SYLVESTER RANK FUNCTIONS FOR AMENABLE NORMAL EXTENSIONS

BAOJIE JIANG AND HANFENG LI

Abstract. We introduce a notion of amenable normal extension S of a unital ring R with a finite approximation system F, encompassing the amenable algebras over a field of Gromov and Elek, the twisted crossed product by an amenable group, and the tensor product with a field extension. It is shown that every Sylvester matrix rank function rk of R preserved by S has a canonical extension to a Sylvester matrix rank function rk_F for S. In the case of twisted crossed product by an amenable group, and the tensor product with a field extension, it is also shown that rk_F depends on rk continuously. When an amenable group has a twisted action on a unital C^∗-algebra preserving a tracial state, we also show that two natural Sylvester matrix rank functions on the algebraic twisted crossed product constructed out of the tracial state coincide.

Contents

1. Introduction 2 2. Preliminaries 4 2.1. Sylvester rank functions 5 2.2. Group rings and twisted crossed products 6 2.3. Amenable groups and amenable K-algebras 7 2.4. Tracial states and Sylvester matrix rank functions 8 2.5. Twisted crossed product C^∗-algebras 10 3. Amenable extensions 11 4. Sylvester matrix rank function for amenable extensions 13 5. Amenable normal extensions 15 6. Linear infimum rule 17 7. Continuity of extension 22 8. Bivariant Sylvester module rank function for amenable normal extensions 27 9. Sylvester rank function for field extensions 32 9.1. Composition 32 9.2. Comparison with construction of Jaikin-Zapirain 34

Date: November 20, 2020.

2010 Mathematics Subject Classification. 16D10, 16S35, 43A07, 46L05.

Key words and phrases. Sylvester rank function, amenability, infimum rule, crossed product, tracial state. 1

2 BAOJIE JIANG AND HANFENG LI

10. Extension for twisted crossed product C^∗-algebras 39 References 43

1. Introduction

Sylvester rank functions for a given unital ring R are numerical invariants for matrices or modules over R, describing the rank or dimension of such objects. They can be described in several equivalent ways, either for rectangular matrices, or finitely presented left modules, or pairs of left modules M_1 ⊆ M_2, or maps between finitely generated projective left modules, or maps between left modules [24, 29, 39]. They are useful for instance in the study of Kaplansky’s direct finiteness conjecture [4] and L^2-Betti numbers [18, 19], and have attracted much attention recently [1, 2, 14].

Crucial questions about Sylvester rank functions are, given unital rings R ⊆ S, when a Sylvester matrix rank function rk for R can be extended to a Sylvester matrix rank function for S and when such an extension is unique. Of course one needs some conditions on the ring extension S ⊇ R. In the literature these questions have been discussed in several different situations.

For a field K, Gromov and Elek introduced the notion of amenable K-algebras [10, 17]. This includes the algebras of subexponential growth studied by Rowen [38], and is further studied in [3, 5, 7, 13, 15]. In these works people have tried to define dimension for finitely generated modules over an amenable K-algebra S using a Følner sequence of S, but it is not clear whether one obtains a limit along the Følner sequence or not, as asked by Gromov [17, page 348].

For a twisted crossed product R ∗ Γ constructed out of a twisted action of a discrete amenable group Γ on R preserving rk, Ara, O’Meara, and Perera showed that rk can always be extended to a Sylvester matrix rank function rk_{R∗Γ} for R ∗ Γ using an ultrafilter, and used it to prove Kaplansky’s direct finiteness conjecture for free-by-amenable groups [4]. They didn’t address the question whether rk_{R∗Γ} depends on the choice of the ultrafilter or not, equivalently, whether one obtains a limit along a Følner sequence of Γ or not.

When E/K is a field extension and R is a K-algebra, Jaikin-Zapirain showed that under some conditions rk can be extended a Sylvester matrix rank function of E ⊗_K R [19]. More precisely, he constructed a natural extension of rk to E ⊗_K R when E/K is algebraic, and when E = K(t) for some t transcendental over K and rk is regular in the sense that it is induced from a Sylvester matrix rank function of a unital von Neumann regular ring R^′ and a unital ring homomorphism R → R^′. These natural extensions are fundamental in his work on Atiyah conjecture and Lück’s approximation conjecture. He asked the question whether there is a general construction of a natural extension of rk to E ⊗_K R unifying his construction in the above two cases [18, Question 8.8].

SYLVESTER RANK FUNCTIONS FOR AMENABLE NORMAL EXTENSIONS 3

In this work we give a general framework to unify the above situations. We introduce a notion of right amenable extension S of R (see Definition 3.1). This means that we are given a collection F of finitely generated free left R-submodules of S satisfying suitable conditions. Intuitively, elements of F play the role of right Følner sets. Then the construction of Ara, O’Meara, and Perera also works in this general situation. Namely, given a non-principal ultrafilter ω on the set F̂ of nonzero elements in F, defining rk_F(A) as lim_{W→ω}^{rkW(A)}_{dim(W)} for each A ∈ M_{n,m}(S) yields a Sylvester matrix rank function for S, where dim(W) is the rank of W as a free left R-module and rk_W(A) is rk(B) for some matrix B over R associated to W and A.

In order to guarantee that rk_F does not depend on the choice of the ultrafilter ω, we introduce a stronger notion of right amenable normal extension S of R preserving rk (see Definition 5.1). This includes all the above cases except that for the amenable K-algebras S studied in [10, 17] one needs to assume that S has no zero-divisors. Our first main result is the following.

Theorem 1.1. Let rk be a Sylvester matrix rank function of a unital ring R, and let S be a right amenable normal extension of R with a finite approximate system F preserving rk. For each A ∈ M_{n,m}(S),^{rkW(A)}_{dim(W)} converges to inf_{V∈F̂}^{rkV(A)}_{dim(V)} when W ∈ F̂ becomes more and more right invariant.

A byproduct of our proof for Theorem 1.1 is an affirmative answer to Gromov’s question in the case the amenable K-algebra S has no zero-divisors (see Corollary 6.5 and Remark 6.6). In the literature there are two well-known ways to guarantee the convergence along Følner sequences of amenable groups. The first is the strong subadditivity, implying an infimum rule, i.e. the limit is the infimum. The second is the subadditivity implying the existence of the limit via the Ornstein-Weiss lemma. In order to prove Theorem 1.1, we establish a linear infimum rule in Lemma 6.3.

The space of all Sylvester matrix rank functions for R is naturally a compact convex space. One can ask whether rk_F depends on rk continuously or not. We have not been able to answer this question in full generality. At the technical level, this requires uniform convergence along some Følner sequence. For this purpose we introduce a weak quasitiling property (Definition 7.2), which is a weak analogue of the quasitiling of Ornstein and Weiss for amenable groups in [32]. Twisted crossed products R ∗ Γ for amenable groups Γ and E ⊗_K R for field extension E/K and K-algebras R have the weak quasitiling property. Our second main result is the following.

Theorem 1.2. Assume that S is a right amenable normal extension of R with (F, U) satisfying the weak quasitiling property. The map from the space of Sylvester matrix rank functions of R preserved by S to the space of Sylvester matrix rank functions of S sending rk to rk_F is affine and continuous.

4 BAOJIE JIANG AND HANFENG LI

When a unital C^∗-algebra A has a tracial state tr, it is well known that tr induces a Sylvester matrix rank function rk_{tr} for A . In fact, the von Neumann rank function on group algebras of a discrete group Γ is constructed this way from the canonical tracial state of the reduced group C^∗-algebra C^∗_{red}(Γ) and plays a fundamental role in the study of L^2-Betti numbers [19, 28]. For a twisted action (α, u) of a discrete group Γ on A , one has the maximal twisted crossed product C^∗-algebra A ⋊_{α,u} Γ [6, 33– 35], which contains an algebraic twisted crossed product A ∗Γ. If the twisted action (α, u) preserves tr, then tr extends to a tracial state tr_{α,u} of A ⋊_{α,u} Γ naturally, which in turn induces a Sylvester matrix rank function rk_{trα,u} for A ⋊_{α,u} Γ. If furthermore Γ is amenable, then we also have our Sylvester matrix rank function (rk_{tr})_F on A ∗Γ constructed out of rk_{tr} and the finite approximation system F in Example 3.3. In this case we obtain two Sylvester matrix rank functions on A ∗ Γ, namely (rk_{tr})_F and the restriction of rk_{trα,u} to A ∗ Γ. Our third main result says that these two rank functions coincide.

Theorem 1.3. Let (α, u) be a twisted action of an amenable discrete group Γ on a unital C^∗-algebra A preserving a tracial state tr, and let A ⋊_{α,u} Γ be the maximal twisted crossed product C^∗-algebra. Let F be the finite approximation system in Example 3.3 for A ∗ Γ. Then rk_{trα,u} (A) = (rk_{tr})_F(A) for every A ∈ M_{n,m}(A ∗ Γ).

This article is organized as follows. In Section 2 we set up general notation and recall some basic concepts. We introduce the notation of right amenable extensions and discuss some basic properties in Section 3. The construction of Ara, O’Meara, and Perera is applied in Section 4 to right amenable extensions to yield Sylvester matrix rank functions for the extensions. We introduce the notion of right amenable normal extensions in Section 5. Theorems 1.1 and 1.2 are proven in Sections 6 and 7 respectively. In Section 8 we describe the bivariant Sylvester module rank function corresponding to rk_F under the condition of weak quasitiling property. In Section 9 we discuss in detail the case of E ⊗_K R for field extensions E/K, showing that rk_F behaves well with respect to compositions of field extensions and that our construction extends that of Jaikin-Zapirain, thus answering his question [18, Question 8.8] affirmatively. Theorem 1.3 is proven in Section 10.

Acknowledgments. The second-named author was partially supported by NSF grants DMS-1600717 and DMS-1900746. Preliminary stages of this work were carried out during his stay in Spring 2018 at ICMAT. He thanks Pere Ara and Andrei Jaikin- Zapirain for inspiring discussions. We are grateful to the referee for very helpful comments, especially for providing a proof of Proposition 9.6.

2. Preliminaries

Throughout this paper, for a unital ring R (a group Γ resp.) we denote by 1_R (e_Γ resp.) the identity element of R (Γ resp.). For an abelian group V and n ∈ N, we

SYLVESTER RANK FUNCTIONS FOR AMENABLE NORMAL EXTENSIONS 5

shall write V^n (V^{n×1} resp.) for the space of row (column resp.) vectors of length n with entries in V .

Let R be a unital ring. A nonzero a ∈ R is a zero-divisor if ab = 0 or ba = 0 for some nonzero b ∈ R. We say R is a domain if it has no zero-divisors. Given a left R-module M, for sets A ⊆ R and V ⊆ M, we denote by AV the set of finite sums of elements of the form av for a ∈ A and v ∈ V.

2.1. Sylvester rank functions. In this subsection we recall the definitions and facts about Sylvester rank functions. We refer the reader to [19, 24, 29, 39] for detail. Let R be a unital ring. The following definition was given by Malcolmson [29].

Definition 2.1. A Sylvester matrix rank function for R is an R_{≥0}-valued function rk on the set of rectangular matrices over R satisfying the following conditions:

(i) rk(0) = 0 and rk(1_R) = 1. (ii) rk(AB) ≤ min(rk(A), rk(B)).

(iii) rk( ï A B ò ) = rk(A) + rk(B).

(iv) rk( ï A C B ò ) ≥ rk(A) + rk(B).

In particular, if A ∈ M_{n,n}(R) and C ∈ M_{m,m}(R) are invertible, then

rk(ABC) = rk(B) for every B ∈ M_{n,m}(R). It follows that for any A ∈ M_{n,m}(R), C ∈ M_{l,m}(R) and B ∈ M_{l,k}(R), one has rk( ï A C B ò ) = rk( ï A B C ò ) = rk( ï B C A ò ) ≥ rk(A) + rk(B).

For any A, B ∈ M_{n,m}(R), one also has

rk(A + B) = rk( [ I_n I_n

] ïA B ò ï I_m I_m ò ) ≤ rk( ï A B ò ) = rk(A) + rk(B).

Equipped with the pointwise operations, the space P(R) of all Sylvester matrix rank functions for R is a compact convex set. The following definition was given in [24].

Definition 2.2. A bivariant Sylvester module rank function for R is an R_{≥0} ∪{+∞}- valued function (M_1, M_2) → dim(M_1|M_2) on the class of all pairs of left R-modules M_1 ⊆ M_2 satisfying the following conditions:

(i) dim(M_1|M_2) is an isomorphism invariant.

(ii) Writing dim(M) = dim(M|M), we have dim({0}) = 0 and dim(R) = 1. (iii) For any left R-modules M_1 ⊆ M_2 and M^′_1 ⊆ M^′_2, one has

dim(M_1 ⊕ M^′_1|M_2 ⊕ M^′_2) = dim(M_1|M_2) + dim(M^′_1|M^′_2).

6 BAOJIE JIANG AND HANFENG LI

(iv) dim(M_1|M_2) = sup_M′_1 dim(M^′_1|M_2) for M^′_1 ranging over all finitely generated R-submodules of M_1.

(v) When M_1 is finitely generated, dim(M_1|M_2) = inf_M′_2 dim(M_1|M^′_2) for M^′_2 ranging over all finitely generated R-submodules of M_2 containing M_1.

(vi) dim(M_2) = dim(M_1|M_2) + dim(M_2/M_1).

There is a natural one-to-one correspondence between Sylvester matrix rank functions for R and bivariant Sylvester module rank functions for R [24, Theorems 2.4 and 3.3]. Given a bivariant Sylvester module rank function dim(·|·) for R, the corresponding Sylvester matrix rank function rk is determined by

rk(A) = dim(R^nA|R^m)

for all A ∈ M_{n,m}(R).

We summarize the properties about bivariant Sylvester module rank functions which we shall need [24, Theorem 3.4, Proposition 3.19, Proposition 3.20, Proposition 5.1].

Theorem 2.3. Let dim(·|·) be a bivariant Sylvester module rank function for R. The following are true.

(i) For any left R-modules M_1 ⊆ M_2 ⊆ M_3, one has

dim(M_2|M_3) = dim(M_1|M_3) + dim(M_2/M_1|M_3/M_1).

(ii) For any left R-modules M_1, M_2 ⊆ M_3, one has

dim(M_1 + M_2|M_3) + dim(M_1 ∩ M_2|M_3) ≤ dim(M_1|M_3) + dim(M_2|M_3).

(iii) For any left R-modules M_1 ⊆ M_2 and any R-module homomorphism π :

M_2 → M, one has

dim(π(M_1)|π(M_2)) ≤ dim(M_1|M_2).

(iv) For any left R-modules M, M_1 ⊆ M_2 with M_1 finitely generated, denoting by π_M′ the homomorphism M_2 → M_2/M^′ for every R-submodule M^′ of M_2, one has

dim(π_M(M_1)|M_2/M) = inf_{M′} dim(π_M′ (M_1)|M_2/M^′)

for M^′ ranging over all finitely generated R-submodules of M.

2.2. Group rings and twisted crossed products. In this subsection we recall the definitions of group rings and twisted crossed products. We refer the reader to [36, 37] for detail.

Let R be a unital ring and Γ a discrete group.

The group ring of Γ with coefficients in R, denoted by RΓ, consists of all finitely supported functions f : Γ → R. We shall write f as ∑ s∈Γ f_ss with f_s ∈ R for all

SYLVESTER RANK FUNCTIONS FOR AMENABLE NORMAL EXTENSIONS 7

s ∈ Γ and f_s = 0 except for finitely many s ∈ Γ. The addition and multiplication in RΓ are given by ∑ s∈Γ f_ss + ∑ s∈Γ g_ss = ∑ s∈Γ (f_s + g_s)s, and ( ∑ s∈Γ f_ss)( ∑ t∈Γ g_tt) = ∑ s,t∈Γ

f_sg_tst.

Given an action α of Γ on R via automorphisms, one can define the crossed product R ⋊_α Γ. It also consists of finitely supported functions Γ → R. The addition and multiplication in R ⋊_α Γ are given by ∑ s∈Γ f_ss + ∑ s∈Γ g_ss = ∑ s∈Γ (f_s + g_s)s, and ( ∑ s∈Γ f_ss)( ∑ t∈Γ g_tt) = ∑ s,t∈Γ

f_sα_s(g_t)st.

The group ring RΓ is the crossed product R ⋊_α Γ for the trivial action of Γ on R.

When Γ has an action β on a discrete group G via automorphisms, one has the semidirect product group G ⋊_β Γ defined. As a set, it is G × Γ. The multiplication of G ⋊_β Γ is given by (g, s)(h, t) = (gβ_s(h), st). Then the group ring R(G ⋊_β Γ) is naturally isomorphic to the crossed product (RG) ⋊_α Γ, where α_s( ∑ g∈G f_gg) = ∑ g∈G f_gβ_s(g) for s ∈ Γ and ∑ g∈G f_gg ∈ RG.

A twisted crossed product^1 R ∗ Γ is a unital Γ-graded ring, i.e. R ∗ Γ = ⨁ s∈Γ V_s with V_sV_t ⊆ V_{st} for all s, t ∈ Γ, such that V_{eΓ} is isomorphic to R as a unital ring and V_s contains a unit s̄ of R ∗ Γ for each s ∈ Γ. We shall identify V_{eΓ} with R. It is easily checked that for any s ∈ Γ, if some a ∈ V_s is invertible in R ∗ Γ, then its inverse lies in V_s−1 . It follows that s̄ generates V_s as a free left (right resp.) R-module. Then s̄ is unique up to multiplication by some unit in R from either left or right. Clearly crossed products are twisted crossed products. Given a normal subgroup G of Γ, it is easily checked that the group ring RΓ can be written as (RG) ∗ (Γ/G).

2.3. Amenable groups and amenable K-algebras. Let Γ be a discrete group. For a nonempty finite set K ⊆ Γ and ε > 0, we say a nonempty finite set F ⊆ Γ is (K, ε)-invariant if |F K| < (1 + ε)|F |. The group Γ is amenable if for any nonempty finite set K ⊆ Γ and any ε > 0 there is some (K, ε)-invariant nonempty finite set F ⊆ Γ.

Let K be a field. The notion of amenable K-algebras was introduced by Gromov [17, Section 1.11] and Elek [10]. Let S be a unital K-algebra, i.e. K lies in the center of S and 1_K = 1_S. We say that S is right amenable if for every finite subset V of S and every ε > 0 there is some finite-dimensional K-linear subspace W of S containing 1_S such that dim_K(W + WV ) < (1 + ε) dim_K(W) (see [3] for a discussion of the difference between requiring 1_S ∈ W or not). When S is a domain, one can drop the condition that 1_S ∈ W [3, Corollary 3.10]. Finitely generated K-algebras of subexponential growth and commutative K-algebras are right amenable [10]. For

1This is called crossed product in [37]. We shall call it twisted crossed product since the corresponding notion in C^∗-algebras is called so.

8 BAOJIE JIANG AND HANFENG LI

a discrete group Γ, the group ring KΓ is right amenable if and only if Γ is amenable [5, 10, 13].

2.4. Tracial states and Sylvester matrix rank functions. It is well known that a tracial state on a unital C^∗-algebra A induces a Sylvester matrix rank function for A . For example, for any discrete group Γ, the von Neumann Sylvester matrix rank function for the reduced group C^∗-algebras C^∗_{red}(Γ) is induced from the canonical tracial state of C^∗_{red}(Γ) [19, 28]. Here we recall the construction. We refer the reader to [20] for basics on C^∗-algebras and von Neumann algebras.

A C^∗-algebra is a ∗-algebra A over C equipped with a complete norm such that ‖ab‖ ≤ ‖a‖ · ‖b‖ and ‖a^∗a‖ = ‖a‖^2 for all a, b ∈ A . An element a ∈ A is positive if a = b^∗b for some b ∈ A . A state for a unital C^∗-algebra A is a unital linear functional φ : A → C such that it is positive in the sense that it sends positive elements to positive elements. A state φ of A is tracial if φ(ab) = φ(ba) for all a, b ∈ A . A ∗-representation of A on a Hilbert space H is a ∗-homomorphism from A to the C^∗-algebra B(H) of all bounded linear operators from H to itself.

Let A be a unital C^∗-algebra and let φ be a state of A . Then one has the GNS representation π_φ associated to φ as follows. The set I_φ := {a ∈ A : φ(a^∗a) = 0} is a left ideal of A . We have an inner product on A /I_φ defined by ⟨a + I_φ, b + I_φ⟩ := φ(b^∗a) for a, b ∈ A . Denote by L^2(A , φ) the completion of A /I_φ under the norm induced by this inner product. Then A has a ∗-representation π_φ on L^2(A , φ) determined by π_φ(a)(b + I_φ) = ab + I_φ for all a, b ∈ A . Denote by A^{′′}_φ the von Neumann algebra generated by π_φ(A ), i.e. the closure of π_φ(A ) in B(L^2(A , φ)) under the weak operator topology. Put ξ_φ = 1_A + I_φ ∈ L^2(A , φ). Denote by φ^{′′} the state on A^{′′}_φ given by

φ^{′′}(T ) = ⟨T ξ_φ, ξ_φ⟩ .

Note that φ^{′′} extends φ in the sense that φ(a) = φ^{′′}(π_φ(a)) for all a ∈ A .

Now assume that tr is a tracial state of A . It is easily checked that tr^{′′} is a tracial state on A^{′′}_{tr} . We extend tr^{′′} to square matrices over A^{′′}_{tr} by

tr^{′′}(A) = n∑ j=1 tr^{′′}(A_{jj})

for all A ∈ M_n(A^{′′}_{tr} ). Then tr^{′′}(AB) = tr^{′′}(BA) for all A ∈ M_{n,m}(A^{′′}_{tr} ) and B ∈ M_{m,n}(A^{′′}_{tr} ), and tr^{′′}(A^∗A) ≥ 0 for all A ∈ M_{n,m}(A^{′′}_{tr} ).

Let A ∈ M_{n,m}(A ). It follows from von Neumann’s double commutant theorem that the orthogonal projection P_{imπtr(A)} from L^2(A , tr)^{n×1} to imπ_{tr}(A) = π_{tr}(A) · L^2(A , tr)^{m×1} lies in M_n(A^{′′}_{tr} ). Thus we may define

rk_{tr}(A) := tr^{′′}(P_{imπtr(A)}) ≥ 0. (1)

SYLVESTER RANK FUNCTIONS FOR AMENABLE NORMAL EXTENSIONS 9

Using the polar decomposition of A we find some T ∈ M_{n,m}(A^{′′}_{tr} ) such that T^∗T = P_{imπtr(A∗)} and T T^∗ = P_{imπtr(A)}. Thus rk_{tr}(A) = rk_{tr}(A^∗). (2) Denote by ker π_{tr}(A) the set of x ∈ L^2(A , tr)^{m×1} satisfying π_{tr}(A)x = 0, and by P_{ker πtr(A)} the orthogonal projection from L^2(A , tr)^{m×1} to ker π_{tr}(A). Then P_{ker πtr(A)} lies in M_m(A^{′′}_{tr} ), and P_{ker πtr(A)} + P_{imπtr(A}∗_) = I_m. Thus

rk_{tr}(A) = rk_{tr}(A^∗) = tr^{′′}(I_m − P_{ker πtr(A)}) = m − tr^{′′}(P_{ker πtr(A)}). (3) For convenience of the reader, we give a proof of the following proposition.

Proposition 2.4. Let tr be a tracial state of a unital C^∗-algebra A . Then rk_{tr} defined via (1) is a Sylvester matrix rank function for A .

Proof. Clearly rk_{tr}(0) = 0 and rk_{tr}(1_A ) = 1. This verifies the condition (i) in Definition 2.1.

Let A ∈ M_{n,m}(A ) and B ∈ M_{m,k}(A ). Then imπ_{tr}(AB) ⊆ imπ_{tr}(A). Thus P_{imπtr(AB)} ≤ P_{imπtr(A)}, and hence rk_{tr}(AB) ≤ rk_{tr}(A). We also have

rk_{tr}(AB)^{(2)}= rk_{tr}(B^∗A^∗) ≤ rk_{tr}(B^∗)^{(2)}= rk_{tr}(B). This verifies the condition (ii) in Definition 2.1.

For A ∈ M_{n,m}(A ) and B ∈ M_{k,l}(A ), putting D = ï A B ò , we have P_{imπtr(D)} = P_{imπtr(A)} + P_{imπtr(B)}, and hence

rk_{tr}( ï A B ò ) = rk_{tr}(A) + rk_{tr}(B).

This verifies the condition (iii) in Definition 2.1.

Let A ∈ M_{n,m}(A ), B ∈ M_{n,k}(A ), and C ∈ M_{l,k}(A ). Put D = ï A B C ò . We

have imπ_{tr}(A) ⊆ imπ_{tr}(D). Denote by H the orthogonal complement of imπ_{tr}(A) in imπ_{tr}(D), and by P_H the orthogonal projection from L^2(A , tr)^{(n+l)×1} to H. Then P_{imπtr(D)} = P_{imπtr(A)}+P_H . Denote by Q the natural projection map L^2(A , tr)^{(n+l)×1} = L^2(A , tr)^{n×1} ⊕ L^2(A , tr)^{l×1} → L^2(A , tr)^{l×1}. Then Q ∈ M_{l,n+l}(A ), and Q(H) is dense in imπ_{tr}(C). The polar decomposition of QP_H gives us a T ∈ M_{l,n+l}(A^{′′}_{tr} ) such that T T^∗ = P_{imπtr(C)}, and T^∗T is an orthogonal projection satisfying T^∗T ≤ P_H . Then tr^{′′}(P_H ) ≥ tr^{′′}(T^∗T ) = tr^{′′}(T T^∗) = tr^{′′}(P_{imπtr(C)}) = rk_{tr}(C), and hence

rk_{tr}( ï A B C ò ) = tr^{′′}(P_{imπtr(D)}) = tr^{′′}(P_{imπtr(A)}) + tr^{′′}(P_H ) ≥ rk_{tr}(A) + rk_{tr}(C).

This verifies the condition (iv) in Definition 2.1. □

10 BAOJIE JIANG AND HANFENG LI

2.5. Twisted crossed product C^∗-algebras. In this subsection we recall some basic facts about twisted crossed product C^∗-algebras. We refer the reader to [6, 33– 35] for more information.

Let A be a unital C^∗-algebra. An element u ∈ A is a unitary if u^∗u = uu^∗ = 1_A . For each unitary u ∈ A , we have the inner automorphism Ad (u) of A sending a to uau^∗. Denote by Aut(A ) the automorphism group of A , and by U(A ) the unitary group of A .

Let Γ be a discrete group with identity element e_Γ. A twisted action of Γ on A [6, Definition 2.1] is a pair (α, u) of maps α : Γ → Aut(A ) and u : Γ × Γ → U(A ) such that

(i) α_{eΓ} = id and u_{eΓ,s} = u_{s,eΓ} = 1_A for all s ∈ Γ; (ii) α_sα_t = Ad (u_{s,t})α_{st} for all s, t ∈ Γ; (iii) α_γ (u_{s,t})u_{γ,st} = u_{γ,s}u_{γs,t} for all γ, s, t ∈ Γ.

Let (α, u) be a twisted action of Γ on A . Define A ∗ Γ as the space of finitely supported functions f : Γ → A . We shall write f ∈ A ∗ Γ as ∑ s∈Γ f_ss̄. Then A ∗ Γ is a ∗-algebra with the algebraic operations defined by ∑ s∈Γ f_ss̄ + ∑ s∈Γ g_ss̄ = ∑ s∈Γ (f_s + g_s)s̄, ( ∑ s∈Γ f_ss̄)( ∑ t∈Γ g_tt̄) = ∑ s,t∈Γ

f_sα_s(g_t)u_{s,t}st, ( ∑ s∈Γ f_ss̄)^∗ = ∑ s∈Γ u^∗_s−1_{,s}α_s−1 (f^∗_s )s^{−1}.

Clearly A ∗ Γ is a twisted crossed product in the sense of Section 2.2.

Define a seminorm on A ∗ Γ by ‖ ‖f ‖ ‖ = sup π ‖ ‖π(f) ‖ ‖ (4) for π ranging over all unital ∗-representations of A ∗ Γ on Hilbert spaces. As we shall see below, this is actually a norm on A ∗ Γ. The maximal twisted crossed product C^∗-algebra for (α, u) is the completion of A ∗ Γ under this norm, and will be denoted by A ⋊_{α,u} Γ.

Let π : A → B(H) be a unital ∗-representation of A on a Hilbert space H. Denote by ℓ^2(Γ, H) the space of all functions x : Γ → H satisfying ∑ t∈Γ ‖x_t‖^2 < +∞. We shall write x ∈ ℓ^2(Γ, H) as ∑ t∈Γ x_tt. Then ℓ^2(Γ, H) is a Hilbert space equipped with the inner product ⟨ ∑ t∈Γ x_tt, ∑ t∈Γ y_tt ⟩ := ∑ t∈Γ ⟨x_t, y_t⟩

SYLVESTER RANK FUNCTIONS FOR AMENABLE NORMAL EXTENSIONS 11

and the associated norm ‖ ‖ ∑_{t∈Γ} x_tt ‖ ‖ = (∑_{t∈Γ} ‖x_t‖2)1/2. For each ∑_{s∈Γ} f_ss ∈ A ∗Γ, define π_{α,u}( ∑ s∈Γ f_ss̄) ∈ B(ℓ^2(Γ, H)) by

π_{α,u}( ∑ s∈Γ f_ss̄)( ∑ t∈Γ x_tt) = ∑ s,t∈Γ

π(α_{(st)}−1 (f_s)u_{(st)}−1_{,s})(x_t)(st).

Then π_{α,u} is a unital ∗-representation of A ∗ Γ on ℓ^2(Γ, H). When π is injective (such π always exists), π_{α,u} is also injective and hence (4) does define a norm. In general, π_{α,u} extends to a unital ∗-representation of A ⋊_{α,u} Γ on ℓ^2(Γ, H), which we still denote by π_{α,u}.

Take an injective unital ∗-representation π of A on some Hilbert space H. Denote by T the isometric embedding H → ℓ^2(Γ, H) sending x to xe_Γ. Then T^∗π_{α,u}(A ⋊_{α,u} Γ)T = π(A ). For each a ∈ A ⋊_{α,u} Γ, denote by E(a) the unique element in A satisfying T^∗π_{α,u}(a)T = π(E(a)). Then E is a unital positive linear map from A ⋊_{α,u} Γ to A satisfying E(ae_Γ) = a for all a ∈ A and E(as̄) = 0 for all a ∈ A and s ∈ Γ \ {e_Γ}. In particular, E does not depend on the choice of π.

3. Amenable extensions

In this section we define amenable extensions and give some basic examples. A unital ring R is said to have invariant basis number (IBN) or unique rank property (URP) if for any distinct n, m ∈ N, the left R-modules R^n and R^m are not isomorphic, or equivalently, the right R-modules R^n and R^m are not isomorphic [22, page 3]. When R has IBN, for any finitely generated free left R-module M we write dim(M) for the nonnegative integer satisfying M ∼= R^{dim(M)}. Note that if R has a Sylvester matrix rank function, then it has IBN.

Let R be a unital ring and S be a unital ring containing R with 1_R = 1_S.

Definition 3.1. Assume that R has IBN. A collection F of left R-submodules of S is called a finite approximation system if the following conditions hold:

(i) Each W ∈ F is a finitely generated free left R-module. (ii) For any W, V ∈ F, one has W ∩ V, W + V ∈ F.

(iii) For any W, V ∈ F satisfying V ⊆ W, one has W = V ⊕ V^′ for some V^′ ∈ F.

In particular, dim(V) ≤ dim(W).

(iv) Every finitely generated left R-submodule of S is contained in some W ∈ F. Denote by F̂ the set of nonzero elements in F. We say that S is a right amenable extension of R with finite approximation system F if furthermore

(v) For any finite subset V of S and ε > 0 there is some W ∈ F̂ which is (V, ε)- invariant in the sense that one has dim(W̃) ≤ (1 + ε) dim(W) for some W̃ ∈ F containing W + WV .

Example 3.2. Let R be a field K, Γ a discrete group, and S the group ring KΓ. For each finite set F ⊆ Γ denote by KF the set of elements in KΓ with support contained in F . Denote by F the set of KF for F ranging over finite subsets of Γ.

12 BAOJIE JIANG AND HANFENG LI

Then F is a finite approximation system for KΓ. Clearly KΓ is a right amenable extension of K with this F if and only if Γ is amenable.

Example 3.3. Let Γ be a discrete group and let R ∗ Γ = ⨁ s∈Γ V_s be a twisted crossed product as in Section 2.2. Assume that R has IBN. Let F be the set of R-modules of the form ∑ s∈F V_s where F is a finite subset of Γ. Then F is a finite approximation system for R ∗ Γ. It is easily checked that the ring R ∗ Γ is a right amenable extension of R with the above F if and only if Γ is amenable.

Example 3.4. Let K be a field and S a unital K-algebra. Let F be the set of all finite-dimensional K-linear subspaces of S. Then F is a finite approximation system for S. If S is right amenable over K in the sense of Gromov and Elek as in Section 2.3, then clearly S is a right amenable extension of K with the above F. When S is a domain, the converse also holds.

Example 3.5. Let K be a field and E a field containing K. Let R be a K-algebra with IBN. Denote by F the set of V ⊗_K R for V ranging over finite-dimensional K-linear subspaces of E. Then F is a finite approximation system for E ⊗_K R. Since E is right amenable over K, E ⊗_K R is a right amenable extension of R with this F.

We shall use the following elementary lemma a few times.

Lemma 3.6. Let F be a finite approximation system. The following are true.

(i) For any V, W ∈ F, we have

dim(V + W) + dim(V ∩ W) = dim(V) + dim(W).

(ii) For any W_1, . . . , W_n, W ∈ F with W_1, . . . , W_n ⊆ W, one has

dim(W) − dim

(^n⋂ j=1 W_j ) ≤ n∑ j=1 (dim(W) − dim(W_j)).

Proof. (i). We have W = W^′ ⊕ (V ∩ W) for some W^′ ∈ F and V = V^′ ⊕ (V ∩ W) for some V^′ ∈ F. Clearly V + W = V^′ ⊕ (V ∩ W) ⊕ W^′. Thus

dim(V + W) + dim(V ∩ W) = dim(V^′) + dim(V ∩ W) + dim(W^′) + dim(V ∩ W) = dim(V) + dim(W).

(ii). We argue by induction on n. This is trivial when n = 1. Suppose that it holds for n. Let W_1, . . . , W_n, W_{n+1}, W ∈ F with W_1, . . . , W_n, W_{n+1} ⊆ W. Then

dim(W) − dim

(^{n+1}⋂ j=1 W_j )

= dim(W) − dim

(^n⋂ j=1 W_j ) − dim(W_{n+1}) + dim ( W_{n+1} + n⋂ j=1 W_j )

SYLVESTER RANK FUNCTIONS FOR AMENABLE NORMAL EXTENSIONS 13

≤ dim(W) − dim

(^n⋂ j=1 W_j ) − dim(W_{n+1}) + dim(W)

≤ n+1∑ j=1 (dim(W) − dim(W_j)),

where in the equality we apply part (i) and in the last inequality we apply the inductive hypothesis. □

4. Sylvester matrix rank function for amenable extensions

In this section we give the Ara-O’Meara-Perera construction of Sylvester matrix rank functions for amenable extensions using ultralimits in [4]. They did the construction for twisted crossed products in Example 3.3, but their method works for general case easily.

Let R be a unital ring. Let rk be a Sylvester matrix rank function for R, and dim(·|·) the corresponding bivariant Sylvester module rank function for R. Let S be a unital ring containing R with 1_R = 1_S, and let F be a finite approximation system.

Let A ∈ M_{n,m}(S) and W ∈ F̂. By the condition (iv) of Definition 3.1 there is some W̃ ∈ F̂ such that WA_{i,j} ⊆ W̃ for all 1 ≤ i ≤ n and 1 ≤ j ≤ m. Then we have W^nA ⊆ W̃^m. Take an R-basis w_1, . . . , w_l for W^n, and an R-basis w̃_1, . . . , w̃_p for W̃^m. Then we have w_1A . . w_lA = B w̃_1 . . w̃_p (5) for some B ∈ M_{l,p}(R). Note that rk(B) does not depend on the choices of the bases w_1, . . . , w_l and w̃_1, . . . , w̃_p. In fact, by Lemma 4.1 below rk(B) does not depend on the choice of W̃ either. Thus we may define

rk_W(A) = rk(B).

Lemma 4.1. Let A ∈ M_{n,m}(S) and W, W̃ ∈ F̂ such that WA_{i,j} ⊆ W̃ for all 1 ≤ i ≤ n and 1 ≤ j ≤ m. If we take an R-basis w_1, . . . , w_l for W^n and an R-basis w̃_1, . . . , w̃_p for W̃^m, and define B ∈ M_{l,p}(R) via (5), then

rk(B) = dim(W^nA|S^m).

Proof. Clearly W^nA is a finitely generated left R-submodule of W̃^m, and

rk(B) = dim(W^nA|W̃^m).

For any V ∈ F̂ satisfying W^nA ⊆ V^m, by the conditions (ii) and (iii) of Definition 3.1 we know that both V^m and W̃^m are direct summands of (W̃+V)^m as left R-modules,

14 BAOJIE JIANG AND HANFENG LI

and hence

dim(W^nA|V^m) = dim(W^nA|(W̃ + V)^m) = dim(W^nA|W̃^m).

By the condition (iv) of Definition 3.1 every finitely generated left R-submodule of S^m is contained in V^m for some V ∈ F̂. Therefore

dim(W^nA|S^m) = inf_M dim(W^nA|M)

= inf

V∈F̂,W^nA⊆V^m

dim(W^nA|V^m)

= dim(W^nA|W̃^m) = rk(B),

where in the first line M ranges over all finitely generated left R-submodules of S^m containing W^nA. □

We record some basic properties of rk_W in the following obvious lemma which we leave for the reader to check.

Lemma 4.2. Let W ∈ F̂. The following are true.

(i) rk_W(0) = 0 and rk_W(1_S) = dim(W).

(ii) For any A ∈ M_{n,m}(S) and B ∈ M_{m,l}(S), taking W̃ ∈ F̂ with WA_{i,j} ⊆ W̃ for all 1 ≤ i ≤ n and 1 ≤ j ≤ m, one has rk_W(AB) ≤ min(rk_W(A), rk~_W(B)).

(iii) rk_W( ï A B ò ) = rk_W(A) + rk_W(B).

(iv) rk_W( ï A C B ò ) ≥ rk_W(A) + rk_W(B).

(v) For any V ∈ F with W ⊆ V and A ∈ M_{n,m}(S), one has

rk_W(A) ≤ rk_V(A) ≤ rk_W(A) + n(dim(V) − dim(W)).

Recall that for a nonempty set J, a nonempty family ω of subsets of J is called a filter if it is closed under taking finite intersections, ∅ ∉ J, and for any X ∈ ω and X ⊆ Y ⊆ J one has Y ∈ ω. An ultrafilter on J is a maximal proper filter ω, i.e. for any proper filter ω^′ on J containing ω, one has ω = ω^′. Given any ultrafilter ω on J and any map f from J to a compact Hausdorff space Z, there is a unique z_0 ∈ Z such that for every neighborhood U of z_0 in Z, the set f^{−1}(U) is in ω. We shall write z_0 as lim_{j→ω} f(j).

Now we assume that S is a right amenable extension of R with F. We say that an ultrafilter ω on F̂ is non-principal if for any finite subset V of S and any ε > 0, the set of all (V, ε)-invariant W ∈ F̂ is an element of ω. By Zorn’s lemma there are non-principal ultrafilters on F̂. Fix a non-principal ultrafilter ω on F̂.

The following lemma is an immediate consequence of Lemma 4.2.(v).

SYLVESTER RANK FUNCTIONS FOR AMENABLE NORMAL EXTENSIONS 15

Lemma 4.3. Let V be a finite subset of S. For each W ∈ F̂ take a W̃_V ∈ F̂ with smallest dim(W̃_V ) such that W + WV ⊆ W̃_V . Then

lim_{W→ω} dim(W̃_V ) dim(W)

= 1 and lim_{W→ω} rk~_{WV} (A) − rk_W(A) dim(W) = 0 for every A ∈ M_{n,m}(S).

For each A ∈ M_{n,m}(S), put

rk_F(A) = lim_{W→ω} rk_W(A) dim(W) . It follows from Lemmas 4.2 and 4.3 that rk_F is a Sylvester matrix rank function for S. If R has a unique Sylvester matrix rank function rk, then rk_F extends rk. In general, in order for rk_F to extend rk, we need to assume some extra conditions, which we shall discuss in Section 5.

5. Amenable normal extensions

In this section we define amenable normal extensions and discuss some basic examples. Let R be a unital ring with IBN, and let S be a unital ring containing R with 1_S = 1_R.

Recall that a subset G of S is multiplicative if 1_S ∈ G and st ∈ G for all s, t ∈ G. The set of all non-zero-divisors in S \ {0} is multiplicative.

Denote by N_S (R) the multiplicative set of non-zero-divisors g in S \ {0} which normalizes R, i.e. gR = Rg. For each g ∈ N_S (R) and a ∈ R, there is a unique σ_g(a) ∈ R satisfying ga = σ_g(a)g. The map σ_g : a → σ_g(a) is an automorphism of R. Definition 5.1. We say that a finite approximation system F for S is normal if there is a multiplicative subset U of N_S (R) such that:

(i) Each W ∈ F has a basis consisting of elements in U. (ii) For each g ∈ U, Rg is in F.

(iii) For any g ∈ U and W ∈ F with W ⊆ Sg, one has {x ∈ S : xg ∈ W} ∈ F. The conditions (i) and (ii) imply that for any g ∈ U and W ∈ F one has gW, Wg ∈ F. Thus the conditions (i) and (ii) imply (iii) when U is a group.

We call S a right amenable normal extension of R if it is right amenable with some normal finite approximation system F, and given a Sylvester matrix rank function rk for R, call S a right amenable normal extension of R preserving rk if furthermore rk is σ_g-invariant for every g ∈ U.

Example 5.2. Let K, Γ, and F be as in Example 3.2. Then F is normal with U = Γ, where we identify Γ with its image under the natural embedding Γ → KΓ. Since K

16 BAOJIE JIANG AND HANFENG LI

has a unique Sylvester matrix rank function rk, when Γ is amenable, KΓ is a right amenable normal extension of K preserving rk.

Example 5.3. Let Γ, R, R ∗ Γ and F be as in Example 3.3. Then F is normal with U consisting of bs̄ for b a unit in R and s an element of Γ. If Γ is amenable, then R ∗ Γ is a right amenable normal extension of R. Since every Sylvester matrix rank function is invariant under inner automorphisms, when Γ is amenable, if rk is a Sylvester matrix rank function for R invariant under σ_{s̄} for every s ∈ Γ, then R ∗ Γ is a right amenable normal extension of R preserving rk.

Example 5.4. Let K be a field and S a unital K-algebra without zero-divisors. Let F be as in Example 3.4. Then F is normal with U equal to the set of nonzero elements in S. Since K has a unique Sylvester matrix rank function rk, if S is right amenable over K in the sense of Gromov and Elek as in Section 2.3, then S is a right amenable normal extension of K preserving rk.

Example 5.5. Let K, E, R and F be as in Example 3.5. Then F is normal with U = {a ⊗_K 1_R : a ∈ E, a ≠ 0}. For any Sylvester matrix rank function rk of R, E ⊗_K R is a right amenable normal extension of R preserving rk.

Remark 5.6. If rk is a Sylvester matrix rank function for R and S is a right amenable normal extension of R preserving rk, then clearly rk_F constructed in Section 4 extends rk.

For any ring automorphism σ of R and any left R-module M, we denote by M^σ the left R-module {x̄ : x ∈ M} with addition x̄+ȳ = x + y and scalar multiplication σ(a)x̄ = ax. The following lemma gives us the implication of invariance of rk under an automorphism in terms of the corresponding dim(·|·).

Lemma 5.7. Let rk be a Sylvester matrix rank function for R and dim(·|·) the corresponding bivariant Sylvester module rank function for R. Let σ be a ring automorphism of R preserving rk. Then the following hold.

(i) For any left R-modules M_1 ⊆ M_2, one has

dim(M_1|M_2) = dim(M^σ_1 |M^σ_2 ).

(ii) Let g ∈ S such that σ(a)g = ga for all a ∈ R. For any left S-module N and any R-submodules M_1, M_2 of N, one has

dim(π_{gM1} (gM_2)|N/gM_1) ≤ dim(π_{M1} (M_2)|N/M_1),

where π_M′ denotes the quotient map N → N/M^′ for every R-submodule M^′ of N. In particular,

dim(gM_2|N) ≤ dim(M_2|N).

Proof. (i). For any left R-modules M_1 ⊆ M_2, define

dim^σ(M_1|M_2) = dim(M^σ_1 |M^σ_2 ).

SYLVESTER RANK FUNCTIONS FOR AMENABLE NORMAL EXTENSIONS 17

Then clearly dim^σ(·|·) satisfies the conditions in Definition 2.2, and thus is a bivariant Sylvester module rank function for R. Let A ∈ M_{n,m}(R). Denote by e_1, . . . , e_m the standard basis of R^m. Then e_1, . . . , e_m is an R-basis of (R^m)^σ. Clearly (R^nA)^σ is the R-submodule of (R^m)^σ generated by

∑_m j=1 σ(A_{i,j} )e_j for i = 1, . . . , n. Therefore

dim^σ(R^nA|R^m) = dim((R^nA)^σ|(R^m)^σ) = rk(σ(A)) = rk(A).

Consequently, dim^σ(·|·) is the bivariant Sylvester module rank function for R corresponding to rk, and hence dim^σ(·|·) = dim(·|·).

(ii). Denote by φ the R-module homomorphism N^σ → N sending x̄ to gx. Then φ(M^σ_1 ) = gM_1 and φ(M^σ_2 ) = gM_2. Thus we get an induced R-module homomorphism φ^′ : N^σ /M^σ_1 → N/gM_1 sending x̄ + M^σ_1 to gx + gM_1. Clearly φ^′((M^σ_1 + M^σ_2 )/M^σ_1 ) = (gM_1 + gM_2)/gM_1 and φ^′(N^σ/M^σ_1 ) = gN/gM_1. Thus

dim(π_{gM1} (gM_2)|N/gM_1) = dim((gM_1 + gM_2)/gM_1|N/gM_1) ≤ dim((gM_1 + gM_2)/gM_1|gN/gM_1) = dim(φ^′((M^σ_1 + M^σ_2 )/M^σ_1 )|φ^′(N^σ/M^σ_1 )) ≤ dim((M^σ_1 + M^σ_2 )/M^σ_1 |N^σ/M^σ_1 ) = dim(((M_1 + M_2)/M_1)^σ|(N/M_1)^σ) = dim((M_1 + M_2)/M_1|N/M_1) = dim(π_{M1} (M_2)|N/M_1),

where in the 2nd inequality we apply Theorem 2.3.(iii) and in the 4th equality we apply part (i). □

6. Linear infimum rule

In this section we prove Theorem 6.7, showing that for a right amenable normal extension preserving rk, the Sylvester matrix rank function rk_F constructed in Section 4 is actually a limit and an infimum, so does not depend on the choice of the ultrafilter. For this we establish an infimum rule in Lemma 6.3.

To motivate Lemma 6.3, we recall what happens for amenable groups. Let Γ be an amenable group. Denote by F(Γ) the set of all finite subsets of Γ, and by F̂(Γ) the set of all nonempty finite subsets of Γ. For an R-valued function ψ defined on F(Γ) or F̂(Γ), we say that ψ(F ) converges to L ∈ [−∞, +∞] when F becomes more and more right invariant, written as lim_F ψ(F ) = L, if for any neighborhood U of L in [−∞, +∞] there are some K ∈ F̂(Γ) and δ > 0 such that for any (K, δ)-invariant F ∈ F̂(Γ) one has ψ(F ) ∈ U.

There are two well-known results yielding the convergence of ψ(F ). The first one is the so-called “infimum rule”, showing that actually lim_F ψ(F ) = inf_{F ∈F̂(Γ)} ψ(F ). Below is one of its forms [30, Definitions 2.2.10, 3.1.5, Remark 3.1.7, and Proposition 3.1.9] [8, Appendix] [26, Lemma 3.3] (see also [9] [21, Section 4.7]). The second one

18 BAOJIE JIANG AND HANFENG LI

is the Ornstein-Weiss lemma [27, Theorem 6.1] [21, Theorem 4.38], which is based on the quasitiling machinery of Ornstein and Weiss for amenable groups [32]. Lemma 6.1. Let Γ be an amenable group and φ an R-valued function on F(Γ) satisfying the following conditions:

(i) φ(∅) = 0, (ii) φ(sF ) = φ(F ) for every F ∈ F(Γ) and s ∈ Γ, (iii) φ(F_1 ∪ F_2) + φ(F_1 ∩ F_2) ≤ φ(F_1) + φ(F_2) for all F_1, F_2 ∈ F(Γ).

Then lim_F φ(F ) |F |

= inf_{F ∈F̂(Γ)} φ(F ) |F | . Now let R be a unital ring with IBN and let S be a right amenable normal extension of R with F and U. Recall that for any W, V ∈ F, WV denotes the set of finite sums of elements of the form wv for w ∈ W and v ∈ V, and hence WV ∈ F. Here is the linear version of the above definition of limit.

Definition 6.2. For V ∈ F and δ > 0 we say W ∈ F̂ is (V, δ)-invariant if dim(W + WV) ≤ (1 + δ) dim(W). For an R-valued function ψ defined on F or F̂, we say ψ(W) converges to L ∈ [−∞, +∞] when W becomes more and more right invariant if for any neighborhood U of L in [−∞, +∞] there are some V ∈ F and δ > 0 such that for any (V, δ)-invariant W ∈ F̂ we have ψ(W) ∈ U. In such case we write lim_W ψ(W) = L.

Now we give a linear infimum rule.

Lemma 6.3. Let R be a unital ring with IBN and let S be a right amenable normal extension of R with F and U. Let φ be an R-valued function on F satisfying the following conditions:

(i) φ({0}) = 0, (ii) φ(gV) ≤ φ(V) for every V ∈ F and g ∈ U, (iii) φ(V + W) + φ(V ∩ W) ≤ φ(V) + φ(W) for all V, W ∈ F.

Then lim_W φ(W) dim(W)

= inf_{V∈F̂} φ(V) dim(V) . Proof. Put L = inf_{V∈F̂}^{φ(V)}_{dim(V)} ∈ [−∞, +∞). Let r ∈ R with r > L. Take ε > 0 with r − 2ε > L. The set of V ∈ F̂ satisfying^{φ(V)}_{dim(V)} < r − 2ε is nonempty. Take a V in this set with smallest dim(V), and put C :=^{φ(V)}_{dim(V)} < r − 2ε. Then^{φ(V′)}_{dim(V′)} ≥ C for every V^′ ∈ F̂ satisfying dim(V^′) < dim(V). From the condition (i) we conclude that φ(V^′) ≥ C dim(V^′) for every V^′ ∈ F satisfying dim(V^′) < dim(V).

SYLVESTER RANK FUNCTIONS FOR AMENABLE NORMAL EXTENSIONS 19

We claim that φ(WV) ≤ C dim(WV) for every W ∈ F. We prove it by induction on dim(W). The case dim(W) = 0 follows from the condition (i). When dim(W) = 1, we have W = Rg for some g ∈ U and hence φ(WV) = φ(gV) ≤ φ(V) = C dim(V) = C dim(WV), where the inequality comes from the condition (ii). Suppose that the claim holds when dim(W) = n. Let W ∈ F with dim(W) = n + 1. Write W as W_1 ⊕ W_2 with W_1, W_2 ∈ F such that dim(W_1) = n and dim(W_2) = 1. Then W_2 = Rg for some g ∈ U. By induction hypothesis we have φ(W_jV) ≤ C dim(W_jV) for j = 1, 2. If W_1V ∩ W_2V = W_2V, then WV = W_1V + W_2V = W_1V, and hence φ(WV) = φ(W_1V) ≤ C dim(W_1V_1) = C dim(WV).

Thus we may assume that W_1V ∩ W_2V ≠ W_2V. Note that W_1V ∩ W_2V ∈ F. Thus dim(W_1V ∩ W_2V) < dim(W_2V) = dim(V).

Therefore φ(W_1V ∩ W_2V) ≥ C dim(W_1V ∩ W_2V). By the condition (iii) we have φ(WV) = φ(W_1V + W_2V) ≤ φ(W_1V) + φ(W_2V) − φ(W_1V ∩ W_2V) ≤ C dim(W_1V) + C dim(W_2V) − C dim(W_1V ∩ W_2V) = C dim(W_1V + W_2V) = C dim(WV), where the 2nd equality comes from Lemma 3.6.(i). This proves our claim.

From the condition (ii) we have φ(Rg) = φ(gR) ≤ φ(R) for every g ∈ U. Then from the conditions (i) and (iii) we have φ(W) ≤ φ(R) dim(W) for all W ∈ F.

Take δ > 0 with δ max(|C|, |φ(R)|) dim(V) ≤ ε. Now let W ∈ F̂ be (V, δ)- invariant. Write V as ⨁ 1≤j≤dim(V) Rvj for some v1, . . . , vdim(V) ∈ U. For each 1 ≤

j ≤ dim(V), set W_j = {w ∈ W : wv_j ∈ W} = {x ∈ S : xv_j ∈ W ∩ Wv_j}. Then W_j ∈ F, and w → wv_j is a left R-module isomorphism from W_j onto W∩Wv_j. Note that W + Wv_j ∈ F is contained in W + WV, thus dim(W + Wv_j) ≤ dim(W + WV). Therefore dim(W) − dim(W_j) = dim(W) − dim(W ∩ Wv_j) = dim(W + Wv_j) − dim(Wv_j) ≤ dim(W + WV) − dim(W) ≤ δ dim(W), where in the 2nd equality we apply Lemma 3.6.(i). Set W^† =

⋂_{dim(V)}

j=1 W_j ∈ F. Then W^†V ⊆ W, and by Lemma 3.6.(ii) we have

dim(W) − dim(W^†) ≤

dim(V)∑

j=1 (dim(W) − dim(W_j)) ≤ δ dim(V) dim(W).

20 BAOJIE JIANG AND HANFENG LI

Since W^†V, W ∈ F and W^†V ⊆ W, we have W = W^†V ⊕ W^♯ for some W^♯ ∈ F. Then dim(W) ≥ dim(W^†V) ≥ dim(W^†v_1) = dim(W^†) ≥ dim(W) − δ dim(V) dim(W), and hence

|C dim(W^†V) − C dim(W)| ≤ |C|δ dim(V) dim(W) ≤ ε dim(W), and |φ(R) dim(W^♯)| = |φ(R)|·| dim(W)−dim(W^†V)| ≤ |φ(R)|δ dim(V) dim(W) ≤ ε dim(W). We conclude that φ(W) = φ(W^†V + W^♯) = φ(W^†V + W^♯) + φ(W^†V ∩ W^♯) ≤ φ(W^†V) + φ(W^♯) ≤ C dim(W^†V) + φ(R) dim(W^♯) ≤ C dim(W) + ε dim(W) + ε dim(W) ≤ r dim(W), where the 1st inequality comes from the condition (iii). □ If we take R to be a field K and S to be the group ring KΓ of an amenable group Γ in Example 5.2, then Lemma 6.3 yields a new proof of Lemma 6.1.

Now let rk be a Sylvester matrix rank function for R and dim(·|·) the corresponding bivariant Sylvester module rank function for R. We assume further that S is a right amenable normal extension of R preserving rk.

Lemma 6.4. Let N_1 ⊆ N_2 be left S-modules such that N_1 is finitely generated. Let M_1 be a finitely generated R-submodule of N_1 generating N_1 as an S-module. Then lim_W dim(WM_1|N_2) dim(W)

= inf_{V∈F̂} dim(VM_1|N_2) dim(V) . (6) This limit does not depend on the choice of M_1. We denote it by dim_F(N_1|N_2). Proof. Consider the function φ_{M1} on F defined by φ_{M1} (V) = dim(VM_1|N_2). Let’s check that it satisfies the conditions in Lemma 6.3. Clearly φ_{M1} ({0}) = dim({0}|N_2) = 0. For any g ∈ U and V ∈ F, by Lemma 5.7.(ii) we have φ_{M1} (gV) = dim(gVM_1|N_2) ≤ dim(VM_1|N_2) = φ_{M1} (V).

For any V, W ∈ F, by Theorem 2.3.(ii) we have

φ_{M1} (V + W) + φ_{M1} (V ∩ W) ≤ dim(VM_1 + WM_1|N_2) + dim(VM_1 ∩ WM_1|N_2) ≤ dim(VM_1|N_2) + dim(WM_1|N_2) = φ_{M1} (V) + φ_{M1} (W).

SYLVESTER RANK FUNCTIONS FOR AMENABLE NORMAL EXTENSIONS 21

Therefore from Lemma 6.3 we get (6). Denote lim_W^{dim(WM1|N2)}_{dim(W)} by L_{M1} .

Let M^′_1 be another finitely generated R-submodule of N_1 generating N_1 as an S-module. We shall show L_{M1} = L_M′_1 . By symmetry it suffices to show L_M′_1 ≤ L_{M1} . Since M_1 generates N_1 as an S-module, we have M^′_1 ⊆ V^′M_1 for some nonzero finitely generated left R-submodule V^′ of S. We may assume that V^′ ∈ F. For any δ > 0 and V ∈ F, when W in F̂(V ) is (V^′ + V^′V, δ)-invariant, we have dim(WV^′ + WV^′V) = dim(W(V^′ + V^′V)) ≤ (1 + δ) dim(W) ≤ (1 + δ) dim(WV^′).

This shows that when W ∈ F̂ becomes more and more right invariant, so does WV^′. Also clearly lim_W^{dim(WV′)}_{dim(W)} = 1. Therefore

L_M′_1 ≤ L_V′_{M1} = lim_W dim(WV^′M_1|N_2) dim(W)

= lim_W dim(WV^′M_1|N_2) dim(WV^′)

= L_{M1} . □ When R is a field K, it has a unique Sylvester matrix rank function rk, and the corresponding bivariant Sylvester module rank function is dim(M_1|M_2) = dim_K(M_1) for all left R-modules M_1 ⊆ M_2, where dim_K(M_1) is the usual dimension for K-vector spaces and we put dim_K(M_1) = ∞ whenever M_1 is infinite-dimensional. Taking S to be a unital right amenable K-algebra without zero-divisors in Example 5.4, we obtain the following consequence of Lemma 6.4.

Corollary 6.5. Let K be a field and let S be a unital right amenable K-algebra without zero-divisors. Put F to be the set of all finite-dimensional K-linear subspaces of S. For any finitely generated left S-module N and any finite-dimensional K-linear subspace M of N generating N as an S-module, the limit lim_W^{dimK(WM)}_{dimK(W)} exists.

Remark 6.6. In [17, page 348] Gromov asked whether the limit lim_W^{dimK(WM)}_{dimK(W)} exists for every unital right amenable K-algebra S. In [10, page 477] Elek constructed an example showing that in general the limit does not exist. In this example, S is the unital K-algebra generated by x and y subject to x^2 = 0 and xy = 0. The left S-module N is the S-submodule of S generated by x and y, and one can take M = Kx + Ky. Corollary 6.5 answers Gromov’s question affirmatively in the case S is a domain.

Theorem 1.1 is part of the following result. Theorem 6.7. Let A ∈ M_{n,m}(S). Then

lim_W rk_W(A) dim(W)

= inf_{V∈F̂} rk_V(A) dim(V)

= dim_F(S^nA|S^m).

Proof. Denote by M_1 the left R-submodule of S^m generated by the rows of A. For each W ∈ F̂, clearly W^nA = WM_1, and hence by Lemma 4.1 we have rk_W(A) = dim(W^nA|S^m) = dim(WM_1|S^m).

22 BAOJIE JIANG AND HANFENG LI

Put N_1 = S^nA and N_2 = S^m. Now the theorem follows from Lemma 6.4. □

7. Continuity of extension

In this section we prove Theorem 7.8, establishing the continuity of the map rk → rk_F. For this purpose we need to assume some linear quasitiling property. To motivate this property, we recall first the Ornstein-Weiss quasitiling theorem for amenable groups [32] [21, Theorem 4.36].

Theorem 7.1. Let Γ be an amenable group. Let 0 < ε < 1 and K ∈ F̂(Γ). Then there are some n ∈ N, (K, ε)-invariant F_1, . . . , F_n ∈ F̂(Γ), δ > 0 and K^′ ∈ F̂(Γ) such that every (K^′, δ)-invariant F ∈ F̂(Γ) can be ε-quasitiled by F_1, . . . , F_n in the sense that there are C_1, . . . , C_n ⊆ F and F_{j,c} ⊆ G for each 1 ≤ j ≤ n and c ∈ C_j satisfying the following conditions:

(i) For each 1 ≤ j ≤ n and c ∈ C_j, one has F_{j,c} ⊆ F_j and |F_{j,c}| ≥ (1 − ε)|F_j|. (ii) The sets cF_{j,c} for 1 ≤ j ≤ n and c ∈ C_j are pairwise disjoint. (iii) ⋃ 1≤j≤n ⋃ c∈C_j cFj ⊆ F and | ⋃ 1≤j≤n ⋃ c∈C_j cFj | ≥ (1 − ε)|F |.

Theorem 7.1 says that one can choose the shapes F_1, . . . , F_n to be as right invariant as one wants (i.e. (K, ε)-invariant), so that any sufficiently right invariant F (i.e. (K^′, δ)-invariant) is almost a disjoint union of translates of F_1, . . . , F_n (i.e. cF_j ). When Γ = Z, one can take n = 1 and F_1 = {0, 1, . . . , N − 1} for sufficiently large N, and take C_1 to be the set of c ∈ NZ satisfying c + F_1 ⊆ F . In general, if Γ is monotileable in the sense that there is a right Følner sequence {K_m}_{m∈N} of Γ such that for each m ∈ N one can write Γ as a disjoint union of sets of the form cF_m with c ∈ Γ, then one can always take n = 1 and F_1 = K_m for sufficiently large m. Every amenable residually finite group is monotileable [41]. It is an open question whether every amenable group is monotileable or not.

Let R be a unital ring with IBN, and let S be a right amenable normal extension of R with F and U. Here is our linear version of a weak form of the quasitiling in Theorem 7.1.

Definition 7.2. We say that (F, U) has the weak quasitiling property if for any 0 < ε < 1 and V ∈ F̂ there are some n ∈ N and (V, ε)-invariant W_1, . . . , W_n ∈ F̂ such that for any δ > 0 and V^′ ∈ F̂, there is a (V^′, δ)-invariant W ∈ F̂ which can be ε-quasitiled by W_1, . . . , W_n in the sense that there are C_1, . . . , C_n ⊆ U ∩ W and W_{j,c} ∈ F for each 1 ≤ j ≤ n and c ∈ C_j satisfying the following conditions:

(i) For each 1 ≤ j ≤ n and c ∈ C_j, one has W_{j,c} ⊆ W_j and dim(W_{j,c}) ≥ (1 − ε) dim(W_j).

(ii) The left R-modules cW_{j,c} for 1 ≤ j ≤ n and c ∈ C_j are linearly independent. (iii) ∑ 1≤j≤n ∑ c∈C_j cWj ⊆ W and dim( ∑ 1≤j≤n ∑ c∈C_j cWj ) ≥ (1 − ε) dim(W).

Example 7.3. Let Γ, R, R ∗ Γ, F and U be as in Example 5.3. If Γ is amenable, then from Theorem 7.1 we know that (F, U) has the weak quasitiling property. In

SYLVESTER RANK FUNCTIONS FOR AMENABLE NORMAL EXTENSIONS 23

fact, Theorem 7.1 implies that (F, U) satisfies some property stronger than the weak quasitiling property, namely for any 0 < ε < 1 and V ∈ F̂ there are some n ∈ N, (V, ε)-invariant W_1, . . . , W_n ∈ F̂, δ > 0 and V^′ ∈ F̂ such that every (V^′, δ)-invariant W ∈ F̂ can be ε-quasitiled by W_1, . . . , W_n.

Lemma 7.4. Let K be a field and E a field containing K. Denote by F̂ the set of nonzero finite-dimensional K-linear subspaces of E. For any V ∈ F̂ and ε > 0, there is some (V, ε)-invariant W_1 ∈ F̂ such that for any V^′ ∈ F̂ and δ > 0 there are some (V^′, δ)-invariant W ∈ F̂ and a finite set C_1 of nonzero elements in W with W = ⨁ c∈C_1 cW1.

Proof. If E is algebraic over K, then we may take W_1 to be the subfield of E generated by K∪V, W to be the subfield of E generated by K∪V∪V^′, and C_1 to be a W_1-basis of W. Thus we may assume that E is not algebraic over K.

We may assume that 1_K ∈ V.

Let X be a maximal set of elements in E being algebraically independent over K. Then X is nonempty. Denote by E_1 the subfield of E generated by X and K. Then E is algebraic over E_1. We may identify E_1 with the field of rational functions with coefficients in K and indeterminants in X. Denote by P the set of all polynomials with coefficients in K and indeterminants in X.

Take a finite field extension F of E_1 contained in E such that V ⊆ F. Take a K-basis A for V, and take an E_1-basis B for F with 1_E ∈ B. Then we can find some nonzero h ∈ P such that for any a ∈ A and b ∈ B one has hba = ∑ b^′∈B fa,b,b^′ b

′ for some f_{a,b,b}′ ∈ P . Let Y be a finite subset of X containing all the indeterminants appearing in f_{a,b,b}′ for all a ∈ A and b, b^′ ∈ B. Denote by m the maximum of the degree of each y ∈ Y in f_{a,b,b}′ for a ranging over elements of A and b, b^′ ranging over elements of B. For each n ∈ N, denote by Q_{Y,n} the set of polynomials with coefficients in K and indeterminants in Y and degree at most n − 1 in each y ∈ Y . Then dim_K Q_{Y,n} = (1 + n)^{|Y |}. Take n ∈ N large enough such that dim_K(Q_{Y,n+m}) ≤ (1 + ε) dim_K(Q_{Y,n−1}). Note that f_{a,b,b}′ Q_{Y,n−1} ⊆ Q_{Y,n+m} for all a ∈ A and b, b^′ ∈ B. Set W_1 = ∑ b∈B bQ_{Y,n−1} ∈ F̂. Then

hW_1V = h ∑ b∈B bQ_{Y,n−1} ∑ a∈A Ka ⊆ ∑ a∈A ∑ b,b^′∈B

f_{a,b,b}′ b^′Q_{Y,n−1} ⊆ ∑ b^′∈B

b^′Q_{Y,n+m},

and hence dim_K(W_1V) = dim_K(hW_1V)

≤ dim_K( ∑ b∈B bQ_{Y,n+m})

= |B| dim_K(Q_{Y,n+m}) ≤ (1 + ε)|B| dim_K(Q_{Y,n−1}) = (1 + ε) dim_K(W_1).

24 BAOJIE JIANG AND HANFENG LI

Thus W_1 is (V, ε)-invariant.

Let V^′ ∈ F̂ containing 1_K and δ > 0. Then we have F^′, A^′, B^′, h^′, Y^′, m^′, n^′, Q_Y ′_{,n}′_{−1}, Q_Y ′_{,n}′_{+m}′ and W^′_1 as above for V^′ and δ. We may choose F^′ ⊇ F. Take an F-basis Z for F^′ containing 1_E. We may choose B^′ to the set of bz for all b ∈ B and z ∈ Z. We may also choose Y^′ ⊇ Y and n^′ to be a multiple of n. Denote by C_1 the set of gz for all z ∈ Z and monomials g in Y^′ such that in g each y ∈ Y has degree ℓ_yn for some integer 0 ≤ ℓ_y < n^′/n and each y^′ ∈ Y^′ \ Y has degree at most n^′ − 1. Then

W^′_1 = ⨁ b∈B,z∈Z

bzQ_Y ′_{,n}′_{−1} = ⨁ b∈B b ⨁ z∈Z zQ_Y ′_{,n}′_{−1} = ⨁ b∈B b ⨁ c∈C_1

cQ_{Y,n−1} = ⨁ c∈C_1

cW_1.

Since 1_K ∈ B, we have C_1 ⊆ W^′_1. Putting W = W^′_1 finishes the proof. □ Example 7.5. Let K, E, R, F and U be as in Example 5.5. It follows from Lemma 7.4 that (F, U) has the weak quasitiling property.

Question 7.6. Does every right amenable normal extension have the weak quasitiling property?

For any V ∈ F̂, we say W_1, W_2 ∈ F are V-separated if W_1V ∩ W_2V = {0}.

Lemma 7.7. Let C > 0 and V ∈ F̂. Denote by Φ_{C,V} the set of functions φ : F → R satisfying the conditions (i)-(iii) in Lemma 6.3 and

(iv) For any V-separated W_1, W_2 ∈ F, one has φ(W_1 + W_2) = φ(W_1) + φ(W_2), (v) φ(gW) = φ(W) for all W ∈ F and g ∈ U, (vi) φ(R) ≤ C, (vii) φ(W_1) ≤ φ(W_2) for all W_1, W_2 ∈ F with W_1 ⊆ W_2.

Equip Φ_{C,V} with the pointwise convergence topology. Assume that (F, U) has the weak quasitiling property. Then the function φ → lim_W^{φ(W)}_{dim(W)} on Φ_{C,V} is continuous.

Proof. From the conditions (i) and (vii) we know that every φ ∈ Φ_{C,V} is R_{≥0}-valued. For each φ ∈ Φ_{C,V}, put f(φ) = lim_W^{φ(W)}_{dim(W)} = inf_{W∈F̂}^{φ(W)}_{dim(W)} ∈ R_{≥0}.

Let φ ∈ Φ_{C,V} and ε > 0. Take a W^♭ ∈ F̂ with^{φ(W♭)}_{dim(W♭)} < f(φ) + ε. Denote by U_1 the set of all φ^′ ∈ Φ_{C,V} satisfying φ^′(W^♭) < φ(W^♭)+ε. This is an open neighborhood of φ in Φ_{C,V}. For each φ^′ ∈ U_1, we have

f(φ^′) ≤ φ^′(W^♭) dim(W^♭) ≤ φ(W^♭) dim(W^♭)

+ ε ≤ f(φ) + 2ε.

If f(φ) = 0, then f(φ^′) ≥ f(φ) for all φ^′ ∈ U_1. Thus we may assume f(φ) > 0 and ε < f(φ)/4. Take δ > 0 such that 2Cδ dim(V) < ε. Also take 0 < θ < δ such that (f(φ) − 2ε)(1 − θ) > f(φ) − 3ε. By assumption we can find some n ∈ N and (V, δ)-invariant W_1, . . . , W_n ∈ F̂ such that for any V_1 ∈ F̂ and δ_1 > 0 there is some (V_1, δ_1)-invariant W ∈ F̂ which can be θ-quasitiled by W_1, . . . , W_n. Denote by U_2 the set of all φ^′ ∈ Φ_{C,V} satisfying φ^′(W_j) > φ(W_j) − ε for all 1 ≤ j ≤ n. This

SYLVESTER RANK FUNCTIONS FOR AMENABLE NORMAL EXTENSIONS 25

is an open neighborhood of φ in Φ_{C,V}. Let φ^′ ∈ U_2. There are some V_1 ∈ F̂ and δ_1 > 0 such that for any (V_1, δ_1)-invariant W ∈ F̂ one has^{φ′(W)}_{dim(W)} ≤ f(φ^′) + ε. Take a (V_1, δ_1)-invariant W ∈ F̂ which can be θ-quasitiled by W_1, . . . , W_n. Then we have C_1, . . . , C_n and W_{j,c} for 1 ≤ j ≤ n and c ∈ C_j as in Definition 7.2. Take an R-basis v_1, . . . , v_{dim(V)} of V in U. For each 1 ≤ j ≤ n, c ∈ C_j , and 1 ≤ i ≤ dim(V), denote by W_{j,c,i} the set of w ∈ W_j satisfying wv_i ∈ W_{j,c} ∩ W_jv_i. Then W_{j,c,i} ∈ F and dim(W_{j,c,i}) = dim(W_{j,c} ∩ W_jv_i). Note that

dim(W_jv_i) − dim(W_{j,c} ∩ W_jv_i) = dim(W_{j,c} + W_jv_i) − dim(W_{j,c}) ≤ dim(W_j + W_jV) − dim(W_{j,c}) ≤ (δ + θ) dim(W_j) ≤ 2δ dim(W_j), where in the equality we apply Lemma 3.6.(i). Put W^′_{j,c} = ⋂ 1≤i≤dim(V) Wj,c,i ∈ F.

Then

dim(W_j) − dim(W^′_{j,c}) ≤

dim(V)∑

i=1 (dim(W_j) − dim(W_{j,c,i}))

= dim(V)∑

i=1 (dim(W_jv_i) − dim(W_{j,c} ∩ W_jv_i))

≤ 2δ dim(V) dim(W_j), where in the first inequality we apply Lemma 3.6.(ii). We have W_j = W^′_{j,c} ⊕ W^{′′}_{j,c} for some W^{′′}_{j,c} ∈ F. Then φ^′(W_j) ≤ φ^′(W^′_{j,c}) + φ^′(W^{′′}_{j,c})

≤ φ^′(W^′_{j,c}) + dim(W^{′′}_{j,c})φ^′(R) = φ^′(W^′_{j,c}) + (dim(W_j) − dim(W^′_{j,c}))φ^′(R) ≤ φ^′(W^′_{j,c}) + 2Cδ dim(V) dim(W_j) ≤ φ^′(W^′_{j,c}) + ε dim(W_j).

Note that cW^′_{j,c}V ⊆ cW_{j,c}. Thus

φ^′(W) ≥ φ^′( ∑ 1≤j≤n ∑ c∈C_j

cW^′_{j,c}) = ∑ 1≤j≤n ∑ c∈C_j

φ^′(cW^′_{j,c}) = ∑ 1≤j≤n ∑ c∈C_j

φ^′(W^′_{j,c})

26 BAOJIE JIANG AND HANFENG LI ≥ ∑ 1≤j≤n ∑ c∈C_j

(φ^′(W_j) − ε dim(W_j)) ≥ ∑ 1≤j≤n ∑ c∈C_j

(φ(W_j) − ε dim(W_j ) − ε dim(W_j)) ≥ ∑ 1≤j≤n ∑ c∈C_j

(f(φ) dim(W_j) − 2ε dim(W_j))

= (f(φ) − 2ε) ∑ 1≤j≤n ∑ c∈C_j

dim(cW_j)

≥ (f(φ) − 2ε) dim( ∑ 1≤j≤n ∑ c∈C_j

cW_j)

≥ (f(φ) − 2ε)(1 − θ) dim(W) ≥ (f(φ) − 3ε) dim(W), where in the first equality we apply the condition (iv) and in the 5th inequality we apply Lemma 3.6.(i). Therefore

f(φ^′) ≥ φ^′(W) dim(W)

− ε ≥ f(φ) − 4ε.

It follows that f is continuous on Φ_{C,V}. □ Denote by P_U(R) the set of rk ∈ P(R) which is σ_g-invariant for all g ∈ U. This is a compact convex subset of P(R). A map f : X → Y between convex sets is called affine if f(tx_1 + (1 − t)x_2) = tf(x_1) + (1 − t)f(x_2) for all 0 ≤ t ≤ 1 and x_1, x_2 ∈ X. The following is a restatement of Theorem 1.2.

Theorem 7.8. Assume that (F, U) has the weak quasitiling property. The map P_U(R) → P(S) sending rk to rk_F is affine and continuous. Proof. Clearly this map is affine. We just need to show that it is continuous.

Let A ∈ M_{n,m}(S). Take V ∈ F̂ with A_{i,j} ∈ V for all 1 ≤ i ≤ n and 1 ≤ j ≤ m. Put C = n. We have Φ_{C,V} in Lemma 7.7. Now it suffices to show that for each rk ∈ P_U(R), the function φ : F → R_{≥0} sending W ∈ F̂ to rk_W(A) and {0} to 0 lies in Φ_{C,V}.

Denote by M_1 the left R-submodule of S^m generated by the rows of A. Put N_2 = S^m. It was shown in the proof of Lemma 6.4 that the function W → dim(WM_1|N_2) on F satisfies the conditions (i)-(iii) in Lemma 6.3. Note that W^nA = WM_1 for every W ∈ F. By Lemma 4.1 we have φ(W) = rk_W(A) = dim(WM_1|N_2) for every W ∈ F̂. Thus φ(W) = dim(WM_1|N_2) for every W ∈ F. Therefore φ satisfies the conditions (i)-(iii) in Lemma 6.3.

Let W_1, W_2 ∈ F be V-separated. If W_1 or W_2 is equal to {0}, say W_1 = {0}, then φ(W_1 + W_2) = φ(W_2) = φ(W_1) + φ(W_2).

SYLVESTER RANK FUNCTIONS FOR AMENABLE NORMAL EXTENSIONS 27

Thus we may assume that W_1, W_2 ∈ F̂. Since V ≠ {0}, we have W_1 ∩ W_2 = {0}. Take an R-basis w_1, . . . , w_l for W^n_1 , an R-basis w_{l+1}, . . . , w_{l+r} for W^n_2 , an R-basis w̃_1, . . . , w̃_p for (W_1V)^m, and an R-basis w̃_{p+1}, . . . , w̃_{p+q} for (W_2V)^m. Then w_1, . . . , w_l, w_{l+1}, . . . , w_{l+r} is an R-basis for (W_1+W_2)^n, and w̃_1, . . . , w̃_p, w̃_{p+1}, . . . , w̃_{p+q} is an R-basis for (W_1V + W_2V)^m = ((W_1 + W_2)V)^m. We have w_1A . . w_lA

= B_1 w̃_1 . . w̃_p and w_{l+1}A . . w_{l+r}A

= B_2 w̃_{p+1} . . w̃_{p+q}

for some B_1 ∈ M_{l,p}(R) and B_2 ∈ M_{r,q}(R). Then

w_1A . . w_{l+r}A = ï B_1 B_2 ò w̃_1 . . w̃_{p+q} . Thus

φ(W_1 + W_2) = rk( ï B_1

B_2 ò ) = rk(B_1) + rk(B_2) = φ(W_1) + φ(W_2).

This verifies the condition (iv) of Lemma 7.7.

Let g ∈ U. If W_1 = {0}, then φ(gW_1) = φ({0}) = φ(W_1). Thus we may assume W_1 ∈ F̂. Then gw_1, . . . , gw_l is an R-basis of (gW_1)^n, and gw̃_1, . . . , gw̃_p is an R-basis for (gW_1V)^m. Note that gw_1A . . gw_lA

= gB_1 w̃_1 . . w̃_p

= σ_g(B_1) gw̃_1 . . gw̃_p . Thus φ(gW_1) = rk(σ_g(B_1)) = rk(B_1) = φ(W_1).

This verifies the condition (v) of Lemma 7.7.

For any W ∈ F we have φ(W) ≤ dim(W^n) = n dim(W), verifying the condition (vi) of Lemma 7.7.

For any W_1, W_2 ∈ F with W_1 ⊆ W_2, we have

φ(W_1) = dim(W_1M_1|N_2) ≤ dim(W_2M_1|N_2) = φ(W_2),

verifying the condition (vii) of Lemma 7.7. □

8. Bivariant Sylvester module rank function for amenable normal extensions

In this section we describe the bivariant Sylvester module rank function corresponding to the Sylvester matrix rank function rk_F. Throughout this section we assume that R is a unital ring with a Sylvester matrix rank function rk, and S is a right amenable normal extension of R with F and U preserving rk. Then we have

28 BAOJIE JIANG AND HANFENG LI

the Sylvester matrix rank function rk_F for S extending rk. In Lemma 6.4 we have defined dim_F(N_1|N_2) for left S-modules N_1 ⊆ N_2 in the case N_1 is finitely generated.

Taking A = (1_S) in Theorem 6.7 we get dim_F(S|S) = 1.

Lemma 8.1. Let N_1 ⊆ N_2 be left S-modules such that N_1 is finitely generated. Then dim_F(N_1|N_2) = inf_{N♯} 2 dim_F(N_1|N^♯_2)

for N^♯_2 ranging over finitely generated S-submodules of N_2 containing N_1. Proof. Clearly dim_F(N_1|N_2) ≤ dim_F(N_1|N^♯_2) for every S-submodule N^♯_2 of N_2 containing N_1. Take a finitely generated R-submodule M_1 of N_1 generating N_1 as an S-module. Let ε > 0. Take a V ∈ F̂ with dim(VM_1|N_2)

dim(V)

≤ dim_F(N_1|N_2) + ε.

Take a finitely generated R-submodule M_2 of N_2 containing M_1 + VM_1 with dim(VM_1|M_2) ≤ dim(VM_1|N_2) + ε.

Denote by N^♯_2 the S-submodule of N_2 generated by M_2. Then N_1 ⊆ N^♯_2, and

dim_F(N_1|N^♯_2) ≤ dim(VM_1|N^♯_2) dim(V) ≤ dim(VM_1|M_2) dim(V) ≤ dim(VM_1|N_2) dim(V) + ε ≤ dim_F(N_1|N_2) + 2ε. □ For any left S-modules N_1 ⊆ N_2 ⊆ N_3 with N_1, N_2 finitely generated, clearly we have dim_F(N_1|N_3) ≤ dim_F(N_2|N_3). For any left S-modules N_1 ⊆ N_2, we define dim_F(N_1|N_2) := sup

N^♯_1

dim_F(N^♯_1|N_2)

for N^♯_1 ranging over finitely generated S-submodules of N_1. Then dim_F(·|·) clearly satisfies all the conditions in Definition 2.2 except the condition (vi). Lemma 8.2. For any left S-modules N_1 ⊆ N_2 ⊆ N_3, we have dim_F(N_2|N_3) ≥ dim_F(N_1|N_3) + dim_F(N_2/N_1|N_3/N_1).

SYLVESTER RANK FUNCTIONS FOR AMENABLE NORMAL EXTENSIONS 29

Proof. Denote by π the quotient map N_3 → N_3/N_1. Let M_j be a finitely generated R-submodule of N_j for j = 1, 2. It suffices to show

lim_W dim(W(M_1 + M_2)|N_3)

dim(W)

≥ lim_W dim(WM_1|N_3) dim(W)

+ lim_W dim(Wπ(M_2)|N_3/N_1) dim(W) . (7) For each R-submodule M of N_3 denote by π_M the quotient map N_3 → N_3/M. For each W ∈ F we have

dim(W(M_1 + M_2)|N_3) = dim(WM_1|N_3) + dim(π_{WM1} (WM_2)|N_3/WM_1) ≥ dim(WM_1|N_3) + dim(π(WM_2)|N_3/N_1), where the equality comes from Theorem 2.3.(i) and the inequality comes from Theorem 2.3.(iii) and the fact that π factors through π_{WM1} . Now (7) follows immediately. □ Theorem 8.3. Assume that (F, U) has the weak quasitiling property. Then dim_F(·|·) is the bivariant Sylvester module rank function for S corresponding to rk_F. Proof. We shall show that for any left S-modules N_1 ⊆ N_2 ⊆ N_3, one has dim_F(N_2|N_3) = dim_F(N_1|N_3) + dim_F(N_2/N_1|N_3/N_1).

By Lemma 8.2 it suffices to show dim_F(N_2|N_3) ≤ dim_F(N_1|N_3) + dim_F(N_2/N_1|N_3/N_1).

Denote by π the quotient map N_3 → N_3/N_1. Then it suffices to show dim_F(N^♯_2|N_3) ≤ dim_F(N_1|N_3) + dim_F(π(N^♯_2)|N_3/N_1) (8) for every finitely generated S-submodule N^♯_2 of N_2.

For each R-submodule M of N_3 denote by π_M the quotient map N_3 → N_3/M. Let M_2 be a finitely generated R-submodule of N^♯_2 generating N^♯_2 as an S-module.

Let ε > 0. Take 0 < θ < 1 such that 1 1 − θ

(dim_F(π(N^♯_2)|N_3/N_1) + 2ε) + θ dim(M_2|N_3) < dim_F(π(N^♯_2)|N_3/N_1) + 3ε. Note that dim_F(π(N^♯_2)|N_3/N_1) = lim_W dim(Wπ(M_2)|N_3/N_1) dim(W) . By assumption we can find some n ∈ N and W_1, . . . , W_n ∈ F̂ with dim(W_jπ(M_2)|N_3/N_1)

dim(W_j)

≤ dim_F(π(N^♯_2)|N_3/N_1) + ε (9) for all 1 ≤ j ≤ n such that for any V ∈ F̂ and δ > 0 there is some (V, δ)-invariant W ∈ F̂ which can be θ-quasitiled by W_1, · · · , W_n.

30 BAOJIE JIANG AND HANFENG LI

By parts (iv) and (iii) of Theorem 2.3 we can find a finitely generated R-submodule M_1 of N_1 with dim(π_{M1} (W_jM_2)|N_3/M_1) ≤ dim(π(W_jM_2)|N_3/N_1) + ε

(10)

for all 1 ≤ j ≤ n. Denote by N^♯_1 the S-submodule of N_1 generated by M_1.

By Theorem 2.3.(i) we have

lim_W dim(π_{WM1} (WM_2)|N_3/WM_1) dim(W)

= lim_W dim(W(M_1 + M_2)|N_3) dim(W)

− lim_W dim(WM_1|N_3) dim(W) = dim_F(N^♯_1 + N^♯_2|N_3) − dim_F(N^♯_1|N_3).

Then there are some V ∈ F̂ and δ > 0 such that for every (V, δ)-invariant W ∈ F̂ one has

dim_F(N^♯_1 + N^♯_2|N_3) − dim_F(N^♯_1|N_3) ≤ dim(π_{WM1} (WM_2)|N_3/WM_1) dim(W)

+ ε.

(11)

Take a (V, δ)-invariant W ∈ F̂ such that W can be θ-quasitiled by W_1, . . . , W_n. Then (11) holds. Let C_1, . . . , C_n ⊆ U ∩ W and W_{j,c} for 1 ≤ j ≤ n and c ∈ C_j be as in Definition 7.2. Then ∑ 1≤j≤n

|C_j| dim(W_j) ≤ 1 1 − θ ∑ 1≤j≤n ∑ c∈C_j

dim(W_{j,c})

(12) = 1 1 − θ ∑ 1≤j≤n ∑ c∈C_j

dim(cW_{j,c}) = 1 1 − θ dim( ∑ 1≤j≤n ∑ c∈C_j

cW_{j,c}) ≤ 1 1 − θ dim(W).

We have W = W^′ ⊕ ∑ 1≤j≤n ∑ c∈C_j cWj for some W

′ ∈ F. Take an R-basis Λ of W^′ in U. Then

|Λ| = dim(W^′) = dim(W) − dim( ∑ 1≤j≤n ∑ c∈C_j

cW_j) ≤ θ dim(W).

Now we have dim(π_{WM1} ( ∑ 1≤j≤n ∑ c∈C_j

cW_jM_2)|N_3/WM_1) ≤ ∑ 1≤j≤n ∑ c∈C_j

dim(π_{WM1} (cW_jM_2)|N_3/WM_1) ≤ ∑ 1≤j≤n ∑ c∈C_j

dim(π_{cM1} (cW_jM_2)|N_3/cM_1) ≤ ∑ 1≤j≤n ∑ c∈C_j

dim(π_{M1} (W_jM_2)|N_3/M_1)

SYLVESTER RANK FUNCTIONS FOR AMENABLE NORMAL EXTENSIONS 31

(10) ≤ ∑ 1≤j≤n

|C_j|(dim(π(W_jM_2)|N_3/N_1) + ε) (9) ≤ ∑ 1≤j≤n

|C_j|(dim_F(π(N^♯_2)|N_3/N_1) + 2ε) dim(W_j)

(12) ≤ 1 1 − θ dim(W)(dim_F(π(N^♯_2)|N_3/N_1) + 2ε), where the first inequality comes from Theorem 2.3.(ii), the 2nd inequality comes from Theorem 2.3.(iii), and the 3rd inequality comes from Lemma 5.7.(ii), and hence dim(π_{WM1} (WM_2)|N_3/WM_1) ≤ dim(π_{WM1} ( ∑ 1≤j≤n ∑ c∈C_j

cW_j M_2)|N_3/WM_1) + ∑ g∈Λ dim(π_{WM1} (gM_2)|N_3/WM_1) ≤ 1 1 − θ dim(W)(dim_F(π(N^♯_2)|N_3/N_1) + 2ε) + ∑ g∈Λ dim(gM_2|N_3) ≤ 1 1 − θ dim(W)(dim_F(π(N^♯_2)|N_3/N_1) + 2ε) + ∑ g∈Λ dim(M_2|N_3) ≤ 1 1 − θ dim(W)(dim_F(π(N^♯_2)|N_3/N_1) + 2ε) + θ dim(W) dim(M_2|N_3) ≤ dim(W)(dim_F(π(N^♯_2)|N_3/N_1) + 3ε), where the first inequality comes from Theorem 2.3.(ii), the 2nd inequality comes from Theorem 2.3.(iii), and the 3rd inequality comes from Lemma 5.7.(ii). Thus

dim_F(N^♯_1 + N^♯_2|N_3) − dim_F(N^♯_1|N_3)^{(11)}≤ dim(π_{WM1} (WM_2)|N_3/WM_1) dim(W) + ε ≤ dim_F(π(N^♯_2)|N_3/N_1) + 4ε.

Therefore dim_F(N^♯_2|N_3) ≤ dim_F(N^♯_1 + N^♯_2|N_3) ≤ dim_F(N^♯_1|N_3) + dim_F(π(N^♯_2)|N_3/N_1) + 4ε ≤ dim_F(N_1|N_3) + dim_F(π(N^♯_2)|N_3/N_1) + 4ε.

Letting ε → 0 we obtain (8) as desired. Therefore dim_F(·|·) is a bivariant Sylvester module rank function for S. By Theorem 6.7 we have rk_F(A) = dim_F(S^nA|S^m) for every A ∈ M_{n,m}(S). Thus dim_F(·|·) corresponds to rk_F. □ Remark 8.4. A normalized length function for R [31] is an R_{≥0} ∪ {+∞}-valued function M → L(M) on the class of all left R-modules satisfying the following conditions:

32 BAOJIE JIANG AND HANFENG LI

(i) L({0}) = 0 and L(R) = 1.

(ii) L(M) = sup_M′ L(M^′) for M^′ ranging over finitely generated R-submodules of M.

(iii) For any short exact sequence 0 → M_1 → M_2 → M_3 → 0 of left R-modules, one has L(M_2) = L(M_1) + L(M_3).

The normalized length functions for R are exactly the bivariant Sylvester module rank functions dim(·|·) for R satisfying that dim(M_1|M_2) = dim(M_1) for all left R-modules M_1 ⊆ M_2, via L(·) = dim(·) [24, Proposition 4.2]. When dim(·|·) is actually a normalized length function for R, clearly dim_F(·|·) in Theorem 8.3 is also a normalized length function for S. When S is the twisted crossed product R ∗ Γ for an amenable group Γ and dim(·|·) is a normalized length function for R, the normalized length function dim_F(·|·) has been constructed in the literature already, first by Elek for finitely generated left S-modules in the case R is an integral domain with the fractional field K and dim(M) = dim_K(K ⊗_R M) for left R-modules M and S is the group ring RΓ [12], then by Li and Liang in the case S is the group ring RΓ [25, Remark 3.16], and finally by Virili for the general case of a twisted crossed product [40, Theorem B].

9. Sylvester rank function for field extensions

In this section we study the field extension in Example 5.5 in more detail. We show that rk_F behaves well with respect to composition of field extensions, and that it extends the construction of Jaikin-Zapirain in [19].

9.1. Composition. Let K be a field and let E be a field containing K. Let R be a K-algebra with a Sylvester matrix rank function rk and the corresponding bivariant Sylvester module rank function dim(·|·). Then E ⊗_K R is a right amenable normal extension of R preserving rk with F and U as in Example 5.5. Thus we have the Sylvester matrix rank function rk_F for E⊗_K R, and we shall denote it by rk_{E/K} in this subsection. We denote the corresponding bivariant Sylvester module rank function by dim_{E/K}(·|·).

Let E^′ be a field containing E. Then we have the Sylvester matrix rank function (rk_{E/K})_E′_{/E} for E^′ ⊗_E (E ⊗_K R) = E^′ ⊗_K R constructed out of rk_{E/K}, and we shall denote it by rk_E′_{/E}. We denote the corresponding bivariant Sylvester module rank function by dim_E′_{/E}(·|·).

Treating E^′ as an extension of K, we also have the Sylvester matrix rank function rk_E′_{/K} for E^′ ⊗_K R constructed out of rk. We denote the corresponding bivariant Sylvester module rank function by dim_E′_{/K}(·|·).

Proposition 9.1. We have rk_E′_{/E} = rk_E′_{/K}.

Proof. It suffices to show dim_E′_{/E}(N_1|N_2) = dim_E′_{/K}(N_1|N_2) for all left E^′ ⊗_K Rmodules N_1 ⊆ N_2 with N_1 finitely generated. Take a finitely generated R-submodule M_1 of N_1 generating N_1 as an E^′ ⊗_K R-module. Let ε > 0. Then there are a

SYLVESTER RANK FUNCTIONS FOR AMENABLE NORMAL EXTENSIONS 33

finite-dimensional K-linear subspace V of E^′ containing 1_K and δ > 0 such that for any nonzero finite-dimensional K-linear subspace W of E^′ satisfying dim_K(W V ) ≤ (1 + δ) dim_K(W ) we have

dim_E′_{/K}(N_1|N_2) ≤ dim((W ⊗_K R)M_1|N_2) dim_K(W )

≤ dim_E′_{/K}(N_1|N_2) + ε.

(13)

Take η > 0 with (1 + η)^2 < 1 + δ. Note that (E ⊗_K R)M_1 is a finitely generated E ⊗_K R-submodule of N_1 generating N_1 as an E^′ ⊗_K R-module, and EV is a nonzero finite-dimensional E-linear subspace of E^′. Also note that U ⊗_E (E ⊗_K R) = U ⊗_K R for every E-linear subspace U of E^′. Thus there is some nonzero finite-dimensional E-linear subspace U of E^′ satisfying dim_E(UEV ) < (1 + η) dim_E(U) such that

dim_E′_{/E}(N_1|N_2) ≤ dim_{E/K}((U ⊗_K R)(E ⊗_K R)M_1|N_2) dim_E(U)

≤ dim_E′_{/E}(N_1|N_2) + ε.

(14)

Take an E-basis B for U and an E-basis B^′ for UEV with B ⊆ B^′. Then there is some nonzero finite-dimensional K-linear subspace V^′ of E with 1_K ∈ V^′ and ∑ b∈B bV ⊆ ∑ b^′∈B^′ b

′V^′. Note that ∑ b∈B (b ⊗_K 1_R)M_1 is a finitely generated Rsubmodule of (U ⊗_K R)(E ⊗_K R)M_1 generating (U ⊗_K R)(E ⊗_K R)M_1 as an E ⊗_K Rmodule. Thus there is some nonzero finite-dimensional K-linear subspace Z of E satisfying dim_K(ZV^′) < (1 + η) dim_K(Z) such that

dim_{E/K}((U ⊗_K R)(E ⊗_K R)M_1|N_2) ≤ dim((Z ⊗_K R) ∑ b∈B (b ⊗_K 1_R)M_1|N_2) dim_K(Z)

(15)

≤ dim_{E/K}((U ⊗_K R)(E ⊗_K R)M_1|N_2) + ε.

Set W = ∑ b∈B Zb. Then

dim_K(W ) = |B| dim_K(Z) = dim_E(U) dim_K(Z).

Thus

dim_K(W V ) = dim_K( ∑ b∈B ZbV )

≤ dim_K( ∑ b^′∈B^′

Zb^′V^′)

= |B^′| dim_K(ZV^′) = dim_E(UEV ) dim_K(ZV^′) ≤ (1 + η) dim_E(U)(1 + η) dim_K(Z) = (1 + η)^2 dim_K(W ) ≤ (1 + δ) dim_K(W ).

34 BAOJIE JIANG AND HANFENG LI

Therefore (13) holds. Note that (W ⊗_K R)M_1 = (Z ⊗_K R) ∑ b∈B (b ⊗_K 1_R)M_1. Now we have

dim_E′_{/E}(N_1|N_2)^{(14)}≤ dim_{E/K}((U ⊗_K R)(E ⊗_K R)M_1|N_2) dim_E(U)

(15) ≤ dim((Z ⊗_K R) ∑ b∈B (b ⊗_K 1_R)M_1|N_2) dim_K(Z) dim_E(U)

(15) ≤ dim_{E/K}((U ⊗_K R)(E ⊗_K R)M_1|N_2) dim_E(U) + ε (14)

≤ dim_E′_{/E}(N_1|N_2) + 2ε,

and hence

dim_E′_{/E}(N_1|N_2) ≤ dim((W ⊗_K R)M_1|N_2) dim_K(W )

≤ dim_E′_{/E}(N_1|N_2) + 2ε.

(16)

Comparing (13) and (16) we get

| dim_E′_{/E}(N_1|N_2) − dim_E′_{/K}(N_1|N_2)| ≤ 2ε.

Letting ε → 0 we obtain dim_E′_{/E}(N_1|N_2) = dim_E′_{/K}(N_1|N_2). □

9.2. Comparison with construction of Jaikin-Zapirain. Let K be a field and E a field containing K. Let R be a unital K-algebra with a Sylvester matrix rank function rk. Then we have F in Example 3.5, and the Sylvester matrix rank function rk_F for E ⊗_K R.

When E is an algebraic extension of K, Jaikin-Zapirain constructed a Sylvester matrix rank function rk_{E⊗KR} for E ⊗_K R extending rk [19, Section 7.5]. Let A ∈ M_{n,m}(E ⊗_K R). Then there is a finite subextension E_0/K of E/K such that A ∈ M_{n,m}(E_0 ⊗_K R). Take an R-basis w_1, . . . , w_l of (E_0 ⊗_K R)^n as a left R-module and an R-basis w̃_1, . . . , w̃_p of (E_0 ⊗_K R)^m as a left R-module. One has

w_1A . . w_lA = B w̃_1 . . w̃_p

for some B ∈ M_{l,p}(R). Then rk_{E⊗KR}(A) is defined by

rk_{E⊗KR}(A) = rk(B) dim_K(E_0) , and does not depend on the choice of E_0.

Proposition 9.2. We have rk_{E⊗KR} = rk_F.

SYLVESTER RANK FUNCTIONS FOR AMENABLE NORMAL EXTENSIONS 35

Proof. Let A ∈ M_{n,m}(E ⊗_K R). For any finite-dimensional K-linear subspace V of E, take a finite subextension E_0/K of E/K such that A ∈ M_{n,m}(E_0 ⊗_K R) and V ⊆ E_0. Then W := E_0 ⊗_K R is in F̂ and is (V ⊗_K R, ε)-invariant for every ε > 0. Clearly

rk_{E⊗KR}(A) = rk_W(A) dim(W) . From Theorem 6.7 we conclude rk_{E⊗KR}(A) = rk_F(A). □

Next we consider the case E = K(t) is a transcendental extension of K. Let f be a monic polynomial in K[t] of degree d. Denote by π_f the quotient homomorphism R[t] → R[t]/R[t]f. Note that R[t]/R[t]f is a free left R-module with a basis t^j +R[t]f for j = 0, 1, . . . , d − 1. Let w = (w_1, . . . , w_d) be an R-basis of R[t]/R[t]f as left Rmodule. Then right multiplication by π_f (a) for a ∈ R[t] induces a unital ring homomorphism ψ_{f,w} : R[t] → M_d(R). Explicitly,

w_1 . . w_d π_f (a) = ψ_{f,w}(a) w_1 . . w_d

for all a ∈ R[t]. Denote by rk_f the induced Sylvester matrix rank function on R[t], i.e.

rk_f (A) = 1 d rk(ψ_{f,w}(A))

for all A ∈ M_{n,m}(R[t]). Note that if we choose another R-basis v = (v_1, . . . , v_d) of R[t]/R[t]f, then there is some invertible B ∈ M_d(R) such that

w_1 . . w_d = B v_1 . . v_d ,

whence ψ_{f,w}(a) = Bψ_{f,v}(a)B^{−1} for all a ∈ R[t] and thus rk_f does not depend on the choice of w.

In an earlier version of this paper the following lemma is stated only in the case f_i = t^i for all i. We are grateful to the referee for pointing out that the proof actually works in general situation.

Lemma 9.3. Let {f_i}_{i∈N} be a sequence of monic polynomials in K[t] with lim_{i→∞} deg(f_i) = ∞. Then rk_F(A) = lim_{i→∞} rk_{fi} (A)

for every A ∈ M_{n,m}(R[t]).

Proof. Let A ∈ M_{n,m}(R[t]). For each i ∈ N, put d_i = deg(f_i), V_i = span_K(1, t, . . . , t^{i−1}) ⊆ K[t] and W_i = V_i ⊗_K R ∈ F̂(K(t) ⊗_K R). Take p ∈ N such that A ∈ M_{n,m}(W_{p+1}).

36 BAOJIE JIANG AND HANFENG LI

Then (W_{di} )^nA ⊆ (W_{di+p})^m for every i ∈ N. Take an R-basis w̄_{i,1}, . . . , w̄_{i,din} of (W_{di} )^n as a left R-module and an R-basis ŵ_{i,1}, . . . , ŵ_{i,(di+p)m} of (W_{di+p})^m. One has

w̄_{i,1}A . . w̄_{i,din}A

= B_i ŵ_{i,1} . . ŵ_{i,(di+p)m}

for some B_i ∈ M_{din,(di+p)m}(R). Then rk_{Wdi} (A) = rk(B_i) and dim(W_{di} ) = d_i. Also take an R-basis w_{i,1}, . . . , w_{i,din} of (R[t]/R[t]f_i)^n as a left R-module and an R-basis w̃_{i,1}, . . . , w̃_{i,dim} of (R[t]/R[t]f_i)^m. One has

w_{i,1}A . . w_{i,din}A

= B̃_i w̃_{i,1} . . w̃_{i,dim}

for some B̃_i ∈ M_{din,dim}(R). Then rk_{fi} (A) =^1_{di} rk(B̃_i).

When d_i > p, if we choose the above four bases the most natural ones, then

B̃_i = ï¯ B_i C̃_i ò and B_i = ï¯ B_i C_i D_i ò

for some B̄_i ∈ M_{(di −p)n,dim}(R), C̃_i, C_i ∈ M_{pn,dim}(R), and D_i ∈ M_{pn,pm}(R), and hence

|rk(B̃_i) − rk(B_i)| ≤ |rk(B̃_i) − rk(B̄_i)| + |rk(B̄_i) − rk(B_i)| ≤ pn + pn = 2pn.

Since d_i → ∞ as i → ∞, we get

lim_{i→∞} ( rk_{fi} (A) − rk_{Wdi} (A) dim(W_{di} ) ) = lim_{i→∞} rk(B̃_i) − rk(B_i) d_i

= 0.

Note that every V ∈ F is contained in (h ⊗_K 1_R)W_j for some j ∈ N and invertible h ∈ K(t). It is easily checked that for every V ∈ F and ε > 0, when i ∈ N is large enough, W_i is (V, ε)-invariant. Since d_i → ∞ as i → ∞, it follows that for every V ∈ F and ε > 0, when i ∈ N is large enough, W_{di} is (V, ε)-invariant. From Theorem 6.7 we conclude

rk_F(A) = lim_{i→∞} rk_{Wdi} (A) dim(W_{di} )

= lim_{i→∞} rk_{fi} (A). □ A unital ring R^′ is called von Neumann regular if for any a ∈ R^′ there is some b ∈ R^′ such that aba = a [16] [23, page 61]. The Sylvester matrix rank function rk for R is called regular if there are a ring homomorphism φ from R to some von Neumann regular ring R^′ and a Sylvester matrix rank function rk^′ for R^′ such that rk(A) = rk^′(φ(A)) for all A ∈ M_{n,m}(R).

SYLVESTER RANK FUNCTIONS FOR AMENABLE NORMAL EXTENSIONS 37

When E = K(t) is a transcendental extension of K and rk is regular, Jaikin- Zapirain constructed a Sylvester matrix rank function rk_{K(t)⊗KR} for K(t) ⊗_K R extending rk [19, Section 7.2]. Let A ∈ M_{n,m}(R[t]). Then rk_{K(t)⊗KR}(A) is defined by rk_{K(t)⊗KR}(A) = lim_{i→∞} rk_ti (A).

Proposition 9.4. We have rk_{K(t)⊗KR} = rk_F.

Proof. Since each element of M_{n,m}(K(t) ⊗_K R) is of the form (f ⊗_K 1_R)A for some A ∈ M_{n,m}(R[t]) and invertible f ∈ K(t), it suffices to show rk_{K(t)⊗KR}(A) = rk_F(A) for A ∈ M_{n,m}(R[t]). This follows from Lemma 9.3. □

Propositions 9.2 and 9.4 tell us that our construction of rk_F extends the construction of Jaikin-Zapirain for rk_{E⊗KR} (when E/K is algebraic) and rk_{K(t)⊗KR} in [19]. This answers his question [18, Question 8.8] affirmatively.

We remark that Corollary 7.8 and Proposition 7.13 of [19] are consequences of Theorem 7.8 and Propositions 9.4 and 9.2.

Jaikin-Zapirain proved Proposition 9.6 below in the case rk is regular [19, Corollary 7.9], in terms of rk_{K(t)⊗KR}. In an earlier version of this paper Proposition 9.6 is stated as a question. Lemma 9.5 and Proposition 9.6 are due to the referee.

Lemma 9.5. Let d ∈ N and let x_1, . . . , x_d be distinct elements in K. For each 1 ≤ i ≤ d denote by π_i the quotient map R[t] → R sending h(t) to h(x_i). Put f(t) =

∏_d i=1(t − x_i) ∈ K[t]. Then

rk_f (A) = 1 d d∑ i=1 rk(π_i(A))

for every A ∈ M_{n,m}(R[t]).

Proof. We have a natural isomorphism of K-algebras:

φ^′ : K[t]/K[t]f −→ d⨁ i=1 K[t]/K[t](t − x_i) ∼= d⨁ i=1 K given by (φ^′(h + K[t]f))_i = h(x_i) for h ∈ K[t] and 1 ≤ i ≤ d. Taking tensor product with R, we obtain an isomorphism of K-algebras:

φ : R[t]/R[t]f −→ d⨁ i=1 R[t]/R[t](t − x_i) ∼= d⨁ i=1 R given by (φ(h + R[t]f))_i = h(x_i) = π_i(h) for h ∈ R[t] and 1 ≤ i ≤ d. Then (φ ∘ π_f )(h) = (π_1(h), . . . , π_d(h)) for every h ∈ R[t].

Let (e_1, . . . , e_d) be the standard R-basis of the left R-module

⨁_d i=1 R, i.e. (e_j )_i = δ_{i,j} for all 1 ≤ j, i ≤ d. For each 1 ≤ j ≤ d put w_j = φ^{−1}(e_j) ∈ R[t]/R[t]f. Then

38 BAOJIE JIANG AND HANFENG LI

w = (w_1, . . . , w_d) is an R-basis of the left R-module R[t]/R[t]f. For each h ∈ R[t] we have

e_1 . . e_d φ(π_f (h)) = π_1(h)e_1 . . π_d(h)e_d = π_1(h) ... π_d(h) · e_1 . . e_d .

Applying φ^{−1} on both sides, we get

w_1 . . w_d π_f (h) = π_1(h) . ..

π_d(h) · w_1 . . w_d ,

whence

ψ_{f,w}(h) = π_1(h) ... π_d(h)

for every h ∈ R[t]. Then for every A ∈ M_{n,m}(R[t]), we can obtain

π_1(A) ... π_d(A)

from ψ_{f,w}(A) via certain row exchanges and column exchanges, therefore

rk_f (A) = 1 d rk(ψ_{f,w}(A)) = 1 d rk π_1(A) ... π_d(A) = 1 d d∑ j=1 rk(π_j (A)). □ Proposition 9.6. Let {x_i}_{i∈N} be a sequence of distinct elements in K. For each i ∈ N denote by π_i the quotient map R[t] → R sending f(t) to f(x_i). Then

rk_F(A) = lim_{i→∞} rk(π_i(A))

for every A ∈ M_{n,m}(R[t]).

Proof. Let A ∈ M_{n,m}(R). Since 0 ≤ rk(π_i(A)) ≤ n for every i, it suffices to show that every convergent subsequence of {rk(π_i(A))}_{i∈N} converges to rk_F(A). Thus passing to a convergent subsequence if necessary, we may assume that rk(π_i(A)) converges to some L as i → ∞.

For each d ∈ N, put f_d =

∏_d

i=1(t − x_i) ∈ K[t]. Then deg(f_d) → ∞ as d → ∞, thus by Lemma 9.3 we have

rk_F(A) = lim_{d→∞} rk_{fd} (A).

SYLVESTER RANK FUNCTIONS FOR AMENABLE NORMAL EXTENSIONS 39

Since x_i ≠ x_j for i ≠ j, by Lemma 9.5 we have

rk_{fd} (A) = 1 d d∑ i=1 rk_i(A)

for each d ∈ N. Then rk_{fd} (A) → L as d → ∞. Therefore L = rk_F(A). □

10. Extension for twisted crossed product C^∗-algebras In this section we prove Theorem 1.3.

Let (α, u) be a twisted action of a discrete group Γ on a unital C^∗-algebra A , and let A ⋊_{α,u} Γ be the maximal twisted crossed product C^∗-algebra as in Section 2.5. We may think of A as a subalgebra of A ⋊_{α,u} Γ via the embedding a → ae_Γ. We say that (α, u) preserves a tracial state tr of A if tr is preserved by α_s for every s ∈ Γ. Fix a tracial state tr of A preserved by (α, u).

We observe first that tr ∘ E is a tracial state of A ⋊_{α,u} Γ extending tr. Lemma 10.1. tr_{α,u} := tr ∘ E is a tracial state of A ⋊_{α,u} Γ extending tr. Proof. Clearly tr_{α,u} extends tr. Since E and tr are unital positive linear maps, so is tr_{α,u}. That is, tr_{α,u} is a state.

For any a, b ∈ A and s ∈ Γ, we have tr_{α,u}(as̄ · bs^{−1}) = tr_{α,u}(aα_s(b)u_{s,s}−1 e_Γ) = tr(aα_s(b)u_{s,s}−1 ) = tr(α_s−1 (a)α_s−1 (α_s(b))α_s−1 (u_{s,s}−1 )) = tr(α_s−1 (a)u_s−1_{,s}bu^∗_s−1_{,s}u_s−1_{,s}) = tr(bα_s−1 (a)u_s−1_{,s}) = tr_{α,u}(bα_s−1 (a)u_s−1_{,s}e_Γ) = tr_{α,u}(bs^{−1} · as̄).

Since tr_{α,u}(as̄) = 0 for all a ∈ A and s ∈ Γ\{e_Γ}, it follows that tr_{α,u}(fg) = tr_{α,u}(gf) for all f, g ∈ A ∗Γ. As tr_{α,u} is continuous and A ∗Γ is dense in A ⋊_{α,u} Γ, we conclude that tr_{α,u}(fg) = tr_{α,u}(gf) for all f, g ∈ A ⋊_{α,u} Γ. □ Lemma 10.2. Let F be a nonempty finite subset of Γ. Put W = ∑ s∈F A s̄ ⊆ A ∗Γ.

There is a unitary map W + I_{trα,u} → ⨁ s∈F L^2(A , tr) sending as̄ + I_{trα,u} for a ∈ A and s ∈ F to the vector being α_s−1 (a)u_s−1_{,s} + I_{tr} at s and 0 everywhere else. Proof. For any a, b ∈ A and s ∈ F , we have ⟨ as̄ + I_{trα,u} , bs̄ + I_{trα,u} ⟩ = tr_{α,u}((bs̄)^∗(as̄)) = tr_{α,u}(u^∗_s−1_{,s}α_s−1 (b^∗)s^{−1}as̄) = tr_{α,u}(u^∗_s−1_{,s}α_s−1 (b^∗)α_s−1 (a)u_s−1_{,s}e_Γ)

40 BAOJIE JIANG AND HANFENG LI

= tr(u^∗_s−1_{,s}α_s−1 (b^∗)α_s−1 (a)u_s−1_{,s}) = ⟨α_s−1 (a)u_s−1_{,s} + I_{tr}, α_s−1 (b)u_s−1_{,s} + I_{tr}⟩ .

For any a, b ∈ A and distinct s, t ∈ F , we have ⟨ as̄ + I_{trα,u} , bt̄ + I_{trα,u} ⟩ = 0. Now the lemma follows easily. □

We are ready to prove Theorem 1.3.

Proof of Theorem 1.3. For any vector space V and r ∈ N, any v ∈ V , and any 1 ≤ k ≤ r, we write v ⊗ δ_k for the vector in V^r being v at the k-th column and 0 everywhere else, and write v ⊗ δ^k for the vector in V^{r×1} being v at the k-th row and 0 everywhere else.

For each nonempty finite subset F of Γ, put W_F = ∑ s∈F A s̄ ∈ F̂.

Our argument is similar to the proof of Elek for Linnell’s analytic zero-divisor conjecture in the amenable group case [11]. Take a finite subset K of Γ containing e_Γ such that A_{jk} ∈ W_K for all 1 ≤ j ≤ n and 1 ≤ k ≤ m. Let F be a nonempty finite subset of Γ. Take an A -basis w_1, . . . , w_{n|F |} for W^n_F consisting of s̄ ⊗ δ_j for s ∈ F and 1 ≤ j ≤ n, and an A -basis w̃_1, . . . , w̃_{m|F K|} for W^m_{F K} consisting of s̄ ⊗ δ_k for s ∈ F K and 1 ≤ k ≤ m. Then we have a matrix B ∈ M_{n|F |,m|F K|}(A ) determined by

w_1A . . w_{n|F |}A = B w̃_1 . . w̃_{m|F K|} ,

and (rk_{tr})_{WF} (A) = rk_{tr}(B).

Note that

(A^∗w^∗_1, . . . , A^∗w^∗_{n|F |}) = (w̃^∗_1, . . . , w̃^∗_{m|F K|})B^∗.

(17)

Here (s̄⊗δ_j )^∗ = u^∗_{s−1,s}s^{−1} ⊗δ^j for s ∈ F and 1 ≤ j ≤ n, and (s̄⊗δ_k)^∗ = u^∗_{s−1,s}s^{−1} ⊗δ^k for s ∈ F K and 1 ≤ k ≤ m. Also note that for any a ∈ A and s ∈ Γ, if we write u^∗_{s−1,s}s^{−1}a as bs^{−1}, then b = u^∗_{s−1,s}α_s−1 (a) and hence

α_s(b)u_{s,s}−1 = α_s(u^∗_s−1_{,s})u_{s,s}−1 au^∗_{s,s}−1 u_{s,s}−1 = u^∗_{s,s}−1 u_{s,s}−1 a = a.

Denote by V_F −1_{,n} the bijective linear map (W_F −1 )^{n×1} → A^{n|F |×1} sending bs^{−1} ⊗ δ^j for b ∈ A , s ∈ F and 1 ≤ j ≤ n to α_s(b)u_{s,s}−1 ⊗ δ^q such that w_q = s̄ ⊗ δ_j , and by V_{(F K)}−1_{,m} the bijective linear map (W_{(F K)}−1 )^{m×1} → A^{m|F K|×1} sending bs^{−1} ⊗ δ^k for b ∈ A , s ∈ F K and 1 ≤ k ≤ m to α_s(b)u_{s,s}−1 ⊗ δ^p such that w̃_p = s̄ ⊗ δ_k. Then

V_F −1_{,n}((w^∗_1, . . . , w^∗_{n|F |})y) = y

for all y ∈ A^{n|F |×1}, and

V_{(F K)}−1_{,m}((w̃^∗_1, . . . , w̃^∗_{m|F K|})x) = x

SYLVESTER RANK FUNCTIONS FOR AMENABLE NORMAL EXTENSIONS 41

for all x ∈ A^{m|F K|×1}. Now for every y ∈ A^{n|F |×1} we have

A^∗(w^∗_1, . . . , w^∗_{n|F |})y = (A^∗w^∗_1, . . . , A^∗w^∗_{n|F |})y^{(17)}= (w̃^∗_1, . . . , w̃^∗_{m|F K|})B^∗y, and hence

V_{(F K)}−1_{,m}(A^∗(w^∗_1, . . . , w^∗_{n|F |})y) = V_{(F K)}−1_{,m}((w̃^∗_1, . . . , w̃^∗_{m|F K|})B^∗y) = B^∗y. Thus V_{(F K)}−1_{,m}(A^∗z) = B^∗V_F −1_{,n}(z)

(18) for all z ∈ (W_F −1 )^{n×1}.

By Lemma 10.2 there is a unitary operator U_F −1_{,n} : W_F −1 + I_{trα,u}^{n×1} → L^2(A , tr)^{n|F |×1} sending (bs^{−1} + I_{trα,u} ) ⊗ δ^j for s ∈ F and 1 ≤ j ≤ n to (α_s(b)u_{s,s}−1 + I_{tr}) ⊗ δ^q such that w_q = s̄ ⊗ δ_j, and there is a unitary operator U_{(F K)}−1_{,m} : W_{(F K)}−1 + I_{trα,u}^{m×1} → L^2(A , tr)^{m|F K|×1} sending (bs^{−1} + I_{trα,u} ) ⊗ δ^k for s ∈ F K and 1 ≤ k ≤ m to (α_s(b)u_{s,s}−1 + I_{tr}) ⊗ δ^p such that w̃_p = s̄ ⊗ δ_k. Put H = π_{trα,u} (A^∗) · (W_F −1 + I_{trα,u} )^{n×1} ⊆ W_{(F K)}−1 + I_{trα,u}^{m×1} ⊆ L^2(A ⋊_{α,u} Γ, tr_{α,u})^{m×1}. From (18) we have U_{(F K)}−1_{,m}π_{trα,u} (A^∗) = π_{tr}(B^∗)U_F −1_{,n} on W_F −1 + I_{trα,u}^{n×1}. Therefore U_F −1_{,n}(W_F −1 + I_{trα,u}^{n×1} ∩ ker π_{trα,u} (A^∗)) = ker π_{tr}(B^∗).

(19) and U_{(F K)}−1_{,m}(H) = π_{tr}(B^∗) · L^2(A , tr)^{n|F |×1} = imπ_{tr}(B^∗).

(20) Denote by C^♯ the diagonal matrix in M_{n|F |}(A ) such that C^♯_{qq} = u_{s,s}−1 for 1 ≤ q ≤ n|F | and s ∈ F satisfying w_q = s̄ ⊗ δ_j , and by C the diagonal matrix in M_{m|F K|}(A ) such that C_{pp} = u_{s,s}−1 for 1 ≤ p ≤ m|F K| and s ∈ F K satisfying w̃_p = s̄ ⊗ δ_k.

Denote by Q (Q̃ resp.) the orthogonal projection from L^2(A ⋊_{α,u} Γ, tr_{α,u})^{m×1} (W_{(F K)}−1 + I_{trα,u}^{m×1} resp.) to H. Then H ⊆ imπ_{trα,u} (A^∗), and hence Q ≤ P_{imπtrα,u (A}∗_). Also from (20) we have U_{(F K)}−1_{,m}Q̃U^∗_{(F K)−1,m} = P_{imπtr(B∗)}. Thus rk_{trα,u} (A^∗) = tr^{′′}_{α,u}(P_{imπtrα,u (A}∗_)) = 1 |F K| ∑ t∈(F K)^{−1}

tr^{′′}_{α,u}(π_{trα,u} (t̄^∗)P_{imπtrα,u (A∗)}π_{trα,u} (t̄))

= 1 |F K| ∑ t∈(F K)^{−1} m∑ k=1 ¨ π_{trα,u} (t̄^∗)P_{imπtrα,u (A}∗_)π_{trα,u} (t̄)(ξ_{trα,u} ⊗ δ^k), ξ_{trα,u} ⊗ δ^k ∂

42 BAOJIE JIANG AND HANFENG LI = 1 |F K| ∑ t∈(F K)^{−1} m∑ k=1 ¨ P_{imπtrα,u (A∗)}((t̄ + I_{trα,u} ) ⊗ δ^k), (t̄ + I_{trα,u} ) ⊗ δ^k ∂

≥ 1 |F K| ∑ t∈(F K)^{−1} m∑ k=1 ⟨ Q((t̄ + I_{trα,u} ) ⊗ δ^k), (t̄ + I_{trα,u} ) ⊗ δ^k ⟩

= 1 |F K| ∑ t∈(F K)^{−1} m∑ k=1 ¨ Q̃((t̄ + I_{trα,u} ) ⊗ δ^k), (t̄ + I_{trα,u} ) ⊗ δ^k ∂

= 1 |F K| ∑ t∈(F K)^{−1} m∑ k=1 ¨ P_{imπtr(B∗)}U_{(F K)}−1_{,m}((t̄ + I_{trα,u} ) ⊗ δ^k), U_{(F K)}−1_{,m}((t̄ + I_{trα,u} ) ⊗ δ^k) ∂

= 1 |F K|

m|F K|∑

p=1 ¨ P_{imπtr(B}∗_)π_{tr}(C)(ξ_{tr} ⊗ δ^p), π_{tr}(C)(ξ_{tr} ⊗ δ^p) ∂

= 1 |F K| tr^{′′}(π_{tr}(C)^∗P_{imπtr(B∗)}π_{tr}(C)) = 1 |F K| tr^{′′}(P_{imπtr(B∗)}) = 1 |F K| rk_{tr}(B^∗) (2) = 1 |F K| rk_{tr}(B) = |F | |F K|

(rk_{tr})_{WF} (A) dim(W_F ) . Therefore

rk_{trα,u} (A^∗) ≥ lim_{WF}

|F | |F K|

(rk_{tr})_{WF} (A) dim(W_F )

= lim_{WF}

(rk_{tr})_{WF} (A) dim(W_F )

= (rk_{tr})_F(A).

Denote by Q^♯ (Q^† resp.) the orthogonal projection from L^2(A ⋊_{α,u} Γ, tr_{α,u})^{n×1} (W_F −1 + I_{trα,u}^{n×1} resp.) to W_F −1 + I_{trα,u}^{n×1}∩ker π_{trα,u} (A^∗). Then Q^♯ ≤ P_{ker πtrα,u (A}∗_). Also from (19) we have U_F −1_{,n}Q^†U^∗_{F −1,n} = P_{ker πtr(B}∗_). Thus

tr^{′′}_{α,u}(P_{ker πtrα,u (A}∗_)) = 1 |F | ∑ t∈F^{−1}

tr^{′′}_{α,u}(π_{trα,u} (t̄^∗)P_{ker πtrα,u (A}∗_)π_{trα,u} (t̄))

= 1 |F | ∑ t∈F^{−1} n∑ j=1 ¨ π_{trα,u} (t̄^∗)P_{ker πtrα,u (A}∗_)π_{trα,u} (t̄)(ξ_{trα,u} ⊗ δ^j), ξ_{trα,u} ⊗ δ^j ∂

SYLVESTER RANK FUNCTIONS FOR AMENABLE NORMAL EXTENSIONS 43 = 1 |F | ∑ t∈F^{−1} n∑ j=1 ¨ P_{ker πtrα,u (A}∗_)((t̄ + I_{trα,u} ) ⊗ δ^j ), (t̄ + I_{trα,u} ) ⊗ δ^j ∂

≥ 1 |F | ∑ t∈F^{−1} n∑ j=1 ⟨ Q^♯((t̄ + I_{trα,u} ) ⊗ δ^j ), (t̄ + I_{trα,u} ) ⊗ δ^j ⟩

= 1 |F | ∑ t∈F^{−1} n∑ j=1 ⟨ Q^†((t̄ + I_{trα,u} ) ⊗ δ^j), (t̄ + I_{trα,u} ) ⊗ δ^j ⟩

= 1 |F | ∑ t∈F^{−1} n∑ j=1 ⟨ P_{ker πtr(B}∗_)U_F −1_{,n}((t̄ + I_{trα,u} ) ⊗ δ^j), U_F −1_{,n}((t̄ + I_{trα,u} ) ⊗ δ^j ) ⟩

= 1 |F |

n|F |∑

q=1 ⟨ P_{ker πtr(B}∗_)π_{tr}(C^♯)(ξ_{tr} ⊗ δ^q), π_{tr}(C^♯)(ξ_{tr} ⊗ δ^q) ⟩

= 1 |F | tr^{′′}(π_{tr}(C^♯)^∗P_{ker πtr(B}∗_)π_{tr}(C^♯)) = 1 |F | tr^{′′}(P_{ker πtr(B}∗_)),

and hence rk_{trα,u} (A^∗)^{(3)}= n − tr^{′′}_{α,u}(P_{ker πtrα,u (A}∗_)) ≤ 1 |F | ( n|F | − tr^{′′}(P_{ker πtr(B}∗_)) ) (3) = 1 |F | rk_{tr}(B^∗) (2) = 1 |F | rk_{tr}(B) = (rk_{tr})_{WF} (A) dim(W_F ) . Therefore rk_{trα,u} (A^∗) ≤ lim_{WF}

(rk_{tr})_{WF} (A) dim(W_F )

= (rk_{tr})_F(A).

We conclude that rk_{trα,u} (A)^{(2)}= rk_{trα,u} (A^∗) = (rk_{tr})_F(A). □ References

[1] P. Ara and J. Claramunt. Uniqueness of the von Neumann continuous factor. Canad. J. Math.

70 (2018), no. 5, 961–982.

44 BAOJIE JIANG AND HANFENG LI

[2] P. Ara and J. Claramunt. Sylvester matrix rank functions on crossed products. Ergodic Theory Dynam. Systems 40 (2020), no. 11, 2913–2946.

[3] P. Ara, K. Li, F. Lledó, and J. Wu. Amenability of coarse spaces and K-algebras. Bull. Math.

Sci. 8 (2018), no. 2, 257–306.

[4] P. Ara, K. C. O’Meara, and F. Perera. Stable finiteness of group rings in arbitrary characteristic. Adv. Math. 170 (2002), no. 2, 224–238.

[5] L. Bartholdi. On amenability of group algebras. I. Israel J. Math. 168 (2008), 153–165. [6] R. C. Busby and H. A Smith. Representations of twisted group algebras. Trans. Amer. Math.

Soc. 149 (1970), 503–537.

[7] T. G. Ceccherini-Silberstein and A. Y. Samet-Vaillant. Gromov’s translation algebras, growth and amenability of operator algebras. Expo. Math. 26 (2008), no. 2, 141–162.

[8] A. I. Danilenko. Entropy theory from the orbital point of view. Monatsh. Math. 134 (2001), no. 2, 121–141.

[9] T. Downarowicz, B. Frej, and P.-P. Romagnoli. Shearer’s inequality and infimum rule for Shannon entropy and topological entropy. In: Dynamics and Numbers, 63–75, Contemp. Math., 669, Amer. Math. Soc., Providence, RI, 2016.

[10] G. Elek. The amenability of affine algebras. J. Algebra 264 (2003), no. 2, 469–478. [11] G. Elek. On the analytic zero divisor conjecture of Linnell. Bull. London Math. Soc. 35 (2003), no. 2, 236–238.

[12] G. Elek. The rank of finitely generated modules over group algebras. Proc. Amer. Math. Soc.

131 (2003), no. 11, 3477–3485.

[13] G. Elek. The amenability and non-amenability of skew fields. Proc. Amer. Math. Soc. 134 (2006), no. 3, 637–644.

[14] G. Elek. Lamplighter groups and von Neumann’s continuous regular ring. Proc. Amer. Math.

Soc. 144 (2016), no. 7, 2871–2883.

[15] G. Elek. Infinite dimensional representations of finite dimensional algebras and amenability.

Math. Ann. 369 (2017), no. 1-2, 397–439.

[16] K. R. Goodearl. Von Neumann Regular Rings. Second edition. Robert E. Krieger Publishing Co., Inc., Malabar, FL, 1991.

[17] M. Gromov. Topological invariants of dynamical systems and spaces of holomorphic maps. I.

Math. Phys. Anal. Geom. 2 (1999), no. 4, 323–415.

[18] A. Jaikin-Zapirain. L^2-Betti numbers and their analogues in positive characteristic. In:

Groups St Andrews 2017 in Birmingham, pp 346–405, London Math. Soc. Lecture Note Ser., 455, Cambridge Univ. Press, Cambridge, 2019.

[19] A. Jaikin-Zapirain. The base change in the Atiyah and the Lück approximation conjectures.

Geom. Funct. Anal. 29 (2019), no. 2, 464–538.

[20] R. V. Kadison and J. R. Ringrose. Fundamentals of the Theory of Operator Algebras. Vol.

I. Elementary Theory. Reprint of the 1983 original. Graduate Studies in Mathematics, 15. American Mathematical Society, Providence, RI, 1997.

[21] D. Kerr and H. Li. Ergodic Theory. Independence and Dichotomies. Springer Monographs in Mathematics. Springer, Cham, 2016.

[22] T. Y. Lam. Lectures on Modules and Rings. Graduate Texts in Mathematics, 189. Springer- Verlag, New York, 1999.

[23] T. Y. Lam. A First Course in Noncommutative Rings. Second edition. Graduate Texts in Mathematics, 131. Springer-Verlag, New York, 2001.

[24] H. Li. Bivariant and extended Sylvester rank functions. arXiv:1901.07158. J. Lond. Math.

Soc. (2) to appear.

SYLVESTER RANK FUNCTIONS FOR AMENABLE NORMAL EXTENSIONS 45

[25] H. Li and B. Liang. Mean dimension, mean rank, and von Neumann–Lück rank. J. Reine Angew. Math. 739 (2018), 207–240.

[26] H. Li and A. Thom. Entropy, determinants, and L^2-torsion. J. Amer. Math. Soc. 27 (2014), no. 1, 239–292.

[27] E. Lindenstrauss and B Weiss. Mean topological dimension. Israel J. Math. 115 (2000), 1–24. [28] W. Lück. L^2-Invariants: Theory and Applications to Geometry and K-theory. Springer- Verlag, Berlin, 2002.

[29] P. Malcolmson. Determining homomorphisms to skew fields. J. Algebra 64 (1980), no. 2, 399–413.

[30] J. Moulin Ollagnier. Ergodic Theory and Statistical Mechanics. Lecture notes in Math., 1115.

Springer, Berlin, 1985.

[31] D. G. Northcott and M. Reufel. A generalization of the concept of length. Quart. J. Math.

Oxford Ser. (2) 16 (1965), 297–321.

[32] D. S. Ornstein and B. Weiss. Entropy and isomorphism theorems for actions of amenable groups. J. Analyse Math. 48 (1987), 1–141.

[33] J. A. Packer and I. Raeburn. Twisted crossed products of C^∗-algebras. Math. Proc. Cambridge Philos. Soc. 106 (1989), no. 2, 293–311.

[34] J. A. Packer and I. Raeburn. Twisted crossed products of C^∗-algebras. II. Math. Ann. 287 (1990), no. 4, 595–612.

[35] J. A. Packer and I. Raeburn. On the structure of twisted group C^∗-algebras. Trans. Amer.

Math. Soc. 334 (1992), no. 2, 685–718.

[36] D. S. Passman. The Algebraic Structure of Group Rings. Pure and Applied Mathematics.

Wiley-Interscience [John Wiley & Sons], New York-London-Sydney, 1977. [37] D. S. Passman. Infinite Crossed Products. Pure and Applied Mathematics, 135. Academic Press, Inc., Boston, MA, 1989.

[38] L. Rowen. Modules over affine algebras having subexponential growth. J. Algebra 133 (1990), no. 2, 527–532.

[39] A. H. Schofield. Representation of Rings over Skew Fields. London Mathematical Society Lecture Note Series, 92. Cambridge University Press, Cambridge, 1985.

[40] S. Virili. Algebraic entropy of amenable group actions. Math. Z. 291 (2019), no. 3-4, 1389– 1417.

[41] B. Weiss. Monotileable amenable groups. In: Topology, Ergodic Theory, Real Algebraic Geometry, pp 257–262, Amer. Math. Soc. Transl. Ser. 2, 202, Adv. Math. Sci., 50, Amer. Math. Soc., Providence, RI, 2001.

Baojie Jiang, College of Mathematics and Statistics, Chongqing University, Chongqing 401331, China.

Email address: jiangbaojie@gmail.com

Hanfeng Li, Center of Mathematics, Chongqing University, Chongqing 401331, China and Department of Mathematics, SUNY at Buffalo, Buffalo, NY 14260-2900, USA Email address: hfli@math.buffalo.edu