θ-DEFORMATIONS AS COMPACT QUANTUM METRIC SPACES

HANFENG LI

Abstract. Let M be a compact spin manifold with a smooth action of the ntorus. Connes and Landi constructed θ-deformations M_θ of M, parameterized by n×n real skew-symmetric matrices θ. The M_θ ’s together with the canonical Dirac operator (D, H) on M are an isospectral deformation of M. The Dirac operator D defines a Lipschitz seminorm on C(M_θ ), which defines a metric on the state space of C(M_θ ). We show that when M is connected, this metric induces the weak-∗ topology. This means that M_θ is a compact quantum metric space in the sense of Rieffel.

1. Introduction

In noncommutative geometry there are many examples of noncommutative spaces deformed from commutative spaces. However, for many of them the Hochschild dimension, which corresponds to the commutative notion of dimension, is different from that of the original commutative space. For instance, the C^∗-algebras of the standard Podleś quantum 2-spheres and of the quantum 4-spheres of [1] are isomorphic to each other, and their Hochschild dimension is zero [17].

In [8] Connes and Landi introduced a one-parameter deformation S^4_θ of the 4- sphere with the property that the Hochschild dimension of S^4_θ equals that of S^4. They also considered general θ-deformations, which was studied further by Connes and Dubois-Violette in [7] (see also [28]). In general, the θ-deformation M_θ of a manifold M equipped with a smooth action of the n-torus T^n is determined by defining the algebra of smooth functions C^∞(M_θ) as the invariant subalgebra (under the diagonal action of T^n) of the algebra C^∞(M × T_θ) := C^∞(M) ^⊗C^∞(T_θ) of smooth functions on M ×T_θ; here θ is a real skew-symmetric n×n matrix and T_θ is the corresponding noncommutative n-torus. This construction is a special case of the strict deformation quantization constructed in [21]. When M is a compact spin manifold, Connes and Landi showed that the canonical Dirac operator (D, H) on M and a deformed anti-unitary operator J_θ together gives a spectral triple for C^∞(M_θ), fitting it into Connes’ noncommutative Riemannian geometry framework [5, 6]. In [7] Connes and Dubois-Violette also showed how θ-deformations lead to compact quantum groups which are deformations of various classical groups (see also [30, Section 4]).

In this paper we investigate the metric aspect of θ-deformation. The study of metric spaces in noncommutative setting was initiated by Connes in [4] in the framework of his spectral triple. The main ingredient of a spectral triple is a Dirac operator D. On the one hand, it captures the differential structure by setting df = [D, f]. On the other hand, it enables us to recover the Lipschitz seminorm L,

Date: February 21, 2005.

2000 Mathematics Subject Classification. Primary 46L87; Secondary 53C23, 53C27, 58B34. 1

which is usually defined as

L(f) := sup{ |f(x) − f(y)| ρ(x, y) : x ≠ y}, (1) where ρ is the geodesic metric on the Riemannian manifold, instead by means of L(f) =‖ [D, f] ‖, and then one recovers the metric ρ by ρ(x, y) = sup_{L(f )≤1} |f(x) − f(y)|. (2) In [4, Section 1] Connes went further by considering the (possibly +∞-valued) metric on the state space of the algebra defined by (2). Motivated by what happens to ordinary compact metric spaces, in [22, 23, 24] Rieffel introduced “compact quantum metric spaces” (see Definition 2.9 below) which requires the metric on the state space to induce the w^∗-topology. Many examples of compact quantum metric spaces have been constructed, mostly from ergodic actions of compact groups [22] or group algebras [26, 18]. Usually it is quite difficult to find out whether a specific seminorm L on a unital C^∗-algebra gives a quantum metric, i.e., whether the metric defined by (2) on the state space induces the w^∗-topology.

Denote by L_θ the seminorm on C(M_θ) determined by the Dirac operator D (see Definition 3.11 below for detail). Notice that when M is connected the geodesic distance makes M into a metric space. Then our main theorem in this paper is:

Theorem 1.1. Let M be a connected compact spin manifold with a smooth action of T^n. For every real skew-symmetric n × n matrix θ the pair (C(M_θ), L_θ) is a C^∗-algebraic compact quantum metric space.

Motivated by questions in string theory, Rieffel also introduced a notion of quantum Gromov-Hausdorff distance for compact quantum metric spaces [24, 25]. It has many nice properties. Using the quantum Gromov-Hausdorff distance one can discuss the continuity of θ-deformations (with respect to the parameter θ) in a concrete way. This will be done in [16].

This paper is organized as follows. We shall use heavily the theory of locally convex topological vector spaces (LCTVS). In Section 2 we review some facts about LCTVS, Clifford algebras, and Rieffel’s theory of compact quantum metric spaces. Connes and Dubois-Violette’s formulation of θ-deformations is reviewed in Section 3. In Section 4 we prove a general theorem showing that in the presence of a compact group action, sometimes we can reduce the study of a given seminorm to its behavior on the isotypic components of this group action. Section 5 contains the main part of our proof of Theorem 1.1, where we study various differential operators to derive certain formulas. Finally, Theorem 1.1 is proved in Section 6.

Throughout this paper G will be a nontrivial compact group with identity e_G, endowed with the normalized Haar measure. Denote by Ĝ the dual of G, and by γ_0 the trivial representation. For any γ ∈ Ĝ let χ_γ be the corresponding character on G, and let γ̄ be the contragradient representation . For any γ ∈ Ĝ and any representation of G on some complex vector space V , we denote by V_γ the γisotypic component of V . If J is a finite subset of Ĝ, we also let V_J = ∑ γ∈J V_γ , and let J̄ = {γ̄ : γ ∈ J }.

Acknowledgments. This is part of my Ph.D. dissertation submitted to UC Berkeley in 2002. I am indebted to my advisor, Professor Marc Rieffel, for many helpful discussions, suggestions, and for his support throughout my time at Berkeley. I also thank Thomas Hadfield and Frédéric Latrémolière for valuable conversations.

2. Preliminaries

In this section we review some facts about locally convex topological vector spaces (LCTVS), Clifford algebras, and Rieffel’s theory of compact quantum metric spaces.

2.1. Locally convex topological vector spaces. We recall first some facts about LCTVS. The reader is referred to [29, Chapters 5 and 43] for detailed information about completion and tensor products of LCTVS. Throughout this paper, our LCTVS will all be Hausdorff.

For any LCTVS V and W , one can define the projective tensor product of V and W , denoted by V ⊗_π W , as the vector space V ⊗ W equipped with the so called projective topology. V ⊗_π W is also a LCTVS, and one can form the completion V ^⊗_πW . For continuous linear maps ψ_j : V_j → W_j (j = 1, 2) between LCTVS, the tensor product linear map ψ_1 ⊗_π ψ_2 : V_1 ⊗_π V_2 → W_1 ⊗_π W_2 is also continuous and extends to a continuous linear map ψ_1 ^⊗_πψ_2 : V_1 ^⊗_πV_2 → W_1 ^⊗_πW_2.

Let V be a LCTVS, and let α be an action of a topological G on V by automorphisms. We say that the action α is continuous if the map G × V → V given by (x, v) → α_x(v) is (jointly) continuous. Let V (resp. W ) be a LCTVS and α (resp. β) be a continuous action of G on V (resp. W ). Then the tensor product action α ^⊗_πβ of G on V ^⊗_πW is easily seen to be continuous.

A locally convex algebra (LCA) [3] is a LCTVS V with an algebra structure such that the multiplication V × V → V is (jointly) continuous. If furthermore V is a ∗-algebra and the ∗-operation ∗ : V → V is continuous, let us say that V is a locally convex ∗-algebra (LC∗A). A locally convex left V -module of V is a left V -module W such that the action V × W → W is (jointly) continuous. For a smooth manifold M, the space of (possibly unbounded) smooth functions C^∞(M) equipped with usual Fréchet space topology is a LC∗A. For a smooth vector bundle E over M, the space of smooth sections C^∞(M, E) is a locally convex C^∞(M)-bimodule. If furthermore E is an algebra bundle with fibre algebras being finite-dimensional, then C^∞(M, E) is also a LCA. We shall need Proposition 2.3 below.

Lemma 2.1. Let V and W be two LCTVS. Denote by V̂ and Ŵ the completion of V and W respectively. Then V̂ ^⊗_πŴ = V ^⊗_πW. Proof. The natural linear maps ι_V : V → V̂ and ι_W : W → Ŵ are continuous, so we have the continuous linear map ι_V ^⊗_πι_W : V ^⊗_πW → V̂ ^⊗_πŴ , which is the unique continuous extension of ι_V ⊗ ι_W : V ⊗ W → V̂ ⊗ Ŵ .

Let v_0 ∈ V̂ (resp. w_0 ∈ Ŵ ) and a net {v_j }_{j∈I} (resp. {w_j }_{j∈I} ) in V (resp. W ) converging to v_0 (resp. w_0). Let p (resp. q) be a continuous seminorm on V (resp. W ). Consider the continuous tensor product seminorm p ^⊗_πq on V ^⊗_πW defined by

(p ^⊗_πq)(η) = inf ∑ j p(v^′_j )q(w^′_j ) for all η ∈ V ⊗_π W , where the infimum is taken over all finite sets of pairs (v^′_k, w^′_k) such that η = ∑ k v^′_k ⊗ w^′_k. It satisfies (p ^⊗_πq)(v ⊗ w) = p(v)q(w) for all v ∈ V and w ∈ W [29, Proposition 43.1]. In particular, we have (p ^⊗_π q)(v_j ⊗ w_j − v_j′ ⊗ w_j′ ) = (p ^⊗_πq)((v_j − v_j′ ) ⊗ w_j + v_j′ ⊗ (w_j − w_j′ )) ≤ p(v_j − v_j′ )q(w_j ) + p(v_j′ )q(w_j − w_j′ ) → 0 as j, j^′ → ∞. Since such p ^⊗_πq form a basis of continuous seminorms on V ^⊗_πW [29, page 438], the net {v_j ⊗ w_j }_{j∈I} is a Cauchy net in V ^⊗_πW . Then it converges to some element in V ^⊗_πW . Let φ(v_0, w_0) = lim_{j→∞}(v_j ⊗ w_j ). Clearly φ(v_0, w_0) doesn’t depend on the choice of the nets {v_j }_{j∈I} and {w_j }_{j∈I} . So the map φ : V̂ × Ŵ → V ^⊗_πW is well-defined. It is easy to see that φ is bilinear and is an extension of the natural map V × W → V ^⊗_πW . Denote the extension of p (resp. q) on V̂ (resp. Ŵ ) still by p (resp. q). Notice that

(p ^⊗_πq)(φ(v_0, w_0)) = (p ^⊗_πq)( lim_{j→∞}(v_j ⊗ w_j )) = lim_{j→∞}(p ^⊗_πq)(v_j ⊗ w_j ) = lim_{j→∞} p(v_j )q(w_j ) = p(v)q(w).

So φ is continuous, and hence the associated linear map V̂ ⊗_π Ŵ → V ^⊗_πW is continuous [29, Proposition 43.4]. Consequently, we have the continuous extension ψ : V̂ ^⊗_πŴ → V ^⊗_πW [29, Theorem 5.2].

Notice that V ⊗ W is dense in both V̂ ^⊗_πŴ and V ^⊗_πW . Clearly ψ and ι_V ^⊗_πι_W are inverse to each other when restricted to V ⊗ W . It follows immediately that ψ and ι_V ^⊗_πι_W are isomorphisms inverse to each other between V̂ ^⊗_πŴ and V ^⊗_πW . □ Lemma 2.2. Let V_j , W_j , H_j (j = 1, 2) be LCTVS, and let ψ_j : V_j × W_j → H_j be continuous bilinear maps; then the bilinear map ψ_1 ⊗ ψ_2 : (V_1 ⊗ V_2) × (W_1 ⊗ W_2) → H_1 ⊗ H_2 extends to a continuous bilinear map ψ_1 ^⊗_πψ_2 : (V_1 ^⊗_πV_2) × (W_1 ^⊗_πW_2) → H_1 ^⊗_πH_2.

Proof. We have the associated continuous linear map φ_j : V_j ⊗_π W_j → H_j , j = 1, 2 [29, Proposition 43.4] and hence the continuous linear map φ_1 ^⊗_πφ_2 : (V_1 ⊗_π W_1) ^⊗_π(V_2 ⊗_π W_2) → H_1 ^⊗_πH_2.

By the associativity of the projective tensor product and Lemma 2.1 we have (V_1 ⊗_π W_1) ^⊗_π (V_2 ⊗_π W_2) = ((V_1 ⊗_π W_1) ⊗_π V_2) ^⊗_πW_2 = ((V_1 ⊗_π V_2) ⊗_π W_1) ^⊗_πW_2 = (V_1 ⊗_π V_2) ^⊗_π (W_1 ⊗_π W_2) = (V_1 ^⊗_πV_2) ^⊗_π(W_1 ^⊗_πW_2).

So we get a continuous linear map (V_1 ^⊗_πV_2) ^⊗_π (W_1 ^⊗_πW_2) → H_1 ^⊗_πH_2, which is equivalent to a continuous bilinear map (V_1 ^⊗_πV_2) × (W_1 ^⊗_πW_2) → H_1 ^⊗_πH_2. Clearly this extends the bilinear map ψ_1 ⊗ψ_2 : (V_1 ⊗V_2)×(W_1 ⊗W_2) → H_1 ⊗H_2. □

Proposition 2.3. Let V and W be LCA. Then V ^⊗_πW is also a LCA extending the natural algebra structure on V ⊗ W . If both V and W are LC∗A, so is V ^⊗_πW . If H is a locally convex left V -module, then H ^⊗_πW is a locally convex left V ^⊗_πW - module.

Proof. By Lemma 2.2 we have the continuous bilinear map (V ^⊗_πW ) × (V ^⊗_πW ) → V ^⊗_πW extending the multiplication of V ⊗W . Since V ⊗W is dense in V ^⊗_πW , clearly the above bilinear map is associative. In other words, V ^⊗_πW is a LCA. The assertion about modules can be proved in the same way.

If both V and W are LC∗A, then we have the tensor product of the ∗-operations V ^⊗_πW → V ^⊗_πW . Since it extends the natural ∗-operation on V ⊗ W , it is easy to check that it is compatible with the algebra structure. So V ^⊗_πW is a LC∗A. □

For any LCTVS V and W , one can also define the injective tensor product V ⊗_ϵW of V and W , and form the completion V ^⊗_ϵW . Let us say that a continuous linear map ψ : V → W is an isomorphism of V into W if ψ is injective and ψ : V → ψ(V ) is a homeomorphism of topological spaces. The only property about injective tensor product we shall need is that if ψ_j is an isomorphism of V_j into W_j for j = 1, 2, then the corresponding tensor product linear map ψ_1 ^⊗_ϵψ_2 is an isomorphism of V_1 ^⊗_ϵV_2 into W_1 ^⊗_ϵW_2 [29, Proposition 43.7].

Let n ≥ 2, and let θ be a real skew-symmetric n × n matrix. Denote by A_θ the corresponding quantum torus [19, 20]. It could be described as follows. Let ω_θ denote the skew-symmetric bicharacter on Z^n defined by ω_θ(p, q) = e^{iπp·θq}. For each p ∈ Z^n there is a unitary u_p in A_θ. And A_θ is generated by these unitaries with the relation u_pu_q = ω_θ(p, q)u_{p+q} . So one may think of vectors in A_θ as some kind of functions on Z^n . The n-torus T^n has a canonical ergodic action τ on A_θ. Notice that Z^n is the dual group of T^n. We denote the duality by ⟨p, x⟩ for x ∈ T^n and p ∈ Z^n. Then τ is determined by τ_x(u_p) = ⟨p, x⟩ u_p. The set A^∞_θ of smooth vectors for the action τ is exactly the Schwarz space S(Z^n) [2]. Let X_1, · · · , X_n be a basis for the Lie algebra of T^n. Then we have the differential ∂_{Xj} (f) for each f ∈ A^∞_θ and 1 ≤ j ≤ n. For each k ∈ N define a seminorm, q_k, on A^∞_θ by q_k := max_{|−→m|≤k} ‖ ∂^{m1}_{X1} · · · ∂^{mn}_{Xn} (f) ‖ . Clearly A^∞_θ is a complete LC∗A equipped with the topology defined by these q_k’s. On the other hand, it is easy to see that this topology is the same as the usual topology on S(Z^n). Thus A^∞_θ is a nuclear space [29, Theorem 51.5], which means that for every LCTVS V the injective and projective topologies on V ⊗A^∞_θ coincide [29, Theorem 50.1]. So we shall simply use V ⊗ A^∞_θ to denote the (projective or injective) topological tensor product. The algebraic tensor product will be denoted by V ⊗_{alg} A^∞_θ .

We shall need to integrate continuous functions with values in a LCTVS. For our purpose, it suffices to use the Riemann integral. Though this should be wellknown, we have not been able to find any reference in the literature. So we include a definition here.

Lemma 2.4. Let X be a compact space with a probability measure μ. Let

I := { {X_1, · · ·, X_k} : X_1, · · ·, X_k are disjoint measurable subsets of X, k ∈ N, ∪^k_{j=1}X_j = X} be the set of all finite partitions of X into measurable subsets with the fine order, i.e.

{X_1, · · ·, X_k} ≥ {X^′_1, · · ·, X^′_k′ } if and only if every X_j is contained in some X^′_j′ .

Let V be a complete LCTVS, and let f : X → V be a continuous map. For each {X_1, · · ·, X_k} in I pick an x_j ∈ X_j for each j, and let v_{{X1 ,···,Xk }} = k∑ j=1 μ(X_j )f(x_j ). Then {v_{{X1 ,···,Xk }}}_{{X1 ,···,Xk }∈I} is a Cauchy net in V , and its limit doesn’t depend on the choice of the representatives x_1, · · ·, x_k.

Proof. Let a continuous seminorm p on V and an ϵ > 0 be given. For each x ∈ X there is an open neighborhood U_x of x such that p(f(x) − f(y)) ≤ ϵ for all y ∈ U_x. Since X is compact, we can cover X with finitely many such U_x, say U_{x1} , · · ·, U_{xk} . Let X_1 = U_{x1} and X_j = U_{xj} \ ∪^{j−1}_{s=1}X_s inductively for all 2 ≤ j ≤ k. Then {X_1, · · ·, X_k} is a finite partition of X. For any {X^′_1, · · ·, X^′_k′ } ≥ {X_1, · · ·, X_k}, clearly p(v_{{X} ′_{1 ,···,X} ′_{k′ }} − v_{{X1 ,···,Xk }}) ≤ 2ϵ no matter how we choose the representatives for {X^′_1, · · ·, X^′_k′ } and {X_1, · · ·, X_k}. This gives the desired result. □

Definition 2.5. Let X be a compact space with a probability measure μ, and let f be a continuous function from X into a complete LCTVS V . The integration of f over X, denoted by ∫ X f dμ, is defined as the limit in Lemma 2.4.

The next proposition is obvious:

Proposition 2.6. Let X be a compact space with a probability measure μ, and let f_1, f_2 be continuous functions from X into a complete LCTVS V . Then ∫ X (f_1 + f_2) dμ = ∫ X f_1 dμ + ∫ X f_2 dμ, ∫ X λf_1 dμ = λ ∫ X f_1 dμ for any scalar λ. If ψ : V → W is a continuous linear map from V into another complete LCTVS W , then ∫ X ψ ∘ f_1 dμ = ψ( ∫ X f_1 dμ). It is also easy to verify the analogue of the fundamental theorem of calculus:

Proposition 2.7. Let f be a continuous map from [0, 1] to a complete LCTVS V . Then

f(0) = lim_{t→0} ∫_t 0 f(s) ds t . 2.2. Clifford algebras. Next we recall some facts about Clifford algebras [11, Chapter 1] [12, Section 1.8].

Let V be a real vector space of dimension m equipped with a positive-definite inner product. The corresponding Clifford algebra, denoted by Cl(V ), is the quotient of the tensor algebra ⊕_{k≥0}V ⊗ · · · ⊗ V generated by V by the two sided ideal generated by all elements of the form v ⊗ v+ ‖ v ‖^2 for v ∈ V . The complexified Clifford algebra, denoted by Cl^C (V ), is defined as Cl^C (V ) := Cl(V ) ⊗_R C .

Cl^C (V ) has a natural finite-dimensional C^∗-algebra structure [11, Theorem 1.7.35]. Denote by SO(V ) the group of isometries of V preserving the orientation. For each g ∈ SO(V ) the isometry g : V → V induces an algebra isomorphism Cl(V ) → Cl(V ) and a C^∗-algebra isomorphism Cl^C (V ) → Cl^C (V ). In this way SO(V ) acts on Cl(V ) and Cl^C (V ).

Recall that a state φ on a C^∗-algebra A is said to be tracial if φ(ab) = φ(ba) for all a, b ∈ A. Lemma 2.8. When m is even, there is a unique tracial state tr on Cl^C (V ). When m is odd, let γ := i^{m+12} e_1 · · · e_m be the chirality operator, where e_1, · · · , e_m is an orthonormal basis of V . Then γ is fixed under the action of SO(V ) (equivalently, γ doesn’t depend on the choice of the ordered orthonormal basis e_1, · · · , e_m), and there is a unique tracial state tr on Cl^C (V ) such that tr(γ) = 0. In both cases, tr is SO(V )-invariant.

Proof. In both cases, the SO(V )-invariance of tr follows from the uniqueness. So we just need to show the uniqueness of tr.

When m is even, Cl^C (V ) is isomorphic to the C^∗-algebra of 2^{m2} by 2^{m2} matrices [11, Theorem 1.3.2]. The uniqueness of tr follows from the fact that for any n ∈ N the C^∗-algebra of n by n matrices has a unique tracial state [13, Example 8.1.2].

Assume that m is odd now. Then Cl^C (V ) is isomorphic to the direct sum of two copies of the C^∗-algebra of 2^{m−12} by 2^{m−12} matrices [11, Theorem 1.3.2]. Say Cl^C (V ) = A_1 ⊕ A_2, where both A_1 and A_2 are isomorphic to the C^∗-algebra of 2^{m−12} by 2^{m−12} matrices. Let p_j be the projection of Cl^C (V ) to A_j , and let φ_j be the unique tracial state of A_j . Then the tracial states of Cl^C (V ) are exactly λφ_1 ∘ p_1 + (1 − λ)φ_2 ∘ p_2 for 0 ≤ λ ≤ 1. It is easily verified that γ belongs to the center of Cl^C (V ). So γ must be in C · 1_{A1} + C · 1_{A2} . It’s also clear that γ^2 = 1 and γ ∉ C . So γ must be ±(1_{A1} − 1_{A2} ). It follows immediately that Cl^C (V ) has a unique tracial state tr satisfying tr(γ) = 0, namely, tr =^1_2 (φ_1 ∘ p_1 + φ_2 ∘ p_2). It is easy to check that γ is fixed under the action of SO(V ). □

There is a natural injective map V → Cl(V ). So one may think of V as a subspace of Cl(V ). The C^∗-algebra norm on Cl^C (V ) extends the norm on V induced from the inner product (see [11, Theorem 1.7.22(iv)] for the corresponding statement for the real C^∗-algebra norm; the proofs are similar). Let M be an oriented Riemannian manifold of dimension m. Then we have the smooth algebra bundles ClM and Cl^C M over M with fibre algebras Cl(T M_x) and Cl^C (T M_x) respectively, where T M_x is the tangent space at X ∈ M. These are called the Clifford algebra bundle and the complexified Clifford algebra bundle. Since T M_x ⊆ Cl(T M_x), the complexified tangent bundle T M^C is a subbundle of Cl^C M. Since Cl^C (T M_x) is unital, C^∞(M) is a subalgebra of C^∞(M, Cl^C M).

2.3. Compact quantum metric spaces. Finally, we review Rieffel’s theory of compact quantum metric spaces [22, 23, 24, 27]. Though Rieffel has set up his theory in the general framework of order-unit spaces, we shall need it only for C^∗-algebras. See the discussion preceding Definition 2.1 in [24] for the reason of requiring the reality condition (3) below.

Definition 2.9. [24, Definition 2.1] By a C^∗-algebraic compact quantum metric space we mean a pair (A, L) consisting of a unital C^∗-algebra A and a (possibly +∞-valued) seminorm L on A satisfying the reality condition

L(a) = L(a^∗) (3) for all a ∈ A, such that L vanishes exactly on C and the metric ρ_L on the state space S(A) defined by (2) induces the w^∗-topology. The radius of (A, L) is defined to be the radius of (S(A), ρ_L). We say that L is a Lip-norm.

Let A be a unital C^∗-algebra and let L be a (possibly +∞-valued) seminorm on A vanishing on C . Then L and ‖ · ‖ induce (semi)norms L̃ and ‖ · ‖^∼ respectively on the quotient space Ã = A/C .

Notation 2.10. For any r ≥ 0, let D_r(A) := {a ∈ A : L(a) ≤ 1, ‖ a ‖≤ r}. The main criterion for when a seminorm L is a Lip-norm is the following:

Proposition 2.11. [22, Proposition 1.6, Theorem 1.9] Let A be a unital C^∗-algebra and let L be a (possibly +∞-valued) seminorm on A satisfying the reality condition (3). Assume that L takes finite values on a dense subspace of A, and that L vanishes exactly on C . Then L is a Lip-norm if and only if

(1) there is a constant K ≥ 0 such that ‖ · ‖^∼≤ KL̃ on Ã; and (2) for any r ≥ 0, the ball D_r(A) is totally bounded in A for ‖ · ‖;

or (2’) for some r > 0, the ball D_r(A) is totally bounded in A for ‖ · ‖. In this event, r_A is exactly the minimal K such that ‖ · ‖^∼≤ KL̃ on (Ã)_{sa}.

3. Connes and Dubois-Violette’s formulation of θ-deformations

Though the Dirac operator does not depend on θ in Connes and Landi’s formulation of θ-deformations in [8, Section 5], it does in Connes and Dubois-Violette’s formulation in [7]. In this section we review the formulation of θ-deformations by Connes and Dubois-Violette [7, Sections 11 and 13], including the deformation of both the algebra and the Dirac operator.

Let M be a smooth manifold with a smooth action σ_M of T^n. We denote by σ the induced action of T^n on the LC∗A C^∞(M). Then σ is continuous. By Proposition 2.3 the tensor product completion C^∞(M) ^⊗A^∞_θ is a LC∗A. The tensor product action σ ^⊗τ^{−1} of T^n on C^∞(M) ^⊗A^∞_θ is also continuous. The deformed smooth algebra [7, Section 11], denoted by C^∞(M_θ), is then defined as the fixedpoint space of this action, i.e. C^∞(M_θ) = (C^∞(M) ^⊗A^∞_θ )^{σ ^⊗τ −1} . Clearly, this is a LC∗A.

Suppose M is equipped with a σ_M -invariant Riemannian metric. (For any Riemannian metric on M, we can always integrate it over T^n to make it σ_M -invariant.) Also assume that M is a spin manifold and that σ_M lifts to a smooth action σ_S of T^n on the spin bundle S, i.e. the following diagram S −−−−→ σ_{S,x} S

M −−−−→ σ_{M,x} M is commutative for every x ∈ T^n. (Usually σ_M doesn’t lift directly to S, but lifts only modulo ±I, i.e. there is a twofold covering T^n → T^n such that σ_M lifts to an action of the two-folding covering on S. Correspondingly, Connes and Dubois- Violette defined the various deformed structures using tensor product with A 1_{2 θ} instead of A_θ. But for the deformed algebras and Dirac operators, the difference is just a matter of parameterization.) We denote the induced continuous action of T^n on C^∞(M, S) also by σ. Then C^∞(M, S) is a locally convex left C^∞(M)-module and σ_x(fψ) = σ_x(f)σ_x(ψ)

for all f ∈ C^∞(M), ψ ∈ C^∞(M, S) and x ∈ T^n. We also have the tensor product completion C^∞(M, S) ^⊗A^∞_θ , which is a locally convex left module over C^∞(M) ^⊗A^∞_θ by Proposition 2.3. The tensor product action σ ^⊗τ^{−1} of T^n on C^∞(M, S) ^⊗A^∞_θ is still continuous. The deformed spin bundle, denoted by C^∞(M_θ, S), is then defined as the fixed-point space of this action, i.e. C^∞(M_θ, S) = (C^∞(M, S) ^⊗A^∞_θ )^{σ ^⊗τ −1} . This is a locally convex left C^∞(M_θ)-module. Let D be the Dirac operator on C^∞(M, S). This is a first-order linear differential operator. So it is easy to see that D is continuous with respect to the locally convex topology on C^∞(M, S). Then we have the tensor product linear map D ^⊗I from C^∞(M, S) ^⊗A^∞_θ to itself. Notice that D commutes with the action σ, so D ^⊗I commutes with the action σ ^⊗τ^{−1}. Therefore C^∞(M_θ, S) is stable under D ^⊗I. Denote by D_θ the restriction of D ^⊗I to C^∞(M_θ, S).

Assume further that M is compact. As usual, one defines a positive-definite scalar product on C^∞(M, S) by < ψ, ψ^′ >= ∫ M (ψ, ψ^′) vol, where vol is the Riemannian volume form. Denote by H = L^2(M, S) the Hilbert space obtained by completion. Then C(M) has a natural faithful representation on H by multiplication, and we shall think of C(M) as a subalgebra of B(H), the C^∗-algebra of all bounded operators on H. The action σ uniquely extends to a continuous unitary representation of T^n in H, which will be still denoted by σ. On the other hand, A_θ has an inner product induced by the unique τ-invariant tracial state. Denote by L^2(A_θ) the Hilbert space obtained by completion. Then A_θ acts on L^2(A_θ ) faithfully by the GNS construction, and we shall also think of A_θ as a subalgebra of B(L^2(A_θ)). The action τ also extends to a continuous unitary representation of T^n in L^2(A_θ). Let H ¯⊗L^2(A_θ) be the Hilbert space tensor product. Then we have the continuous tensor product action σ ¯⊗τ^{−1} on H ¯⊗L^2(A_θ). The deformed Hilbert space, denoted by H_θ, is defined as the fixed-point space of H ¯⊗L^2(A_θ) under the action σ ¯⊗τ^{−1}. Clearly the maps C^∞(M, S) → H and A^∞_θ → L^2(A_θ) are continuous with respect to the locally convex topologies on C^∞(M, S), A^∞_θ and the norm topologies on H, L^2(A_θ). Then we have the sequence of continuous linear maps

C^∞(M, S) ^⊗A^∞_θ^ϕ→ H ^⊗_πL^2(A_θ)^ψ→ H ¯⊗L^2(A_θ), where H ^⊗_πL^2(A_θ) is the completion of the projective tensor product of H and L^2(A_θ). Let Φ : C^∞(M, S) ^⊗A^∞_θ → H ¯⊗L^2(A_θ) be the composition. Then Φ is T^n-equivariant. So Φ maps C^∞(M_θ, S) into H_θ. Let Φ_θ be the restriction of Φ to C^∞(M_θ, S). Lemma 3.1. Both maps ϕ : C^∞(M, S) ^⊗A^∞_θ → H ^⊗_πL^2(A_θ) and ψ : H ^⊗_πL^2(A_θ) → H ¯⊗L^2(A_θ) are injective. Consequently, Φ and Φ_θ are injective.

Proof. We’ll prove the injectivity of ϕ. The proof for ψ is similar. Recall the notation at the end of Section 1. We shall need the following well-known fact several times. We omit the proof.

Lemma 3.2. Let G be a compact group. Let α be a continuous action of G on a complex complete LCTVS V . For a continuous C -valued function φ on G let

α_φ(v) = ∫ G φ(x)α_x(v) dx for v ∈ V . Then α_φ : V → V is a continuous linear map. If J is a finite subset of Ĝ and if φ is a linear combination of the characters of γ ∈ J̄ , then α_φ(V ) ⊆ V_J . Let α_J = α^∑_{γ∈J dim(γ)χγ} . (When J is a one-element set {γ}, we’ll simply write α_γ for α_{{γ}}.) Then α_J (v) = v for all v ∈ V_J , and α_J (v) = 0 for all v ∈ V_γ with γ ∈ Ĝ \ J .

From Proposition 2.6 we also have:

Lemma 3.3. Let G be a compact group with continuous actions α and β on complex complete LCTVS V and W . Let ϕ : V → W be a continuous G-equivariant linear map, and let φ : G → C be a continuous function. Then ϕ ∘ α_φ = β_φ ∘ ϕ. (4) In particular, let J be a finite subset of Ĝ. Then ϕ ∘ α_J = β_J ∘ ϕ. We shall need the following lemma a few times:

Lemma 3.4. Let G be a compact group, and let h be a continuous C -valued function on G with h(e_G) = 0. Then for any ϵ > 0 there is a nonnegative function φ on G such that φ is a linear combination of finitely many characters, ‖ φ ‖_1= 1, and ‖ φ · h ‖_1< ϵ. Proof. Notice that the left regular representation of G on L^2(G) is faithful. Since the left regular representation is a Hilbert space direct sum of irreducible representations, we see that any x ≠ e_G acts nontrivially in some γ ∈ Ĝ. Let U be an open neighborhood of e_G such that |h(x)| < ϵ/2 for all x ∈ U. For any x ∈ G\U, suppose that x acts nontrivially in γ_x ∈ Ĝ. Then there is some open neighborhood U_x of x such that x^′ acts nontrivially in γ_x for all x^′ ∈ U_X . Since G \ U is compact, we can find x_1, · · ·, x_m ∈ G \ U so that U_{x1} , · · ·, U_{xm} cover G \ U. Let J_U = {γ_{x1} , · · ·, γ_{xm} }. Then no element in G \ U acts trivially in all γ ∈ J_U . Let π_1 be the direct sum of one copy for each γ in J_U ∪ {γ_0}, and let χ_{π1} be the character of π_1.

Let π = π_1 ⊗π_1. Also let χ be the character of π. Note that χ(x) = |χ_{π1} (x)|^2 ≥ 0 for all x ∈ G. Let φ_n = χ^n/ ‖ χ^n ‖_1. Then each φ_n is a linear combination of finitely many characters. Since every element in G \ U acts nontrivially in π, χ(x) < χ(e_G) on G \ U. Therefore it’s easy to see (cf. the proof of Theorem 8.2 in [24]) that ∫ G\U φ_n(x) dx → 0 as n → ∞, and hence

lim sup n→+∞ ∫ G |φ_n(x)h(x)| dx ≤ sup_{x∈U} |h(x)| < ϵ. So when n is big enough, we have that ‖ φ_n · h ‖_1< ϵ. □

As a corollary of Lemma 3.4 we have:

Lemma 3.5. Let G be a compact group. Let α be a continuous action of G on a complex complete LCTVS V . Let v ∈ V . If α_γ (v) = 0 for all γ ∈ Ĝ, then v = 0.

Proof. Let p be a continuous seminorm on V , and let ϵ > 0. Define a function h on G by h(x) = p(v − α_x(v)). Then h is continuous on G, and h(e_G) = 0. Pick φ for h and ϵ in Lemma 3.4. According to the assumption we have α_φ(v) = 0. Then

p(v) = p(v − α_φ(v)) = p( ∫ G φ(x)(v − α_x(v)) dx) ≤ ∫ G φ(x)h(x) dx < ϵ. Since the topology on V is defined by all the continuous seminorms, we see that v = 0. □

We are ready to prove Lemma 3.1. Let α = I ^⊗τ acting on V = C^∞(M, S) ^⊗A^∞_θ , and let β = I ^⊗τ acting on H ^⊗_πL^2(A_θ). Let ϕ be as in Lemma 3.1. Then ϕ ∘ α = β ∘ ϕ. Recall the notation about A_θ in subsection 2.1. For any q ∈ Z^n = ^T^n clearly α_q maps C^∞(M)⊗_{alg} A^∞_θ onto C^∞(M)⊗u_q. Since α_q is continuous, by Lemma 3.2 it follows immediately that V_q = α_q (V ) = C^∞(M, S) ⊗ u_q. Let f ∈ ker(ϕ). For any q ∈ Z^n by Lemma 3.3 ϕ(α_q (f)) = β_q (ϕ(f)) = 0. Now α_q (f) ∈ C^∞(M, S) ⊗ u_q , and clearly ϕ restricted to C^∞(M, S) ⊗ u_q is injective. So α_q (f) = 0. From Lemma 3.5 we see that f = 0. □

Lemma 3.6. The image Φ_θ(C^∞(M_θ, S)) is dense in H_θ.

Clearly Φ(C^∞(M, S) ^⊗A^∞_θ ) is dense in H ¯⊗L^2(A_θ), so this is an immediate consequence of the following:

Lemma 3.7. Let G be a compact group. Let α and β be continuous actions of G on complex complete LCTVS V and W respectively. Let ϕ : V → W be a continuous G-equivariant linear map such that ϕ(V ) is dense in W . Then ϕ(V^α) is dense in W^β.

Proof. Recall that γ_0 is the trivial representation of G. By Lemma 3.2 β_{γ0} is continuous. So β_{γ0} (ϕ(V )) is dense in β_{γ0} (W ) = W^β . But β_{γ0} (ϕ(V )) = ϕ(α_{γ0} (V )) = ϕ(V^α) according to Lemma 3.3. The conclusion follows. □

The Dirac operator D is essentially self-adjoint on H [15, Theorem 5.7]. Then D ⊗I is also essentially self-adjoint on H ¯⊗L^2(A_θ) [13, Proposition 11.2.37]. Denote its closure by D^{L2} .

Lemma 3.8. Φ(C^∞(M, S) ^⊗A^∞_θ ) is contained in the domain of D^{L2} , and

D^{L2} ∘ Φ = Φ ∘ (D ^⊗I). (5) Proof. For any y ∈ C^∞(M, S) ^⊗A^∞_θ , take a net y_j in C^∞(M, S) ⊗_{alg} A^∞_θ converging to y. Then Φ(y_j ) → Φ(y), (D ^⊗I)(y_j ) → (D ^⊗I)(y) and D^{L2} (Φ(y_j )) = Φ((D ^⊗I)(y_j )) → Φ((D ^⊗I)(y)). So Φ(y) is contained in the domain of D^{L2} , and D^{L2} (Φ(y)) = Φ((D ^⊗I)(y)). □

So the intersection of H_θ and the domain of D^{L2} contains Φ_θ(C^∞(M_θ, S)), which is dense in H_θ by Lemma 3.6. Clearly D ⊗ I commutes with the action σ ¯⊗τ^{−1}, and thus so does D^{L2} . Hence D^{L2} maps the intersection of H_θ and the domain of D^{L2} into H_θ. Therefore the restriction of D^{L2} to H_θ is also self-adjoint. The deformed Dirac operator, denoted by D^{L2}_θ , is then defined to be this restriction.

Similarly, the maps C^∞(M) → C(M) and A^∞_θ → A_θ are continuous with respect to the locally convex topologies on C^∞(M), A^∞_θ and the norm topologies on C(M), A_θ. So we have the T^n-equivariant continuous linear map Ψ : C^∞(M) ^⊗A^∞_θ → C(M) ⊗ A_θ , where C(M) ⊗ A_θ is the spatial C^∗-algebraic tensor product of C(M) and A_θ [31, Appendix T.5].

Definition 3.9. We define the deformed continuous algebra, C(M_θ), to be the fixed-point algebra (C(M) ⊗ A_θ)^{σ⊗τ −1} .

Then Ψ maps C^∞(M_θ) into C(M_θ). By similar arguments as in Lemma 3.1 and 3.7 we have

Lemma 3.10. The map Ψ is injective, and Ψ(C^∞(M_θ)) is dense in C(M_θ).

Clearly H_θ is stable under the action of elements in C(M_θ). So we can define Ψ_θ : C^∞(M_θ) → B(H_θ) as the composition of C^∞(M_θ) → C(M_θ) and the restriction map of C(M_θ) to B(H_θ). We shall see later in Proposition 5.6 that the restriction map of C(M_θ) to B(H_θ) is isometric. So we may also think of C(M_θ) as a subalgebra of B(H_θ). Then the closure of Ψ_θ(C^∞(M_θ)) is just C(M_θ).

We shall see later in Proposition 5.2 that the domain of D^{L2}_θ is stable under Ψ_θ(f), and that the commutator [D^{L2}_θ , Ψ_θ(f)] is bounded for every f ∈ C^∞(M_θ).

Definition 3.11. We define the deformed Lip-norm, denoted by L_θ, on C(M_θ) by

L_θ(f) := { ‖ [D^{L2}_θ , f] ‖, if f ∈ Ψ_θ(C^∞(M_θ)); +∞, otherwise .

4. Lip-norms and Compact Group Actions

In this section we consider a general situation in which there are a seminorm and a compact group action. We show that under certain compatibility hypotheses we can use this group action to prove that the seminorm is a Lip-norm. The strategy is a generalization of the one Rieffel used to deal with Lip-norms associated to ergodic compact (Lie) group actions [22, 24]. We’ll see that θ-deformations fit into this general picture.

Throughout this section we assume that G is an arbitrary compact group which has a fixed length function l, i.e. a continuous real-valued function, l, on G such that l(xy) ≤ l(x) + l(y) for all x, y ∈ G l(x^{−1}) = l(x) for all x ∈ G

l(x) = 0 if and only if x = e_G,

where e_G is the identity of G.

Theorem 4.1. Let A be a unital C^∗-algebra, let L be a (possibly +∞-valued) seminorm on A satisfying the reality condition (3), and let α be a strongly continuous action of G on A. Assume that L takes finite values on a dense subspace of A, and that L vanishes on C . Let L^l be the (possibly +∞-valued) seminorm on A defined by L^l(a) = sup{ ‖ α_x(a) − a ‖ l(x) : x ∈ G, x ≠ e_G}. (6) Suppose that the following conditions are satisfied:

(1) there is some constant C > 0 such that L^l ≤ C · L on A; (2) for any linear combination φ of finitely many characters on G we have L ∘ α_φ ≤ ‖ φ ‖_1 ·L on A, where α_φ is the linear map on A defined in Lemma 3.2;

(3) for each γ ∈ Ĝ with γ ≠ γ_0 the ball D_r(A_γ ) := {a ∈ A_γ : L(a) ≤ 1, ‖ a ‖≤ r} is totally bounded for some r > 0, and the only element in A_γ vanishing under L is 0;

(4) there is a unital C^∗-algebra B containing A_{γ0} = A^α, with a Lip-norm L_B, such that L_B extends the restriction of L to A_{γ0} .

Then (A, L) is a C^∗-algebraic compact quantum metric space with r_A ≤ r_B + C ∫ G l(x) dx. Remark 4.2. (1) We assume the existence of (B, L_B) in the condition (4) only for the convenience of application. In fact, conditions (2) and (4) imply that L restricted to A_{γ0} is a Lip-norm on A_{γ0} : for any a ∈ A_{γ0} and ϵ > 0 pick a^′ ∈ A with L(a^′) < ∞ and ‖ a − a^′ ‖< ϵ. Then by Lemma 3.2 α_{γ0} (a^′) ∈ A_{γ0} and ‖ a−α_{γ0} (a^′) ‖=‖ α_{γ0} (a−a^′) ‖< ϵ. By the condition (2) L(α_{γ0} (a^′)) < ∞. Therefore L takes finite values on a dense subspace of A_{γ0} . Then from Proposition 2.11 it is easy to see that L restricted to A_{γ0} is a Lip-norm on A_{γ0} . Consequently, we may take B to be A_{γ0} itself.

(2) Conditions (1) and (2) in Theorem 4.1 enable us to reduce the study of L to that of the restriction of L to each A_γ . Conditions (3) and (4) say roughly that L restricted to each A_γ is a Lip-norm.

(3) Usually it is not hard to verify the condition (2). In particular, by Lemma 4.3 it holds when L is α-invariant and lower semicontinuous on {a ∈ A : L(a) < +∞}, and {a ∈ A : L(a) < +∞} is stable under α_γ for every γ ∈ Ĝ.

Lemma 4.3. Let α be a strongly continuous action of G on a C^∗-algebra A, and let L be a (possibly +∞-valued) seminorm on A. Suppose that L is α-invariant and lower semicontinuous on {a ∈ A : L(a) < +∞}. For any continuous function φ : G → C , if {a ∈ A : L(a) < +∞} is stable under the map α_φ : A → A defined in Lemma 3.2, then L ∘ α_φ ≤‖ φ ‖_1 ·L on A.

Proof. We only need to show L(α_φ(a)) ≤‖ φ ‖_1 ·L(a) for each a ∈ A with L(a) < +∞. But

α_φ(a) = lim_{Δ→0} k∑ j=1 α_{gj} (a)μ(E_j )φ(g_j ), where μ is the normalized Haar measure on G, (E_1, · · · , E_k) is a partition of G, g_j ∈ E_j , Δ(E_j ) := sup{max(|φ(x) − φ(y)|, |α_x(a) − α_y(a)|) : x, y ∈ E_j } and Δ = max_{1≤j≤k} Δ(E_j ). By the assumptions we have

L(α_φ(a)) ≤ lim inf_{Δ→0} L( k∑ j=1 α_{gj} (a)μ(E_j )φ(g_j ))

≤ L(a) lim inf_{Δ→0} k∑ j=1 μ(E_j )|φ(g_j )| = L(a) ‖ φ ‖_1 . □ For θ-deformations of course A is C(M_θ). Notice that T^n has a natural action I ⊗ τ on C(M_θ). They will be our G and α.

The following lemma is a generalization of Lemmas 8.3 and 8.4 in [24].

Lemma 4.4. For any ϵ > 0 there is a finite subset J = J̄ in Ĝ, containing γ_0, depending only on l and ϵ/C, such that for any strongly continuous isometric action α on a complex Banach space V with a (possibly +∞-valued) seminorm L on V satisfying conditions (1) and (2) (with A replaced by V ) in Theorem 4.1, and for any v ∈ V , there is some v^′ ∈ V_J with ‖ v^′ ‖≤‖ v ‖, L(v^′) ≤ L(v), and ‖ v − v^′ ‖≤ ϵL(v). If V has an isometric involution ∗ invariant under α, then when v is self-adjoint we can choose v^′ also to be self-adjoint.

Proof. Pick φ for l and ϵ/C as in Lemma 3.4. Then there is a finite subset J ⊆ Ĝ such that φ is a linear combination of characters χ_γ for γ ∈ J . Replacing J by J ∪ J̄ , we may assume that J = J̄ . For any v ∈ V clearly ‖ α_φ(v) ‖≤‖ φ ‖_1 · ‖ v ‖=‖ v ‖ . A simple calculation as in the proof of [24, Lemma 8.3] tells us that ‖ v − α_φ(v) ‖ ≤ L^l(v) ∫ G φ(x)l(x) dx ≤ ϵ C L^l(v). Then it follows from the condition (1) in Theorem 4.1 that ‖ v − α_φ(v) ‖≤ ϵL(v). Also from the condition (2) we see that L(α_φ(v)) ≤ L(v). So for any v ∈ A, the element v^′ = α_φ(v) satisfies the requirement.

Notice that φ is real-valued, so when v is self-adjoint, so is α_φ(v). □

Proof of Theorem 4.1. We verify the conditions in Proposition 2.11 for (A, L) to be a compact quantum metric space one by one.

Lemma 4.5. For any a ∈ A if L(a) = 0 then a is a scalar.

Proof. For any γ ∈ J by the condition (2) we have L(α_γ (a)) ≤‖ dim(γ)χ_γ ‖_1 ·L(a) = 0.

By conditions (3) and (4) we see that α_γ (a) = 0 for γ ≠ γ_0 and that α_{γ0} (a) ∈ C . Hence α_γ (a−α_{γ0} (a)) = 0 for all γ ∈ Ĝ. Then Lemma 3.5 tells us that a = α_{γ0} (a) ∈ C . □ Lemma 4.6. For any R ≥ 0 the ball D_R(A) = {a ∈ A : L(a) ≤ 1, ‖ a ‖≤ R} is totally bounded.

Proof. For any ϵ > 0 by Lemma 4.4 there is some finite subset J ⊆ Ĝ such that for every v ∈ D_R(A) there exists v^′ ∈ D_R(A_J ) with ‖ v − v^′ ‖< ϵ. Let M = max {‖ dim(γ)χ_γ ‖_1: γ ∈ J }. For any a = ∑ γ∈J a_γ ∈ D_R(A_J ) and γ ∈ J we have ‖ a_γ ‖=‖ α_{dim(γ)χγ} (a) ‖≤‖ dim(γ)χ_γ ‖_1 · ‖ a ‖≤ M · R, and by the condition (2) L(a_γ ) = L(α_{dim(γ)χγ} (a)) ≤‖ dim(γ)χ_γ ‖_1 ·L(a) ≤ M.

Therefore

D_R(A_J ) ⊆ { ∑ γ∈J a_γ ∈ A_J : a_γ ∈ A_γ , L(a_γ ) ≤ M, ‖ a_γ ‖≤ M · R}. By the conditions (3), (4) and Proposition 2.11 the latter set is totally bounded. Then D_R(A_J ) is totally bounded. Since ϵ is arbitrary, D_R(A) is also totally bounded. □ Lemma 4.7. We have ‖ · ‖^∼≤ ( r_B + C ∫ G l(x) dx ) L^∼ on A_{sa}/Re. Proof. Let a ∈ A_{sa} with L(a) = 1. Let φ be the constant function χ_{γ0} = 1 on G. Then α_φ = α_{γ0} and ‖ φ ‖_1= 1. As in the proof of Lemma 4.4 we have α_φ(a) ∈ (A^α)_{sa} and ‖ a − α_φ(a) ‖≤ L^l(a) ∫ G φ(x)l(x) dx ≤ C · L(a) ∫ G l(x) dx = C ∫ G l(x) dx, where the second inequality comes from the condition (1). Let b = α_φ(a). By the condition (2) we have L(b) ≤‖ φ ‖_1 ·L(a) = 1. Then by Proposition 2.11 r_B ≥‖ b̃ ‖^∼≥‖ ã ‖^∼ − ‖ ã − b̃ ‖^∼≥‖ ã ‖^∼ − ‖ a − α_φ(a) ‖≥‖ ã ‖^∼ −C ∫ G l(x) dx. Therefore we have ‖ · ‖^∼≤ (r_B + C ∫ G l(x) dx)L^∼. □ Now Theorem 4.1 follows from Lemmas 4.5-4.7 and Proposition 2.11 immediately. □

5. Differential Operators and Seminorms

In this section we make preparation for our proof of Theorem 1.1. In Section 6 we shall verify the conditions in Theorem 4.1 for (C(M_θ), L_θ, T^n, I ⊗τ). The seminorm L^l_θ on C(M_θ) associated to I ⊗ τ is defined in Definition 5.4. The main difficulty is to verify the condition (1). We shall see that it is much more convenient to work on the whole Hilbert space H ¯⊗L^2(A_θ) instead of H_θ. So we have to study the corresponding seminorms L^D and L^l on C(M) ⊗ A_θ (see Definitions 5.3 and 5.4). We prove the comparison formula for L^D and L^l first, in (20). Then we relate them to L_θ and L^l_θ by proving (22). The information about these various seminorms is all hidden in differential operators, which involve mainly the theory of LCTVS. Subsections 5.1 and 5.2 are devoted to analyzing these operators.

5.1. Differential Operators. In this subsection we assume that M is an oriented Riemannian manifold with an isometric smooth action σ_M of T^n. Our aim is to derive the formulas (8), (11) and (12) below.

Let Cl^C M be the complexified Clifford algebra bundle on M. Then its space of smooth sections, C^∞(M, Cl^C M), is a LCA containing C^∞(M) as a central subalgebra, and containing C^∞(M, T M^C ) as a subspace, where T M^C is the complexified tangent bundle. Using the Riemannian metric, we can identify T M and T^∗M canonically. Then C^∞(M, T^∗M^C ) = C^∞(M, T M^C ) is also a subspace of C^∞(M, Cl^C M). Notice that C^∞(M, S) is a locally convex left module over C^∞(M, Cl^C M). Since A^∞_θ is nuclear, the complete tensor products C^∞(M) ^⊗A^∞_θ , C^∞(M, T M^C ) ^⊗A^∞_θ and C^∞(M, T^∗M^C ) ^⊗A^∞_θ can be thought of as complete injective tensor products, and hence are are all subspaces of C^∞(M, Cl^C M) ^⊗A^∞_θ (see the discussion after Proposition 2.3).

In the same way we think of C(M, T^∗M^C ) = C(M, T M^C ) as a subspace of C(M, Cl^C M). Since the C^∗-algebraic norm on Cl^C (T M_p) extends the inner-product norm on the tangent space T M_p for each p ∈ M (see the discussion after Lemma 2.8), clearly the supremum (possibly +∞-valued) norm on C(M, Cl^C M) extends that on C(M, T M), which is pointwise the inner-product norm.

Clearly the action of T^n on the bundle T M extends to an action on the bundle Cl^C M. We denote the induced continuous action on C^∞(M, Cl^C M) also by σ. Much as in Section 3, we can define C^∞(M_θ, Cl^C M) := (C^∞(M, Cl^C M) ^⊗A^∞_θ )^{σ ^⊗τ −1} , C^∞(M_θ, T M^C ) := (C^∞(M, T M^C ) ^⊗A^∞_θ )^{σ ^⊗τ −1} ,

C^∞(M_θ, T^∗M^C ) := (C^∞(M, T^∗M^C ) ^⊗A^∞_θ )^{σ ^⊗τ −1} .

The differential operator d : C^∞(M) → C^∞(M, T^∗M^C ) is a first-order linear operator, and hence easily seen to be continuous. Then we have the tensor product linear map d ^⊗I : C^∞(M) ^⊗A^∞_θ → C^∞(M, T^∗M^C ) ^⊗A^∞_θ . Notice that d commutes with the action σ. So d ^⊗I commutes with σ ^⊗τ^{−1}, and hence maps C^∞(M_θ) into C^∞(M_θ, T^∗M^C ). The deformed differential d_θ is then defined to be the restriction of d ^⊗I to C^∞(M_θ).

For any f ∈ C^∞(M) we have

[D, f] = df as linear maps on C^∞(M, S), (7) where df ∈ C^∞(M, T^∗M^C ) ⊆ C^∞(M, Cl^C M) acts on C^∞(M, S) via the left C^∞(M, Cl^C M)-module structure of C^∞(M, S). Then it is easy to see that for any f ∈ C^∞(M) ⊗_{alg} A^∞_θ we have

[D ⊗ I, f] = (d ⊗ I)f as linear maps on C^∞(M, S) ⊗_{alg} A^∞_θ .

This means that the bilinear maps (f, ψ) → [D ^⊗I, f](ψ) and (f, ψ) → ((d ^⊗I)f)(ψ) from W := (C^∞(M) ^⊗A^∞_θ ) × (C^∞(M, S) ^⊗A^∞_θ ) to C^∞(M, S) ^⊗A^∞_θ coincide on the dense subspace (C^∞(M) ⊗_{alg} A^∞_θ ) × (C^∞(M, S) ⊗_{alg} A^∞_θ ). Since both of them are (jointly) continuous, they coincide on the whole of W . In other words, for any f ∈ C^∞(M) ^⊗A^∞_θ we have

[D ^⊗I, f] = (d ^⊗I)f as linear maps on C^∞(M, S) ^⊗A^∞_θ . (8) The canonical R-bilinear pairing C^∞(M, T M) × C^∞(M, T^∗M) → C^∞(M) extends to a C -bilinear pairing C^∞(M, T M^C ) × C^∞(M, T^∗M^C ) → C^∞(M), which is clearly continuous. For any Y ∈ C^∞(M, T M^C ) let i_Y be the corresponding contraction C^∞(M, T^∗M^C ) → C^∞(M). Then we have the tensor-product map i_Y ^⊗I : C^∞(M, T^∗M^C ) ^⊗A^∞_θ → C^∞(M) ^⊗ A^∞_θ . Let ∂_Y : C^∞(M) → C^∞(M) be the derivation with respect to Y . Since ∂_Y is a first-order linear operator, it is continuous. Then we also have the tensor-product map ∂_Y ^⊗I : C^∞(M) ^⊗A^∞_θ → C^∞(M) ^⊗A^∞_θ . For any f ∈ C^∞(M) it is trivial to see that

∂_Y (f) = i_Y (df).

Then for any f ∈ C^∞(M) ⊗_{alg} A^∞_θ clearly

(∂_Y ⊗ I)(f) = ((i_Y ⊗ I) ∘ (d ⊗ I))(f).

By the same argument as for (8), for any f ∈ C^∞(M) ^⊗A^∞_θ we then have

(∂_Y ^⊗I)(f) = ((i_Y ^⊗I) ∘ (d ^⊗I))(f). (9) Since the tracial state tr : Cl^C (T M_p) → C in Lemma 2.8 is invariant under the action of SO(T M_p) for each p ∈ M, we can use them pointwisely to define a linear map C^∞(M, Cl^C M) → C^∞(M), which is clearly continuous. We denote this map also by tr. Then tr is still tracial in the sense that tr(f · g) = tr(g · f) for any f, g ∈ C^∞(M, Cl^C M). We have the tensor-product linear map tr ^⊗I : C^∞(M, Cl^C M) ^⊗A^∞_θ → C^∞(M) ^⊗A^∞_θ . For any Y ∈ C^∞(M, T M^C ) ⊆ C^∞(M, Cl^C M) and Z ∈ C^∞(M, T^∗M^C ) ⊆ C^∞(M, Cl^C M), recalling that we have a canonical identification of C^∞(M, T M^C ) and C^∞(M, T^∗M^C ), we get tr(Y · Z) = 1 2 tr(Y · Z + Z · Y ) = 1 2 tr(−2 < Y, Z >) = − < Y, Z >= −i_Y (Z), where Y · Z is the multiplication in C^∞(M, Cl^C M), and < ·, · > is the C^∞(M)- valued C^∞(M)-bilinear pairing on C^∞(M, T M^C ). So i_Y = tr ∘ (−Y ) on C^∞(M, T^∗M^C ). Then i_Y ⊗ I = (tr ⊗ I) ∘ ((−Y ) ⊗ 1) on C^∞(M, T^∗M^C ) ⊗_{alg} A^∞_θ . Since both i_Y ^⊗I and (tr ^⊗I) ∘ ((−Y ) ⊗ 1) are continuous maps from C^∞(M, T^∗M^C ) ^⊗A^∞_θ to C^∞(M) ^⊗A^∞_θ , we get i_Y ^⊗I = (tr ^⊗I) ∘ ((−Y ) ⊗ 1). (10)

as maps C^∞(M, T^∗M^C ) ^⊗A^∞_θ → C^∞(M) ^⊗A^∞_θ . Combining (9) and (10) together, for any f ∈ C^∞(M) ^⊗A^∞_θ we get (∂_Y ^⊗I)(f) = ((tr ^⊗I) ∘ ((−Y ) ⊗ 1) ∘ (d ^⊗I))(f). (11)

Let Lie(T^n) be the Lie algebra of T^n. For any X ∈ Lie(T^n) we denote by X^# the vector field on M generated by X.

Lemma 5.1. For any X ∈ Lie(T^n) and any f ∈ C^∞(M) ^⊗A^∞_θ we have

lim_{t→0} (σ_etX ^⊗I)(f) − f t = (∂_{−X} # ^⊗I)(f). (12)

Proof. For any f ∈ C^∞(M) and x ∈ T^n clearly

(∂_{−X} # )(f) = lim_{t→0} σ_etX (f) − f t , (∂_{−X} # )(σ_x(f)) = lim_{t→0} σ_etX (σ_x(f)) − σ_x(f) t = lim_{t→0} σ_x( σ_etX (f) − f t ) = σ_x(∂_{−X} # (f)),

where the limits are taken with respect to the locally convex topology in C^∞(M). (Here we have −X^# instead of X^# in the first equation because (σ_etX (f))(p) = f(σ_e−tX (p)) for any p ∈ M.) So we see that the map t → ∂_{−X} # (σ_etX (f)) is continuous. When M is compact, we know that σ_etX (f) − f = ∫_t 0 ∂_{−X} # (σ_esX (f)) ds = ∫_t 0 σ_esX (∂_{−X} # (f)) ds, (13)

where the integral is taken with respect to the supremum norm topology in C(M). Notice that the inclusion C^∞(M) → C(M) is continuous when C^∞(M) is endowed with the locally convex topology and C(M) is endowed with the norm topology. By Proposition 2.6 the integral ∫_t 0 σ_esX (∂_{−X} # (f)) ds is also defined in C^∞(M), and is mapped to the corresponding integral in C(M) under the inclusion C^∞(M) → C(M). Therefore we see that (13) also holds with respect to the locally convex topology in C^∞(M). For noncompact M, since the locally convex topology on C^∞(M) is defined using seminorms from compact subsets of local trivializations, it is easy to see that (13) still holds.

Now for any f ∈ C^∞(M) ⊗_{alg} A^∞_θ clearly we have (σ_etX ⊗ I)(f) − f = ∫_t 0 (σ_esX ⊗ I)((∂_{−X} # ⊗ I)(f)) ds in C^∞(M) ^⊗A^∞_θ . For fixed X notice that f → (σ_etX ^⊗I)(f)−f is a continuous map from C^∞(M) ^⊗A^∞_θ to itself. It is also easy to see that both f → (∂_{−X} # ^⊗I)(f) and f → ∫_t 0 (σ_esX ^⊗I)(f) ds are continuous maps from C^∞(M) ^⊗A^∞_θ to itself. So the map f → ∫_t 0 (σ_esX ^⊗I)((∂_{−X} # ^⊗I)(f)) ds from C^∞(M) ^⊗A^∞_θ to itself is continuous.

Therefore, for any f ∈ C^∞(M) ^⊗A^∞_θ we have (σ_etX ^⊗I)(f) − f = ∫_t 0 (σ_esX ^⊗I)((∂_{−X} # ^⊗I)(f)) ds. Now (12) follows from Proposition 2.7. □

5.2. Seminorms. In this subsection we assume that M is an m-dimensional compact Spin manifold, and that the action σ_M lifts to an action on S. Notice that the fibres of Cl^C M are all isomorphic to the C^∗-algebra Cl^C (R^m ), where R^m is the standard m-dimensional Euclidean space. Clearly C^∞(M, Cl^C M) generates a continuous field of C^∗-algebras [9, Secton 10.3] over M with continuous sections Γ^′ = C(M, Cl^C M). Recall that H is the Hilbert space completion of C^∞(M, S). So the algebra C(M, Cl^C M) has a natural faithful representation on H. It is easy to see that the inclusion C^∞(M, Cl^C M) → C(M, Cl^C M) is continuous with respect to the locally convex topology on C^∞(M, Cl^C M) and the norm topology on C(M, Cl^C M). Just as in the case of C^∞(M) ^⊗A^∞_θ → C(M) ⊗ A_θ in Section 3, we have a T^n-equivariant continuous linear map C^∞(M, Cl^C M) ^⊗A^∞_θ → C(M, Cl^C M) ⊗ A_θ extending this former one. We still denote it by Ψ. As in Lemmas 3.1 and 3.10, Ψ is in fact injective. Clearly Ψ is a ∗-algebra homomorphism. Let C(M_θ, Cl^C M_θ) be (C(M, Cl^C M)⊗A_θ)^{σ⊗τ −1} . We also have the homomorphism C^∞(M_θ, Cl^C M_θ) → B(H_θ), which we still denote by Ψ_θ.

Proposition 5.2. For any f ∈ C^∞(M) ^⊗A^∞_θ the domain of D^{L2} is stable under Ψ(f), and [D^{L2} , Ψ(f)] = Ψ((d ^⊗I)f).

(14) When f is in C^∞(M_θ), the domain of D^{L2}_θ is stable under Ψ_θ(f), and [D^{L2}_θ , Ψ_θ(f)] = Ψ_θ(d_θf).

(15) Proof. By Lemma 2.3 C^∞(M, S) ^⊗A^∞_θ is a locally convex left module over the algebra C^∞(M, Cl^C M) ^⊗A^∞_θ . So we have the continuous maps: (C^∞(M, Cl^C M) ^⊗A^∞_θ ) × (C^∞(M, S) ^⊗A^∞_θ ) → C^∞(M, S) ^⊗A^∞_θ^Φ→ H ¯⊗L^2(A_θ). On the other hand, we have continuous maps: (C^∞(M, Cl^C M) ^⊗A^∞_θ ) × (C^∞(M, S) ^⊗A^∞_θ ) Ψ×Φ−→ B(H ¯⊗L^2(A_θ)) × H ¯⊗L^2(A_θ) → H ¯⊗L^2(A_θ ).

The two compositions coincide on (C^∞(M, Cl^C M)⊗_{alg} A^∞_θ )×(C^∞(M, S)⊗_{alg} A^∞_θ ). So they coincide on the whole of (C^∞(M, Cl^C M) ^⊗A^∞_θ ) × (C^∞(M, S) ^⊗ A^∞_θ ). In other words, for any f ∈ C^∞(M, Cl^C M) ^⊗A^∞_θ and any ψ ∈ C^∞(M, S) ^⊗ A^∞_θ we have Ψ(f) · Φ(ψ) = Φ(fψ).

(16) Then for any f ∈ C^∞(M, Cl^C M) ^⊗A^∞_θ and ψ ∈ C^∞(M, S) ^⊗A^∞_θ we have Φ([D ^⊗I, f](ψ)) = Φ((D ^⊗I)(fψ) − f((D ^⊗I)ψ))^{(5)}= D^{L2} (Φ(fψ)) − Φ(f((D ^⊗I)ψ))

(16)

= D^{L2} ((Ψ(f))(Φ(ψ))) − Ψ(f) · Φ((D ^⊗I)ψ) (5) = D^{L2} ((Ψ(f))(Φ(ψ))) − Ψ(f)(D^{L2} (Φ(ψ))) = [D^{L2} , Ψ(f)](Φ(ψ)).

So for any f ∈ C^∞(M, Cl^C M) ^⊗A^∞_θ we have Φ ∘ [D ^⊗I, f] = [D^{L2} , Ψ(f)] ∘ Φ

(17) as linear maps from C^∞(M, S) ^⊗A^∞_θ to H ¯⊗L^2(A_θ). When f is in C^∞(M) ^⊗A^∞_θ we also have Φ ∘ [D ^⊗I, f]^{(8)}= Φ ∘ ((d ^⊗I)f)^{(16)}= Ψ((d ^⊗I)f) ∘ Φ.

Therefore, for any f ∈ C^∞(M) ^⊗A^∞_θ we have [D^{L2} , Ψ(f)] ∘ Φ = Ψ((d ^⊗I)f) ∘ Φ.

(18)

For any z in the domain of D^{L2} take a net ψ_j in C^∞(M, S) ^⊗A^∞_θ with Φ(ψ_j ) → z and D^{L2} (Φ(ψ_j )) → D^{L2} (z). Then

D^{L2} ((Ψ(f))(Φ(ψ_j )))^{(18)}= (Ψ(f))(D^{L2} (Φ(ψ_j ))) + Ψ((d ^⊗I)(f))(Φ(ψ_j )) → (Ψ(f))(D^{L2} (z)) + Ψ((d ^⊗I)(f))(z), and (Ψ(f))(Φ(ψ_j )) → (Ψ(f))(z).

So (Ψ(f))(z) is in the domain of D^{L2} , and D^{L2} ((Ψ(f))(z)) = (Ψ(f))(D^{L2} (z)) + Ψ((d ^⊗I)(f))(z).

Therefore the domain of D^{L2} is stable under Ψ(f), and [D^{L2} , Ψ(f)] = Ψ((d ^⊗I)f).

The assertions about C^∞(M_θ) follow from those about C^∞(M) ^⊗A^∞_θ . □ By Proposition 5.2 we see that the commutator [D^{L2} , f] is bounded for any f ∈ Ψ(C^∞(M) ^⊗A^∞_θ ). Corresponding to L_θ defined in Definition 3.11 we have: Definition 5.3. We define a seminorm, denoted by L^D, on C(M) ⊗ A_θ by

L^D(f) := { ‖ [D^{L2} , f] ‖, if f ∈ Ψ(C^∞(M) ^⊗A^∞_θ ); +∞, otherwise .

Fix an inner product on Lie(T^n), and use it to get a translation-invariant Riemannian metric on T^n in the usual way. We get a length function l on T^n by setting l(x) to be the geodesic distance from x to e_Tn for x ∈ T^n. Notice that I ⊗ τ = σ ⊗ I is a nontrivial action of T^n on C(M_θ). To make use of Theorem 4.1 we define two seminorms:

Definition 5.4. We define a (possibly +∞-valued) seminorm L^l on C(M) ⊗ A_θ for the action σ ⊗ I via (6): L^l(f) := sup{ ‖ (σ ⊗ I)_x(f) − f ‖ l(x) : x ∈ T^n, x ≠ e_Tn}. We also define a (possibly +∞-valued) seminorm L^l_θ on C(M_θ) for the action I ⊗ τ: L^l_θ(f) := sup{ ‖ (I ⊗ τ)_x(f) − f ‖ l(x) : x ∈ T^n, x ≠ e_Tn}. Then L^l_θ = L^l

(19) on C(M_θ), because there I ⊗ τ = σ ⊗ I.

Our first key technical fact is the following comparison between L^l and L^D: Proposition 5.5. Let C be the norm of the linear map X → X^# from Lie(T^n) to C^∞(M, T M) ⊆ C(M, Cl^C M). Then on C(M) ⊗ A_θ we have L^l ≤ C · L^D. (20)

Proof. Let X ∈ Lie(T^n). For any f ∈ C^∞(M) ^⊗A^∞_θ we have

(Ψ ∘ (∂_{−X} # ^⊗I))(f)^{(12)}= Ψ(lim_{t→0} (σ_etX ^⊗I)(f) − f t ) = lim_{t→0} Ψ( (σ_etX ^⊗I)(f) − f t ) = lim_{t→0} (σ_etX ⊗ I)(Ψ(f)) − Ψ(f) t . It follows immediately that Ψ(f) is once-differentiable with respect to the action σ ⊗ I. In fact, Ψ(f) is easily seen to be smooth for the action σ ⊗ I, though we don’t need this fact here. By [24, Proposition 8.6]

L^l(Ψ(f)) = sup_{‖X‖=1} ‖ lim_{t→0} (σ_etX ⊗ I)(Ψ(f)) − Ψ(f) t ‖ . Then we get

L^l(Ψ(f)) = sup_{‖X‖=1} ‖ (Ψ ∘ (∂_{−X} # ^⊗I))(f) ‖

(11)

= sup_{‖X‖=1} ‖ (Ψ ∘ (tr ^⊗I) ∘ ((−X^#) ⊗ 1) ∘ (d ^⊗I))(f) ‖ .

Notice that the linear map tr : C^∞(M, Cl^C M) → C^∞(M) extends to C(M, Cl^C M) → C(M), which we still denote by tr. By Lemma 2.8 the map tr : Cl^C (R^m ) → C is positive. Then so is tr : C(M, Cl^C M) → C(M). Since C(M) is commutative, tr : C(M, Cl^C M) → C(M) is completely positive [10, Lemma 5.1.4]. Then we have the tensor-product completely positive map [14, Proposition 8.2] tr⊗I : C(M, Cl^C M)⊗ A_θ → C(M) ⊗ A_θ. Consequently, we have ‖ tr ⊗ I ‖=‖ (tr ⊗ I)(1 ⊗ 1) ‖= 1 [10, Lemma 5.1.1]. In fact, tr ⊗ I is easily seen to be a conditional expectation in the sense of [13, Exercise 8.7.23], though we don’t need this fact here. Clearly (tr ⊗ I) ∘ Ψ = Ψ ∘ (tr ^⊗I) (21) holds on C^∞(M, Cl^C M) ⊗_{alg} A^∞_θ . Since both maps here are continuous, (21) holds on the whole of C^∞(M, Cl^C M) ^⊗A^∞_θ . For any Y ∈ C^∞(M, Cl^C M) ⊆ C(M, Cl^C M), we have ‖ (Ψ ∘ (tr ^⊗I) ∘ ((−Y ) ⊗ 1) ∘ (d ^⊗I))(f) ‖ (21) = ‖ ((tr ⊗ I) ∘ Ψ ∘ ((−Y ) ⊗ 1) ∘ (d ^⊗I))(f) ‖ ≤ ‖ (Ψ ∘ ((−Y ) ⊗ 1) ∘ (d ^⊗I))(f) ‖=‖ Ψ((−Y ) ⊗ 1) · Ψ((d ^⊗I)(f)) ‖ ≤ ‖ Ψ((−Y ) ⊗ 1) ‖ · ‖ Ψ((d ^⊗I)(f)) ‖=‖ Y ‖ · ‖ Ψ((d ^⊗I)(f)) ‖ . Recall that X^# ∈ C^∞(M, T M) ⊆ C^∞(M, Cl^C M). Therefore

L^l(Ψ(f)) = sup_{‖X‖=1} ‖ (Ψ ∘ (tr ^⊗I) ∘ ((−X^#) ⊗ 1) ∘ (d ^⊗I))(f) ‖

≤ sup_{‖X‖=1} ‖ X^# ‖ · ‖ Ψ((d ^⊗I)(f)) ‖= C ‖ Ψ((d ^⊗I)(f)) ‖

(14)

= C ‖ [D^{L2} , Ψ(f)] ‖= C · L^D(Ψ(f)) as desired. □

5.3. Restriction Map. Our goal in this subsection is to prove the second key technical fact:

Proposition 5.6. The restriction map from C(M_θ, Cl^C M) to B(H_θ) is isometric. In particular, for any f ∈ C^∞(M_θ, Cl^C M) we have ‖ Ψ(f) ‖=‖ Ψ_θ(f) ‖ . (22)

First of all, Proposition 5.6 justifies our way of taking C(M_θ) as a subalgebra of B(H_θ) via restriction to H_θ. Secondly, it enables us to compute L_θ using our seminorm L^D in Subsection 5.2, and hence to compare it with L^l_θ: Corollary 5.7. On C(M_θ) we have L_θ = L^D,

(23) and L^l_θ ≤ C · L_θ. (24) Proof. We prove (23) first. Since Ψ is injective it suffices to show (23) on Ψ(C^∞(M_θ)). For any f ∈ C^∞(M_θ) we have

L^D(Ψ(f)) = ‖ [D^{L2} , Ψ(f)] ‖^{(14)}= ‖ Ψ((d ^⊗I)f) ‖=‖ Ψ(d_θf) ‖^{(22)}= ‖ Ψ_θ(d_θ f) ‖

(15)

= ‖ [D^{L2}_θ , Ψ_θ(f)] ‖= L_θ(Ψ_θ(f)), which yields (23). Then on C(M_θ) we have

L^l_θ^{(19)}= L^{l (20)}≤ C · L^{D (23)}= C · L_θ. □ Instead of proving Proposition 5.6 directly, we shall prove a slightly more general form. Let A be a unital C^∗-algebra with a strongly continuous action σ of T^n, which we shall set to be C(M, Cl^C M) later. Assume that A ⊆ B(H) and that T^n has a strongly continuous unitary representation on H, which we still denote by σ, such that the action σ on A is induced by conjugation. Then the C^∗-algebraic spatial tensor product A ⊗ A_θ [31, Appendix T.5] acts on H ¯⊗L^2(A_θ) faithfully. For any q ∈ Z^n = ^T^n let (H ¯⊗L^2(A_θ))_q be the q-isotypic subspace of H ¯⊗L^2(A_θ) for the action σ ¯⊗τ^{−1}. Notice that (H ¯⊗L^2(A_θ))_q is stable under the action of (A ⊗ A_θ)^{σ⊗τ −1} for each q ∈ Z^n.

Proposition 5.8. For any f ∈ (A ⊗ A_θ)^{σ⊗τ −1} and q ∈ Z^n we have ‖ f ‖=‖ f|_{(H} ¯_{⊗L}2_{(Aθ ))q} ‖, (25) where (H ¯⊗L^2(A_θ))_q is the q-isotypic component of H ¯⊗L^2(A_θ ) under σ ¯⊗τ^{−1}. Proof. Think of −θq as an element of T^n via the natural projection R^n → R^n /Z^n = T^n. For any p ∈ Z^n, recalling the skew-symmetric bicharacter ω_θ in Section 2, we have u_qu_pu_{−q} = ω_θ(q, p)ω_θ(q + p, −q)u_p = ω_θ(q, 2p)u_p = ⟨p, −θq⟩ u_p = τ_{−θq} (u_p). It follows immediately that for any b ∈ A_θ we have u_qbu_{−q} = τ_{−θq}(b).

Consequently, for any f ∈ A ⊗ A_θ we have

(1 ⊗ u_q )f(1 ⊗ u_{−q}) = (I ⊗ τ)_{−θq} (f).

Therefore (1 ⊗ u_q) ∘ f ∘ (1 ⊗ u_{−q}) = (I ¯⊗τ)_{−θq} ∘ f ∘ (I ¯⊗τ)_{θq} (26)

on H ¯⊗L^2(A_θ ). Clearly 1 ⊗ u_{−q} is in the q-isotypic component of A ⊗ A_θ under σ⊗τ^{−1}. So 1⊗u_{−q} restricted to (H ¯⊗L^2(A_θ))_0 is a unitary map onto (H ¯⊗L^2(A_θ))_q . Since I ¯⊗τ and σ ¯⊗τ^{−1} commute with each other, I ¯⊗τ preserves (H ¯⊗L^2(A_θ))_q . Thus (26) tells us that for any f ∈ (A⊗A_θ)^{σ⊗τ −1} the two restrictions f|_{(H} ¯_{⊗L}2_{(Aθ ))0} and f|_{(H} ¯_{⊗L}2_{(Aθ ))q} are unitarily conjugate to each other. Hence

‖ f|_{(H} ¯_{⊗L}2_{(Aθ ))0} ‖=‖ f|_{(H} ¯_{⊗L}2_{(Aθ ))q} ‖

for all q ∈ Z^n. Then (25) follows immediately. □

Now Proposition 5.6 is just a consequence of Proposition 5.8 applied to A = C(M, Cl^C M). 6. Proof of Theorem 1.1

In this section we prove Theorem 1.1 by verifying the conditions in Theorem 4.1 for the quadruple (C(M_θ), L_θ, T^n, I ⊗ τ). Clearly L_θ satisfies the reality condition (3). The condition (1) is already verified in (24).

Let α = I ⊗ τ, and let α̂ = I ^⊗τ. Notice that α is in fact an action of T^n on C(M) ⊗ A_θ, under which C(M_θ) is stable. For any f ∈ C(M_θ) and any continuous function φ : T^n → C clearly α_φ(f) doesn’t depend on whether we think of f as being in C(M_θ) or C(M)⊗A_θ, where α_φ is the linear map on C(M)⊗A_θ or C(M_θ) defined in Lemma 3.2.

Now we verify the condition (2):

Proposition 6.1. Let φ ∈ C(T^n). Then Ψ(C^∞(M) ^⊗A^∞_θ ) and Ψ_θ(C^∞(M_θ)) are both stable under α_φ. We have L^D ∘ α_φ ≤‖ φ ‖_1 ·L^D (27)

on C(M) ⊗ A_θ, and L_θ ∘ α_φ ≤‖ φ ‖_1 ·L_θ (28)

on C(M_θ).

Proof. For any f ∈ C^∞(M) ^⊗A^∞_θ by Lemma 3.3 we have α_φ(Ψ(f)) = Ψ(α̂_φ(f)) ∈ Ψ(C^∞(M, S) ^⊗A^∞_θ ). So Ψ(C^∞(M) ^⊗A^∞_θ ) is stable under α_φ. For any g ∈ C^∞(M_θ) by Lemma 3.3 we have α̂_φ(g) ∈ C^∞(M_θ). Then α_φ(Ψ_θ(g)) = α_φ(Ψ(g)) = Ψ(α̂_φ(g)) ∈ Ψ(C^∞(M_θ)) = Ψ_θ(C^∞(M_θ)). So Ψ_θ(C^∞(M_θ)) is also stable under α_φ.

Notice that D^{L2} is invariant under the conjugation of σ ¯⊗I, and hence D^{L2}_θ is invariant under the conjugation of the restriction of σ ¯⊗I to H_θ. Then clearly L^D and L_θ are invariant under α. Also notice that seminorms defined by commutators are lower semicontinuous [23, Proposition 3.7]. Then (27) and (28) follow from Remark 4.2(3). □

We proceed to verify the conditions (3) and (4). For each q ∈ Z^n = ^T^n let (C(M_θ))_q be the q-isotypic component of C(M_θ) under α throughout the rest of this section. Also let (C(M))_q and (C^∞(M))_q be the q-isotypic components of C(M) and C^∞(M) under σ. We need:

Lemma 6.2. For each q ∈ Z^n we have

(C(M_θ))_q = (C(M))_q ⊗ u_q ,

(29) and (C(M_θ))_q ∩ Ψ_θ(C^∞(M_θ)) = (C^∞(M))_q ⊗ u_q.

(30)

Proof. Let V = C^∞(M) ^⊗A^∞_θ , and let W = C(M) ⊗ A_θ. Let V_q and W_q be the qisotypic component of V and W under α̂ and α respectively. By similar arguments as in Lemma 3.1, we have V_q = C^∞(M) ⊗ u_q and W_q = C(M) ⊗ u_q. Then

(C(M_θ))_q = W_q ∩ W^{σ⊗τ −1} = (C(M) ⊗ u_q)^{σ⊗τ −1} = (C(M))_q ⊗ u_q.

Since Ψ is injective, we also have

(C(M_θ))_q ∩ Ψ_θ(C^∞(M_θ)) = Ψ(V_q ∩ V^{σ ^⊗τ −1} ) = Ψ((C^∞(M) ⊗ u_q )^{σ ^⊗τ −1} ) = Ψ((C^∞(M))_q ⊗ u_q)) = (C^∞(M))_q ⊗ u_q. □ The geodesic distance on M defines a seminorm L_ρ on C(M) via (1). This makes C(M) into a compact quantum metric space (see the discussion after Lemma 4.6 in [24]). Let r_M be the radius. Define a new seminorm L on C(M) by L = L_ρ on C^∞(M), and L = +∞ on C(M) \ C^∞(M). Since L ≥ L_ρ, by Proposition 2.11 clearly L is also a Lip-norm and has radius no bigger than r_M . It is well known [4, 5] that L(f) =‖ df ‖=‖ [D, f] ‖ (31)

for all f ∈ C^∞(M), where we denote the closure of D on H also by D. Notice that for any f = f_q ⊗ u_q ∈ (C^∞(M))_q ⊗ u_q we have

L^D(f) =‖ [D^{L2} , f] ‖=‖ [D, f_q] ⊗ u_q ‖=‖ [D, f_q ] ‖^{(31)}= L(f_q ).

Combining this with (23), we get

L_θ(f_q ⊗ u_q) = L(f_q)

(32)

for f_q ⊗ u_q ∈ (C^∞(M))_q ⊗ u_q. From (32), (29) and (30) we see that L_θ restricted to (C(M_θ))_q can be identified with L restricted to (C(M))_q . Then conditions (3) and (4) of Theorem 4.1 follow immediately. Then Theorem 1.1 is just a consequence of Theorem 4.1 applied to (C(M_θ), L_θ, T^n, α). We also see that (C(M_θ), L_θ) has radius no bigger than r_M + C ∫ T^n l(x) dx. References

[1] F. Bonechi, N. Ciccoli, and M. Tarlini, Noncommutative instantons on the 4-Sphere from quantum groups. Comm. Math. Phys. 226 (2002), no. 2, 419–432. arXiv:math.QA/0012236.

[2] A. Connes, C^∗-algèbres et géométrie différentielle. C. R. Acad. Sci. Paris Sér. A-B 290 (1980), no. 13, A599–A604.

[3] A. Connes, Noncommutative differential geometry. Inst. Hautes Études Sci. Publ. Math.

No. 62 (1985), 257–360.

[4] A. Connes, Compact metric spaces, Fredholm modules, and hyperfiniteness. Ergodic Theory Dynam. Systems 9 (1989), no. 2, 207–220.

[5] A. Connes, Non-commutative Geometry. Academic Press, Inc., San Diego, CA, 1994. [6] A. Connes, Gravity coupled with matter and the foundation of noncommutative geometry.

Comm. Math. Phys. 182 (1996), no. 1, 155–176. arXiv:hep-th/9603053. [7] A. Connes, and M. Dubois-Violette, Noncommutative finite-dimensional manifolds. I.

Spherical manifolds and related examples. Comm. Math. Phys. 230 (2002), no. 3, 539–579. arXiv:math.QA/0107070.

[8] A. Connes, and G. Landi, Noncommutative manifolds, the instanton algebra and isospectral deformations. Comm. Math. Phys. 221 (2001), no. 1, 141–159. arXiv:math.QA/0011194.

[9] J. Dixmier, C^∗-algebras. Translated from the French by Francis Jellett. North-Holland Mathematical Library, Vol. 15. North-Holland Publishing Co., Amsterdam-New York-Oxford, 1977.

[10] E. G. Effros, and Z.-J. Ruan, Operator Spaces. London Mathematical Society Monographs.

New Series, 23. The Clarendon Press, Oxford University Press, New York, 2000. [11] J. E. Gilbert, and M. A. M. Murray, Clifford Algebras and Dirac Operators in Harmonic Analysis. Cambridge Studies in Advanced Mathematics, 26. Cambridge University Press, Cambridge, 1991.

[12] J. Jost, Riemannian Geometry and Geometric Analysis. Second edition. Universitext.

Springer-Verlag, Berlin, 1998.

[13] R. V. Kadison, and J. R. Ringrose, Fundamentals of the Theory of Operator Algebras.

Vol. II. Advanced Theory. Corrected reprint of the 1986 original. Graduate Studies in Mathematics, 16. American Mathematical Society, Providence, RI, 1997.

[14] E. C. Lance, Hilbert C^∗-modules. A Toolkit for Operator Algebraists. London Mathematical Society Lecture Note Series, 210. Cambridge University Press, Cambridge, 1995.

[15] Jr. H. B. Lawson, and M.-L. Michelsohn, Spin Geometry. Princeton Mathematical Series, 38. Princeton University Press, Princeton, NJ, 1989.

[16] H. Li, Order-unit quantum Gromov-Hausdorff distance. (2003) arXiv:math.OA/0312001. [17] T. Masuda, Y. Nakagami, and J. Watanabe, Noncommutative differential geometry on the quantum two sphere of Podleś. I. An algebraic viewpoint. K-Theory 5 (1991), no. 2, 151–175.

[18] N. Ozawa, and M. A. Rieffel, Hyperbolic group C^∗-algebras and free-product C^∗-algebras as compact quantum metric spaces. Canad. J. Math. to appear. arXiv:math.QA/0302310.

[19] M. A. Rieffel, Projective modules over higher dimensional noncommutative tori. Canad. J.

Math. 40 (1988), no. 2, 257–338.

[20] M. A. Rieffel, Non-commutative tori—a case study of non-commutative differentiable manifolds. In: Geometric and Topological Invariants of Elliptic Operators (Brunswick, ME, 1988), 191–211, Contemp. Math., 105, Amer. Math. Soc., Providence, RI, 1990.

[21] M. A. Rieffel, Deformation quantization for actions of R^d. Mem. Amer. Math. Soc. 106 (1993), no. 506, [22] M. A. Rieffel, Metrics on states from actions of compact groups. Doc. Math. 3 (1998), 215–229 (electronic). arXiv:math.OA/9807084.

[23] M. A. Rieffel, Metrics on state spaces. Doc. Math. 4 (1999), 559–660 (electronic).

arXiv:math.OA/9906151.

[24] M. A. Rieffel, Gromov-Hausdorff distance for quantum metric spaces. Mem. Amer. Math.

Soc. 168 (2004), no. 796, 1–65. arXiv:math.QA/0011063.

[25] M. A. Rieffel, Matrix algebras converge to the sphere for quantum Gromov-Hausdorff distance. Mem. Amer. Math. Soc. 168 (2004), no. 796, 67–91. arXiv:math.OA/0108005.

[26] M. A. Rieffel, Group C^∗-algebras as compact quantum metric spaces. Doc. Math. 7 (2002), 605–651. arXiv:math.QA/0205195.

[27] M. A. Rieffel, Compact quantum metric spaces. (2003) arXiv:math.QA/0308207. [28] A. Sitarz, Dynamical Noncommutative Spheres. (2001) arXiv:math-ph/0112042. [29] F. Trèves, Topological Vector Spaces, Distributions and Kernels. Academic Press, New York-London, 1967.

[30] J. C. Várilly, Hopf algebras in noncommutative geometry. In: Geometric and Topological Methods for Quantum Field Theory (Villa de Leyva, 2001), 1–85, World Sci. Publishing, River Edge, NJ, 2003. arXiv:hep-th/0109077.

[31] N. E. Wegge-Olsen, K-theory and C^∗-algebras. A Friendly Approach. Oxford Science Publications. The Clarendon Press, Oxford University Press, New York, 1993.

Department of Mathematics, University of Toronto, Toronto, ON M5S 3G3, CANADA E-mail address: hli@fields.toronto.edu