∞} for each R-module M such that the following conditions are satisfied:

(1) L(0) = 0;

(2) (additivity) for any short exact sequence 0 → M_1 → M_2 → M_3 → 0 of R-modules, one has L(M_2) = L(M_1) + L(M_3);

(3) (upper continuity) for any R-module M , one has L(M ) = sup_N L(N ) for N ranging over all finitely generated submodules of M .

By a chain τ for an R-module M , we mean a finite sequence of submodules of M of the form 0 = M_0 ⊆ M_1 ⊆ · · · ⊆ M_n = M . The modules C_j = M_j/M_{j−1} for 1 ≤ j ≤ n are called the chain factors of τ. One chain τ refines another chain τ^′ : 0 = M^′_0 ⊆ M^′_1 ⊆ · · · ⊆ M^′_m = M if τ is obtained from τ^′ by inserting more submodules. The two chains τ and τ^′ are called equivalent if m = n and they have the same chain factors up to permutation, i.e. there is some σ ∈ Sym(n) such that C_j ∼= C^′_{σ(j)} for all 1 ≤ j ≤ n, where C^′_j for 1 ≤ j ≤ m are the chain factors of τ^′. The Jordan-Hölder theorem [28, VIII.1.10] states that any two chains for M have equivalent refinements.

If M_1 ⊆ M_2 are submodules of an R-module M , then M_2/M_1 is called a segment of M .

Example 2.2. For each R-module M and each chain τ : 0 = M_0 ⊆ M_1 ⊆ · · · ⊆ M_n = M for M with chain factors {C_j}_{1≤j≤n}, denote by l(τ) the number of 1 ≤ j ≤ n satisfying that C_j is a simple module, and by l^′(τ) the number of 1 ≤ j ≤ n satisfying C_j ≠ 0. Denote by L(M ) the supremum of l(τ) for τ ranging over all chains for M . Since every nonzero R-module has a segment which is a simple module, it is easily checked that L(M ) is equal to the supremum of l^′(τ) for τ ranging over all chains for M . Using the Jordan-Hölder theorem it is easy to see that L satisfies the conditions (1) and (2) in Definition 2.1. Let τ be a chain for M as above, and denote by J the set of 1 ≤ j ≤ n such that C_j is a simple module. For each j ∈ J, take a finitely generated submodule N_j of M_j such that N_j maps onto C_j under the quotient homomorphism M_j → C_j . Then N :=

�_{j∈J}

N_j is a finitely generated submodule of M . For each j ∈ J, set N^′_j =

�_{i≤j,i∈J}

N_i. Then {N^′_j }_{j∈J} together with N^′_0 = 0 is a chain τ^′ for N , and M_j/M_{j−1} is a quotient module of N^′_j /N^′_k for each j ∈ J, where k is the largest element in J ∪ {0} strictly less than j. Thus N has a chain τ^{′′} refining τ^′ such that the modules C_j for j ∈ J appear in the chain factors of τ^{′′}. Therefore l(τ^{′′}) ≥ l(τ). Thus L satisfies the condition (3) of Definition 2.1, and hence is a length function on R-modules. Furthermore, L is

8 HANFENG LI AND BINGBING LIANG

the unique length function L^′ on R-modules satisfying L^′(M ) = 1 for every simple R-module M [68, Proposition 2.12].

Example 2.3. Let R be a left Ore domain [36, 10.19], i.e. ab ≠ 0 and Ra∩Rb ≠ {0} for all nonzero a, b ∈ R. Then R has a left ring of fractions Q [36, Theorem 10.6], uniquely determined up to isomorphism by the following properties:

(1) R is a subring of Q, (2) every nonzero element of R is invertible in Q, (3) every element of Q is of the form a^{−1}b for some b ∈ R and nonzero a ∈ R.

Note that Q is a skew-field, thus every left Q-module M^′ has its dimension dim_Q(M^′), which is also the same as the length of M^′ defined in Example 2.2. Furthermore, Q is flat as a right R-module [36, Exercise 10.17]. It follows that the function rk on left R-modules defined by

rk(M ) := dim_Q(Q ⊗_R M )

is a length function [68, 2.4.II]. It is the unique length function L on R-modules satisfying L(R) = 1 [68, Proposition 2.13].

For the proof of Theorem 4.5 below, we need a length function L_α on R-modules with suitable properties for each ordinal α, generalizing the length function in Example 2.2. This uses the Krull dimension which Gabriel introduced for abelian categories [15]. Here we follow the approach of Vámos in [68]. We refer the reader to [6, 18, 50] for more information on Krull dimension.

Denote by_RM the category of R-modules. By a subcategory of_RM we mean a nonempty full subcategory. A subcategory A of_RM is called a Serre-category if for any short exact sequence

0 → M_1 → M_2 → M_3 → 0

in_RM, M_2 is in A if and only if both M_1 and M_3 are in A. Note that the category RN of Noetherian R-modules is a Serre category.

Note that M ∈_RM is simple if and only if M ≠ 0 and for any submodule M^′ of M , either M^′ = 0 or M /M^′ = 0. This motivates the following definition. Let A be a Serre-subcategory of_RN. We say that M ∈_RN is A-simple [68, page 32] if M ∉ A and for any submodule M^′ of M , either M^′ ∈ A or M /M^′ ∈ A. Denote by A^′ the Serre-category generated by A and all A-simple modules in_RN. Then A^′ consists of all M ∈_RM admitting a chain τ such that each chain factor of τ is either in A or A-simple [68, Proposition 3.5].

For each ordinal α (starting with −1), we define a Serre-subcategory A_α of_RN as follows. Set A_{−1} to be the category consisting of the zero module. Assume that A_β has been defined for every ordinal β < α. We set

A_α := (A_β)^′

SOFIC MEAN LENGTH 9

if α = β + 1, and A_α := � β<α A_β

if α is a limit ordinal. Every M ∈_RN is in A_α for some ordinal α [68, Theorem 3.7]. The smallest such ordinal is called the Krull dimension of M .

Example 2.4. Let α be an ordinal. For any M ∈_RM and any chain τ : 0 = M_0 ⊆ M_1 ⊆ · · · ⊆ M_n = M for M with chain factors {C_j}_{1≤j≤n}, denote by l_α(τ) the number of 1 ≤ j ≤ n satisfying that C_j is Noetherian and A_α-simple. Denote by L_α(M ) the supremum of l_α(τ) for τ ranging over all chains for M . Note that the length function in Example 2.2 is exactly L_{−1}. Using the Jordan-Hölder theorem and the fact that if M ∈_RN is A_α-simple and τ as above is a chain for M , then exactly one of the chain factors C_j is A_α-simple [68, Lemmas 3.1, 3.2], one checks easily that L_α is a length function on R-modules, as we did in Example 2.2 for L_{−1}. Furthermore, it is clear that L_α vanishes on A_α, and that for any M ∈ A_{α+1} \ A_α, one has 0 < L_α(M ) < +∞.

2.2. Group rings. The group ring of Γ with coefficients in R, denoted by RΓ, consists of all finitely supported functions f : Γ → R. We shall write f as

�_{s∈Γ}

f_ss, where f_s ∈ R for all s ∈ Γ and f_s = 0 for all except finitely many s ∈ Γ. The algebraic operations on RΓ is defined by � s∈Γ f_ss + � s∈Γ g_ss = � s∈Γ (f_s + g_s)s, and Ä � s∈Γ f_ss

äÄ � t∈Γ g_tt ä = � s,t∈Γ

f_sg_t(st).

We refer the reader to [54] for more information on group rings.

2.3. von Neumann-Lück dimension. We recall the definitions and basic properties of the von Neumann-Lück dimension. For details, we refer the reader to [44] and [45, Section 1.1, Chapter 6].

Denote by ℓ^2(Γ) the Hilbert space of square summable functions f : Γ → C, i.e.

�_{s∈Γ}

|f_s|^2 < +∞. Then Γ has two canonical commuting unitary representations on ℓ^2(Γ), namely the left regular representation l and the right regular representation r defined by (l_sx)_t = x_s−1_t, and (r_sx)_t = x_{ts} for all x ∈ ℓ^2(Γ) and s, t ∈ Γ. The group von Neumann algebra of Γ, denoted by LΓ, consists of all bounded linear operators ℓ^2(Γ) → ℓ^2(Γ) commuting with r_s for all s ∈ Γ. Since l commutes with r, the map

�_{s∈Γ}

f_ss →

�_{s∈Γ}

f_sl_s is an embedding from CΓ into LΓ.

Denote by δ_{eΓ} the unit vector of ℓ^2(Γ) being 1 at the identity element e_Γ of Γ, and 0 everywhere else. The canonical trace on LΓ is the linear functional tr_{LΓ} : LΓ → C given by tr_{LΓ}T = ⟨T δ_{eΓ} , δ_{eΓ} ⟩. For each n ∈ N, the extension of tr_{LΓ} to M_n(LΓ) sending (T_{j,k})_{1≤j,k≤n} to

�_n

j=1 tr_{LΓ}(T_{j,j}) will also be denoted by tr_{LΓ}. It is faithful in the sense that for any T ∈ M_n(LΓ), tr_{LΓ}(T^∗T ) = 0 exactly when T = 0.

10 HANFENG LI AND BINGBING LIANG

For any finitely generated projective LΓ-module P, one has P ∼= (LΓ)^{1×n}P for some n ∈ N and some P ∈ M_n(LΓ) with P^2 = P . The von Neumann dimension of P is defined as dim^′_{LΓ}(P) := tr_{LΓ}P ∈ [0, n], and does not depend on the choice of n and P . For an arbitrary LΓ-module M, its von Neumann-Lück dimension [45, Definition 6.6] is defined as

dim_{LΓ}(M) := sup_P dim^′_{LΓ}(P),

where P ranges over all finitely generated projective LΓ-submodules of M.

The following theorem collects the fundamental properties of the von Neumann- Lück dimension [45, Theorem 6.7].

Theorem 2.5. dim_{LΓ} is a length function on the LΓ-modules with dim_{LΓ}(LΓ) = 1.

2.4. Sofic groups. The group Γ is called sofic if for any F ∈ F(Γ) and any δ > 0 there exists a map σ : Γ → Sym(d) for some d ∈ N such that |{v ∈ [d] : σ_sσ_t(v) = σ_{st}(v)}|/d > 1 − δ for all s, t ∈ Γ and |{v ∈ [d] : σ_s(v) ≠ σ_t(v)}|/d > 1 − δ for all distinct s, t ∈ F . Such a map σ is called a sofic approximation for Γ. We shall frequently write sv for σ_s(v). Equivalently, Γ is sofic if there is a net Σ := {σ_i : Γ → Sym(d_i)}_{i∈J} satisfying the following conditions:

(1) lim_{i→∞} |{v ∈ [d_i] : σ_{i,s}σ_{i,t}(v) = σ_{i,st}(v)}|/d_i = 1 for all s, t ∈ Γ, (2) lim_{i→∞} |{v ∈ [d_i] : σ_{i,s}(v) ≠ σ_{i,t}(v)}|/d_i = 1 for all distinct s, t ∈ Γ, (3) lim_{i→∞} d_i = +∞.

Such a net Σ is called a sofic approximation net for Γ. When Γ is countable and sofic, one can find a sofic approximation sequence for Γ.

The group Γ is called amenable if for any nonempty K ∈ F(Γ) and any δ > 0 there is a nonempty F ∈ F(Γ) with |KF \ F | < δ|F |. All discrete amenable groups and residually finite groups are sofic.

We refer the reader to [8, 55] for more information on sofic groups.

3. Sofic mean length

In the rest of this paper, we fix a unital ring R and a length function L on Rmodules. For any R-module M , we denote by F (M ) the set of all finitely generated R-submodules of M . We fix a sofic group Γ with the identity element e_Γ and a sofic approximation net Σ = {σ_i : Γ → Sym(d_i)}_{i∈J} for Γ. We also fix an ultrafilter ω on J such that ω is free in the sense that for any j ∈ J, the set {i ∈ J : i ≥ j} is in ω.

In this section we define the sofic mean length and establish some basic properties. We say that an R-module M is locally L-finite if L(N ) < +∞ for every N ∈ F (M ).

Let M be an RΓ-module. Let A , B ∈ F (M), F ∈ F(Γ), and σ be a map Γ → Sym(d) for some d ∈ N. For any x ∈ M and v ∈ [d], denote by δ_vx the element of M^d taking value x at v and 0 everywhere else. Denote by M (B, F, σ)

SOFIC MEAN LENGTH 11

the R-submodule of M^d generated by the elements δ_vb − δ_{sv}sb for all v ∈ [d], b ∈ B and s ∈ F , and by M (A , B, F, σ) the image of A^d in M^d/M (B, F, σ) under the quotient map M^d → M^d/M (B, F, σ).

Definition 3.1. Let M_1 ⊆ M_2 be RΓ-modules such that M_1 is locally L-finite. For A ∈ F (M_1), B ∈ F (M_2) and F ∈ F(Γ), we define

mL_{Σ,ω}(A |B, F ) = lim_{i→ω}

L(M (A , B, F, σ_i)) d_i , mL_{Σ,ω}(A |B) = inf_{F ∈F(Γ)} mL_{Σ,ω}(A |B, F ), mL_{Σ,ω}(A |M_2) = inf_{B∈F (M2 )} mL_{Σ,ω}(A |B), mL_{Σ,ω}(M_1|M_2) = sup_{A ∈F (M1 )} mL_{Σ,ω}(A |M_2).

The mean length of M_1 relative to M_2 is defined as mL_{Σ,ω}(M_1|M_2). The mean length of M_1 is defined as mL_{Σ,ω}(M_1) := mL_{Σ,ω}(M_1|M_1).

We prove Theorem 1.1.

Proof of Theorem 1.1. Denote by π the quotient map M_3 → M_3/M_1.

We prove first mL_{Σ,ω}(M_2|M_3) ≥ mL_{Σ,ω}(M_1|M_3) + mL_{Σ,ω}(M_2/M_1|M_3/M_1). Let A_1 ∈ F (M_1) and A_3 ∈ F (M_2/M_1). Take A_3 ∈ F (M_2) with π(A_3) = A_3. Set A_2 = A_1 + A_3 ∈ F (M_2). Then it suffices to show mL_{Σ,ω}(A_2|M_3) ≥ mL_{Σ,ω}(A_1|M_3) + mL_{Σ,ω}(A_3|M_3/M_1).

Let B_2 ∈ F (M_3) and F ∈ F(Γ). Set B_1 = B_2 and B_3 = π(B_2) ∈ F (M_3/M_1). Now it suffices to show mL_{Σ,ω}(A_2|B_2, F ) ≥ mL_{Σ,ω}(A_1|B_1, F ) + mL_{Σ,ω}(A_3|B_3, F ). (1) Let σ be a map from Γ to Sym(d) for some d ∈ N. Note that M (A_1, B_1, F, σ) is an R-submodule of M (A_2, B_2, F, σ), and M (A_3, B_3, F, σ) = A^d_2 /(A^d_2 ∩ (M^d_1 + M (B_2, F, σ))) is a quotient R-module of

M (A_2, B_2, F, σ)/M (A_1, B_1, F, σ) = A^d_2 /(A^d_2 ∩ (A^d_1 + M (B_2, F, σ))). Thus L(M (A_2, B_2, F, σ)) = L(M (A_1, B_1, F, σ)) + L(M (A_2, B_2, F, σ)/M (A_1, B_1, F, σ)) ≥ L(M (A_1, B_1, F, σ)) + L(M (A_3, B_3, F, σ)).

It follows that (1) holds.

Next we prove mL_{Σ,ω}(M_2|M_3) ≤ mL_{Σ,ω}(M_1|M_3) + mL_{Σ,ω}(M_2/M_1|M_3/M_1). Let A_2 ∈ F (M_2). Set A_3 = π(A_2) ∈ F (M_2/M_1). Then it suffices to show mL_{Σ,ω}(A_2|M_3) ≤ mL_{Σ,ω}(M_1|M_3) + mL_{Σ,ω}(A_3|M_3/M_1).

12 HANFENG LI AND BINGBING LIANG

Let B_3 ∈ F (M_3/M_1) and F_3 ∈ F(Γ) containing e_Γ. Let ε > 0. Take B_3 ∈ F (M_3) with π(B_3) = B_3. Set D = (A_2 +

�_{t∈F}

3 tB_3) ∩ M_1. Note L(D) ≤ L(A_2 + � t∈F_3

tB_3) < +∞.

By the upper continuity of L, we can find an A_1 ∈ F (M_1) with A_1 ⊆ D and L(D) < L(A_1) + ε.

(If R is left Noetherian, then D is a finitely generated R-module, and we can simply take A_1 = D without invoking the upper continuity of L.) Then it suffices to show mL_{Σ,ω}(A_2|M_3) ≤ mL_{Σ,ω}(A_1|M_3) + mL_{Σ,ω}(A_3|B_3, F_3) + ε.

Let B_1 ∈ F (M_3) and F_1 ∈ F(Γ). Set B_2 = B_1 + B_3 ∈ F (M_3) and F_2 = F_1 ∪ F_3 ∈ F(Γ). Now it suffices to show

mL_{Σ,ω}(A_2|B_2, F_2) ≤ mL_{Σ,ω}(A_1|B_1, F_1) + mL_{Σ,ω}(A_3|B_3, F_3) + ε. (2) Let σ be a map from Γ to Sym(d) for some d ∈ N. Denote by φ the quotient map M^d_3 → M^d_3/M (B_3, F_3, σ), and by ψ the quotient map M^d_3/M (B_3, F_3, σ) → M^d_3/M (B_2, F_2, σ). From the quotient map φ(D^d) → φ(D^d)/φ(A^d_1 ), we see that (φ(A^d_2 )∩φ(D^d))/(φ(A^d_2 )∩φ(A^d_1 )) is isomorphic to an R-submodule of φ(D^d)/φ(A^d_1 ). Therefore L((φ(A^d_2 ) ∩ φ(D^d))/(φ(A^d_2 ) ∩ φ(A^d_1 ))) ≤ L(φ(D^d)/φ(A^d_1 )) ≤ L(D^d/A^d_1 ) = L((D/A_1)^d) = d · L(D/A_1) < dε.

Note that φ(A^d_2 ) ∩ φ(M^d_1) = φ(A^d_2 ) ∩ φ(D^d).

Also note that M (A_3, B_3, F_3, σ) is isomorphic to φ(A^d_2 )/(φ(A^d_2 ) ∩ φ(M^d_1)) as Rmodules. Thus

L(M (A_3, B_3, F_3, σ)) = L(φ(A^d_2 )/(φ(A^d_2 ) ∩ φ(M^d_1))) = L(φ(A^d_2 )/(φ(A^d_2 ) ∩ φ(D^d))) = L(φ(A^d_2 )/(φ(A^d_2 ) ∩ φ(A^d_1 ))) − L((φ(A^d_2 ) ∩ φ(D^d))/(φ(A^d_2 ) ∩ φ(A^d_1 ))) ≥ L(φ(A^d_2 )/(φ(A^d_2 ) ∩ φ(A^d_1 ))) − dε.

Note that ψ(φ(A^d_2 ) ∩ φ(A^d_1 )) ⊆ ψ ∘ φ(A^d_2 ) ∩ ψ ∘ φ(A^d_1 ), whence ψ ∘ φ(A^d_2 )/(ψ ∘ φ(A^d_2 ) ∩ ψ ∘ φ(A^d_1 )) is a quotient R-module of φ(A^d_2 )/(φ(A^d_2 ) ∩ φ(A^d_1 )). Therefore L(M (A_3, B_3, F_3, σ)) ≥ L(φ(A^d_2 )/(φ(A^d_2 ) ∩ φ(A^d_1 ))) − dε

SOFIC MEAN LENGTH 13

≥ L(ψ ∘ φ(A^d_2 )/(ψ ∘ φ(A^d_2 ) ∩ ψ ∘ φ(A^d_1 ))) − dε = L(ψ ∘ φ(A^d_2 )) − L(ψ ∘ φ(A^d_2 ) ∩ ψ ∘ φ(A^d_1 )) − dε ≥ L(ψ ∘ φ(A^d_2 )) − L(ψ ∘ φ(A^d_1 )) − dε = L(M (A_2, B_2, F_2, σ)) − L(M (A_1, B_2, F_2, σ)) − dε ≥ L(M (A_2, B_2, F_2, σ)) − L(M (A_1, B_1, F_1, σ)) − dε.

It follows that (2) holds. □ Corollary 3.2. For any locally L-finite RΓ-modules M_1 and M_2, one has mL_{Σ,ω}(M_1|M_1⊕M_2) = mL_{Σ,ω}(M_1), and mL_{Σ,ω}(M_1⊕M_2) = mL_{Σ,ω}(M_1)+mL_{Σ,ω}(M_2). Proof. The first identity is obvious. The second one follows from Theorem 1.1. □ The following lemma says that to calculate the mean length for finitely generated RΓ-modules, it suffices to consider generators.

Lemma 3.3. Let M_1 ⊆ M_2 be RΓ-modules such that M_1 is locally L-finite. The following are true.

(1) If A ∈ F (M_1) generates M_1 as an RΓ-module, then mL_{Σ,ω}(M_1|M_2) = mL_{Σ,ω}(A |M_2) ≤ L(A ).

(2) If M_2 is also locally L-finite and B ∈ F (M_2) generates M_2 as an RΓ-module, then mL_{Σ,ω}(A |M_2) = mL_{Σ,ω}(A |B) for all A ∈ F (M_1).

Proof. (1). Let A^′ ∈ F (M_1). Take K ∈ F(Γ) with A^′ ⊆

�_{s∈K}

sA .

Let B ∈ F (M_2) and F ∈ F(Γ). Set B^′ = B + A ∈ F (M_2) and F^′ = F ∪ K ∈ F(Γ). Let σ be a map from Γ to Sym(d) for some d ∈ N. Denote by φ the quotient map M^d_2 → M^d_2/M (B^′, F^′, σ). For any v ∈ [d], a ∈ A and s ∈ K, taking v^′ ∈ [d] with sv^′ = v, we have φ(δ_vsa) = φ(δ_{sv}′ sa) = φ(δ_v′ a) ∈ M (A , B^′, F^′, σ).

Thus M (A^′, B^′, F^′, σ) ⊆ φ((

�_{s∈K}

sA )^d) ⊆ M (A , B^′, F^′, σ). Therefore L(M (A^′, B^′, F^′, σ)) ≤ L(M (A , B^′, F^′, σ)) ≤ L(M (A , B, F, σ)).

It follows that mL_{Σ,ω}(A^′|B^′, F^′) ≤ mL_{Σ,ω}(A |B, F ). Therefore mL_{Σ,ω}(A^′|M_2) ≤ mL_{Σ,ω}(A |M_2). It is obvious that mL_{Σ,ω}(A |M_2) ≤ L(A ).

(2). Let B^′ ∈ F (M_2). Take K ∈ F(Γ) with B^′ ⊆

�_{t∈K}

tB. Set B^{′′} =

�_{t∈K} tB. Let F^′ ∈ F(Γ) containing e_Γ. Set F = F^′K ∈ F(Γ). Then F ⊇ K. Let 0 < ε < 1. Let σ : Γ → Sym(d) be a sufficiently good sofic approximation for Γ with |W| ≥ (1 − ε/|K|)d, where W := {v ∈ [d] : s(tv) = (st)v for all s ∈ F^′, t ∈ K}.

Denote by M (resp. M^†) the R-submodule of M^d_2 generated by δ_vb^{′′} − δ_{sv}sb^{′′} for v ∈ �_{t∈K}

tW (resp. v ∈ [d] \

�_{t∈K}

tW), s ∈ F^′ and b^{′′} ∈ B^{′′}. Then M (B^{′′}, F^′, σ) =

14 HANFENG LI AND BINGBING LIANG

M + M^†. For any v ∈

�_{t∈K}

tW, b ∈ B, t ∈ K and s ∈ F^′, writing v as tv^′ for some v^′ ∈ W, we have

δ_vtb − δ_{sv}stb = (δ_v′ b − δ_{stv}′ stb) − (δ_v′ b − δ_{tv}′ tb) ∈ M (B, F, σ).

Thus M ⊆ M (B, F, σ). Denote by ψ and φ the quotient maps M^d_2 → M^d_2/M (B, F, σ) and M^d_2 → M^d_2/M respectively. Then ψ factors through φ. Thus

L(M (A , B^′, F^′, σ)) ≥ L(M (A , B^{′′}, F^′, σ)) = L(φ(A^d)/(φ(A^d) ∩ φ(M^†))) = L(φ(A^d) + φ(M^†)) − L(φ(M^†)) ≥ L(φ(A^d)) − L(M^†) ≥ L(ψ(A^d)) − � �[d] \ � t∈K tW � � · |F^′| · L(B^{′′})

≥ L(M (A , B, F, σ)) − dε|F^′| · |K| · L(B).

It follows that mL_{Σ,ω}(A |B^′, F^′) ≥ mL_{Σ,ω}(A |B, F ) − ε|F^′| · |K| · L(B). Letting ε → 0, we get mL_{Σ,ω}(A |B^′, F^′) ≥ mL_{Σ,ω}(A |B, F ). Therefore mL_{Σ,ω}(A |B^′) ≥ mL_{Σ,ω}(A |B). □ Next we discuss some continuity properties for mean length.

Proposition 3.4. Let M_1 ⊆ M_2 be RΓ-modules such that M_1 is locally L-finite. The following are true.

(1) If {M^′_j}_{j∈J} is an increasing net of RΓ-submodules of M_1 with union M_1, then mL_{Σ,ω}(M^′_j |M_2) ↗ mL_{Σ,ω}(M_1|M_2). If furthermore M_2 is locally L-finite and mL_{Σ,ω}(M_2) < +∞, then mL_{Σ,ω}(M_2/M^′_j) ↘ mL_{Σ,ω}(M_2/M_1).

(2) If M_1 is a finitely generated RΓ-module, and {M^′_j }_{j∈J} is an increasing net of RΓ-submodules of M_2 containing M_1 with union M_2, then mL_{Σ,ω}(M_1|M^′_j) ↘ mL_{Σ,ω}(M_1|M_2).

Proof. (1). The first part is trivial. The second part follows from the first part and Theorem 1.1.

(2) follows from Lemma 3.3. □ Now we consider RΓ-modules of the form RΓ ⊗_R N for R-modules N .

Proposition 3.5. The following are true.

(1) For any R-modules N_1 ⊆ N_2 such that N_2 is locally L-finite, one has mL_{Σ,ω}(RΓ ⊗_R N_1|RΓ ⊗_R N_2) = L(N_1).

(2) For any locally L-finite R-module N and any RΓ-submodule M of RΓ⊗_R N , mL_{Σ,ω}(M|RΓ⊗_R N ) = 0 if and only if mL_{Σ,ω}(M) = 0, if and only if L(M) = 0.

SOFIC MEAN LENGTH 15

Proof. (1). Let A ∈ F (RΓ ⊗_R N_1). Then A ⊆ RΓ ⊗_R A^′ for some A^′ ∈ F (N_1). Note that e_Γ ⊗ A^′ is in F (RΓ ⊗_R A^′) and generates RΓ ⊗_R A^′ as an RΓ-module. By Lemma 3.3 one has mL_{Σ,ω}(A |RΓ⊗_RN_2) ≤ mL_{Σ,ω}(RΓ⊗_RA^′|RΓ⊗_RN_2) ≤ L(e_Γ⊗A^′) = L(A^′) ≤ L(N_1). Thus mL_{Σ,ω}(RΓ ⊗_R N_1|RΓ ⊗_R N_2) ≤ L(N_1).

Let A ∈ F (N_1). Let B ∈ F (RΓ ⊗_R N_2). Then B ⊆ RΓ ⊗_R B^′ for some B^′ ∈ F (N_2). Let F ∈ F(Γ) and 0 < ε < 1. Let σ : Γ → Sym(d) be a good enough sofic approximation for Γ with |W| ≥ (1 − ε)d, where W := {v ∈ [d] : e_Γv = v}.

Note that (e_Γ ⊗ A )^d ∩ M (e_Γ ⊗ B^′, F, σ) ⊆

�_{v∈[d]\W}

(δ_v(e_Γ ⊗ B^′) + δe_Γv(e_Γ ⊗ B^′)). Thus L(M (e_Γ ⊗ A , e_Γ ⊗ B^′, F, σ)) = L((e_Γ ⊗ A )^d) − L((e_Γ ⊗ A )^d ∩ M (e_Γ ⊗ B^′, F, σ))

≥ dL(A ) − L( � v∈[d]\W

(δ_v(e_Γ ⊗ B^′) + δe_Γv(e_Γ ⊗ B^′)))

≥ dL(A ) − 2 � �[d] \ W � �L(B^′)

≥ dL(A ) − 2dεL(B^′).

Therefore mL_{Σ,ω}(e_Γ ⊗ A |e_Γ ⊗ B^′, F ) ≥ L(A ) − 2εL(B^′).

Letting ε → 0, we get mL_{Σ,ω}(e_Γ ⊗ A |e_Γ ⊗ B^′, F ) ≥ L(A ). Since F is an arbitrary finite subset of Γ, we conclude that mL_{Σ,ω}(e_Γ ⊗ A |e_Γ ⊗ B^′) ≥ L(A ). By Lemma 3.3 we get mL_{Σ,ω}(e_Γ ⊗ A |B) ≥ mL_{Σ,ω}(e_Γ ⊗ A |RΓ ⊗_R B^′) = mL_{Σ,ω}(e_Γ ⊗ A |e_Γ ⊗ B^′) ≥ L(A ). Since B is an arbitrary finitely generated R-submodule of RΓ ⊗_R N_2, we get mL_{Σ,ω}(RΓ ⊗_R N_1|RΓ ⊗_R N_2) ≥ mL_{Σ,ω}(e_Γ ⊗ A |RΓ ⊗_R N_2) ≥ L(A ).

By the upper continuity of L, we conclude that mL_{Σ,ω}(RΓ ⊗_R N_1|RΓ ⊗_R N_2) ≥ L(N_1). Therefore mL_{Σ,ω}(RΓ ⊗_R N_1|RΓ ⊗_R N_2) = L(N_1).

(2). If L(M) = 0, then clearly mL_{Σ,ω}(M) = 0. Since mL_{Σ,ω}(M|RΓ ⊗_R N ) ≤ mL_{Σ,ω}(M), it suffices to show that if mL_{Σ,ω}(M|RΓ ⊗_R N ) = 0, then L(M) = 0.

Let A ∈ F (M). Then there exists some K ∈ F(Γ) such that e_Γ ∈ K = K^{−1} and A ⊆

�_{t∈K}

t ⊗ N . Let B ∈ F (RΓ ⊗_R N ). Then B ⊆ RΓ ⊗_R B^′ for some B^′ ∈ F (N ). Let F ∈ F(Γ).

Let 0 < ε < 1. Let σ : Γ → Sym(d) be a good enough sofic approximation of Γ with |W| ≥ (1 − ε)d, where W := {v ∈ [d] : t(sv) = (ts)v for all s, t ∈ K, sv ≠ s^′v for all s ≠ s^′ ∈ K, and e_Γv = v}. Take a maximal subset V of W subject to the condition that the sets Kv are pairwise disjoint for v ∈ V. Then σ(K)^{−1}σ(K)V ⊇ W, whence |V| ≥ |W|/|K|^2 ≥ (1 −

16 HANFENG LI AND BINGBING LIANG

ε)d/|K|^2. Denote by M (resp. M^†) the R-submodule of RΓ ⊗_R N generated by δ_v e_Γ ⊗ b^′ − δ_{sv}s ⊗ b^′ for all v ∈ W (resp. v ∈ [d] \ W), b^′ ∈ B^′ and s ∈ F . Then M (e_Γ ⊗ B^′, F, σ) = M + M^†.

Set Ã =

�_{v∈V}

δ_vA . We claim that Ã ∩ M = {0}. Let x ∈ Ã ∩ M . Then x = �_{v∈W} �_{s∈F}

(δ_ve_Γ ⊗ f(v, s) − δ_{sv}s ⊗ f(v, s)) for some map f : W × F → B^′. Since e_Γv = v for all v ∈ W, we may assume that f(v, e_Γ) = 0 for all v ∈ W, in case e_Γ ∈ F . Because x ∈ Ã , we must have f(v, s) = 0 for all (v, s) ∈ W × (F \ K) and all (v, s) ∈ W × F with sv ∉ V. By our choice of V, we then conclude that f = 0. Thus x = 0. This proves our claim.

Denote by φ the quotient map (RΓ ⊗_R N )^d → (RΓ ⊗_R N )^d/M . Then L(M (A , e_Γ ⊗ B^′, F, σ)) = L(φ(A^d)/(φ(A^d) ∩ φ(M^†))) = L(φ(A^d) + φ(M^†)) − L(φ(M^†)) ≥ L(φ(A^d)) − � �[d] \ W � � · |F | · L(B^′) ≥ L(φ(Ã )) − dε · |F | · L(B^′) = L(Ã ) − dε · |F | · L(B^′) = |V| · L(A ) − dε · |F | · L(B^′) ≥ L(A )(1 − ε)d/|K|^2 − dε · |F | · L(B^′).

Thus mL_{Σ,ω}(A |e_Γ ⊗ B^′, F ) ≥ L(A )(1 − ε)/|K|^2 − ε · |F | · L(B^′).

Letting ε → 0, we get mL_{Σ,ω}(A |e_Γ ⊗B^′, F ) ≥ L(A )/|K|^2, and hence mL_{Σ,ω}(A |e_Γ ⊗ B^′) ≥ L(A )/|K|^2. By Lemma 3.3, we have

mL_{Σ,ω}(A |B) ≥ mL_{Σ,ω}(A |RΓ ⊗_R B^′) = mL_{Σ,ω}(A |e_Γ ⊗ B^′) ≥ L(A )/|K|^2. Therefore mL_{Σ,ω}(A |RΓ ⊗_R N ) ≥ L(A )/|K|^2.

If mL_{Σ,ω}(M|RΓ ⊗_R N ) = 0, then mL_{Σ,ω}(A |RΓ ⊗_R N ) = 0 and hence L(A ) = 0 for all A ∈ F (M), which implies L(M) = 0 by the upper continuity of L. □

To round this section, we compute the mean length in a fairly simple case.

Proposition 3.6. Suppose that Γ is infinite and M is an RΓ-module with L(M) < +∞. Then mL_{Σ,ω}(M) = 0.

Proof. Let A ∈ F (M) and ε > 0. By the upper continuity of L, we can find a B ∈ F (M) such that L(M) < L(B) + ε.

Let K ∈ F(Γ) be nonempty. Set F = K^{−1}K ∈ F(Γ). Let σ : Γ → Sym(d) be a good enough sofic approximation of Γ with |W| ≥ (1 − ε)d, where W := {v ∈ [d] : σ_sv ≠ σ_tv for all distinct s, t ∈ K, and (σ_s)^{−1}σ_tv = σ_s−1_tv for all s, t ∈ K}.

SOFIC MEAN LENGTH 17

Take a maximal subset V of W subject to the condition that the sets Kv are pairwise disjoint for v ∈ V. Then σ(F )V = σ(K^{−1}K)V = σ(K)^{−1}σ(K)V ⊇ W and |V| ≤ d/|K|.

Denote by M the R-submodule of M^d generated by δ_vM for v ∈ V. Denote by ψ the quotient map M^d → M^d/M (B, F, σ). For each s ∈ F , set B_s := sB ∩ A . Then L(A /B_s) ≤ L(M/sB) ≤ ε. For any (v, s) ∈ V × F and any a ∈ B_s, say a = sb with b ∈ B, we have

ψ(δ_{sv}a) = ψ(δ_{sv}sb) = ψ(δ_vb) ∈ ψ(M ).

Thus ψ(

�_{v∈V} �_{s∈F}

δ_{sv}B_s) ⊆ ψ(M ), whence

L(ψ( � v∈V � s∈F δ_{sv}B_s)) ≤ L(ψ(M )) ≤ L(M ) = |V|L(M).

Set W^′ := {sv : s ∈ F, v ∈ V}. Then W^′ ⊇ W. Therefore

L(M (A , B, F, σ)) = L(ψ( � v∈V � s∈F δ_{sv}B_s)) + L(ψ(A^d)/ψ( � v∈V � s∈F δ_{sv}B_s))

≤ |V|L(M) + L(A^d/ � v∈V � s∈F δ_{sv}B_s)

= |V|L(M) + � �[d] \ W^′ � �L(A ) + � v^′ ∈W^′

L(A / � v∈V,s∈F,sv=v^′

B_s)

≤ d(1/|K| + ε)L(M) + dε.

It follows that mL_{Σ,ω}(A |M) ≤ (1/|K| + ε)L(M) + ε. Since K is an arbitrary nonempty finite subset of Γ, we get mL_{Σ,ω}(A |M) ≤ (L(M) + 1)ε. As ε is an arbitrary positive number, we get mL_{Σ,ω}(A |M) = 0. Thus mL_{Σ,ω}(M) = 0. □

4. Stably direct finiteness

In this section we prove Theorem 1.2.

For any unital ring R, one has its opposite ring R^{op} := {a^{op} : a ∈ R} with operations defined by a^{op} − b^{op} = (a − b)^{op} and a^{op}b^{op} = (ba)^{op}. Using the transpose map it is easy to see that (M_n(R))^{op} ∼= M_n(R^{op}) for every n ∈ N. Thus R is stably direct finite if and only if R^{op} is so. Then Theorem 1.2 follows from Lemma 4.1 and Theorem 4.2 below.

Lemma 4.1. For any unital ring R and any (not necessarily sofic) group Γ, R^{op}Γ is isomorphic to (RΓ)^{op}.

Proof. For each x ∈ R^{op}Γ, writing x as

�_{s∈Γ}

a^{op}_s s, where a_s ∈ R for each s ∈ Γ and a_s = 0 for all but finitely many s ∈ Γ, we define an element φ(x) of (RΓ)^{op} by φ(x) = (

�_{s∈Γ}

a_ss^{−1})^{op}. It is easily checked that the map φ : R^{op}Γ → (RΓ)^{op} sending x to φ(x) is an isomorphism. □

For any R-module M , we denote by End_R(M ) the endomorphism ring of M .

18 HANFENG LI AND BINGBING LIANG

Theorem 4.2. Let R be a unital ring, Γ be a sofic group, and M be a nonzero Noetherian R-module. Set R̃ := End_R(M ). Then R̃Γ is stably direct finite.

Theorem 4.2 was proved by Ceccherini-Silberstein and Coornaert under the further assumption that M is also Artinian [7, Corollary 1.4]. Theorem 4.2 follows from Lemmas 4.3, 4.4 and Theorem 4.5 below, and the fact that End_R(M^{⊕n}) ∼= M_n(End_R(M )) for every n ∈ N, where M^{⊕n} denotes the direct sum of n copies of M . Lemma 4.3. Let R be a unital ring, M be a nonzero finitely generated R-module, and Γ be a (not necessarily sofic) group. Set R̃ := End_R(M ). Then End_{RΓ}(RΓ ⊗_R M ) is isomorphic to R̃Γ.

Proof. Each element a of RΓ ⊗_R M can be written as

�_{t∈Γ}

t ⊗ a_t with a_t ∈ M for each t ∈ Γ and a_t = 0 for all but finitely many t ∈ Γ. For each f ∈ R̃Γ, writing f as �_{s∈Γ}

f_ss with f_s ∈ R̃ for each s ∈ Γ and f_s = 0 for all but finitely many s ∈ Γ, we define a φ(f) ∈ End_{RΓ}(RΓ ⊗_R M ) by

φ(f)( � t∈Γ t ⊗ a_t) = � s,t∈Γ

ts^{−1} ⊗ f_s(a_t).

It is easily checked that the map φ : R̃Γ → End_{RΓ}(RΓ ⊗_R M ) sending f to φ(f) is an isomorphism. □

The following lemma is well known.

Lemma 4.4. Let R be a unital ring and M be a nonzero R-module. Then End_R(M ) is directly finite if and only if M has no nontrivial direct summand isomorphic to itself.

Proof. We prove the “if” part first. Suppose that End_R(M ) is not directly finite. Then we can find f, g ∈ End_R(M ) such that fg is the identity map id on M , while gf is not. Note that (gf)^2 = gf. Set M_1 = gf(M ) and M_2 = (id − gf)(M ). Then M = M_1 ⊕ M_2 and M_2 ≠ 0. Note that M_1 ⊆ g(M ). Since gx = gf(gx) ∈ M_1 for every x ∈ M , we have g(M ) ⊆ M_1, and hence M_1 = g(M ). The surjective homomorphism M → g(M ) sending x to gx is injective since f(gx) = x. Therefore M_1 is isomorphic to M .

Next we prove the “only if” part. Suppose that M has a nontrivial direct summand isomorphic to itself. Say, M = M_1 ⊕ M_2, M_2 ≠ 0, and M ∼= M_1. Let φ : M → M_1 be an isomorphism. Denoting by ι the embedding M_1 → M , we set g = ι ∘ φ ∈ End_R(M ). Denoting by π the projection M → M_1, we set f = φ^{−1} ∘ π ∈ End_R(M ). Then fg = id while gf ≠ id. □

An RΓ-module M is called hopfian if every surjective module homomorphism M → M is injective.

Theorem 4.5. Let R be a unital ring, Γ be a sofic group, and M be a Noetherian R-module. Then the RΓ-module RΓ ⊗_R M is hopfian.

SOFIC MEAN LENGTH 19

Using mean length for amenable groups, Virili showed that if R is a unital left Noetherian ring, Γ is a finitely generated amenable group, and M is a finitely generated R-module, then the RΓ-module RΓ ⊗_R M is hereditarily hopfian in the sense that every RΓ-submodule of RΓ ⊗_R M is hopfian [69, Theorem 7.8]. Our proof of Theorem 4.5 follows Virili’s method, but uses the sofic mean length defined in Section 3.

We shall use the notations in Section 2.1. Let α be an ordinal and M ∈_RM. Denote by T_α(M ) the set of all x ∈ M such that Rx ∈ A_α. Since A_α is a Serrecategory, T_α(M ) is an R-submodule of M . Note that T_α(M ) ⊆ T_γ (M ) for all ordinals α < γ, and T_α(M ) =

�_{β<α}

T_β (M ) for every limit ordinal α.

Lemma 4.6. Let R, Γ and M be as in Theorem 4.5. Let N be a nonzero Rsubmodule of RΓ ⊗_R M . Then there is an ordinal α such that T_α(N ) ≠ N and T_{α+1}(N ) = N .

Proof. For any ordinal α, one has T_α(RΓ ⊗_R M ) = RΓ ⊗_R T_α(M ) and T_α(N ) = T_α(RΓ ⊗_R M ) ∩ N . Since M is Noetherian, there are only finitely many ordinals α satisfying T_α(M ) ≠ T_{α+1}(M ). Thus there are only finitely many ordinals α satisfying T_α(N ) ≠ T_{α+1}(N ). Denote by β the Krull dimension of M . Then T_β (M ) = M , whence T_β (N ) = N . Therefore, for the largest ordinal α satisfying T_α(N ) ≠ T_{α+1}(N ), we must have T_α(N ) ≠ N and T_{α+1}(N ) = N . □

Lemma 4.7. Let φ : M → N be a surjective homomorphism of R-modules. Suppose that Rx is Noetherian for every x ∈ M and that β is an ordinal with T_β (ker(φ)) = ker(φ). Then φ(T_β (M )) = T_β(N ).

Proof. Clearly φ(T_β(M )) ⊆ T_β(N ). Let y ∈ T_β(N ). Take x ∈ M with φ(x) = y. Then we have a short exact sequence

0 → Rx ∩ ker(φ) → Rx → Ry → 0

of R-modules. Since Rx is Noetherian, Rx∩ker(φ) is a finitely generated R-module. Because T_β(ker(φ)) = ker(φ), for every z ∈ Rx ∩ ker(φ) we have Rz ∈ A_β. It follows that Rx ∩ ker(φ) ∈ A_β . Because y ∈ T_β(N ), we also have Ry ∈ A_β . Thus Rx ∈ A_β . That is, x ∈ T_β(M ). □

We are ready to prove Theorem 4.5.

Proof of Theorem 4.5. Let φ be a surjective RΓ-module homomorphism from RΓ⊗_R M onto itself. Suppose that ker(φ) ≠ 0. By Lemma 4.6 we can find an ordinal α such that T_α(ker(φ)) ≠ ker(φ) and T_{α+1}(ker(φ)) = ker(φ). By Lemma 4.7 we have φ(T_{α+1}(RΓ ⊗_R M )) = T_{α+1}(RΓ ⊗_R M ). But T_{α+1}(RΓ ⊗_R M ) = RΓ ⊗_R N for N := T_{α+1}(M ). Thus (RΓ ⊗_R N )/ ker(φ) ∼= RΓ ⊗_R N as RΓ-modules.

Let L := L_α be the length function on R-modules defined in Example 2.4. Then we have the sofic mean length mL_{Σ,ω} defined in Definition 3.1. Since L_α takes finite

20 HANFENG LI AND BINGBING LIANG

values on modules in A_{α+1}, N is locally L_α-finite. By Theorem 1.1 we have mL_{Σ,ω}(RΓ ⊗_R N ) = mL_{Σ,ω}(ker(φ)|RΓ ⊗_R N ) + mL_{Σ,ω}((RΓ ⊗_R N )/ ker(φ)) = mL_{Σ,ω}(ker(φ)|RΓ ⊗_R N ) + mL_{Σ,ω}(RΓ ⊗_R N ).

Since M is Noetherian, N is finitely generated. Thus N ∈ A_{α+1}, and hence L_α(N ) < +∞. By Proposition 3.5 we have mL_{Σ,ω}(RΓ ⊗_R N ) = L_α(N ) < +∞. Therefore mL_{Σ,ω}(ker(φ)|RΓ ⊗_R N ) = 0. By Proposition 3.5 we get L_α(ker(φ)) = 0.

Since T_α(ker(φ)) ≠ ker(φ), we can find some x ∈ ker(φ) with Rx ∉ A_α. Then L_α(ker(φ)) ≥ L_α(Rx) > 0, which is a contradiction. Therefore φ must be injective. □ 5. Amenable group case for mean length In this section we consider the amenable group case for the sofic mean length and prove Theorem 5.1. Throughout this section, we let Γ be a discrete amenable group.

We recall first the definition of mean length for amenable groups. For any locally L-finite RΓ-module M, any A ∈ F (M), and any F ⊆ Γ, we set A^F =

�_{s∈F}

s^{−1}A .

For any t ∈ Γ and F ∈ F(Γ) we have L(A^{F t}) = L(A^F ). For any F_1, F_2 ∈ F(Γ), noting that A^{F1∩F2} is isomorphic to an R-submodule of the kernel of the natural surjective R-module homomorphism A^{F1} ⊕ A^{F2} → A^{F1∪F2} we have L(A^{F1∪F2} ) + L(A^{F1∩F2} ) ≤ L(A^{F1} ⊕ A^{F2} ) = L(A^{F1} ) + L(A^{F2} ).

Thus the limit lim_F^{L(A F )}_{|F |} as F ∈ F(Γ) becomes more and more left invariant exists and is equal to inf_{F ∈F(Γ)\{∅}}^{L(A F )}_{|F |} [39, Lemma 3.3], which we denote by mL(A ). That is, for any ε > 0, there exist a nonempty K ∈ F(Γ) and a δ > 0 such that for any nonempty F ∈ F(Γ) with |KF \ F | < δ|F |, one has � �^{L(A F )}_{|F |} − mL(A ) � � < ε.

Then the mean length of M is defined as mL(M) := sup_{A ∈F (M)} mL(A ).

This mean length mL(M) was studied first in [58, 60] for the case Γ = Z and L is discrete in the sense that the set of finite values of L is order isomorphic to N, then in [38] for general amenable groups assuming L(R) < +∞, and also in [69] for general amenable groups assuming L is discrete.

Theorem 5.1. For any locally L-finite RΓ-module M and any A ∈ F (M), we have mL_{Σ,ω}(A |M) = mL(A ).

If particular, for any RΓ-modules M_1 ⊆ M_2 such that M_2 is locally L-finite, we have mL_{Σ,ω}(M_1|M_2) = mL(M_1).

The following lemma is [32, Lemma 4.6]. We need it a few times.

SOFIC MEAN LENGTH 21

Lemma 5.2. For any K ∈ F(Γ) and 0 < ε < 1/2, there are ℓ ∈ N and nonempty F_1, . . . , F_ℓ ∈ F(Γ) with |KF_k \ F_k| < ε|F_k| for all 1 ≤ k ≤ ℓ such that, for any good enough sofic approximation σ : Γ → Sym(d) for Γ and any W ⊆ [d] with |W| ≥ (1 − ε)d, there exist C_1, . . . , C_ℓ ⊆ W such that

(1) for every k = 1, . . . , ℓ, the map (s, c) → sc from F_k × C_k to [d] is injective, (2) the family {F_1C_1, . . . , F_ℓC_ℓ} is disjoint and � � �_{1≤k≤ℓ}

F_kC_k � � ≥ (1 − 2ε)d.

Theorem 5.1 follows from Lemmas 5.3 and 5.4 below.

Lemma 5.3. For any locally L-finite RΓ-module M and any A ∈ F (M), we have mL_{Σ,ω}(A |M) ≥ mL(A ).

Proof. Let B ∈ F (M) and K ∈ F(Γ).

Take 0 < ε < 1/2. Then we have ℓ and F_1, . . . , F_ℓ in Lemma 5.2. Let σ : Γ → Sym(d) be a good enough sofic approximation for Γ such that |W| > (1 − ε)d for

W := {v ∈ [d] : s(tv) = (st)v for all s ∈ K and t ∈ ℓ� k=1 F_k}.

Then we have C_1, . . . , C_ℓ as in Lemma 5.2. Denote by L the set of all (k, c) such that k ∈ {1, . . . , ℓ} and c ∈ C_k.

Let 1 ≤ k ≤ ℓ. Set F^′_k = {t ∈ F_k : Kt ⊆ F_k}. Then |F_k \ F^′_k| ≤ |K| · |KF_k \ F_k| < ε|F_k|·|K|. For each c ∈ C_k, denote by M (B, k, c) the R-submodule of M^d generated by δ_{tc}b − δ_{stc}sb for t ∈ F^′_k, s ∈ K and b ∈ B.

Denote by M^† the R-submodule of M^d generated by δ_vb − δ_{sv}sb for v ∈ [d] \

�_ℓ

k=1 F^′_kC_k, s ∈ K and b ∈ B. Set M =

�_{(k,c)∈L}

M (B, k, c). Then M (B, K, σ) = M + M^†.

Note that � �[d] \ � 1≤k≤ℓ

F^′_kC_k � � = � �[d] \ � 1≤k≤ℓ

F_kC_k � � + � � � 1≤k≤ℓ

(F_k \ F^′_k)C_k � � ≤ 2εd + � 1≤k≤ℓ

|F_k \ F^′_k| · |C_k|

≤ 2εd + � 1≤k≤ℓ

ε|F_k| · |K| · |C_k|

= 2εd + ε|K| · � � � 1≤k≤ℓ

F_kC_k � � ≤ 2εd + ε|K|d.

Denote by ϕ the R-module homomorphism M^d →

�_{(k,c)∈L}

M such that ϕ(δ_vM) = 0 for all v ∈ [d] \

�_ℓ

k=1 F_kC_k and ϕ(δ_{tc}tx) takes value x at (k, c) and 0 everywhere else for all (k, c) ∈ L , t ∈ F_k and x ∈ M. Note that ϕ(A^d) =

�_{(k,c)∈L}

A^{Fk} and

22 HANFENG LI AND BINGBING LIANG

ϕ(M ) = 0. Thus

L(M (A , B, K, σ)) = L((A^d + M (B, K, σ))/M (B, K, σ)) ≥ L(ϕ(A^d + M (B, K, σ))/ϕ(M (B, K, σ))) = L(( � (k,c)∈L

A^{Fk} + ϕ(M^†))/ϕ(M^†))

= L( � (k,c)∈L

A^{Fk} + ϕ(M^†)) − L(ϕ(M^†))

≥ L( � (k,c)∈L

A^{Fk} ) − L(M^†) ≥ � (k,c)∈L

L(A^{Fk} ) − � �[d] \ � 1≤k≤ℓ

F^′_kC_k � � · |K| · L(B) ≥ � (k,c)∈L

|F_k|mL(A ) − (2 + |K|)εd · |K| · L(B) = � � � 1≤k≤ℓ

F_kC_k � �mL(A ) − (2 + |K|)εd · |K| · L(B) ≥ d(1 − 2ε)mL(A ) − (2 + |K|)εd · |K| · L(B).

Therefore

mL_{Σ,ω}(A |B, K) ≥ (1 − 2ε)mL(A ) − (2 + |K|)ε · |K| · L(B).

Letting ε → 0, we get mL_{Σ,ω}(A |B, K) ≥ mL(A ). Since B ∈ F (M) and K ∈ F(Γ) are arbitrary, we conclude that mL_{Σ,ω}(A |M) ≥ mL(A ). □ Lemma 5.4. For any RΓ-module M and any A ∈ F (M) with L(A ) < +∞, we have mL_{Σ,ω}(A |M) ≤ mL(A ).

Proof. Let δ > 0. There exist nonempty K ∈ F(Γ) and 0 < ε < 1/2 such that for any nonempty F ∈ F(Γ) with |KF \ F | < ε|F |, one has L(A^F ) ≤ |F |(mL(A ) + δ). Then we have ℓ and F_1, . . . , F_ℓ in Lemma 5.2. In particular, L(A^{Fk} ) ≤ |F_k|(mL(A ) + δ) for all 1 ≤ k ≤ ℓ.

Set F =

�_ℓ

k=1 F_k ∈ F(Γ) and B = A^F ∈ F (M).

Let σ : Γ → Sym(d) be a good enough sofic approximation for Γ, and set W = [d]. Then we have C_1, . . . , C_ℓ as in Lemma 5.2. Denote by φ the quotient map M^d → M^d/M (B, F, σ). Set A^′ = � v∈[d]\

�_{ℓk=1 FkCk} δ_v A . Let 1 ≤ k ≤ ℓ and c ∈ C_k. Set

A^♯(k, c) = δ_c(A^{Fk} ). Then A^♯(k, c) is isomorphic to A^{Fk} as R-modules. For any s ∈ F_k and a ∈ A , we have φ(δ_{sc}a) = φ(δ_cs^{−1}a) ∈ φ(A^♯(k, c)).

SOFIC MEAN LENGTH 23

Thus M (A , B, F, σ) ⊆ φ(A^′) + � 1≤k≤ℓ � c∈C_k

φ(A^♯(k, c)).

Therefore

L(M (A , B, F, σ)) ≤ L(φ(A^′) + � 1≤k≤ℓ � c∈C_k

φ(A^♯(k, c)))

≤ L(A^′) + � 1≤k≤ℓ � c∈C_k

L(A^♯(k, c))

≤ L(A ) · � �[d] \ � 1≤k≤ℓ

F_kC_k � � + � 1≤k≤ℓ

|C_k| · L(A^{Fk} )

≤ 2L(A )dε + � 1≤k≤ℓ

|C_k| · |F_k| · (mL(A ) + δ)

≤ 2L(A )dε + d · (mL(A ) + δ). Thus mL_{Σ,ω}(A |M) ≤ mL_{Σ,ω}(A |B, F ) ≤ 2L(A )ε + mL(A ) + δ.

Letting ε → 0 and then δ → 0, we get mL_{Σ,ω}(A |M) ≤ mL(A ). □ 6. Finitely generated submodule of free module In this section we give a formula for the mean length of a finitely generated RΓmodule relative to a free RΓ-module.

Let σ be a map from Γ to Sym(d) for some d ∈ N. For each f ∈ RΓ, we define an R-module homomorphism σ̄_f : R^d → R^d by (σ̄_f (w))_v = � s∈Γ w_{sv}f_s (3) for all v ∈ [d]. For any m, n ∈ N and f ∈ M_{m,n}(RΓ), we then define an R-module homomorphism σ̄_f : (R^d)^{1×m} → (R^d)^{1×n} by σ̄_f = (σ̄_{fk,j} )_{1≤k≤m,1≤j≤n} ∈ M_{m,n}(End_R(R^d)). (4) Proposition 6.1. Let f ∈ M_{m,n}(RΓ) for some m, n ∈ N. Set M_1 = (RΓ)^{1×m}f and M_2 = (RΓ)^{1×n}. Suppose that L(R) < ∞. Then

mL_{Σ,ω}(M_1|M_2) = lim_{i→ω}

L(imσ̄_{i,f} )

d_i . Proof. Denote by A the set of all rows of f, and by A the R-submodule of M_1 generated by A. Then A generates M_1 as an RΓ-module. By Lemma 3.3 we have mL_{Σ,ω}(M_1|M_2) = mL_{Σ,ω}(A |M_2).

Denote by F^′ the union of the support of elements in A (as finite subsets of Γ). Let e_1, . . . , e_n be the standard basis of M_2. Denote by Ã the R-submodule of M_2 generated by e_1, . . . , e_n. Let B ∈ F (M_2) contain Ã , and F ∈ F(Γ) contain F^′. Let σ be a map from Γ to Sym(d) for some d ∈ N. Denote by φ the quotient map

24 HANFENG LI AND BINGBING LIANG

M^d_2 → M^d_2/M (B, F, σ). For each 1 ≤ k ≤ m, denote by f_k the k-th row of f, and write it as

�_n j=1 Ä � s∈Γ f_{k,j,s}s ä e_j with f_{k,j,s} ∈ R. Define a surjective R-module homomorphism ϕ : (R^d)^{1×m} → A^d by ϕ((w_{k,v})_{1≤k≤m,v∈[d]}) = m� k=1 � v∈[d]

w_{k,v}δ_vf_k.

Also define an R-module isomorphism ψ from (R^d)^{1×n} to Ã^d sending (w_{j,v})_{1≤j≤n,v∈[d]} to �_n j=1 �_{v∈[d]}

w_{j,v}δ_ve_j . Let w = (w_{k,v})_{1≤k≤m,v∈[d]} ∈ (R^d)^{1×m}. We have φ(ϕ(w)) = φ

Ä^m� k=1 � v∈[d]

w_{k,v}δ_v f_k ä

= m� k=1 � v∈[d] n� j=1 � s∈F^′

w_{k,v}f_{k,j,s}φ(δ_vse_j ) = m� k=1 � v∈[d] n� j=1 � s∈F^′

w_{k,v}f_{k,j,s}φ(δ_σ−1_{s (v)}e_j ) = m� k=1 � v∈[d] n� j=1 � s∈Γ w_{k,sv}f_{k,j,s}φ(δ_ve_j ) = φ Ä^m� k=1 � v∈[d] n� j=1 � s∈Γ w_{k,sv}f_{k,j,s}δ_ve_j ä . For any 1 ≤ j ≤ n and v ∈ [d], we have (σ̄_f (w))_{j,v} = m� k=1 Ä σ̄_{fk,j} (w_k) ä v = m� k=1 � s∈Γ w_{k,sv}f_{k,j,s}, thus ψ(σ̄_f (w)) = n� j=1 � v∈[d] m� k=1 � s∈Γ w_{k,sv}f_{k,j,s}δ_ve_j .

Therefore φ(ϕ(w)) = φ(ψ(σ̄_f (w))).

Then M (A , B, F, σ) = φ(A^d) = φ(ϕ((R^d)^{1×m})) = φ(ψ(σ̄_f ((R^d)^{1×m}))) = φ(ψ(imσ̄_f )). (5) From (5) we have L(M (A , B, F, σ)) = L(φ(ψ(imσ̄))) ≤ L(imσ̄_f ), whence mL_{Σ,ω}(A |B, F ) ≤ lim_{i→ω}

L(imσ̄_{i,f} )

d_i . (6)

SOFIC MEAN LENGTH 25

From (5) we also have

L(M (A , B, F, σ)) = L(ψ(imσ̄_f )) − L(ψ(imσ̄_f ) ∩ M (B, F, σ)) ≥ L(imσ̄_f ) − L(Ã^d ∩ M (B, F, σ)) = L(imσ̄_f ) − L(Ã^d) + L(M (Ã , B, F, σ)) = L(imσ̄_f ) − ndL(R) + L(M (Ã , B, F, σ)), and hence

mL_{Σ,ω}(A |B, F ) ≥ lim_{i→ω}

L(imσ̄_{i,f} ) d_i

− nL(R) + mL_{Σ,ω}(Ã |B, F ).

Note that Ã generates M_2 = RΓ ⊗_R R^n as an RΓ-module. Thus by Lemma 3.3 and Proposition 3.5 we have mL_{Σ,ω}(Ã |M_2) = mL_{Σ,ω}(M_2) = nL(R). Therefore mL(Ã |B, F ) ≥ nL(R), whence

mL_{Σ,ω}(A |B, F ) ≥ lim_{i→ω}

L(imσ̄_{i,f} )

d_i . (7) Combining (6) and (7) we get mL_{Σ,ω}(A |B, F ) = lim_{i→ω}^{L(imσ̄i,f )}_{di} . By Lemma 3.3 we get mL_{Σ,ω}(M_1|M_2) = mL_{Σ,ω}(A |M_2) = lim_{i→ω}^{L(imσ̄i,f )}_{di} . □ From Propositions 6.1 and 3.5, and Theorem 1.1 we have the following consequence.

Corollary 6.2. Let Γ^′ be a subgroup of Γ and denote by Σ^′ the restriction of Σ to Γ^′. Let f ∈ M_{m,n}(RΓ^′) for some m, n ∈ N. Suppose that L(R) < ∞. Then mL_{Σ,ω}((RΓ)^{1×m}f|(RΓ)^{1×n}) = mL_Σ′_{,ω}((RΓ^′)^{1×m}f|(RΓ^′)^{1×n}), and mL_{Σ,ω}((RΓ)^{1×n}/(RΓ)^{1×m}f) = mL_Σ′_{,ω}((RΓ^′)^{1×n}/(RΓ^′)^{1×m}f).

Example 6.3. Suppose that L(R) = 1 and s ∈ Γ has infinite order. Then the subgroup Γ^′ of Γ generated by s is isomorphic to Z. Clearly s − 1 is not a right zero-divisor in RΓ^′, whence RΓ^′(s − 1) ∼= RΓ^′ as RΓ^′-modules. By Corollary 6.2 and Theorem 5.1 we have mL_{Σ,ω}(RΓ(s − 1)|RΓ) = mL_Σ′_{,ω}(RΓ^′(s − 1)|RΓ^′) = mL(RΓ^′(s − 1)) = mL(RΓ^′) = 1, and mL_{Σ,ω}(RΓ/RΓ(s − 1)) = mL_Σ′_{,ω}(RΓ^′/RΓ^′(s − 1)) = mL(RΓ^′) − mL(RΓ^′(s − 1)) = 0. In particular, we can take Γ to be the free group F_2 with canonical generators s and t. It is well known that RF_2 has a free submodule with generators s − 1 and t − 1 [54, Corollary 10.3.7.(iv)]. Thus RF_2/RF_2(s − 1) contains an RF_2-submodule isomorphic to RF_2, while mL_{Σ,ω}(RF_2/RF_2(s − 1)) = 0.

26 HANFENG LI AND BINGBING LIANG

7. Mean rank and von Neumann-Lück rank

In this section we introduce the relative von Neumann-Lück rank and study its relation with the mean length. Throughout this section, we fix R to be a unital subring of C. As in Example 2.3, we consider the length function on R-modules given by rk(M ) = dim_Q(Q ⊗_R M ), where Q denotes the fraction field for R. Then we have the relative mean length mrk_{Σ,ω}(M_1|M_2) defined in Definition 3.1 for all RΓ-modules M_1 ⊆ M_2.

We shall use the notations in Section 2.3. For any RΓ-module M, its von Neumann- Lück rank is defined as vrk(M) := dim_{LΓ}(LΓ ⊗_{RΓ} M).

We shall show that mrk_{Σ,ω}(M) = vrk(M) for any RΓ-module M when R is contained in the algebraic closure Q̄ of Q. The proof uses the relative mean length mrk_{Σ,ω}(M_1|M_2). Correspondingly, we must introduce a relative version of the von Neumann-Lück rank.

Definition 7.1. For any RΓ-modules M_1 ⊆ M_2, denoting by ϕ the natural map LΓ ⊗_{RΓ} M_1 → LΓ ⊗_{RΓ} M_2, we define the von Neumann-Lück rank of M_1 relative to M_2 as vrk(M_1|M_2) := dim_{LΓ} ϕ(LΓ ⊗_{RΓ} M_1).

Note that when M_1 = M_2, we have vrk(M_1|M_2) = vrk(M_1). Now we can state our main result of this section.

Theorem 7.2. Suppose that R ⊆ Q̄. For any RΓ-modules M_1 ⊆ M_2, we have mrk_{Σ,ω}(M_1|M_2) = vrk(M_1|M_2).

In particular, for any RΓ-module M we have mrk_{Σ,ω}(M) = vrk(M).

From Theorem 7.2 and Proposition 3.6 we have the following application to the von Neumann-Lück rank.

Corollary 7.3. Suppose that Γ is infinite and R ⊆ Q̄. Let M be an RΓ-module with rk(M) < +∞. Then vrk(M) = 0.

For any m, n ∈ N and f ∈ M_{m,n}(RΓ), denote by ker f the kernel of the bounded linear operator M_f : (ℓ^2(Γ))^{n×1} → (ℓ^2(Γ))^{m×1} sending z to fz, and by P_f the orthogonal projection from (ℓ^2(Γ))^{n×1} onto ker f. Taking direct sum of the right regular representation r of Γ on ℓ^2(Γ), we get the unitary representations r^{⊕n} and r^{⊕m} of Γ on (ℓ^2(Γ))^{n×1} and (ℓ^2(Γ))^{m×1} respectively. Clearly M_f ∘ r^{⊕n}_s = r^{⊕m}_s ∘ M_f for every s ∈ Γ. Thus r^{⊕n}_s (ker f) = ker f, whence P_f commutes with r^{⊕n}_s for every s ∈ Γ. It follows that P_f ∈ M_n(LΓ).

Lemma 7.4. Suppose that R ⊆ Q̄. Let f ∈ M_{m,n}(RΓ) for some m, n ∈ N. Then

lim_{i→ω} rk(imσ̄_{i,f} ) d_i

= n − tr_{LΓ}P_f ,

SOFIC MEAN LENGTH 27

where σ̄_{i,f} is defined in (4).

Proof. Let σ be a map from Γ to Sym(d) for some d ∈ N. The formulas (3) and (4) in fact define C-linear maps C^d → C^d and (C^d)^{1×m} → (C^d)^{1×n} respectively. We still denote the latter by σ̄_f . Then rk(σ̄_f ((R^d)^{1×m})) = dim_C(σ̄_f ((C^d)^{1×m})).

For each s ∈ Γ, the permutation σ_s induces a linear isomorphism C^d → C^d, which we still denote by σ_s. Explicitly, (σ_sw)_{sv} = w_v for all w ∈ C^d and v ∈ [d]. We extend this map Γ → End_C(C^d) linearly to RΓ → End_C(C^d), and denote the image of h ∈ RΓ by σ_h. Explicitly, (σ_hw)_v = � s∈Γ,v^′∈[d],sv^′=v

h_sw_v′

for all h ∈ RΓ, w ∈ C^d and v ∈ [d]. Now we extend the map RΓ → End_C(C^d) to M_{m,n}(RΓ) → M_{m,n}(End_C(C^d)) = Hom_C((C^d)^{n×1}, (C^d)^{m×1}), and still denote the image of h ∈ M_{m,n}(RΓ) by σ_h. Explicitly, for any h ∈ M_{m,n}(RΓ) and w ∈ (C^d)^{n×1}, one has (σ_hw)_k = n� j=1 σ_{hk,j} w_j for all 1 ≤ k ≤ m, and thus

(σ_hw)_{k,v} =

Ä^n� j=1 σ_{hk,j} w_j ä v = n� j=1 (σ_{hk,j} w_j)_v = n� j=1 � s∈Γ,v^′∈[d],sv^′=v

h_{k,j,s}w_{j,v}′

for all 1 ≤ k ≤ m and v ∈ [d].

We have the canonical bilinear pairing between (C^d)^{1×n} and (C^d)^{n×1} given by ⟨w^′, w⟩ = n� j=1 ¨ w^′_j, w_j ∂ = n� j=1 � v∈[d]

w^′_{j,v}w_{j,v}

for all w^′ ∈ (C^d)^{1×n} and w ∈ (C^d)^{n×1}, and similarly the pairing between (C^d)^{1×m} and (C^d)^{m×1}. For any u ∈ (C^d)^{1×m} and w ∈ (C^d)^{n×1}, we have (σ̄_f u)_{j,v} =

Ä^m� k=1 σ̄_{fk,j} (u_k) ä v = m� k=1 � s∈Γ u_{k,sv}f_{k,j,s}

for all 1 ≤ j ≤ n and v ∈ [d], and hence ⟨σ̄_f u, w⟩ = n� j=1 � v∈[d]

(σ̄_f (u))_{j,v}w_{j,v} = n� j=1 � v∈[d] m� k=1 � s∈Γ u_{k,sv}f_{k,j,s}w_{j,v}

28 HANFENG LI AND BINGBING LIANG = n� j=1 m� k=1 � v∈[d] � s∈Γ,v^′∈[d],sv^′=v

u_{k,v}f_{k,j,s}w_{j,v}′ = m� k=1 � v∈[d]

u_{k,v}(σ_f w)_{k,v}

= ⟨u, σ_f w⟩ . Thus ¨ σ̄_f ((C^d)^{1×m}), w ∂ = 0 iff σ_f w = 0. Therefore ker σ_f is naturally the dual vector space of (C^d)^{1×n}/σ̄_f ((C^d)^{1×m}). It follows that dim_C(ker σ_f ) = dim_C((C^d)^{1×n}/σ̄_f ((C^d)^{1×m})) = dn − dim_C(σ̄_f ((C^d)^{1×m})) = dn − rk(σ̄_f ((R^d)^{1×m})).

Since R ⊆ Q̄, by [62, Theorem 4.3.(iv)] we have

tr_{LΓ}P_f = lim_{i→ω} dim_C(ker σ_{i,f} )

d_i . It follows that tr_{LΓ}P_f = n − lim_{i→ω} rk(σ̄_{i,f} ((R^{di} )^{1×m})) d_i . □ The following lemma is [38, Lemma 5.4], which was stated only for the case R = Z, but whose proof works for any unital subring R of C.

Lemma 7.5. For any (not necessarily sofic) group Γ, any m, n ∈ N and any f ∈ M_{m,n}(RΓ), setting M = (RΓ)^{1×n}/(RΓ)^{1×m}f, one has tr_{LΓ}P_f = vrk(M).

Lemma 7.6. Suppose that R ⊆ Q̄. For any finitely presented RΓ-module M, one has mrk_{Σ,ω}(M) = vrk(M).

Proof. We have M = (RΓ)^{1×n}/(RΓ)^{1×m}f for some m, n ∈ N and f ∈ M_{m,n}(RΓ). Set M_1 = (RΓ)^{1×m}f and M_2 = (RΓ)^{1×n}. From Proposition 6.1 and Lemmas 7.4 and 7.5 we get mrk_{Σ,ω}(M_1|M_2) = n − tr_{LΓ}P_f = n − vrk(M).

By Proposition 3.5 and Theorem 1.1 we have n = mrk_{Σ,ω}(M_2) = mrk_{Σ,ω}(M_1|M_2) + mrk_{Σ,ω}(M) = n − vrk(M) + mrk_{Σ,ω}(M).

Thus mrk_{Σ,ω}(M) = vrk(M). □

SOFIC MEAN LENGTH 29

Lemma 7.7. Let R be a unital ring. Suppose that for any R-modules M_1 ⊆ M_2 we assign a value L(M_1|M_2) ∈ R_{≥0} ∪ {+∞} with the following properties:

(i) L(M_1|M_2) depends only on the isomorphism class of the pair (M_1, M_2), i.e. if M_1 ⊆ M_2 and M^′_1 ⊆ M^′_2 are R-modules and there is an isomorphism φ : M_2 → M^′_2 with φ(M_1) = M^′_1, then L(M_1|M_2) = L(M^′_1|M^′_2), (ii) one has L(M_2) = L(M_1|M_2) + L(M_2/M_1), where we set L(M) = L(M|M) for all R-modules M, (iii) L(R^n) < +∞ for every n ∈ N, (iv) if {M^′_j}_{j∈J} is an increasing net of R-submodules of M_1 with union M_1, then L(M^′_j|M_2) → L(M_1|M_2) as j → ∞, (v) if M_1 is a finitely generated R-module, and {M^′_j}_{j∈J} is an increasing net of Rsubmodules of M_2 containing M_1 with union M_2, then L(M_1|M^′_j) → L(M_1|M_2) as j → ∞.

Then L is determined by the values L(M) for all finitely presented R-modules M.

Proof. We shall give an algorithm to compute L(M_1|M_2) for all R-modules M_1 ⊆ M_2, given the values of L(M) for all finitely presented R-modules M.

Consider first the case M_2 is a finitely generated free R-module, and M_1 is a finitely generated submodule of M_2. Then both M_2 and M_2/M_1 are finitely presented Rmodules. By the conditions (ii) and (iii), we have L(M_1|M_2)+L(M_2/M_1) = L(M_2) < +∞, whence L(M_1|M_2) = L(M_2) − L(M_2/M_1) is determined.

Next we consider the case M is a finitely generated R-module. We can write M as M_2/M_1 for some finitely generated free R-module M_2 and some submodule M_1 of M_2. Take an increasing net {M^′_j}_{j∈J} of finitely generated submodules of M_1 with union M_1. We have determined L(M^′_j|M_2) already. By the condition (iv), L(M_1|M_2) = lim_{j→∞} L(M^′_j|M_2) is determined. By the conditions (ii) and (iii), we have L(M_1|M_2) + L(M_2/M_1) = L(M_2) < +∞, whence L(M) = L(M_2/M_1) = L(M_2) − L(M_1|M_2) < +∞ is determined.

Now we consider the case M_1 is a finitely generated submodule of some R-module M_2. Take an increasing net {M^′_j }_{j∈J} of finitely generated submodules of M_2 containing M_1 with union M_2. Then both M^′_j and M^′_j/M_1 are finitely generated, thus we have determined L(M^′_j ) and L(M^′_j/M_1) already and we know that L(M^′_j/M_1) < +∞. From the condition (ii) we get that L(M_1|M^′_j) = L(M^′_j ) − L(M^′_j /M_1) is determined. By the condition (v), L(M_1|M_2) = lim_{j→∞} L(M_1|M^′_j) is determined.

Finally we consider arbitrary R-modules M_1 ⊆ M_2. Take an increasing net {M^′_j }_{j∈J} of finitely generated submodules of M_1 with union M_1. We have determined L(M^′_j|M_2) already. By the condition (iv), L(M_1|M_2) = lim_{j→∞} L(M^′_j|M_2) is determined. □

Lemma 7.8. The von Neumann-Lück rank vrk(M_1|M_2) for RΓ-modules M_1 ⊆ M_2 satisfies the hypotheses of Lemma 7.7.

Proof. (i). This is obvious.

30 HANFENG LI AND BINGBING LIANG

(ii). Denote by φ the natural map LΓ ⊗_{RΓ} M_1 → LΓ ⊗_{RΓ} M_2. Since the tensor functor is right exact [1, Proposition 19.13], the sequence LΓ ⊗_{RΓ} M_1 → LΓ ⊗_{RΓ} M_2 → LΓ ⊗_{RΓ} (M_2/M_1) → 0 of LΓ-modules is exact. In other words, we have the short exact sequence 0 → φ(LΓ ⊗_{RΓ} M_1) → LΓ ⊗_{RΓ} M_2 → LΓ ⊗_{RΓ} (M_2/M_1) → 0 of LΓ-modules. Since dim_{LΓ} is a length function on LΓ-modules, we get vrk(M_2) = dim_{LΓ}(LΓ ⊗_{RΓ} M_2)

= dim_{LΓ}(φ(LΓ ⊗_{RΓ} M_1)) + dim_{LΓ}(LΓ ⊗_{RΓ} (M_2/M_1)) = vrk(M_1|M_2) + vrk(M_2/M_1).

(iii). By Theorem 2.5 we have dim_{LΓ}(LΓ) = 1, thus vrk((RΓ)^n) = dim_{LΓ}((LΓ)^n) = n dim_{LΓ}(LΓ) = n.

(iv). Denote by φ the natural map LΓ ⊗_{RΓ} M_1 → LΓ ⊗_{RΓ} M_2 and by φ_j the natural map LΓ ⊗_{RΓ} M^′_j → LΓ ⊗_{RΓ} M_2 for each j ∈ J. Then {φ_j(LΓ ⊗_{RΓ} M^′_j )}_{j∈J} is an increasing net of LΓ-submodules of φ(LΓ ⊗_{RΓ} M_1) with union φ(LΓ ⊗_{RΓ} M_1). Since dim_{LΓ} is a length function on LΓ-modules, we get

vrk(M_1|M_2) = dim_{LΓ}(φ(LΓ ⊗_{RΓ} M_1)) = lim_{j→∞} dim_{LΓ}(φ_j(LΓ ⊗_{RΓ} M^′_j )) = lim_{j→∞} vrk(M^′_j|M_2).

(v). Note that LΓ⊗_{RΓ}M_1 is a finitely generated LΓ-module, and hence dim_{LΓ}(LΓ⊗_{RΓ} M_1) < +∞ by the condition (iii) and the fact that dim_{LΓ} is a length function on LΓ-modules. Denote by φ the natural map LΓ⊗_{RΓ} M_1 → LΓ⊗_{RΓ} M_2 and by φ_j the natural map LΓ ⊗_{RΓ} M_1 → LΓ ⊗_{RΓ} M^′_j for each j ∈ J. Since M_2 is the direct limit lim−→ M^′_j and the tensor functor LΓ ⊗_{RΓ} · preserves direct limits [57, Theorem 6.159], we have LΓ ⊗_{RΓ} M_2 = lim−→ LΓ ⊗_{RΓ} M^′_j. It follows that {ker φ_j}_{j∈J} is an increasing net of LΓ-submodules of ker φ with union ker φ. Because dim_{LΓ} is a length function on LΓ-modules, we get vrk(M_1|M_2) = dim_{LΓ}(imφ) = dim_{LΓ}(LΓ ⊗_{RΓ} M_1) − dim_{LΓ}(ker φ) = lim_{j→∞}(dim_{LΓ}(LΓ ⊗_{RΓ} M_1) − dim_{LΓ}(ker φ_j)) = lim_{j→∞} dim_{LΓ}(imφ_j ) = lim_{j→∞} vrk(M_1|M^′_j). □ By Theorem 1.1, Lemma 3.3 and Proposition 3.4 we know that the mean rank mrk_{Σ,ω}(M_1|M_2) for RΓ-modules M_1 ⊆ M_2 satisfies the hypotheses of Lemma 7.7. Then Theorem 7.2 follows from Lemmas 7.6, 7.7 and 7.8.

SOFIC MEAN LENGTH 31

8. Relative sofic mean topological dimension

In this section we introduce the relative mean topological dimension and establish some basic properties. Throughout the rest of this paper, Γ will be a countable sofic group, and Σ = {σ_i : Γ → Sym(d_i)}_{i∈N} will be a sofic approximation sequence for Γ.

We recall first the mean topological dimension for actions of sofic groups defined in [37].

For a finite open cover U of a compact metrizable space Z, set

ord(U) = max_{z∈Z} � U∈U 1_U (z) − 1, and D(U) = inf_V ord(V)

for V ranging over all finite open covers of Z finer than U, i.e. every element of V is contained in some element of U. Then the covering dimension of Z is defined as sup_U D(U) for U ranging over all finite open covers of Z.

Let Γ act continuously on a compact metrizable space X.

Definition 8.1. Let ρ be a continuous pseudometric on X. Let F ∈ F(Γ) and δ > 0. Let σ be a map from Γ to Sym(d) for some d ∈ N. We define continuous pseudometrics ρ_2 and ρ_∞ on X^d by

ρ_2(φ, ψ) = Ä 1 d � v∈[d]

ρ(φ_v, ψ_v)^2

ä_{1/2} , ρ_∞(φ, ψ) = max_{v∈[d]} ρ(φ_v, ψ_v).

We define Map(ρ, F, δ, σ) to be the set of all maps φ : [d] → X satisfying ρ_2(sφ, φs) ≤ δ for all s ∈ F .

We remark that in Definition 8.1 we treat σ as an approximate action of Γ on [d], and then Map(ρ, F, δ, σ) is intuitively the set of all approximately equivariant maps [d] → X.

A continuous pseudometric ρ on X is called dynamically generating if for any distinct x_1, x_2 ∈ X one has sup_{s∈Γ} ρ(sx_1, sx_2) > 0.

The following lemma is [33, Lemma 2.3]. It says that essentially the space Map(ρ, F, δ, σ) does not depend on the choice of the dynamically generating continuous pseudometric ρ.

Lemma 8.2. Let ρ and ρ^′ be continuous pseudometrics on X such that ρ^′ is dynamically generating. For any F ∈ F(Γ) and any δ > 0, there exist F^′ ∈ F(Γ) and δ^′ > 0 such that for any sufficiently good sofic approximation σ : Γ → Sym(d) one has Map(ρ^′, F^′, δ^′, σ) ⊆ Map(ρ, F, δ, σ).

Note that Map(ρ, F, δ, σ) is a closed subset of X^d. For a finite open cover U of X, denote by U^d the open cover of X^d consisting of

�_{v∈[d]}

U_v, where U_v ∈ U for each v ∈ [d]. Consider the restriction U^d|_{Map(ρ,F,δ,σ)} := {U ∩ Map(ρ, F, δ, σ) : U ∈ U^d} of U^d to Map(ρ, F, δ, σ). Denote D(U^d|_{Map(ρ,F,δ,σ)}) by D(U, ρ, F, δ, σ).

32 HANFENG LI AND BINGBING LIANG

Definition 8.3. Let ρ be a dynamically generating continuous pseudometric on X. Let F ∈ F(Γ) and δ > 0. For a finite open cover U of X we define

mdim_{Σ,ω}(U, ρ, F, δ) = lim_{i→ω}

D(U, ρ, F, δ, σ_i) d_i , mdim_{Σ,ω}(U, ρ) = inf_{F ∈F(Γ)} inf_{δ>0} mdim_{Σ,ω}(U, ρ, F, δ).

If the set of i ∈ N with Map(ρ, F, δ, σ_i) = ∅ is in ω, we set mdim_{Σ,ω}(U, ρ, F, δ) = −∞. The sofic mean topological dimension of Γ ↷ X is defined as mdim_{Σ,ω}(X, ρ) := sup_U mdim_{Σ,ω}(U, ρ)

for U ranging over all finite open covers of X. By Lemma 8.2 the quantities mdim_{Σ,ω}(U, ρ) and mdim_{Σ,ω}(X, ρ) do not depend on the choice of ρ, and we shall write them as mdim_{Σ,ω}(U) and mdim_{Σ,ω}(X) respectively.

Remark 8.4. The definition of sofic mean topological dimension in [37, Definition 2.4] uses lim_{i→∞} instead of lim_{i→ω}, and the resulting quantities will be denoted by mdim_Σ(U, ρ, F, δ), mdim_Σ(U) and mdim_Σ(X) respectively. In this paper we use lim_{i→ω} instead of lim_{i→∞} for three reasons. The first is all the results known for using lim_{i→∞} hold for using lim_{i→ω} with the same proof. The second is that lim_{i→ω} is needed in Definition 3.1 in order to obtain the addition formula in Theorem 1.1, and then correspondingly we must use lim_{i→ω} in Definition 8.3. The third is that in fact one can recover mdim_Σ(X) from mdim_{Σ,ω}(X) for all free ultrafilters ω on N, as Proposition 8.5 below shows. In particular, if for some action Γ ↷ X, mdim_{Σ,ω}(X) takes the same value for all ω, then so does mdim_Σ(X).

Proposition 8.5. For any continuous action of Γ on a compact metrizable space X, one has mdim_Σ(X) = sup_ω mdim_{Σ,ω}(X) for ω ranging over all free ultrafilters on N.

Proof. For any free ultrafilter ω on N, clearly one has mdim_Σ(U) ≥ mdim_{Σ,ω}(U) for every finite open cover U of X, and hence mdim_Σ(X) ≥ mdim_{Σ,ω}(X).

To show mdim_Σ(X) ≤ sup_ω mdim_{Σ,ω}(X), it suffices to show that for any finite open cover U of X, there exists a free ultrafilter ω on N with mdim_Σ(U) = mdim_{Σ,ω}(U). Take an increasing sequence {F_n}_{n∈N} in F(Γ) with union Γ and a decreasing sequence {δ_n}_{n∈N} of positive numbers converging to 0. We can find a strictly increasing sequence {i_n}_{n∈N} of positive integers such that^{D(U,ρ,Fn,δn,σin )}_{din} ≥ mdim_Σ(U) −^1_n for all n ∈ N.

For any infinite subset W of N, the set F consisting of all subsets V of N satisfying |W \ V | < +∞ is a filter over N. By Zorn’s lemma we can find a maximal filter ω over N containing F. Then ω is a free ultrafilter on N with W ∈ ω.

In particular, we can find a free ultrafilter ω on N with {i_n : n ∈ N} ∈ ω. Then mdim_{Σ,ω}(U, ρ, F_n, δ_n) ≥ mdim_Σ(U) −^1_n for all n ∈ N. It follows that mdim_{Σ,ω}(U) ≥ mdim_Σ(U), and hence mdim_{Σ,ω}(U) = mdim_Σ(U). □

SOFIC MEAN LENGTH 33

Now we define the sofic mean topological dimension of an action relative to an extension. Let Γ act on compact metrizable spaces X and Y respectively, and let π : X → Y be a Γ-equivariant continuous surjective map. Then π is called a factor map, Γ ↷ Y is called a factor of Γ ↷ X, and Γ ↷ X is called an extension of Γ ↷ Y .

Let ρ be a continuous pseudometric on X. Let F ∈ F(Γ) and δ > 0. Let σ be a map from Γ to Sym(d) for some d ∈ N. Denote by Map(π, ρ, F, δ, σ) the set of all π ∘ φ for φ ranging in Map(ρ, F, δ, σ).

Note that Map(π, ρ, F, δ, σ) is a closed subset of Y^d. For a finite open cover U of Y , consider the restriction U^d|_{Map(π,ρ,F,δ,σ)} := {U ∩ Map(π, ρ, F, δ, σ) : U ∈ U^d} of U^d to Map(π, ρ, F, δ, σ). Denote D(U^d|_{Map(π,ρ,F,δ,σ)}) by D(π, U, ρ, F, δ, σ).

Definition 8.6. Let ρ be a dynamically generating continuous pseudometric on X. Let F ∈ F(Γ) and δ > 0. For a finite open cover U of Y we define

mdim_{Σ,ω}(π, U, ρ, F, δ) = lim_{i→ω}

D(π, U, ρ, F, δ, σ_i) d_i , mdim_{Σ,ω}(π, U, ρ) = inf_{F ∈F(Γ)} inf_{δ>0} mdim_{Σ,ω}(π, U, ρ, F, δ).

If the set of i ∈ N with Map(ρ, F, δ, σ_i) = ∅ is in ω, we set mdim_{Σ,ω}(π, U, ρ, F, δ) = −∞. We define the sofic mean topological dimension of Γ ↷ Y relative to the extension Γ ↷ X as

mdim_{Σ,ω}(Y |X, ρ) := sup_U mdim_{Σ,ω}(π, U, ρ)

for U ranging over all finite open covers of Y . By Lemma 8.2 the quantities mdim_{Σ,ω}(π, U, ρ) and mdim_{Σ,ω}(Y |X, ρ) do not depend on the choice of ρ, and we shall write them as mdim_{Σ,ω}(U|X) and mdim_{Σ,ω}(Y |X) respectively. We also define the lower sofic mean topological dimension of Γ ↷ Y relative to the extension Γ ↷ X as mdim_{Σ,ω}(Y |X) := sup_U mdim_{Σ,ω}(π^{−1}(U))

for U ranging over all finite open covers of Y .

Clearly when π is a homeomorphism, one has

mdim_{Σ,ω}(Y |X) = mdim_{Σ,ω}(Y |X) = mdim_{Σ,ω}(Y ).

In general one has the following obvious proposition.

Proposition 8.7. One has mdim_{Σ,ω}(Y |X) ≤ mdim_{Σ,ω}(Y |X) ≤ mdim_{Σ,ω}(Y ) and mdim_{Σ,ω}(Y |X) ≤ mdim_{Σ,ω}(X).

Now we discuss the behaviour of the relative mean topological dimension under taking inverse limits. For a sequence of topological spaces {Y_j}_{j∈N} with continuous maps p_j : Y_{j+1} → Y_j for all j ∈ N, the inverse limit lim←−_{j→∞} Y_j is defined as the

34 HANFENG LI AND BINGBING LIANG

subspace of

�_{j∈N}

Y_j consisting of all elements (y_j)_{j∈N} satisfying p_j(y_{j+1}) = y_j for all j ∈ N.

Proposition 8.8. Let {Y_j}_{j∈N} be a sequence of compact metrizable spaces carrying continuous Γ-actions and factor maps p_j : Y_{j+1} → Y_j for all j ∈ N. Set Y = lim←−_{j→∞} Y_j. Let X be a compact metrizable space carrying a continuous Γ-action and π : X → Y be a factor map. Consider the factor map X → Y → Y_j. Then

mdim_{Σ,ω}(Y |X) ≤ lim_{j→∞} mdim_{Σ,ω}(Y_j|X), and mdim_{Σ,ω}(Y |X) = lim_{j→∞} mdim_{Σ,ω}(Y_j|X) = sup_{j∈N} mdim_{Σ,ω}(Y_j|X).

Proof. Clearly mdim_{Σ,ω}(Y_j|X) increases with j and mdim_{Σ,ω}(Y |X) ≥ lim_{j→∞} mdim_{Σ,ω}(Y_j|X).

Denote by q_j the factor map Y → Y_j, and set π_j := q_j ∘ π. For any finite open cover U_j of Y_j, clearly one has

mdim_{Σ,ω}(π^{−1}_j (U_j)) ≤ mdim_{Σ,ω}(q^{−1}_j (U_j )|X) ≤ mdim_{Σ,ω}(U_j|X).

For any finite open cover U of Y and any N ∈ N, there exists a finite open cover U_j of Y_j for some j ≥ N such that q^{−1}_j (U_j ) refines U, whence

mdim_{Σ,ω}(U|X) ≤ mdim_{Σ,ω}(q^{−1}_j (U_j)|X) ≤ mdim_{Σ,ω}(U_j |X) ≤ mdim_{Σ,ω}(Y_j|X), and mdim_{Σ,ω}(π^{−1}(U)) ≤ mdim_{Σ,ω}(π^{−1}_j (U_j )) ≤ mdim_{Σ,ω}(Y_j|X) ≤ lim_{k→∞} mdim_{Σ,ω}(Y_k|X).

It follows that mdim_{Σ,ω}(Y |X) ≤ lim_{k→∞} mdim_{Σ,ω}(Y_k|X) and mdim_{Σ,ω}(Y |X) ≤ lim_{k→∞} mdim_{Σ,ω}(Y_k|X). Therefore mdim_{Σ,ω}(Y |X) = lim_{k→∞} mdim_{Σ,ω}(Y_k|X). □

Next we discuss the relation between the small-boundary property (SBP) and zero mean topological dimension. The notion of the SBP was introduced in [40, 42]. We extend the formulation of the SBP in [37, Definition 8.1] to relative situation.

Definition 8.9. Denote by M(X, Γ) the set of Γ-invariant Borel probability measures on X. We say that a closed subset Z of Y is small relative to Γ ↷ X if π_∗μ(Z) = 0 for every μ ∈ M(X, Γ). We say that Γ ↷ Y has the small-boundary property (SBP) relative to Γ ↷ X if for every point y in Y and every neighborhood U of y, there is an open neighborhood V ⊆ U of y such that the boundary of V is small relative to Γ ↷ X.

The following result is the relative version of [37, Theorem 8.2]. The proof of [37, Theorem 8.2] also works here.

Theorem 8.10. Suppose that Γ ↷ Y has the SBP relative to Γ ↷ X. Then mdim_{Σ,ω}(Y |X) ≤ 0.

SOFIC MEAN LENGTH 35

To round this section, we discuss what happens when Γ is amenable. We recall first the definition of the mean topological dimension of Γ ↷ X for amenable group Γ in [42]. Let U be a finite open cover of X. For any nonempty finite subset F of Γ, we set U^F =

�_{s∈F}

s^{−1}U. The function F → D(U^F ) defined on the set of all nonempty finite subsets of Γ satisfies the conditions of the Ornstein- Weiss lemma [52] [42, Theorem 6.1], whence^{D(UF )}_{|F |} converges to some real number, denoted by mdim(U), as F becomes more and more left invariant. That is, for any ε > 0, there exist a nonempty finite subset K of Γ and δ > 0 such that for any nonempty finite subset F of Γ with |KF \F | < δ|F |, one has � �^{D(UF )}_{|F |} −mdim(U) � � < ε.

The mean topological dimension of Γ ↷ X is defined as mdim(X) := sup_U mdim(U)

for U ranging over all finite open covers of X [42, page 5].

The following lemma is the relative version of [37, Lemma 3.5]. The proof of [37, Lemma 3.5] also works here.

Lemma 8.11. Suppose that Γ is a countably infinite amenable group. Then for any finite open cover U of Y we have mdim_{Σ,ω}(U|X) ≥ mdim(U). In particular, mdim_{Σ,ω}(Y |X) ≥ mdim(Y ).

By Proposition 8.7 and [37, Lemma 3.7], when Γ is amenable, we have mdim_{Σ,ω}(Y |X) ≤ mdim_{Σ,ω}(Y ) ≤ mdim(Y ).

Combining these inequalities with Lemma 8.11, we get

Theorem 8.12. Suppose that Γ is a countably infinite amenable group. Then

mdim_{Σ,ω}(Y |X) = mdim_{Σ,ω}(Y ) = mdim(Y ).

9. Relative sofic metric mean dimension

In this section we introduce the relative topological entropy and the relative metric mean dimension, and establish some basic properties.

We recall first the definition of sofic topological entropy in [33, Definition 2.5] and sofic metric mean dimension in [37, Definition 4.1].

For any continuous pseudometric ρ_X on a compact space X and any ε > 0, a subset Z of X is called (ρ_X , ε)-separated if ρ_X (z_1, z_2) > ε for all distinct z_1, z_2 ∈ Z. We set N_ε(X, ρ_X ) := max_Z |Z| for Z ranging over all (ρ_X , ε)-separated subsets of X. Let Γ act continuously on a compact metrizable space X.

Definition 9.1. Let ρ be a continuous pseudometric of X. Let F ∈ F(Γ) and δ > 0. For ε > 0 we define

h^ε_{Σ,ω,∞}(ρ, F, δ) = lim_{i→ω} 1 d_i log N_ε(Map(ρ, F, δ, σ_i), ρ_∞),

36 HANFENG LI AND BINGBING LIANG

h^ε_{Σ,ω,∞}(ρ) = inf_{F ∈F(Γ)} inf_{δ>0} h^ε_{Σ,ω,∞}(ρ, F, δ),

h_{Σ,ω,∞}(ρ) = sup_{ε>0} h^ε_{Σ,ω,∞}(ρ).

If the set of i ∈ N with Map(ρ, F, δ, σ_i) = ∅ is in ω, we set h^ε_{Σ,ω,∞}(ρ, F, δ) = −∞. We similarly define h^ε_{Σ,ω,2}(ρ, F, δ), h^ε_{Σ,ω,2}(ρ) and h_{Σ,ω,2}(ρ) using N_ε(·, ρ_2) instead of N_ε(·, ρ_∞). By [33, Proposition 2.4] the quantities h_{Σ,ω,∞}(ρ) and h_{Σ,ω,2}(ρ) coincide, and do not depend on the choice of dynamically generating continuous pseudometric ρ. They will be called the sofic topological entropy of Γ ↷ X and denoted by h_{Σ,ω}(X). We define the sofic metric mean dimension of Γ ↷ X with respect to ρ as

mdim_{Σ,ω,M}(X, ρ) := lim_{ε→0} 1 | log ε| h^ε_{Σ,ω,∞}(ρ),

and the sofic metric mean dimension of Γ ↷ X as

mdim_{Σ,ω,M}(X) := inf_ρ mdim_{Σ,ω,M}(X, ρ)

for ρ ranging over all compatible metrics on X.

Remark 9.2. Remark 8.4 and Proposition 8.5 also apply to the sofic topological entropy, though it is not clear whether Proposition 8.5 holds for the sofic metric mean dimension.

Now we define the sofic topological entropy and the sofic metric mean dimension of an action relative to an extension. Let Γ act on compact metrizable spaces X and Y respectively, and let π : X → Y be a factor map.

Definition 9.3. Let ρ_X and ρ_Y be continuous pseudometrics of X and Y respectively such that ρ_X is dynamically generating. Let F ∈ F(Γ) and δ > 0. For ε > 0 we define

h^ε_{Σ,ω,∞}(ρ_Y , F, δ|ρ_X ) = lim_{i→ω} 1 d_i log N_ε(Map(π, ρ_X , F, δ, σ_i), ρ_{Y,∞}),

h^ε_{Σ,ω,∞}(ρ_Y |X) = inf_{F ∈F(Γ)} inf_{δ>0} h^ε_{Σ,ω,∞}(ρ_Y , F, δ|ρ_X ),

h_{Σ,ω,∞}(ρ_Y |X) = sup_{ε>0} h^ε_{Σ,ω,∞}(ρ_Y |X).

If the set of i ∈ N with Map(ρ_X , F, δ, σ_i) = ∅ is in ω, we set h^ε_{Σ,ω,∞}(ρ_Y , F, δ|ρ_X ) = −∞. By Lemma 8.2, the quantities h^ε_{Σ,ω,∞}(ρ_Y |X) and h_{Σ,ω,∞}(ρ_Y |X) do not depend on the choice of ρ_X . We similarly define h^ε_{Σ,ω,2}(ρ_Y , F, δ|ρ_X ), h^ε_{Σ,ω,2}(ρ_Y |X) and h_{Σ,ω,2}(ρ_Y |X) using N_ε(·, ρ_{Y,2}) instead of N_ε(·, ρ_{Y,∞}). By Lemma 9.5 below, the quantities h_{Σ,ω,∞}(ρ_Y |X) and h_{Σ,ω,2}(ρ_Y |X) coincide, and do not depend on the choice of the dynamically generating continuous pseudometric ρ_Y on Y . They will be called the sofic topological entropy of Γ ↷ Y relative to Γ ↷ X and denoted by h_{Σ,ω}(Y |X).

SOFIC MEAN LENGTH 37

We define the sofic metric mean dimension of Γ ↷ Y relative to Γ ↷ X with respect to ρ_Y as mdim_{Σ,ω,M}(Y, ρ_Y |X) := lim_{ε→0} 1 | log ε| h^ε_{Σ,ω,∞}(ρ_Y |X), and the sofic metric mean dimension of Γ ↷ Y relative to Γ ↷ X as mdim_{Σ,ω,M}(Y |X) := inf_{ρY} mdim_{Σ,ω,M}(Y, ρ_Y |X) for ρ_Y ranging over all compatible metrics on Y .

Clearly when π is a homeomorphism, one has h_{Σ,ω}(Y |X) = h_{Σ,ω}(Y ), and mdim_{Σ,ω,M}(Y, ρ_Y |X) = mdim_{Σ,ω,M}(Y, ρ_Y ) for every dynamically generating continuous pseudometric ρ_Y on Y , and mdim_{Σ,ω,M}(Y |X) = mdim_{Σ,ω,M}(Y ).

Remark 9.4. Similarly one can define the sofic entropy of a probability-measure-preserving action relative to an extension, which we shall explore in a subsequent paper.

The following lemma is the relative version of [33, Proposition 2.4]. The proof of [33, Proposition 2.4] works here.

Lemma 9.5. Let ρ_Y and ρ^′_Y be dynamically generating continuous pseudometrics on Y . Then

h_{Σ,ω,2}(ρ_Y |X) = h_{Σ,ω,2}(ρ^′_Y |X) = h_{Σ,ω,∞}(ρ^′_Y |X) = h_{Σ,ω,∞}(ρ_Y |X). The following lemma is the relative version of [37, Lemma 4.4]. The proof of [37, Lemma 4.4] also works here.

Lemma 9.6. Let ρ_Y be a dynamically generating continuous pseudometric on Y . Enumerate the elements of Γ as s_1, s_2, . . . . Define ρ^′_Y on Y by ρ^′_Y (y, z) =

�_∞ n=1 1 2^n ρ(sny, snz)

for all y, z ∈ Y . Then ρ^′_Y is a compatible metric on Y . Furthermore, if e_Γ = s_m then for any ε > 0 one has h^{4ε}_{Σ,ω,∞}(ρ^′_Y |X) ≤ h^ε_{Σ,ω,∞}(ρ_Y |X) ≤ h^{ε/2m}_{Σ,ω,∞}(ρ^′_Y |X).

In particular, mdim_{Σ,ω,M}(Y, ρ_Y |X) = mdim_{Σ,ω,M}(Y, ρ^′_Y |X).

From Lemma 9.6 we have the following relative version of [37, Proposition 4.5]. Proposition 9.7. One has mdim_{Σ,ω,M}(Y |X) = inf_{ρY} mdim_{Σ,ω,M}(Y, ρ_Y |X) for ρ_Y ranging over all dynamically generating continuous pseudometrics on Y .

38 HANFENG LI AND BINGBING LIANG

The following proposition is obvious.

Proposition 9.8. One has h_{Σ,ω}(Y |X) ≤ min(h_{Σ,ω}(X), h_{Σ,ω}(Y )) and mdim_{Σ,ω,M}(Y, ρ_Y |X) ≤ mdim_{Σ,ω,M}(Y, ρ_Y ) for every continuous pseudometric ρ_Y on Y . In particular, mdim_{Σ,ω,M}(Y |X) ≤ mdim_{Σ,ω,M}(Y ).

The following result is the relative version of [37, Theorem 6.1]. The proof of [37, Theorem 6.1] also works here.

Theorem 9.9. We have mdim_{Σ,ω}(Y |X) ≤ mdim_{Σ,ω,M}(Y |X).

Next we discuss the behaviour of the relative metric mean dimension under taking inverse limits. The following lemma is the generalization of [38, Lemma 7.7] from amenable groups to sofic groups and to relative case. We follow the argument in the proof of [38, Lemma 7.7].

Lemma 9.10. Let {Y_j}_{j∈N} be a sequence of compact metrizable spaces carrying continuous Γ-actions and factor maps p_j : Y_{j+1} → Y_j for all j ∈ N. Set Y = lim←−_{j→∞} Y_j. Let X be a compact metrizable space carrying a continuous Γ-action and π : X → Y be a factor map. Denote by π_j the factor map X → Y → Y_j. Let ρ_j be a continuous pseudometric of Y_j for each j ∈ N such that ρ_j (p_j (y), p_j(z)) ≤ ρ_{j+1}(y, z) for all y, z ∈ Y_{j+1}. Then there is a decreasing sequence {λ_j }_{j∈N} of positive numbers such that the continuous pseudometric of Y defined by ρ((y_j )_j, (z_j)_j ) = max_{j∈N} λ_j ρ_j (y_j, z_j)

satisfies mdim_{Σ,ω,M}(Y, ρ|X) = lim_{j→∞} mdim_{Σ,ω,M}(Y_j, ρ_j|X).

Proof. We shall require that λ_j diam(Y_j, ρ_j ) < 1/2^j for all j ∈ N, which implies that ρ is a continuous pseudometric on Y . We shall also require λ_{j+1} ≤ λ_j ≤ 1 for all j ∈ N.

Let ρ_X be a compatible metric of X.

Let k ∈ N. Define a continuous pseudometric ρ^′_k of Y_k by

ρ^′_k(y, z) = max_{1≤j≤k} λ_jρ_j (p_j ∘ p_{j+1} ∘ · · · ∘ p_{k−1}(y), p_j ∘ p_{j+1} ∘ · · · ∘ p_{k−1}(z)).

Then ρ^′_k ≤ ρ_k. Thus mdim_{Σ,ω,M}(Y_k, ρ^′_k|X) ≤ mdim_{Σ,ω,M}(Y_k, ρ_k|X).

Then we can find some 0 < ε_k <^1_k such that 1 | log ε_k| h^{εk}_{Σ,ω,∞}(ρ^′_k|X) ≤ mdim_{Σ,ω,M}(Y_k, ρ^′_k|X) + 1 k ≤ mdim_{Σ,ω,M}(Y_k, ρ_k|X) + 1 k . Denote by q_k the natural factor map Y → Y_k. Note that ρ(y, z) ≤ max(ρ^′_k(q_k(y), q_k(z)), max_{j>k} λ_jdiam(Y_j, ρ_j))

SOFIC MEAN LENGTH 39

for all y, z ∈ Y . It follows that for any d ∈ N, one has ρ_∞(φ, ψ) ≤ max((ρ^′_k)_∞(q_k ∘ φ, q_k ∘ ψ), max_{j>k} λ_jdiam(Y_j, ρ_j))

for all φ, ψ ∈ Y^d. Thus for any ε > max_{j>k} λ_jdiam(Y_j, ρ_j), if Φ ⊆ Y^d is (ρ_∞, ε)- separated, then q_k ∘ Φ := {q_k ∘ φ : φ ∈ Φ} is ((ρ^′_k)_∞, ε)-separated. Therefore, if max_{j>k} λ_jdiam(Y_j, ρ_j ) < ε_k, then

N_{εk} (Map(π, ρ_X , F, δ, σ), ρ_∞) ≤ N_{εk} (Map(π_k, ρ_X , F, δ, σ), (ρ^′_k)_∞) for all F ∈ F(Γ), δ > 0 and σ : Γ → Sym(d), and hence 1 | log ε_k| h^{εk}_{Σ,ω,∞}(ρ|X) ≤ 1 | log ε_k| h^{εk}_{Σ,ω,∞}(ρ^′_k|X) ≤ mdim_{Σ,ω,M}(Y_k, ρ_k|X) + 1 k . Now we require further that max_{j>k} λ_j diam(Y_j, ρ_j ) < ε_k for all k ∈ N. Since we can choose ε_k once λ_1, . . . , λ_k are given, by induction such a sequence {λ_j}_{j∈N} exists. Then mdim_{Σ,ω,M}(Y, ρ|X) ≤ lim_{k→∞} 1 | log ε_k| h^{εk}_{Σ,ω,∞}(ρ|X)

≤ lim_{k→∞}(mdim_{Σ,ω,M}(Y_k, ρ_k|X) + 1 k ) = lim_{k→∞} mdim_{Σ,ω,M}(Y_k, ρ_k|X).

For any k ∈ N, ε > 0, F ∈ F(Γ), δ > 0 and σ : Γ → Sym(d), it is clear that N_{λk ε}(Map(π, ρ_X , F, δ, σ), ρ_∞) ≥ N_ε(Map(π_k, ρ_X , F, δ, σ), (ρ_k)_∞), and hence h^{λkε}_{Σ,ω,∞}(ρ|X) ≥ h^ε_{Σ,ω,∞}(ρ_k|X).

It follows that mdim_{Σ,ω,M}(Y, ρ|X) ≥ mdim_{Σ,ω,M}(Y_k, ρ_k|X). Similarly, one has mdim_{Σ,ω,M}(Y_j, ρ_j|X) ≥ mdim_{Σ,ω,M}(Y_k, ρ_k|X) for all j ≥ k. Consequently, mdim_{Σ,ω,M}(Y, ρ|X) = lim_{k→∞} mdim_{Σ,ω,M}(Y_k, ρ_k|X). □ To round this section, we discuss what happens when Γ is amenable. We recall first the definition of the metric mean dimension of Γ ↷ X for amenable groups Γ in [42]. Let ρ be a continuous pseudometric of X. For a finite open cover U of X, we define the mesh of U with respect to ρ as mesh(U, ρ) := max_{U∈U} diam(U, ρ).

For a nonempty finite subset F of Γ, we define a continuous pseudometric ρ_F of X by ρ_F (x_1, x_2) := max_{s∈F} ρ(sx_1, sx_2).

For any ε > 0, the function F → log min_{mesh(U,ρF )<ε} |U| defined on the set of all nonempty finite subsets of Γ satisfies the conditions of the Ornstein-Weiss lemma [52] [42, Theorem 6.1], whence^1_{|F |} log min_{mesh(U,ρF )<ε} |U| converges to some real number,

40 HANFENG LI AND BINGBING LIANG

denoted by S(X, ε, ρ), as F becomes more and more left invariant. The metric mean dimension of Γ ↷ X with respect to ρ [42, page 13] is defined as mdim_M(X, ρ) := lim_{ε→0}

S(X, ε, ρ) | log ε| . The metric mean dimension of Γ ↷ X is defined as mdim_M(X) := inf_ρ mdim_M(X, ρ) for ρ ranging over all compatible metrics of X.

The following lemma is the relative version of [37, Lemma 5.2]. The proof of [37, Lemma 5.2] also works here.

Lemma 9.11. Suppose that Γ is amenable. Let ρ_Y be a continuous pseudometric on Y . Then mdim_{Σ,ω,M}(Y, ρ_Y |X) ≥ mdim_M(Y, ρ_Y ).

By Proposition 9.8 and [37, Lemma 5.3] when Γ is amenable, for any continuous pseudometric ρ_Y on Y we have mdim_{Σ,ω,M}(Y, ρ_Y |X) ≤ mdim_{Σ,ω,M}(Y, ρ_Y ) ≤ mdim_M(Y, ρ_Y ).

Combining these inequalities with Lemma 9.11, we get Theorem 9.12. Suppose that Γ is amenable. Then mdim_{Σ,ω,M}(Y, ρ_Y |X) = mdim_{Σ,ω,M}(Y, ρ_Y ) = mdim_M(Y, ρ_Y ) for every continuous pseudometric ρ_Y on Y . In particular, mdim_{Σ,ω,M}(Y |X) = mdim_{Σ,ω,M}(Y ) = mdim_M(Y ).

10. Mean dimension and mean rank In this section we prove Theorem 10.1. Throughout the rest of this paper, we take R = Z, and consider the length function on Z-modules given by rk(M ) = dim_Q(Q ⊗_Z M ).

For any countable ZΓ-module M, its Pontryagin dual ^M consisting of all group homomorphisms M → R/Z is a compact metrizable abelian group, and Γ has an induced action on ^M by continuous automorphisms. Explicitly, (sx)(a) = x(s^{−1}a) for all x ∈ ^M, a ∈ M and s ∈ Γ. In fact, all the actions of Γ on compact metrizable abelian groups by continuous automorphisms, called algebraic actions, arise this way [61]. A pseudometric ρ on a group X is called translation-invariant if ρ(x_1x_3, x_2x_3) = ρ(x_3x_1, x_3x_2) = ρ(x_1, x_2) for all x_1, x_2, x_3 ∈ X.

SOFIC MEAN LENGTH 41

Theorem 10.1. Let M_1 ⊆ M_2 be countable ZΓ-modules. Then

mdim_{Σ,ω,M}(�M_1|�M_2) = mdim_{Σ,ω}(�M_1|�M_2) = mdim_{Σ,ω}(�M_1|�M_2) = mrk_{Σ,ω}(M_1|M_2).

Furthermore, there exists a translation-invariant compatible metric ρ on �M_1 with

mdim_{Σ,ω,M}(�M_1, ρ|�M_2) = mdim_{Σ,ω}(�M_1|�M_2).

Theorem 1.3 follows from Theorems 7.2 and 10.1.

Remark 10.2. Since it is not clear whether Proposition 8.5 holds for the sofic metric mean dimension, Theorem 10.1 does not imply directly the version using lim_{i→∞} instead of lim_{i→ω}. However, one can define the lim_{i→∞} and lim_{i→∞} versions of the sofic mean length in Definition 3.1, the relative sofic mean topological dimension in Definition 8.6, and the relative sofic metric mean dimension in Definition 9.3. Then the addition formula in Theorem 1.1 becomes several inequalities. In this way one can follow the proofs of Theorem 7.2 and 10.1 to prove their lim_{i→∞} and lim_{i→∞} versions.

We show first that the mean topological dimension is no less than the mean rank.

Lemma 10.3. For any countable ZΓ-modules M_1 ⊆ M_2, one has

mdim_{Σ,ω}(�M_1|�M_2) ≥ mrk_{Σ,ω}(M_1|M_2).

Proof. Fix a compatible metric ρ on �M_2, and denote by π the factor map �M_2 → �M_1.

Let A ∈ F (M_1). Say, A is generated by a finite set A as an abelian group. Take a finite open cover U of �M_1 such that for any a ∈ A, no item of U intersects both a^{−1}(Z) and a^{−1}(1/2 + Z). Then it suffices to show that

mdim_{Σ,ω}(π^{−1}(U)) ≥ mrk_{Σ,ω}(A |M_2).

Let F ∈ F(Γ) and δ > 0. Take a finite subset B^′ of M_2 such that for any ξ, ζ ∈ �M_2 with ξ(b^′) = ζ(b^′) for all b^′ ∈ B^′, one has ρ(ξ, ζ) < δ. Set B to be the subgroup of M_2 generated by F^{−1}B^′. Let σ be a map from Γ to Sym(d) for some d ∈ N. Denote by φ the quotient map M^d_2 → M^d_2/M (B, F, σ).

Take a maximal subset V of [d] × A subject to the condition that W := {φ(δ_va) : (v, a) ∈ V } is linearly independent. Then |V | = rk(M (A , B, F, σ)). Consider the abelian group homomorphism ϕ : M^d_2/M (B, F, σ) → Q ⊗_Z (M^d_2/M (B, F, σ)) sending w to 1 ⊗ w. Then ϕ is injective on W , and ϕ(W ) is linearly independent. Extending ϕ(W ) to a basis of Q ⊗_Z (M^d_2/M (B, F, σ)), we find a linear map ψ : Q ⊗_Z (M^d_2/M (B, F, σ)) → span_Q(ϕ(W )) being the identity map on span_Q(ϕ(W )). For each λ = (λ_{v,a})_{v,a} ∈ [0, 1/2]^V , we denote by θ_λ the linear map span_Q(ϕ(W )) → R sending ϕ(φ(δ_va)) to λ_{v,a} for all (v, a) ∈ V , and by Φ_λ the abelian group homomorphism M^d_2 → R/Z sending h to θ_λ(ψ(ϕ(φ(h)))) + Z. Then Φ_λ ∈ �M^d_2 = �M_2^d. The map Φ : [0, 1/2]^V → �M^d_2 sending λ to Φ_λ is clearly continuous. If λ and λ^′ are different elements of [0, 1/2]^V , then λ_{v,a} ≠ λ^′_{v,a} for some (v, a) ∈ V , and hence

42 HANFENG LI AND BINGBING LIANG

Φ_λ(δ_va) = λ_{v,a} + Z ≠ λ^′_{v,a} + Z = Φ_λ′ (δ_va). Thus Φ is an embedding of [0, 1/2]^V into

�M_2^d.

We claim that the image of Φ is contained in Map(ρ, F, δ, σ). Let λ ∈ [0, 1/2]^V . Let v ∈ [d] and s ∈ F . For any b^′ ∈ B^′, noting that b := s^{−1}b^′ is in B, we have

(sΦ_{λ,v})(b^′) − Φ_{λ,sv}(b^′) = Φ_{λ,v}(s^{−1}b^′) − Φ_{λ,sv}(b^′)

= Φ_λ(δ_vs^{−1}b^′) − Φ_λ(δ_{sv}b^′) = Φ_λ(δ_vb − δ_{sv}sb) = 0.

By our choice of B^′, we have ρ(sΦ_{λ,v} , Φ_{λ,sv}) < δ. Thus ρ_∞(sΦ_λ, Φ_λs) < δ. Therefore Φ_λ ∈ Map(ρ, F, δ, σ). This proves our claim.

The pull back Φ^{−1}(π^{−1}(U)^d) is a finite open cover of [0, 1/2]^V . We claim that no atom of Φ^{−1}(π^{−1}(U)^d) intersects two opposing faces of [0, 1/2]^V . Suppose that some atom Φ^{−1}(U) of Φ^{−1}(π^{−1}(U)^d) contains two points λ and λ^′ in opposing faces of [0, 1/2]^V , where U is an atom of π^{−1}(U)^d. Say, U =

�_{v′∈[d]}

π^{−1}(U_v′ ) with U_v′ ∈ U for each v^′ ∈ [d], and λ_{v,a} = 0 and λ^′_{v,a} = 1/2 for some (v, a) ∈ V . Then

(π(Φ_{λ,v}))(a) = Φ_{λ,v}(a) = θ_λ(ψ(ϕ(φ(δ_va)))) + Z = λ_{v,a} + Z = Z, and (π(Φ_λ′_{,v}))(a) = Φ_λ′_{,v}(a) = θ_λ′ (ψ(ϕ(φ(δ_va)))) + Z = λ^′_{v,a} + Z = 1/2 + Z.

Note that Φ_λ, Φ_λ′ ∈ U, and hence π(Φ_{λ,v}), π(Φ_λ′_{,v}) ∈ U_v. Thus U_v intersects both a^{−1}(Z) and a^{−1}(1/2 + Z), contradicting to our choice of U. This proves our claim.

By [42, Lemma 3.2] for any finite open cover V of [0, 1/2]^V with no atom intersecting two opposing faces of the cube [0, 1/2]^V one has ord(V) ≥ |V |. Therefore

D(π^{−1}(U), ρ, F, δ, σ) ≥ D(Φ^{−1}(π^{−1}(U)^d)) ≥ |V | = rk(M (A , B, F, σ)).

It follows that mdim_{Σ,ω}(π^{−1}(U)) ≥ mrk_{Σ,ω}(A |M_2). □

The following lemma establishes one direction of the addition formula for the metric mean dimension in algebraic setting.

Lemma 10.4. Let X be a compact metrizable group, G be a closed subgroup of X, and Y be the homogeneous space X/G. Let Γ act on X by continuous automorphism preserving G, and consider the induced Γ-action on Y . Let ρ_X be a translationinvariant dynamically generating continuous pseudometric on X. Let ρ_G be the restriction of ρ_X on G. Let ρ_Y be a continuous pseudometric on Y such that for some constant C > 0 and K ∈ F(Γ) one has ρ_Y (π(x_1), π(x_2)) ≤ C max_{s∈K} ρ_X (sx_1, sx_2) for all x_1, x_2 ∈ X, where π : X → Y is the quotient map. Then

mdim_{Σ,ω,M}(X, ρ_X ) ≥ mdim_{Σ,ω,M}(Y, ρ_Y |X) + mdim_{Σ,ω,M}(G, ρ_G).

SOFIC MEAN LENGTH 43

Proof. Fix an enumeration s_1, s_2, . . . of the elements of Γ. Define ρ̃_X (x_1, x_2) = ∞� j=1 1 2^j ρ_X (s_j x_1, s_j x_2)

for all x_1, x_2 ∈ X. Then ρ̃_X is a translation-invariant compatible metric of X, and there exists C^′ > 0 such that ρ_Y (π(x_1), π(x_2)) ≤ C^′ρ̃_X (x_1, x_2) for all x_1, x_2 ∈ X. Denote by ρ̃_G the restriction of ρ̃_X on G. By [37, Lemma 4.4] we have

mdim_{Σ,ω,M}(X, ρ_X ) = mdim_{Σ,ω,M}(X, ρ̃_X ), and mdim_{Σ,ω,M}(G, ρ_G) = mdim_{Σ,ω,M}(G, ρ̃_G). (8) Let ε > 0. Let F ∈ F(Γ) and δ > 0. Let σ be a map Γ → Sym(d) for some d ∈ N. Let Ψ_Y be a (ρ_{Y,∞}, C^′ε)-separated subset of Map(π, ρ̃_X , F, δ/2, σ) with |Ψ_Y | = N_C′_ε(Map(π, ρ̃_X , F, δ/2, σ), ρ_{Y,∞}).

For each ψ ∈ Ψ_Y take ψ^′ ∈ Map(ρ̃_X , F, δ/2, σ) with ψ = π ∘ ψ^′. Set Ψ^′_X = {ψ^′ : ψ ∈ Ψ_Y }. Also let Φ_G be a (ρ̃_{G,∞}, ε)-separated subset of Map(ρ̃_G, F, δ/2, σ) with |Φ_G| = N_ε(Map(ρ̃_G, F, δ/2, σ), ρ̃_{G,∞}).

Let ψ^′ ∈ Ψ^′_X and ϕ ∈ Φ_G. Denote by ψ^′ϕ the map [d] → X sending v to ψ^′(v)ϕ(v). For any s ∈ F , we have � v∈[d]

ρ̃_X (s(ψ^′ϕ(v)), ψ^′ϕ(sv))^2 = � v∈[d]

ρ̃_X ((sψ^′(v))(sϕ(v)), ψ^′(sv)ϕ(sv))^2 ≤ � v∈[d]

(ρ̃_X (sψ^′(v), ψ^′(sv)) + ρ̃_X (sϕ(v), ϕ(sv)))^2 = � v∈[d]

(ρ̃_X (sψ^′(v), ψ^′(sv)) + ρ̃_G(sϕ(v), ϕ(sv)))^2 ≤ 2 � v∈[d]

ρ̃_X (sψ^′(v), ψ^′(sv))^2 + 2 � v∈[d]

ρ̃_G(sϕ(v), ϕ(sv))^2

≤ 2d(δ/2)^2 + 2d(δ/2)^2 = δ^2d, where in the first inequality we use the fact that ρ̃_X is translation-invariant. Thus ψ^′ϕ ∈ Map(ρ̃_X , F, δ, σ).

We claim that the set {ψ^′ϕ : ψ^′ ∈ Ψ^′_X , ϕ ∈ Φ_G} is (ρ̃_{X,∞}, ε)-separated. Let ψ^′_1, ψ^′_2 ∈ Ψ^′_X and ϕ_1, ϕ_2 ∈ Φ_G. If ψ_1 ≠ ψ_2, then

C^′ρ̃_{X,∞}(ψ^′_1ϕ_1, ψ^′_2ϕ_2) ≥ ρ_{Y,∞}(π ∘ (ψ^′_1ϕ_1), π ∘ (ψ^′_2ϕ_2)) = ρ_{Y,∞}(ψ_1, ψ_2) > C^′ε. If ψ_1 = ψ_2 and ϕ_1 ≠ ϕ_2, then ρ̃_{G,∞}(ϕ_1, ϕ_2) > ε, and hence ρ̃_{X,∞}(ψ^′_1ϕ_1, ψ^′_2ϕ_2) = ρ̃_{X,∞}(ϕ_1, ϕ_2) = ρ̃_{G,∞}(ϕ_1, ϕ_2) > ε,

44 HANFENG LI AND BINGBING LIANG

where in the first equality we use the fact that ρ̃_X is translation-invariant. This proves our claim.

Now we have N_ε(Map(ρ̃_X , F, δ, σ), ρ̃_{X,∞}) ≥ N_C′_ε(Map(π, ρ̃_X , F, δ/2, σ), ρ_{Y,∞})N_ε(Map(ρ̃_G, F, δ/2, σ), ρ̃_{G,∞}). Thus

h^ε_{Σ,ω,∞}(ρ̃_X , F, δ) ≥ h^{C′ε}_{Σ,ω,∞}(ρ_Y , F, δ/2|ρ̃_X ) + h^ε_{Σ,ω,∞}(ρ̃_G, F, δ/2) ≥ h^{C′ε}_{Σ,ω,∞}(ρ_Y |X) + h^ε_{Σ,ω,∞}(ρ̃_G).

Since F is an arbitrary finite subset of Γ and δ > 0 is arbitrary, we get h^ε_{Σ,ω,∞}(ρ̃_X ) ≥ h^{C′ε}_{Σ,ω,∞}(ρ_Y |X) + h^ε_{Σ,ω,∞}(ρ̃_G).

It follows that

mdim_{Σ,ω,M}(X, ρ̃_X ) ≥ mdim_{Σ,ω,M}(Y, ρ_Y |X) + mdim_{Σ,ω,M}(G, ρ̃_G). Now the lemma follows from (8). □ Consider the translation-invariant metric ϑ on R/Z defined by ϑ(x + Z, y + Z) := min_{z∈Z} |x − y − z|.

For any ZΓ-module M and any finite subset A of M, we define a translation-invariant continuous pseudometric ϑ^A on ^M by ϑ^A(x, y) := max_{a∈A} ϑ(x(a), y(a)).

Note that A generates M as a ZΓ-module if and only if ϑ^A is dynamically generating. Now we specialize Lemma 10.4 to algebraic actions.

Lemma 10.5. Let M_1 ⊆ M_2 be finitely generated ZΓ-modules. Let A_1 and A_2 be finite generating subsets of M_1 and M_2 respectively. Denote by A_2 the image of A_2 under the quotient map M_2 → M_2/M_1. Then

mdim_{Σ,ω,M}(�M_2, ϑ^{A2} ) ≥ mdim_{Σ,ω,M}(�M_1, ϑ^{A1} |�M_2) + mdim_{Σ,ω,M}(Ÿ�M_2/M_1, ϑ^{A2} ).

Proof. Note that ϑ^{A2} is the restriction of ϑ^{A2} on Ÿ�M_2/M_1. Denote by π the factor map �M_2 → �M_1. Let a ∈ A_1. Then a =

�_{b∈A}

2 f_bb for some f_b ∈ ZΓ. Write each f_b as

�_{s∈K}

f_{b,s}s with some K ∈ F(Γ) (independent of a and b) and f_{b,s} ∈ Z. Set C_a =

�_{b∈A} 2 �_{s∈K}

|f_{b,s}|. For any x, y ∈ �M_2, we have ϑ(x(a), y(a)) = ϑ( � b∈A_2

x(f_bb), � b∈A_2

y(f_bb))

= ϑ( � b∈A_2 � s∈K f_{b,s}(s^{−1}x)(b), � b∈A_2 � s∈K f_{b,s}(s^{−1}y)(b)) ≤ � b∈A_2 � s∈K |f_{b,s}|ϑ((s^{−1}x)(b), (s^{−1}y)(b))

SOFIC MEAN LENGTH 45 ≤ � b∈A_2 � s∈K |f_{b,s}| max_{t∈K−1} ϑ^{A2} (tx, ty)

= C_a max_{t∈K−1} ϑ^{A2} (tx, ty). Set C = max_{a∈A1} C_a. Then ϑ^{A1} (π(x), π(y)) ≤ C max_{t∈K−1} ϑ^{A2} (tx, ty) for all x, y ∈ �M_2. Therefore the lemma follows from Lemma 10.4. □ The following lemma is a special case of [37, Lemma 7.3].

Lemma 10.6. Let M = (ZΓ)^n for some n ∈ N. Take A ∈ F(M) to be the standard basis of M as a ZΓ-module. Then mdim_{Σ,ω,M}(^M, ϑ^A) = n.

In the next several lemmas, we prove the equality between the metric mean dimension and the mean rank for modules in increasing generality. Lemma 10.7. Let M be a finitely presented ZΓ-module, and let A be a finite generating subset of M. Then mdim_{Σ,ω,M}(^M, ϑ^A) = mrk_{Σ,ω}(M).

Proof. We may write M as (ZΓ)^n/M_1 for some n ∈ N and some ZΓ-submodule M_1 of (ZΓ)^n such that, denoting by A_2 the standard basis of (ZΓ)^n as a ZΓ-module, A is the image of A_2 under the quotient map (ZΓ)^n → M. Set M_2 = (ZΓ)^n. Since M is finitely presented, M_1 is finitely generated [36, Proposition 4.26]. Take a finite generating subset A_1 of M_1.

By Lemma 10.6 and Proposition 3.5 we have mdim_{Σ,ω,M}(�M_2, ϑ^{A2} ) = n = mrk_{Σ,ω}(M_2).

By Lemma 10.5, Theorem 9.9, Proposition 8.7, Lemma 10.3, and Theorem 1.1 we have

mdim_{Σ,ω,M}(�M_2, ϑ^{A2} ) ≥ mdim_{Σ,ω,M}(�M_1, ϑ^{A1} |�M_2) + mdim_{Σ,ω,M}(^M, ϑ^A) ≥ mdim_{Σ,ω}(�M_1|�M_2) + mdim_{Σ,ω}(^M) ≥ mdim_{Σ,ω}(�M_1|�M_2) + mdim_{Σ,ω}(^M) ≥ mrk_{Σ,ω}(M_1|M_2) + mrk_{Σ,ω}(M) = mrk_{Σ,ω}(M_2) = mdim_{Σ,ω,M}(�M_2, ϑ^{A2} ).

Thus mdim_{Σ,ω,M}(^M, ϑ^A) = mrk_{Σ,ω}(M). □ Lemma 10.8. Let M be a finitely generated ZΓ-module, and let A be a finite generating subset of M. Then mdim_{Σ,ω,M}(^M, ϑ^A) = mrk_{Σ,ω}(M).

46 HANFENG LI AND BINGBING LIANG

Proof. We may write M as M^′/M_∞ for some finitely generated free ZΓ-module M^′ and some ZΓ-submodule M_∞ of M^′ such that, denoting by A^′ the standard basis of M^′ as a ZΓ-module, A is the image of A^′ under the quotient map M^′ → M. Take an increasing sequence {M_j}^∞_{j=1} of finitely generated ZΓ-submodules of M_∞ with

�_∞

j=1 M_j = M_∞. Denote by A_j the image of A^′ under the quotient map M^′ → M^′/M_j. For each j ∈ N, M^′/M_j is a finitely presented ZΓ-module. Thus by Lemma 10.7 we have mdim_{Σ,ω,M}(ÿ�

M^′/M_j, ϑ^{Aj} ) = mrk_{Σ,ω}(M^′/M_j).

Note that ϑ^A is the restriction of ϑ^{Aj} on ^M, thus mdim_{Σ,ω,M}(^M, ϑ^A) ≤ mdim_{Σ,ω,M}(ÿ�M^′/M_j , ϑ^{Aj} ). Therefore by Proposition 3.4 we have mdim_{Σ,ω,M}(^M, ϑ^A) ≤ lim_{j→∞} mdim_{Σ,ω,M}(ÿ�M^′/M_j, ϑ^{Aj} ) = lim_{j→∞} mrk_{Σ,ω}(M^′/M_j) = mrk_{Σ,ω}(M).

By Theorem 9.9 and Lemma 10.3 we also have mdim_{Σ,ω,M}(^M, ϑ^A) ≥ mdim_{Σ,ω}(^M) ≥ mrk_{Σ,ω}(M).

Thus mdim_{Σ,ω,M}(^M, ϑ^A) = mrk_{Σ,ω}(M). □ Lemma 10.9. Let M_1 ⊆ M_2 be finitely generated ZΓ-modules, and let A be a finite generating subset of M_1. Then mdim_{Σ,ω,M}(�M_1, ϑ^A|�M_2) = mrk_{Σ,ω}(M_1|M_2). Proof. Take a finite generating subset A_2 of M_2. Denote by A_2 the image of A_2 under the quotient map M_2 → M_2/M_1. By Lemma 10.5, Theorem 9.9, Proposition 8.7, Lemma 10.3, Theorem 1.1, and Lemma 10.8 we have

mdim_{Σ,ω,M}(�M_2, ϑ^{A2} ) ≥ mdim_{Σ,ω,M}(�M_1, ϑ^A|�M_2) + mdim_{Σ,ω,M}(Ÿ�M_2/M_1, ϑ^{A2} ) ≥ mdim_{Σ,ω}(�M_1|�M_2) + mdim_{Σ,ω}(Ÿ�M_2/M_1) ≥ mdim_{Σ,ω}(�M_1|�M_2) + mdim_{Σ,ω}(Ÿ�M_2/M_1) ≥ mrk_{Σ,ω}(M_1|M_2) + mrk_{Σ,ω}(M_2/M_1) = mrk_{Σ,ω}(M_2) = mdim_{Σ,ω,M}(�M_2, ϑ^{A2} ).

Thus mdim_{Σ,ω,M}(�M_1, ϑ^A|�M_2) = mrk_{Σ,ω}(M_1|M_2). □

SOFIC MEAN LENGTH 47

Lemma 10.10. Let M_2 be a countable ZΓ-module, and let M_1 be a finitely generated ZΓ-submodule of M_2 with a finite generating set A. Then mdim_{Σ,ω,M}(�M_1, ϑ^A|�M_2) = mrk_{Σ,ω}(M_1|M_2).

Proof. Take an increasing sequence {M^′_j}^∞_{j=1} of finitely generated ZΓ-submodules of M_2 containing M_1 such that

�_∞

j=1 M^′_j = M_2. For each j ∈ N, we have mdim_{Σ,ω,M}(�M_1, ϑ^A|�M_2) ≤ mdim_{Σ,ω,M}(�M_1, ϑ^A|�M^′_j).

Thus by Lemma 10.9 and Proposition 3.4 we get mdim_{Σ,ω,M}(�M_1, ϑ^A|�M_2) ≤ lim_{j→∞} mdim_{Σ,ω,M}(�M_1, ϑ^A|�M^′_j) = lim_{j→∞} mrk_{Σ,ω}(M_1|M^′_j) = mrk_{Σ,ω}(M_1|M_2).

By Theorem 9.9, Proposition 8.7, and Lemma 10.3, we also have mdim_{Σ,ω,M}(�M_1, ϑ^A|�M_2) ≥ mdim_{Σ,ω}(�M_1|�M_2) ≥ mdim_{Σ,ω}(�M_1|�M_2) ≥ mrk_{Σ,ω}(M_1|M_2). Thus mdim_{Σ,ω,M}(�M_1, ϑ^A|�M_2) = mrk_{Σ,ω}(M_1|M_2). □ We are ready to prove Theorem 10.1.

Proof of Theorem 10.1. Take an increasing sequence {M^′_j }_{j∈N} of finitely generated ZΓ-submodules of M_1 with

�_∞

j=1 M^′_j = M_1. Take a finite generating subset A_j of M^′_j for each j ∈ N such that A_j ⊆ A_{j+1} for all j ∈ N. Denote by p_j the factor map ÷M^′_{j+1} → �M^′_j . Then ϑ^{Aj} (p_j (x), p_j(y)) ≤ ϑ^{Aj+1} (x, y) for all x, y ∈ ÷M^′_{j+1}. By Lemma 9.10 there is a decreasing sequence {λ_j}_{j∈N} of positive numbers such that the dynamically generating continuous pseudometric ρ of lim←−_{j→∞} �M^′_j = �M_1 defined by ρ(x, y) := max_{j∈N} λ_j ϑ^{Aj} (x, y) satisfies mdim_{Σ,ω,M}(�M_1, ρ|�M_2) = lim_{j→∞} mdim_{Σ,ω,M}(�M^′_j , ϑ^{Aj} |�M_2).

By Lemma 10.10 and Proposition 3.4 we have mdim_{Σ,ω,M}(�M_1, ρ|�M_2) = lim_{j→∞} mdim_{Σ,ω,M}(�M^′_j, ϑ^{Aj} |�M_2) = lim_{j→∞} mrk_{Σ,ω}(M^′_j|M_2) = mrk_{Σ,ω}(M_1|M_2).

By Theorem 9.9, Proposition 8.7, and Lemma 10.3, we also have mdim_{Σ,ω,M}(�M_1, ρ|�M_2) ≥ mdim_{Σ,ω}(�M_1|�M_2) ≥ mdim_{Σ,ω}(�M_1|�M_2) ≥ mrk_{Σ,ω}(M_1|M_2).

48 HANFENG LI AND BINGBING LIANG

Thus

mdim_{Σ,ω,M}(�M_1, ρ|�M_2) = mdim_{Σ,ω}(�M_1|�M_2) = mdim_{Σ,ω}(�M_1|�M_2) = mrk_{Σ,ω}(M_1|M_2).

Fix an enumeration s_1, s_2, . . . of the elements of Γ. Define

ρ̃(x, y) = ∞� j=1 1 2^j ρ(s_j x, s_j x)

for all x, y ∈ �M_1. By Lemma 9.6, ρ̃ is a translation-invariant compatible metric on �M_1, and

mdim_{Σ,ω,M}(�M_1, ρ̃|�M_2) = mdim_{Σ,ω,M}(�M_1, ρ|�M_2). □ 11. Applications to mean dimension

In this section we give three applications of Theorems 7.2, 10.1 and 1.3 to the mean dimension of algebraic actions.

Our first application is the following addition formula for the mean topological dimension of algebraic actions, which follows from Theorems 1.1 and 10.1.

Theorem 11.1. Let Γ be a countable sofic group, and let

0 → X_1 → X_2 → X_3 → 0

be a short exact sequence of compact metrizable abelian groups equipped with Γactions by continuous automorphisms such that the maps are Γ-equivariant. Then

mdim_{Σ,ω}(X_2) = mdim_{Σ,ω}(X_3|X_2) + mdim_{Σ,ω}(X_1).

Our second application concerns the possible values of the mean topological dimension for algebraic actions. It is known that for any countable amenable group with subgroups of arbitrary large finite index, the mean topological dimension of its continuous actions on compact metrizable spaces can take all values in R_{≥0} ∪ {+∞} [11, 42]. We shall show that this is not the case when one restricts to algebraic actions.

For any discrete group Γ, denote by H(Γ) the subgroup of Q generated by |H|^{−1} for H ranging over all finite subgroups of Γ. The class of elementary amenable groups is the smallest class of groups containing all finite groups and abelian groups and being closed under taking subgroups, quotient groups, group extensions and directed unions [9]. The following result is due to Linnell (see [43, Theorem 1.5] and also [45, Theorem 10.19]).

Theorem 11.2. Let C be the smallest class of groups containing all free groups and being closed under directed unions and extensions with elementary amenable quotients. If a group Γ belongs to C and there is an upper bound on the orders of the finite subgroups of Γ, then the strong Atiyah conjecture holds for Γ, i.e. for any

SOFIC MEAN LENGTH 49

m, n ∈ N and any f ∈ M_{m,n}(CΓ), denoting by P_f the orthogonal projection from (ℓ^2(Γ))^{n×1} to ker f, one has tr_{LΓ}P_f ∈ H(Γ).

The class of sofic groups is closed under directed unions, free products and extensions with amenable quotients [14, Theorem 1]. Thus every group in the class C is sofic.

Lemma 11.3. Let Γ be a group in C with an upper bound on the orders of the finite subgroups of Γ. Let R be a unital subring of C. For any RΓ-modules M_1 ⊆ M_2, one has vrk(M_1|M_2) ∈ H(Γ) ∪ {+∞}.

Proof. Let M be a finitely presented RΓ-module. Then M is of the form (RΓ)^{1×n}/(RΓ)^{1×m}f for some m, n ∈ N and some f ∈ M_{m,n}(RΓ). By Lemma 7.5 and Theorem 11.2 we have vrk(M) = tr_{LΓ}P_f ∈ H(Γ).

By Lemma 7.8 one can compute vrk(M_1|M_2) for all RΓ-modules M_1 ⊆ M_2 using the algorithm in the proof of Lemma 7.7. Note that H(Γ) is a discrete subgroup of R. It follows that vrk(M_1|M_2) ∈ H(Γ) ∪ {+∞}. □

Combining Lemma 11.3 and Theorems 1.3 and 7.2, we get

Corollary 11.4. Let Γ be a countable group in the class C with an upper bound on the orders of the finite subgroups of Γ. For any countable ZΓ-modules M_1 ⊆ M_2, one has mdim_{Σ,ω}(�M_1|�M_2), mrk_{Σ,ω}(M_1|M_2) ∈ H(Γ) ∪ {+∞}.

Our last application concerns the relation between zero mean topological dimension actions and finite entropy actions. Lindenstrauss showed that when Γ is amenable, inverse limit of finite entropy actions must have zero mean topological dimension [40, Proposition 6.11]. This is also true for sofic groups.

Proposition 11.5. Let Γ be a countable sofic group. Let {X_j}_{j∈N} be a sequence of compact metrizable spaces carrying continuous Γ-actions and factor maps X_{j+1} → X_j for all j ∈ N. Set X = lim←−_{j→∞} X_j . Suppose that h_{Σ,ω}(X_j ) < +∞ for every j ∈ N. Then mdim_{Σ,ω}(X) = 0 or −∞. If furthermore 0 ≤ h_{Σ,ω}(X_j ) < +∞ for every j ∈ N, then mdim_{Σ,ω}(X) = 0.

Proof. Let j ∈ N. By Proposition 9.8 we have h_{Σ,ω}(X_j|X) ≤ h_{Σ,ω}(X_j ) < +∞. From Definition 9.3 it is clear that mdim_{Σ,ω,M}(X_j , ρ_j|X) ≤ 0 for every compatible metric ρ_j of X_j. By Theorem 9.9 we get mdim_{Σ,ω}(X_j|X) ≤ mdim_{Σ,ω,M}(X_j|X) ≤ 0.

From Proposition 8.8 we conclude that mdim_{Σ,ω}(X) ≤ lim_{j→∞} mdim_{Σ,ω}(X_j|X) ≤ 0. Now assume that 0 ≤ h_{Σ,ω}(X_j) < +∞ for every j ∈ N. Take a compatible metric ρ^′_j for each X_j with diam(X_j , ρ^′_j) ≤ 1. Denote by p_{j,k} and π_j the factor maps X_k → X_j for j ≤ k and X → X_j respectively. Define a new compatible metric ρ_k on X_k by ρ_k(x, y) := max_{1≤j≤k} ρ^′_j(p_{j,k}(x), p_{j,k}(y)).

50 HANFENG LI AND BINGBING LIANG

Then diam(X_k, ρ_k) ≤ 1, and ρ_j(p_{j,k}(x), p_{j,k}(y)) ≤ ρ_k(x, y) for all j ≤ k and x, y ∈ X_k. Now we define a compatible metric ρ for X by

ρ(x, y) := ∞� j=1 1 2^j ρ_j (π_j (x), π_j(y)).

Let F ∈ F(Γ) and δ > 0. We can find some j ∈ N such that ρ(x, y) ≤ ρ_j (π_j (x), π_j (y)) + δ for all x, y ∈ X. It is easy to check that for any map σ : Γ → Sym(d), every φ ∈ X^d with π_j ∘ φ ∈ Map(ρ_j , F, δ, σ) belongs to Map(ρ, F, 2δ, σ). Since 0 ≤ h_{Σ,ω}(X_j ), the set of i ∈ N with Map(ρ_j, F, δ, σ_i) ≠ ∅ is in ω. Thus the set of i ∈ N with Map(ρ, F, 2δ, σ_i) ≠ ∅ is in ω. Therefore mdim_{Σ,ω}(U, ρ, F, 2δ) ≥ 0 for every finite open cover U of X. Consequently, mdim_{Σ,ω}(X) ≥ 0. □ Now we turn our attention to algebraic actions. Note that the algebraic actions of countable sofic groups have fixed points, thus their topological entropy and mean topological dimension are always nonnegative.

We consider first finitely presented modules.

Corollary 11.6. Let Γ be a countable sofic group and M be a finitely presented ZΓ-module. Then mdim_{Σ,ω}(^M) = 0 if and only if h_{Σ,ω}(^M) < +∞.

Proof. By Proposition 11.5 we just need to show the “only if” part. We have M = (ZΓ)^{1×n}/(ZΓ)^{1×m}f for some m, n ∈ N and f ∈ M_{m,n}(ZΓ). By Theorem 1.3 if mdim_{Σ,ω}(^M) = 0, then vrk(^M) = 0, and hence by Lemma 7.5 one has tr_{LΓ}P_f = 0. Since tr_{LΓ} is faithful, we get P_f = 0, i.e. f is injective on (ℓ^2(Γ))^{n×1}. By [26, Theorem 1.1], one concludes that h_{Σ,ω}(^M) < +∞. □

Next we consider finitely generated modules. The following corollary was proved in [38, Corollary 9.5] under the further assumption that Γ is elementary amenable. Using Theorem 10.1, Proposition 3.4, and Corollaries 11.4 and 11.6 one can carry out the proof of [38, Corollary 9.5] in general case.

Corollary 11.7. Let Γ be a countable sofic group in the class C with an upper bound on the orders of the finite subgroups of Γ, and M be a finitely generated ZΓ-module. Then mdim_{Σ,ω}(^M) = 0 if and only if h_{Σ,ω}(^M) < +∞.

References

[1] F. W. Anderson and K. R. Fuller. Rings and Categories of Modules. Second edition. Graduate Texts in Mathematics, 13. Springer-Verlag, New York, 1992.

[2] M. F. Atiyah. Elliptic operators, discrete groups and von Neumann algebras. In: Colloque “Analyse et Topologie” en l’Honneur de Henri Cartan (Orsay, 1974), pp. 43–72. Asterisque, no. 32–33, Soc. Math. France, Paris, 1976.

[3] P. Ara, K. C. O’Meara, and F. Perera. Stable finiteness of group rings in arbitrary characteristic. Adv. Math. 170 (2002), no. 2, 224–238.

SOFIC MEAN LENGTH 51

[4] L. Bowen. Measure conjugacy invariants for actions of countable sofic groups. J. Amer. Math.

Soc. 23 (2010), no. 1, 217–245.

[5] L. Bowen. Entropy theory for sofic groupoids I: The foundations. J. Anal. Math. 124 (2014), no. 1, 149–233.

[6] G. Călugăreanu. Lattice Concepts of Module Theory. Kluwer Texts in the Mathematical Sciences, 22. Kluwer Academic Publishers, Dordrecht, 2000.

[7] T. Ceccherini-Silberstein and M. Coornaert. Linear cellular automata over modules of finite length and stable finiteness of group rings. J. Algebra 317 (2007), no. 2, 743–758.

[8] T. Ceccherini-Silberstein and M. Coornaert. Cellular Automata and Groups. Springer Monographs in Mathematics. Springer-Verlag, Berlin, 2010.

[9] C. Chou. Elementary amenable groups. Illinois J. Math. 24 (1980), no. 3, 396–407. [10] M. Coornaert. Topological Dimension and Dynamical Systems. Translated and revised from the 2005 French original. Universitext. Springer, Cham, 2015.

[11] M. Coornaert and F. Krieger. Mean topological dimension for actions of discrete amenable groups. Discrete Contin. Dyn. Syst. 13 (2005), no. 3, 779–793.

[12] G. Elek. The rank of finitely generated modules over group algebras. Proc. Amer. Math. Soc.

131 (2003), no. 11, 3477–3485.

[13] G. Elek and E. Szabó. Sofic groups and direct finiteness. J. Algebra 280 (2004), no. 2, 426–434. [14] G. Elek and E. Szabó. On sofic groups. J. Group Theory 9 (2006), no. 2, 161–171. [15] P. Gabriel. Des catégories abéliennes. (French) Bull. Soc. Math. France 90 (1962), 323–448. [16] A. W. Goldie. Semi-prime rings with maximum condition. Proc. London Math. Soc. (3) 10 (1960), 201–220.

[17] K. R. Goodearl and R. B. Warfield, Jr. An Introduction to Noncommutative Noetherian Rings.

Second edition. London Mathematical Society Student Texts, 61. Cambridge University Press, Cambridge, 2004.

[18] R. Gordon and J. C. Robson. Krull Dimension. Memoirs of the American Mathematical Society, no. 133. American Mathematical Society, Providence, R.I., 1973.

[19] M. Gromov. Endomorphisms of symbolic algebraic varieties. J. Eur. Math. Soc. 1 (1999), no.

2, 109–197.

[20] M. Gromov. Topological invariants of dynamical systems and spaces of holomorphic maps. I.

Math. Phys. Anal. Geom. 2 (1999), no. 4, 323–415.

[21] Y. Gutman. Embedding Z^k-actions in cubical shifts and Z^k-symbolic extensions. Ergod. Th.

Dynam. Sys. 31 (2011), no. 2, 383–403.

[22] Y. Gutman. Mean dimension and Jaworski-type theorems. Proc. Lond. Math. Soc. (3) 111 (2015), no. 4, 831–850.

[23] Y. Gutman. Embedding topological dynamical systems with periodic points in cubical shifts.

Ergod. Th. Dynam. Sys. 37 (2017), no. 2, 512–538.

[24] Y. Gutman, E. Lindenstrauss, and M. Tsukamoto. Mean dimension of Z^k-actions. Geom.

Funct. Anal. 26 (2016), no. 3, 778–817.

[25] Y. Gutman and M. Tsukamoto. Mean dimension and a sharp embedding theorem: extensions of aperiodic subshifts. Ergod. Th. Dynam. Sys. 34 (2014), no. 6, 1888–1896.

[26] B. Hayes. Fuglede-Kadison determinants and sofic entropy. Geom. Funct. Anal. 26 (2016), no. 2, 520–606.

[27] B. Hayes. Metric mean dimension for algebraic actions of sofic groups. Trans. Amer. Math.

Soc. to appear. arXiv:1310.4126.

[28] T. W. Hungerford. Algebra. Reprint of the 1974 original. Graduate Texts in Mathematics, 73.

Springer-Verlag, New York-Berlin, 1980.

[29] I. Kaplansky. Fields and Rings. The University of Chicago Press, Chicago, Ill.-London, 1969.

52 HANFENG LI AND BINGBING LIANG

[30] D. Kerr. Sofic measure entropy via finite partitions. Groups Geom. Dyn. 7 (2013), no. 3, 617–632.

[31] D. Kerr and H. Li. Entropy and the variational principle for actions of sofic groups. Invent.

Math. 186 (2011), no. 3, 501–558.

[32] D. Kerr and H. Li. Soficity, amenability, and dynamical entropy. Amer. J. Math. 135 (2013), no. 3, 721–761.

[33] D. Kerr and H. Li. Combinatorial independence and sofic entropy. Commun. Math. Stat. 1 (2013), no. 2, 213–257.

[34] F. Krieger. Groupes moyennables, dimension topologique moyenne et sous-décalages. (French) [Amenable groups, mean topological dimension and subshifts] Geom. Dedicata 122 (2006), 15–31.

[35] F. Krieger. Minimal systems of arbitrary large mean topological dimension. Israel J. Math.

172 (2009), 425–444.

[36] T. Y. Lam. Lectures on Modules and Rings. Graduate Texts in Mathematics, 189. Springer- Verlag, New York, 1999.

[37] H. Li. Sofic mean dimension. Adv. Math. 244 (2013), 570–604.

[38] H. Li and B. Liang. Mean dimension, mean rank, and von Neumann-Lück rank. J. Reine Angew. Math. to appear. arXiv:1307.5471.

[39] H. Li and A. Thom. Entropy, determinants, and L^2-torsion. J. Amer. Math. Soc. 27 (2014), no. 1, 239–292.

[40] E. Lindenstrauss. Mean dimension, small entropy factors and an embedding theorem. Inst.

Hautes Études Sci. Publ. Math. 89 (1999), 227–262.

[41] E. Lindenstrauss and M. Tsukamoto. Mean dimension and an embedding problem: an example. Israel J. Math. 199 (2014), no. 2, 573–584.

[42] E. Lindenstrauss and B. Weiss. Mean topological dimension. Israel J. Math. 115 (2000), 1–24. [43] P. A. Linnell. Division rings and group von Neumann algebras. Forum Math. 5 (1993), no. 6, 561–576.

[44] W. Lück. Dimension theory of arbitrary modules over finite von Neumann algebras and L^2- Betti numbers. I. Foundations. J. Reine Angew. Math. 495 (1998), 135–162.

[45] W. Lück. L^2-Invariants: Theory and Applications to Geometry and K-theory. Springer- Verlag, Berlin, 2002.

[46] S. Matsuo and M. Tsukamoto. Instanton approximation, periodic ASD connections, and mean dimension. J. Funct. Anal. 260 (2011), no. 5, 1369–1427.

[47] S. Matsuo and M. Tsukamoto. Brody curves and mean dimension. J. Amer. Math. Soc. 28 (2015), no. 1, 159–182.

[48] J. C. McConnell and J. C. Robson. Noncommutative Noetherian Rings. With the cooperation of L. W. Small. Revised edition. Graduate Studies in Mathematics, 30. American Mathematical Society, Providence, RI, 2001.

[49] M. S. Montgomery. Left and right inverses in group algebras. Bull. Amer. Math. Soc. 75 (1969), 539–540.

[50] C. Năstăsescu and F. Van Oystaeyen. Dimensions of Ring Theory. Mathematics and its Applications, 36. D. Reidel Publishing Co., Dordrecht, 1987.

[51] D. G. Northcott and M. Reufel. A generalization of the concept of length. Quart. J. Math.

Oxford Ser. (2) 16 (1965), 297–321.

[52] D. S. Ornstein and B. Weiss. Entropy and isomorphism theorems for actions of amenable groups. J. Analyse Math. 48 (1987), 1–141.

[53] D. S. Passman. Idempotents in group rings. Proc. Amer. Math. Soc. 28 (1971), 371–374.

SOFIC MEAN LENGTH 53

[54] D. S. Passman. The Algebraic Structure of Group Rings. Pure and Applied Mathematics.

Wiley-Interscience [John Wiley & Sons], New York-London-Sydney, 1977. [55] V. G. Pestov. Hyperlinear and sofic groups: a brief guide. Bull. Symbolic Logic 14 (2008), no. 4, 449–480.

[56] L. Pontrjagin and L. Schnirelmann. Sur une propriété métrique de la dimension. Ann. of Math. (2) 33 (1932), no. 1, 156–162. Translation in Classics on Fractals, pp. 133–142. Edited by G. A. Edgar. Studies in Nonlinearity. Westview Press. Advanced Book Program, Boulder, CO, 2004.

[57] J. J. Rotman. Advanced Modern Algebra. Graduate Studies in Mathematics, 114. American Mathematical Society, Providence, RI, 2010.

[58] L. Salce, P. Vámos, and S. Virili. Length functions, multiplicities and algebraic entropy.

Forum Math. 25 (2013), no. 2, 255–282.

[59] L. Salce and S. Virili. The addition theorem for algebraic entropies induced by non-discrete length functions. Forum Math. 28 (2016), no. 6, 1143–1157.

[60] L. Salce and P. Zanardo. A general notion of algebraic entropy and the rank-entropy. Forum Math. 21 (2009), no. 4, 579–599.

[61] K. Schmidt. Dynamical Systems of Algebraic Origin. Progress in Mathematics, 128.

Birkhäuser Verlag, Basel, 1995.

[62] A. Thom. Sofic groups and Diophantine approximation. Comm. Pure Appl. Math. 61 (2008), no. 8, 1155–1171.

[63] M. Tsukamoto. Moduli space of Brody curves, energy and mean dimension. Nagoya Math. J.

192 (2008), 27–58.

[64] M. Tsukamoto. Deformation of Brody curves and mean dimension. Ergod. Th. Dynam. Sys.

29 (2009), no. 5, 1641–1657.

[65] M. Tsukamoto. Gauge theory on infinite connected sum and mean dimension. Math. Phys.

Anal. Geom. 12 (2009), no. 4, 325–380.

[66] M. Tsukamoto. Mean dimension of the dynamical system of Brody curves. arXiv:1410.1143. [67] P. Vámos. Additive functions and duality over Noetherian rings. Quart. J. Math. Oxford Ser.

(2) 19 (1968), 43–55.

[68] P. Vámos. Length Functions on Modules. Ph.D. thesis, University of Sheffield, 1968. Available at ethos.bl.uk [69] S. Virili. Length functions of Grothendieck categories with applications to infinite group representations. arXiv:1410.8306v1.

[70] S. Virili. A point-free approach to L-surjunctivity and stable finiteness. arXiv:1410.1643v3. [71] B. Weiss. Sofic groups and dynamical systems. In: Ergodic Theory and Harmonic Analysis (Mumbai, 1999). Sankhyā Ser. A 62 (2000), no. 3, 350–359.

[72] P. Zanardo. Multiplicative invariants and length functions over valuation domains. J. Commut. Algebra 3 (2011), no. 4, 561–587.

H.L., Center of Mathematics, Chongqing University, Chongqing 401331, China., Department of Mathematics, SUNY at Buffalo, Buffalo, NY 14260-2900, U.S.A.

E-mail address: hfli@math.buffalo.edu

B.L., Max Planck Institute for Mathematics, Vivatsgasse 7, 53111, Bonn, Germany E-mail address: bliang@mpim-bonn.mpg.de