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ABSTRACT. We construct natural symbolic representations of intrinsically ergodic, but not neces-
sarily expansive, principal algebraic actions of countably infinite amenable groups and use these
representations to find explicit generating partitions (up to null-sets) for such actions.

1. INTRODUCTION

Let I be a countably infinite discrete group with integral and real group rings ZI' C RI'. Every
g € RIis written as a finite formal sum g = ver 9y with g, in Z or R, respectively, for every
7. We write supp(g) = {y € " | g, # 0} for the support of g and set g™ = 3~ - max{g,,0} -y
and g~ = > cpmin{g,,0} - 7.

For g = Zyer Gy, h = ZWEF h~ - vin RI" we denote by g + h = Z«/GF(Q'Y + h.,) - 7 their
sum, by gh =3 scr gyhs -0 their product, and by g* = > r gy tand h* = > ver Byt
their adjoints. The adjoint map g — ¢* is an involution on RT, i.e., (gh)* = h*g*.

An algebraic T-action is a homomorphism 7: I' — Aut(X) from I" to the group of continuous
automorphisms of a compact metrizable abelian group X. If 7 is such an algebraic I'-action, then
77 € Aut(X) denotes the image of v € T', and 7% = 7779 for every 7,0 € I'. The action 7
induces an action of ZI" by group homomorphisms 7/: X — X, where 7/ = Z«,er f,77 for
every f =3 cr fy v € ZI'. Clearly, if f,g € ZI', then 19 =1f7r9.

Let X be the dual group of X. If 77 is the automorphism of X dual to 77, then the map
7: T — Aut(X) satisfies that 770 = 7977 for all 7, § € I". We denote by 77 : X — X the group
homomorphism dual to 7/ and set f - a = 7" a for every f € ZT' and a € X. The resulting map
(f,a) — f-afromZD x X to X satisfies that (fg)-a = f-(¢g-a) forall f,g € ZI" and turns X
into a left module over the group ring ZI'. Conversely, if M is a countable left module over ZI,
we set X = Mandput%fa = f*-afor f € ZI'and a € M. The maps 7/ : M — M dual to #f
define an action of ZI' by homomorphisms of M , which in turn induces an algebraic action 7 of
TonX = M.

The simplest examples of algebraic I'-actions arise from ZI'-modules of the form M = ZI'/(f),
where (f) = ZI'f is the principal left ideal generated by f: such actions are called principal. For
an explicit description of such actions we put T = R/Z and define the left and right shift-actions
Xand p of I on T' by

(Nx)s = 2415 and  (p"2)s = x5, (1.1)

forevery v € I'and = = (25)ser € T'. The actions X and p extend to ZI'-actions on T' given by
M= Zyer FAT, pl = Zyer fp7,
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for every f = Zwer f~ -y € ZI'. These ZI'-actions obviously commute: for every f, g € ZI" and
z e Tr,
Moph)a=(poN)a.

The pairing (f,z) = >_. o fray = (p/ )1, with f = dover fy v €EZl andz = (z4) € TT,
identifies ZI" with the dual group TT of T! and has the property that

(s pfx> - <h’ ZJEF f5p6x> - Z'yeF hy Zéel“ f555
- ZWEF Zder hysrfoty = Z«/er(hf)’Y:U’Y = (hf,x)

for every f,h € ZT' and x € T'. Every f € ZI defines a A-invariant closed subgroup
Xy =kerp/ ={z T | p/z =0}

oy 1.2)
={zeT" | (h,p/z) = (hf,x) =0 forevery h € ZT'} = (f)* c ZT' =TT .

We denote by Ay = Ax, the restriction of A to X and note that the normalized Haar measure /1
on X is invariant under A .

Definition 1.1. For every f € ZI" we call the left shift-action A ; on the probability space (X ¢, jtf)
the principal algebraic T'-action defined by f.

Dynamical properties of algebraic actions of countably infinite groups — and, in particular,
of principal actions — have been investigated at various levels of generality (cf. e.g., [29], [4],
[19], or [14]). In this paper we focus on symbolic representations of principal algebraic actions of
countably infinite amenable groups and on generators of such actions arising from these represen-
tations.

Symbolic representations of algebraic actions have a long history. The first such representa-
tions arose from geometrically constructed Markov partitions around 1967-1970 (cf. [32], [2]) and
helped to provide a crucial link between smooth and symbolic dynamics. A different approach to
symbolic representations of toral automorphisms had its origins in the paper [34] by Vershik from
1992, where he represented the hyperbolic toral automorphism ( 1 ) by the Golden Mean shift by
using homoclinic points rather than Markov partitions. Vershik’s original construction was subse-
quently extended to arbitrary hyperbolic toral and solenoidal automorphisms in [15] and [17], and
to the ‘homoclinic’ construction of symbolic covers of expansive' principal algebraic Z?-actions
(cf. [10]). What these constructions have in common is that they use a summable homoclinic point
w € X of a principal algebraic action Ay of a countably infinite discrete group I to define a shift-
equivariant surjective map &, : ¢*°(I',Z) — Xy, and to restrict this map to a suitable compact
shift-invariant subset V C ¢>°(T", Z) (cf. e.g. [10], [13], or [23]).

While expansive principal algebraic actions always have summable homoclinic points permit-
ting such a construction, this is generally not the case for nonexpansive actions (cf. [4], [8], [21]).
In this paper we obviate the need for summable homoclinic points and show directly that, for
every countably infinite discrete amenable group I' and every f € ZI' for which the princi-
pal algebraic action Af on (X, pur) is intrinsically ergodic there exists a natural isomorphism

A continuous I'action T on a compact metrizable space Y with compatible metric d is expansive if there exists a

d > 0 such that sup, - d(77y, 77y") > & whenever y, %’ are distinct points in Y.
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(mod si¢) of Ay with the left shift action A of I on a closed, shift-invariant subset Z ¢ of the sym-
bolic space {—||f|l1,...,||fF|1}", furnished with a shift-invariant Borel probability measure
1/;? (Theorem 3.18). As an obvious consequence of this isomorphism one obtains that the ‘al-
phabet’ By C {—||f~|l1,.--, | fT |11} of Z; determines a natural generator” for Ay on (X, si5)
(Corollary 4.1). As a further corollary of this construction we see that the partition Cy = {C} |
J=0,...,]|flli — 1} of Xy, defined by

Cj = {gj: («Tv)’yef‘ € Xf ’ W < T < ﬁ (Il’lOd 1)}

forj =0,...,||f|l1 — 1, is a generator (mod s ¢) for As (Corollary 4.2). If Ay is expansive, C¢
is obviously a generator without any conditions on I' (cf. Subsection 5.2.1), but for nonexpansive
actions this result is nontrivial.

In Section 5 we present examples of intrinsically ergodic principal algebraic actions Ay, f €
ZT', of countably infinite discrete amenable groups I'. If I' = Z%, d > 1, or if T is arbitrary
and )y is expansive, the situation is well-understood (Subsections 5.1 or 5.2.1). For nonexpansive
principal algebraic actions intrinsic ergodicity is a more elusive property. A sufficient condition
for intrinsic ergodicity is that the group A (X ) of summable homoclinic points of A is dense in
the group X carrying the action (Proposition 5.3). In Theorem 6.1 we verify the latter condition
for well-balanced polynomials f € ZT', provided that I" is not virtually Z or Z? and the center of
I" contains an element of infinite order.

2. LINEARIZATION OF PRINCIPAL ALGEBRAIC ACTIONS

Let I be a countably infinite discrete group, and let £°°(T", R) be the space of all bounded maps
v: I' — R, furnished with the norm [|v[|cc = sup, cp |vy|. We write n: £2°(I',R) — T" for the
weak™-continuous map defined by

n(w)y = wy (mod 1), y € T, 2.1
and define the shift-actions A and p of I" on ¢*°(T', R) as in (1.1) by
(5‘71})5 = Uy-14, (/_)’Y’U)5 = Vs, (2.2)

for every v = (vs)ser € €>°(I',R) and v € T'. Again we extend these I'-actions to ZI'-actions on
(T, R) by setting

V= \7 5" — 57
M= Zwer hAY and " = ZVGF hp
for every h = Z'\/GF h~ -~ € ZI'. These actions correspond to the usual convolutions
Now=h-o, v =v-h*, (2.3)
for h € ZI' and v € RT, and extend further to h € ¢}(I',R) and v € (T, R).
We fix a nonzero element f € ZI' and consider the left shift action Ay on the compact group
X C T" defined in (1.1) — (1.2). The space
Wy =17 (Xy) = {w € (X(I,R) | n(w) € Xy}

2.4)
— {w e £(T,R) | plw=w- f* € (2T, 2)}

2frisa measure-preserving action of a countably infinite group I on a standard probability space (Y, By, i), a
countable Borel partition C of Y is a generator for 7 if the smallest T-invariant sigma-algebra 7 C By containing C is

equal to By (mod ), i.e. up to u-null sets.
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is the linearization of X, and the restriction of A to W is the linearization of \ ;. We set
Yy =W;n[0,)F ce>(,R),  Z;=pl(Yy) C=(T,2), (2.5)

write Y and Z for the weak* closures of Y and Z; in £>°(T',R). Since 0 < y., < 1 for every

y € Yyand «y € I, it is clear that
f

<

¢ <(ply)y<c

for every y € Yy and v € I, where
¢; =min{0,1—[[f7[1} and c}“ = max {0, || T — 1}
It follows that
Zy C Zp CHcy, ... ,c]T}F. (2.6)
Finally we denote by
Kp={we ®T,R)|plw=0}cW; 2.7)

the kernel of 5/ in £>° (I',R). By [8, Theorem 3.2], the action Ay on X is expansive if and only if
K; ={0}. ) ) o

If there is any danger of confusion we denote the restrictions of A to the A-invariant sets Yy, Zy,
and K by j\yf, S\Zf and S\Kf, respectively. The map 7: £>°(I',R) — TV in (2.1) induces a left
shift-equivariant, continuous, surjective map from Yy to X whose restriction to Y7 is bijective,
and p/ intertwines the T'-actions S\Yf and \ =

Proposition 2.1. Let I' be a countably infinite discrete group, 0 # f € ZI', and let Wy, Yf, Z 7 Ky
be the closed, \-invariant subsets of {>°(I',R) defined in (2.4) — (2.7). Put Zy = Z; x Ky, and
denote by A=A Z; X K ; the product I'-action on Z t. Then there exists, for every \-invariant
Borel probability measure v on Yy, a A-invariant Borel probability measure U on Zy with the
following properties:
(1) ﬂil)ﬁ = ﬁfu =: v¥, where 1) Zf — Zf is the first coordinate projection;
(2) (Zs x Bo(Ky)) = 1, where B,(K¢) = {w € K¢ | ||w|joo < 7} for everyr > 0;
(3) The I'-actions X on (Yy,v) and X on (Zy,v) are measurably conjugate.
Proof. Since ,5f is continuous, [26, Theorem 1.4.2] shows that there exists a Borel map ( : 7 ;=
Yy with 5/ o ((2) = 2 forevery z € Z;. Forevery z € Z; and v € I we set
c(v,2) =CoA(2) — AV 0 ((2) € B1(Ky). (2.8)
Then
c(70,2) = (v, X2) + XN¢e(5, 2)
for every 7,6 € I'and z € Zf, i.e., the Borel map c: I' x Zf — Ky is a cocycle taking values in
B (Ky). We define a Borel action A\; of I" on Z by setting
A (z,0) = (N2, Mo — ¢y, 2))
for every (z,v) € Zy, and consider the injective Borel map 61 : Y; — Z; x By(Ky) C Zy given
by
01 (w) = (pTw, w — ¢ o p/ (w)) (2.9)
for every w € Y;. Then
010X =X 06, (2.10)
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forevery v € I.

Let v be a A-invariant Borel probability measure on Yf and let v#* = ﬁic v. The probability

measure 7(1) = (01)v is \i-invariant by (2.10), and is supported in the weak*-compact and

metrizable set Zf x Bi(Ky) C Zf. Furthermore, 71’,9)17(1) = v#, where 7(1): Zf — Zf is the

first coordinate projection. We decompose 7(1) over Z + by choosing a Borel measurable family

7V, 2 e Z, of Borel probability measures on K ¢ with ) (B1(Ky)) = 1forevery z € Zy, and

with

[otzvdto = [ [ gl e
Zy JKy
for every bounded Borel map g: Z + — R. Since 7 is \;-invariant,

/h(v) doV(v) = /h(/\%u — (7, 5\7712)) dﬁ;{/)_lz(v) (2.11)

for every bounded Borel map h: Ky — R, every v € I, and v#-a.e. z € Z i

Define a Borel map b: Zy — K s by setting b(z) = |, v i) (v) € B1(Ky) forevery z € Zy,

where the integral is taken coordinate-wise (or, equivalently, in the weak*-topology) on ¢>°(I", R).
Equation (2.11) shows that

be) = [ wdite) = [ o= e 32 il (o)
f f

1

— Vo 75D ) — V(v T
= /Kf )ﬂvduxv_lz(v) —c(v, A7 2) = AN z) —e(v, AT 2)

for v*-a.e. z € Z;. If we replace z by A7z in the last equation we see that
c(v,) =X ob—bo)’ v*-ge. forevery vecT. (2.12)

In other words, the cocycle ¢: ' x Z ¢ — K is a coboundary (mod v#) with Borel cobounding
function b: Z; — By (Kj).

Let0y: Z = Z + be the bijection given by
O2(z,v) = (z,v — b(2))
for every (z,v) € Zy, and put # = (62),7") = (62 0 01),.v. Then Wi = 250 = 1#, We set
0=02001:Y; — Z; (2.13)
and obtain that
O(w) = (ﬁfw, w—Copl(w)—bo ﬁf(w)) for every w € Y.
For v-a.e. w € Yy we have that
X7 0 0(w) = (W o 5 (1), X'w — X7 0 C 0. (w) — X7 o bo pf (w))
= (0! Nw), Nw + c(v, p/w) = ¢ 0 p o XT(w)
—c(y,p'w) —bopl o N(w))  (by (2.8) and (2.12))
= (' (Nw), Nw — ¢ o pf (Nw) —bo p! (Nw)) = 00 X (w),

(2.14)

which proves that the T-actions A on (Y},v) and Aon (Z £, ) are measurably conjugate, as
claimed in (3). ]
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In the next section we show that, if I' is amenable and Ay has finite and completely positive
entropy, there exist unique A-invariant Borel probability measures vy on }_/f and V;? on Z + such
that the principal algebraic I'-action Ay on (X, itr) is measurably conjugate to the I'-actions Ay .
and S\Zf on (Yy,vy) and (Zy, v} ), respectively (cf. Theorem 3.18).

3. SYMBOLIC REPRESENTATION OF INTRINSICALLY ERGODIC PRINCIPAL ALGEBRAIC
ACTIONS

Throughout this section we assume that I" is a countably infinite discrete amenable group and
that f € ZI' is nonzero. We denote by 11 the normalized Haar measure on Xy and define Yf -
Wy C ¢°(I',R) and Z; = p/ (Yy) C £=°(T',Z) as in (2.4) — (2.5).

Lemma 3.1. The principal algebraic I'-action Ay on X has infinite topological entropy if and
only if f is a left zero divisor in R, i.e., if and only if there exists a nonzero g € RI" with fg = 0.

Proof. This is a special case of [4, Theorem 4.11]. For later reference we include here an explicit
proof of the fact that hop(Af) = oo if f is a left zero divisor in RI.

We embed RI in £°°(I, R) in the obvious manner by identifyingeach h = > hy -y € R
with (hy)yer € £°(I, R).

If f € ZT is a left zero divisor in RI" we choose g = Zyer g~ -y € RI' with 11 € supp(g)
and fg = 0. Then p/ g* = ¢* f* = 0 (cf. (2.3)), and hence p/ (cg*) = cg* f* = 0 for every ¢ € R.
This shows that cg* € Wy and n)(cg*) € X for every c € R (cf. (2.4)).

If I C R is the open interval (—m, m), then the elements 7)(cg*) € Xy, 0 # c € I, are
all distinct with identical supports ' = supp(g*) = supp(g) .

Choose a maximal set D C I" such that the translates {0F | 6 € D} are disjoint. We claim that
DEE™ = Jsep 0EE™ =T.Indeed, if DEE~! # T, then there exists a v € I' which is not
equal to 07/7"”~! forany § € D and +/,v" € E. Then yE N 6E = & for every § € D, which
contradicts the maximality of D. This proves the last claim.

Since the sets 6F, § € D, are disjoint, we obtain for every z = (zs)sep € I”, a point
z € Wy (=%, 1T which coincides on each §E with z;A\°g*. This shows that the restriction of
X7 to its coordinates in D E contains — in essence — a Cartesian product of the form [ D Since
(DE)E~! =T and E~! is finite, A + must have infinite topological entropy on X . g

Proposition 3.2. If the principal algebraic T'-action Ay on Xy has finite topological entropy,
then the restriction 5\0 of \ to every weak*-closed, bounded, \-invariant subset C C K ¢ has
topological entropy zero (cf. (2.7)).

For the proof of Proposition 3.2 we need a lemma.

Lemma 3.3. Ler 7: I' — Aut(X) be an action of a countably infinite discrete amenable group
I' by continuous automorphisms of a compact metrizable group X such that hyp(7) < co. Then
there exists, for every ¢ > 0, a neighbourhood U of 1x in X such that the topological entropy
hp(Tc) of the restriction of T to any closed T-invariant subset C' C U is less than .

Proof. Choose a compatible left translation invariant metric d on X (i.e., d(z,y) = d(zz, zy) for
all x,y, z € X). For every nonempty finite subset F' € I', put

dr(z,y) = maxyepd(772,77y), =,y € X.
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For each ¢ > 0 we denote by sep(X, d, ) the maximal cardinality of subsets Z C X which are
(d, ¢)-separated in the sense that d(y, z) > ¢ for all distinct y, z € Z.

Take a left Fglner sequence (F},),>1 for I, i.e., a sequence of nonempty finite sets £, C I" with
[y FnNFh|

limy, o0 [Fl

= 0 for every v € I'. Then there exists, for every € > 0, some ¢ > 0 such that
lim inf —— log sep(X, dgs,, ¢) > hiap () — /2
1nrr_1>101g 7)) ogsep(X,dr,, () = hp(T e/2.

For large enough n, take a (df, , {)-separated set X,, C X such that ﬁ log | X| > hyop(7) — €.

PutU = {z € X | d(z,1x) < ¢/10}.Let Y C U be closed and I'-invariant, and let 7y be the
restriction of 7 to Y. In order to show that hmp(Ty) < ¢ it suffices to show that

1
limsup —— logsep(Y,dp,,d) <e (3.1)

n—00 | n|

whenever 0 < § < ¢/10. In order to verify (3.1) we choose, for each n, a (df,, §)-separated set
Y,, C Y of cardinality |Y,,| = sep(Y,dp,,d). When n is large enough, then | X, Y, | = | X,,| - | Y]
and X,,Y,, is (dp, , 0)-separated: indeed,

an(ib'y,.I'Z) = an(y7Z> Z 57
for x € X, and distinct y, z € Y,,, whereas

dr, (z1y,722) > dF, (21, 22) — dF, (1Y, 71) — dF, (222, 22)

=dp,(21,22) —dF, (y,1x) —dp,(2,1x) > (= (/10— (/10 > 6

for y, z € Y,, and distinct x1, x2 € X,,.
Then

hiop(7) > lim sup ﬁ logsep(X,dp,,0) > limsup E—n‘ log(| Xy - |Ya!)
n—oo n—oo
> hiop(7) — € + limsup \Filnl logsep(Y,dp,,d),
n—oo
which implies (3.1). ]

Proof of Proposition 3.2. Since the I'-actions \ By(Kp)» T > 0, are all conjugate to each other,
hop(AB, (k)) 1s the same for all 7 > 0.

For 0 < r < 1/2, the map n: £*°(I',R) — T" in (2.1) embeds B, (K) injectively as a closed
[-invariant subset of X ;. If U C Xj is any open neighbourhood of 1x,, then n(B,(Ky)) C U
for all sufficiently small r > 0.

Let C' C Ky be a weak*-closed, bounded, M-invariant subset. Then C' C B,.(K f) for some
r >0, and hp(Ac) < htop(5\37,(Kf)) = htop(S\BT,(Kf)) for every v’ > 0.

Lete > 0. By Lemma 3.3 there is some neighbourhood U of 1, in Xy such that for any closed
I'-invariant subset Y of X ; contained in U the restriction (Af)y of Ay to Y has entropy < e. If
' > 0 is small enough, n(B,(Ky)) C U, so that

hop(Ac) < hiop(Ap, (5,)) = hiop(A, (5 ,)) = hiop(Ap)n,. (k1)) < €-

As ¢ > 0 is arbitrary, we conclude that htop(j\C) =0. O
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Proposition 3.4 (cf. [30, Proposition 8.7]). Let Y1, Y be compact metrizable spaces, and let T1, T2
be continuous actions of a countably infinite discrete amenable group I' on Y1 and Yy such that
the topological entropy hp(T2) of T2 is equal to zero. We write 7@ Y] x Yo — Y, for the two
coordinate projections. If  is a (11 X T2)-invariant Borel probability measure on Y1 X Yo we set

i = 7'r£i),u. Then hu(ﬁ ><7'2) = hm (7_1)'

Proof. Let P and Q be finite Borel partitions of Y7 and Y5, respectively, and set P = {P xYsy|
PePland Q= {Y1 x Q| Q € Q}.If (F,) is a left Fglner sequence in T, then

.. 1 1~
hu(T1x72, PV Q) = lim WJer,i(\/wan(nxm)7 (PV Q)

n—o0

= lim iH;L (\/fyan 7-;/71 (75) v \/'yEFn 7371 (Q))
1 s
= lim F7n| (Hu (\/van ™ (P))

+Hy(Voer, 3 (D) [ Vaer, 7 (P)

< m !Flnl (HM(\/wan i (P) 4 Hu(Voer, 73 (Q))>
= Jim !Flnl (Hm (Vser, 7 (P)) + Hyr (Ve - (Q>))

< hy, (11,P) + htop(T2) = hy, (11, P)

by the variational principle [16, Theorem 9.48]. By taking the supremum over all finite partitions
P and Q we obtain that h, (71 X 72) < hy, (71). The reverse inequality hy,, (11) < hy, (71 X 2) is
obvious. O

Proposition 3.5 (cf. [30, Corollary 8.9]). Suppose that the principal algebraic I'-action Ay on Xy
has finite topological entropy. Then the following is true.

(1) For every M-invariant Borel probability measure v on Yf, the probability measure v#* =
plv on Zy is A-invariant, and h,,(j\yf) = h,# (;\Zf).

Proof. Since p/ induces a continuous surjective A-equivariant map from }_/f to Z [ htop(X Zf) <
hiop(Ay,) and R4 (Az,) < hy(Ay, ) for every A-invariant Borel probability measure v on Y.

By applying the Propositions 3.2 and 3.4 with Y1 = Zf, Yo = By(Ky), 71 = Azp T2 =
5\32(Kf), 1=, and gy = v* = plv, we obtain that h,,(j\yf) = hy(\) = h,j#(j\zf). This proves
(D).

(2): The variational principle [ 16, Theorem 9.48] implies that
htop(XYf) = Sl;p hu(j‘f/f) = Sl'ip hﬁfu(j‘zf) < htop(S\Zf)a

where the supremum is taken over the set of A-invariant Borel probability measures y on }_/f. Since
the opposite inequality hop(A f) < htop(j\yf) is trivially satisfied, this completes the proof of the
proposition. ([l

Proposition 3.2 yields a strengthening of Proposition 3.5 for A-invariant probability measures v
on }_/f with completely positive entropy. We use the same notation as in the Propositions 2.1 and
3.5.
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Corollary 3.6. Suppose that the principal algebraic I'-action Ay on Xy has finite topological
entropy. Then the T'-actions ny on (Yy,v) and Az ;on (Zg,v*) are measurably conjugate for
every \-invariant Borel probability measure v on Yf with completely positive entropy.

Proof. As in the proof of Proposition 2.1 we define 6 : }_/f — Zf by (2.9) and set v = (01)«v
and 7 = (62)*5(1) — @,v. Then ¥ is A-invariant by (2.14), and 7r>(k1)1? = v#. We write 7(2) ; Zf —

K for the second coordinate projection, denote by {; = 7r£2)

v the projection of o onto Ky,
and note that the T'-action A on (Z;, ) has the zero-entropy I'-action X on (K, ;) as a factor
(cf. Proposition 3.2). Since \ on (Zy, ) is measurably conjugate to X on (Y}, ) and thus has
completely positive entropy, we obtain a contradiction unless £ is concentrated in a single point.

Since £y is a point mass, the first coordinate projection M. (Z £,0) = (Zy,v*) is injective
(mod ©), and the T-actions \ on (Z #,7) and X on (Zg,v*) are conjugate. This proves that the
I-actions A on (Y}, v) and on (Zy, v*) are measurably conjugate. O

Having discussed the relation between \-invariant probability measures on Yf and Z  we turn
to the corresponding question for measures on l_/f and their images under 7.

Lemma 3.7. There exists a unique \-invariant Borel probability measure vy on }_/f with nvy =
iy, and the map 1n): }_/f — X induces a conjugacy of the I'-actions A on (}_/f, vy) and Ay on

Proof. Let v be a M-invariant Borel probability measure on Yf such that v = py. If V(}_/f NYy) >
0, the set

V:{ye?fu/lr:l}

must have positive v-measure, which implies that the closed subgroup
H={zeX;|z1. =0} Dn(V)

has positive 1 r-measure. We set
K =m.(Xy) CT,

observe that K is a closed subgroup of T, and denote by p g the normalized Haar measure of K.
Since px ({t}) = nx({0}) = ps(H) > 0 for every t € K, the group K must be finite, which
implies that Xy C K " and hence Yy = Yf, contrary to our assumption that V(}_/f NYy) > 0.1t
follows that v(B) = v(B NYy) = us(n(B)) for every Borel set B C Yy, as claimed. Hence the
map 7: Y7 — X induces a measure space isomorphism from (Y, v¢) to (X, 1) which carries
the -action Af on (Y7, vf) to Ag on (X, p). O

Theorem 3.8. Let I' be a countably infinite discrete amenable group, f € ZI', and assume
that the principal algebraic I'-action Ay on X has finite topological entropy. Then htop(j\ 7 f) =

htOp(S\Yf) = htOp()\f)'

We start the proof of Theorem 3.8 with four lemmas. For any finite subset F' C I' containing
1r and any ) C I" we put

Intr@Q ={y €T |yF C Q}. (3.2)
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Lemma 3.9 ([30, Lemma 6.4]). Let V be a finite dimensional vector space over R, and let k >
dim V. Let ¢1,. .., ¢ be affine functions on V and b1, . .., by, € R. Then there exist ay,...,a €
{0,1} such that ﬂ?zl Wj(a;) = @, where

{z eV ]g¢j(x) <bj} if a; =0,

Wla:) =
(%) {z €V |¢ij(x)>b} if a;=1.

Lemma 3.10. Suppose that f € RI satisfies that hip(Af) < 00, and that 1r € E = supp(f). Let
Q € I. Forevery nonzero v € RI, the product v - f* is nonzero (since f is not a left zero divisor),
and the restriction of v - f* to IntgQ depends only on the restriction g (v) of v to Q: for every
v,v" € RT with g (v) = 7Q(V'), g (V- f*) = Tigo (V' - f*). Since the map v — plv = v- f*
from RT to RT in (2.3) induces an injective map from R to R@F 71, the linear space

Vo ={v=(vy)req € RY | Tumpq(v- f*) = 0}, (3.3)
has dimension dim Vg < [QE~ \ IntgQ| (cf. (3.2)).
Proof. Since dim ({w € RQE™" | Tepo(w) = 0}) = |[QE~! \ IntpQ| and the map RY —
RPE™" induced by 5 is injective, dim Vo < |QE~! N IntgQ)|, as claimed. O

For the next lemma we recall that a family of subsets Z of a finite set Z is said to scatter a set
JCcZifZNnJ={CnJ|C e Z} ="P(J), the set of all subsets of .J.

Lemma 3.11 (Sauer-Perles-Shelah [25], [28, Theorem 1], [31]). Let Z be a finite set with cardinal-
ityn > 1 andlet Z be a collection of subsets of Z. If | Z| > Zi‘:ol (‘?l)forsome ke{l,....|Z]},
then Z scatters a subset J C Z of size k.

Proof. For a proof see, e.g., [30]. O

Lemma 3.12 ([3, Lemma A.1]). Let 0 < 8 < 1/2. Then there exist k = k() > 0 and my =
mo(B) € N={1,2,...} with
hm,gﬁo /43(5) = 0,

Zigﬂ (n;) < erm

such that

Sfor all m € N with m > my.

Proof of Theorem 3.8. For § € T, the spaces X, Yy do not change if we replace f = Zwer fyey
bydf =3 er fydv.and Zsy = p°(Z). For the proof of this theorem we may therefore assume
without loss of generality that 11 € supp(f).

Since the continuous shift-equivariant map n: £*°(I',R) — T' in (2.1) sends Yf onto Xy, we
know that htop(;\yf) > hop(Ay). It will suffice to show that htop(j\f/f) < hiop(Af).

Denote by di(s,t) = |s — t| the Euclidean metric on the closed unit interval I = [0, 1] and by
dt the metric on T given by

dr(s+Z,t+7Z) =min|s —t — k|.
keZ

For any F' € I" we define continuous pseudometrics dI([F) and dq(TF) on }_/f and X, respectively, by

F —_
d(y, ') = max di(y,,4), v,y € V5,
~yeF—1
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dT(I’F)(xvx/) = 1max dqr(xv,x;), .T,.CU/ S Xf

yeF—1

For every ¢ > 0 we denote by sep(Y7, dﬁF), ¢) and sep(Xy, d%rF),e) the maximal cardinalities of

(dﬁF), £)-separated subsets of Y and (dq(TF) , €)-separated subsets of X ¢, respectively.

Let (F},) be a left Fglner sequence of I". By [6, Proposition 2.3] we have

_ ! vy,
hop(Ay,) = sup lim sup ogsep(Yy, di )
f e>0 m—oo ’Fn’

log sep(Xy, dq(TF"),E)

9

hiop(Af) = sup lim sup
e>0 n—oo ’Fn|

Assume that htop(S\Yf) > hiop(As). Then we can find some 0 < e < 5 and ¢ > 0 such

1
max(10,2[| f]l1
that, passing to a subsequence of (F),) if necessary, one has

sep(Y7, dﬁF"), ) > sep(Xy, dq(TF")7 e/3) exp(c|F,|) (3.4)

foralln > 1.

We fix n > 1 for the moment and choose a (d]EF"), £)-separated subset W,, C Yy with [W,| =

sep(Yy, dﬁF"), e). Then W, is (d]gF"), e)-spanning in Y;. Since =1 (X ) N [0, 1)" is dense in Y7,

we may move some of the points in WV, by less than £/10 in the pseudometric dﬁFn), if necessary,

and without changing notation, so that W,, C Yy N[0, )Y, while remaining (d]EF")
and (d]gF"), 4e/5)-separated in Y. Similarly, if V,, C X is a maximal (d%F"),e/ 3)-separated

subset in X, then

, £)-spanning

XU, BY™ (2,/3),

where Bq(rF”) (x,e/3) is the open dj(TF")—ball in Xy with centre  and radius /3, and we can find, for

every n > 1, a point (™) € V), such that |n(W),,) ﬂBj(TF")(z("), £/3)| > exp(c|Fy|) (cf. (3.4)). For
everyn > 1weset W, ={yeW, | n(y) € Bj(TF")(z("),s/S)} and denote by 2™ € [0,1)F
the unique point with 2\ = 2" (mod 1) for every v € FL.

For every y € W/, there is a unique § € {—1,0, l}Fn_1 such that |y, — gy — 2§n)\ < ¢/3 for
every v € F; L. We set
Gy={reF g =1 G={yeFR [5H=0 G ={yeF |j=-1}
Since W), is (dﬁFn),45/5)—separated and G UGy UG, = F, !, itis clear that j # ¢’ and hence
(G, G,) # (G;C, G,,) forany y # y' in W,

We recall that 1t € E = supp(f) and define IntzF;! as in (3.2). For any y € W, the
restrictions of y - f* and y| gt [T o IntpFy ! coincide; since y - f* € ¢>°(T,Z), this implies
that y[p—1 - f* and (y|p—1 — 2(")) . f* have integral coordinates on Intz F'; !. Furthermore, since

Yy — Uy — 2§n)‘ < g/3 for every v € F,;'1, we obtain that

(@l =7 =2 ) gt o < 5 - 11 < 1,
so that
v(y) = ylpr — G — 2" € Vi
for every y € W), (cf. (3.3)).
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Put Wy = {(G},G,) |y e W}, WE ={G} |y e W)} andW,, = {G | y € W,,}. Since
IW!| = W/ | > exp(c|F,|) itis clear that max(|[W,F|, W, |) > exp(c|F,|/2).

Suppose that |W,I| > exp(c|F,|/2) for infinitely many n > 1 (if |W,;| > exp(c|Fy|/2)
for infinitely many n the proof is completely analogous). By passing to a subsequence we may
assume that |W,F| > exp(c|F},|/2) for every n > 1. By Lemma 3.12 there exists 3 > 0 such
that K = k(5) < ¢/2 and Z}ﬁ‘{"u (Ilz’ll) < exp(k|Fn|) < exp(c|Fyn|/2) < W, for every
sufficiently large n > 1. Lemma 3.11 implies that W, scatters a subset J,;F C F. ! of size
> BIF.

We are going to show that dim V-1 > |.J;7] for infinitely many n > 1, thereby contradicting
Lemma 3.10. For this we define, for every v € F);'!, a linear functional O VFn—l — R by setting
¢y(v) = vy for every v € V, —1. For every y € W! and v € F; !, we have the following

possibilities:
v€G) and ¢, (v(y)) + 2 =y, —1 <0,
ye Gy and 1> ¢, (v(y)) + ggn) =y, >0,

v€G, and ¢, (v(y)) +2W =y, +1> 1.

In particular, ¢~ (v(y)) < —EA(YH) if v € G}, and ¢, (v(y)) > —2,(,”) ifye F,' NGy
We can thus find, for every subset H C J,F, ay € W), for which

$y(v(y)) < -2 if yeH,

and

oy (v(y)) = -2 if v e JT N H.

According to Lemma 3.9 this means that dim V-1 > |JF| > B|Fy|. If we set Q = F,; !, where
n is sufficiently large, we obtain a contradiction to Lemma 3.10. This contradiction shows that
htop(/_\p f) < hyp(Ay) and completes the proof of Theorem 3.8. O

Lemma 3.13. Any M-invariant Borel probability measure v on Yf satisfies that h,,(j\yf) =
P (Af).

Proof. For every x+ € Xy we denote by hyp (nym_l(x)) the fibre entropy of ny, given x,
defined in [18, Definition 6.7]. The proof of Theorem 3.8 shows that hyp (ny \77*1(90)) = 0 for
every x € Xy. By [18, Lemmas 6.8 and 6.9], hl,(j\yf In~!(Bx;,)) = 0 for every A-invariant Borel
probability measure v on Yf, where By, is the Borel o-algebra of Xy. By [5, Theorem 0.2] or
[16, Theorem 9.161, h,(Ay,) = hu(Ay, |Bx;) + hin.w(Ap) = By (Ag). O

The coincidence of topological entropies of the I'-actions Ay and j\yf in Theorem 3.8 is not
quite as obvious as one might think. As noted in the proof of Lemma 3.13, the conditional fibre
entropy htop(j\yf In~1(x)) is equal to zero for every x € X whenever I is amenable and f € ZI'is
not a left zero divisor. This is no longer true if f is a left zero divisor (in which case the topological
entropies hyp(Af) and htop(j\}_/f) are infinite by Lemma 3.1). A slight modification of the proof of
Lemma 3.1 yields the following result.

Proposition 3.14. Let I" be a countably infinite amenable group, and let f € ZI" be a left zero
divisor in RT'. Then the fibre entropy htop(j\f/f |7]_1(0Xf)) is positive.
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Proof. Take a compatible metric d on Y such that d(y, z) > |y1. — z1,| forall y, 2z € Y.

If f € ZI is a left zero divisor we choose g = Zwer g~ v € RI' with g1, = ||g|loc > 0 and
fg = 0. Following the proof of Lemma 3.1 we note that cg* € Wy and n(cg*) € X for every
¢ € R. Put E = supp(g*) and choose a maximal set D C I' such that the translates {0F | 6 € D}
are disjoint. Then DEE~' = T (cf. the proof of Lemma 3.1). Since the sets 0F,§ € D, are

disjoint, we obtain, for every z = (25)sep € {—1,1}” and every ¢ € R with 0 < ¢ < m,
(c,2)

point w(®?) = ¢35 1 2 X°g* € Wy with [|[w(©?)]| o = ¢[|g]|oo and w;" = cz;] g|| o for every
deD.

We set z(¢%) = n(w(©?)) ¢ Xt and denote by y(©?) the unique point in Yy satisfying n(y(©?))
= () = y(w(>?)). For every § € D,

a

) ) cllglles if z5 =1,
s T .
1 —cllglloc if zs = —1.

As c N0, y(e?) converges coordinate-wise to a point = Yf with

(2) 0 if 25 = 1,
Ys = = .
1 if 25 = —1,

for € D. With the exception of the single point 2’ = (z§)scp with 2§ = 1 for every 6 € D, all
the points y(*), 2 € {~1,1} lie in Y} \ Y and satisfy that (y(*)) = 0x,. As in the proof of
Lemma 3.1 we conclude that the fibre entropy htop(j\yf [n~"(0x,)) is positive. O

Definition 3.15 ([35]). A continuous action 7 of a countably infinite amenable group I' on a
compact metrizable space X is intrinsically ergodic if it has finite topological entropy and there
exists a unique 7-invariant Borel probability measure ;1 on X with h,(7) = hyp(7).

If I is a countably infinite amenable group, and if f € ZI" satisfies that hyp(Af) < 00, then the
principal algebraic action Ay on X is intrinsically ergodic (with unique maximal measure (i 5) if
and only if Ay has completely positive entropy w.r.t. z1y ([4, Theorem 8.6]). If Ay is intrinsically
ergodic on X, the next result extends this property to the I'-actions Ay ; and \ "

Proposition 3.16. Suppose that U is a countably infinite discrete amenable group, f € 7', and
Ay is intrinsically ergodic on X . Then the following are true.

(1) The I'-actions S‘Yf and \ 7, are intrinsically ergodic;

(2) The maximal entropy measures of the I'-actions )‘Yf and Az ; have completely positive

entropy.
The proof of Proposition 3.16 consists of three lemmas.

Lemma 3.17. If \; is intrinsically ergodic on X, then the I'-actions S\Yf on (Yf, vy) and S‘Zf on
(Z 75 1/?) (with V? = ﬁf vy¢) have completely positive entropy.

Proof. Since Ay on (X, ju) is measurably conjugate to ny on (Yy,vs) by Lemma 3.7, and Xzf
on (Zy, ujf) is a factor of \y . on (Y}, vy), all these actions have completely positive entropy. [

Proof of Proposition 3.16. If v is a A-invariant Borel probability measure on Yf with entropy
h,,(j\y/f) = htop(j\f/f) = hop(Af) (cf. Theorem 3.8), then Lemma 3.13 implies that n.v = puy,
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the unique Ay-invariant Borel probability measure on X ; with maximal entropy. By Lemma 3.7,
v = vy, and the I'-actions Ay and j\yf on (Xy,pur) and (Yy,vy) are conjugate. Lemma 3.17
completes the proof of Proposition 3.16. ([l

Theorem 3.18. Suppose that I is a countably infinite amenable group, f € ZI', and the principal
algebraic I'-action Ay on X is intrinsically ergodic. Then the principal algebraic I'-action Ay
on (Xy¢,puy) is measurably conjugate to the T'-actions X\Yf and /_\Zf on (Yy,vy) and (Zy, I/?),
respectively.

Proof. If Ay is intrinsically ergodic on X, then hip(Af) < oo and p s has c.p.e. (cf. Definition
3.15). Lemma 3.7 shows that the I'-actions Ay on (X, uf) and X on (Y7, v;) are measurably
conjugate, and the I'-actions ny and )\ , on (Y, vy) and (Zy, 1/}?) are measurably conjugate by
Corollary 3.6. g

4. GENERATORS OF INTRINSICALLY ERGODIC PRINCIPAL ALGEBRAIC ACTIONS

In this section we apply Theorem 3.18 to find generators of intrinsically ergodic principal alge-
braic actions of a countably infinite amenable group I'.

Let f € ZI' be a nonzero element such that the principal algebraic I'-action Ay on Xy is
intrinsically ergodic. We view X C T as a subset of [0, 1)" as in (2.1) — (2.4) by identifying Yy
and Xy through 7 and set, for every j € Z,

Blj) ={z € X; | Xcapppfrty =i} ={z € X¢ | (o)1, = 5} 4.1

The following corollaries are immediate consequences of Theorem 3.18.

Corollary 4.1. Put

{Bli]1j=—If"lh+1,...,Ift|ls =1} ifboth f* and f~ are nonzero,
By =q{Bll1i=0,....[If*h — 1} if f©#0and f~ =0, (4.2)
(B =—IF I +1,-..,0} if /* = 0and [~ £0.

Then By is a Borel partition of X y which is a generator (mod fir) for Ay.
Corollary 4.2. The Borel partition Cy = {C; | j = 0,..., || f|li — 1} of Xf with

Cj={2 € Xy |j/IIflh <21 <G+ 1)/l (mod 1)} for j=0,....[IfllL -1,

is a generator (mod fif) for Ay.

By imposing further conditions on I' and f we can sometimes find slightly smaller generators
(mod fif) for Ay in Corollary 4.1.

Corollary 4.3. Suppose that the group U in Theorem 3.18 is left (or;, equivalently, right) orderable.
If f € ZT satisfies that |supp(f)| > 2, then the collection of sets

By ={BUllji=—fTh+1.... 1/ -1},

defined as in (4.1), is a generator (mod piy) for A;.

For the proof of Corollary 4.3 we require an additional lemma. For notation we refer to Lemma
3.7.
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Lemma 4.4. Suppose that the group ' in Theorem 3.18 is left (or, equivalently, right) orderable.
If f € ZI satisfies that |supp(f)| > 2, then K = m1.(Xy) = T and hence (71 )«pty = pr, the
Lebesgue measure on T.

Proof. Since K C T is a closed subgroup, it is either finite or equal to T. If K is finite we choose
L > 1suchthat LK = {Lt |t € K} = {0} and conclude from (1.2) that L lies in the left
ideal (f) C ZT generated by f. Then there exists h € ZI" such that L = hf or, equivalently,
1=nh- % f. In other words, the rational group ring QI" contains the nontrivial unit % f,in violation
of [27, Lemmas 13.1.7 and 13.1.10].

If m.(X¢) = T, then obviously (71 )«pf = p. O

Proof of Corollary 4.3. If both f* and f~ are nonzero our assertion follows from Corollary 4.1.
If f~ =0, then

BIO] = {z € X5 [ X capp(s) 277 = 0} = {x € Xy | 2, = 0 forevery v € supp(f)}-

Hence pf(B[0]) < ps({x € Xf | 2 = 0}) for every v € T, so that u¢(B[0]) = 0 by Lemma
4.4.By Corollary 4.1, {B[j] | j = 1,...,||f"||1 — 1} is a generator (mod ) for A;.
If f* = 0 the proof is completely analogous. g

5. EXAMPLES

Let I' be a countably infinite discrete amenable group, f € ZI', and let \; be the principal
algebraic I'-action on X in Definition 1.1. In order to apply Theorem 3.18 and its corollaries to
Ay we require the action A to be intrinsically ergodic.

5.1. Intrinsically ergodic principal algebraic Z%-actions. If I' = Z for some d > 1, the con-
ditions for principal algebraic I'-actions to be intrinsically ergodic are well understood: if f is
nonzero and not divisible by a generalized cyclotomic polynomial, then Ay is intrinsically ergodic
[29, Theorem 11.2, Propositions 19.4 and 20.5].

0100
Example 5.1. The matrix M = [ 9ot (1)} € SL(4,7Z) defines a nonhyperbolic ergodic auto-

morphism s of T*. The question of finding ‘nice’ finite generating partitions for such auto-
morphisms was discussed in [20, Theorem 1]. By observing that «; is algebraically conjugate
to the intrinsically ergodic algebraic Z-action Ay on (X, ur) for the characteristic polynomial
f=u*—u?—u? —u+1of M and applying Corollary 4.2 we see that the sets

Cj:{xeXf|%§xo<% (mod 1)}, 0 < j <4,

form a generating partition for Ay w.r.t. iy on Xy. When translating this information back to a s
we obtain the generator

D={Dj={t=(t,ta,ts,ta) € T* | L <t1 < T (mod 1)} | j =0,...,4}

for aps w.r.t. Lebesgue measure pipa on T,
Corollary 4.1 shows that apy on (T4, fi14) also has the 4-element generator corresponding to
{B[-2], B[-1], B[0], B[1]} in (4.2).
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Example 5.2. Let ' = Z% and let f = 1 —uy — up € Z[ui', ui'] = Z[Z?]. By [29, Propo-
sition 19.7], hop(Af) = %L(Z x3) > 0, where L(2, x3) is the Dirichlet L-function defined
there. Since Ay is intrinsically ergodic, Corollary 4.1 shows that A ¢ on (X, uus) has the 2-element
generator {B[—1], B[0]} (mod /f) defined as in (4.1).

5.2. Intrinsically ergodic principal algebraic actions of amenable groups. If I' is a countably
infinite discrete amenable group, establishing the intrinsic ergodicity of a principal algebraic action
Ag, [ € ZI', is much more delicate than for I' = Z%. A sufficient condition for intrinsic ergodicity
of Ay can be expressed in terms of homoclinic points: a point © = (x,) € Xy is summable
homoclinic if ) - |xs| < oo, where |t denotes the distance from 0 of a point ¢ € T (cf. [24]).
Clearly, every summable homoclinic point # € X is homoclinic, i.e., lim,_, )\;x =0(cf. e.g.,
[21, Definition 3.1] or [4]).

Proposition 5.3. Let T be a countably infinite amenable discrete group, f € ZT, and let A*(X )
C Xy be the group of summable homoclinic points of the principal algebraic I'-action Ay on X.
If AY(Xy) is dense in X and hyop(Af) < 00 then Ay is intrinsically ergodic.

The converse of Proposition 5.3 is clearly not true: the principal algebraic Z-action Ay on Xy
(or, equivalently, the automorphism cj; of T#) in Example 5.1 is intrinsically ergodic, but has no
nonzero homoclinic points (cf. [21, Example 3.4]).

Proof of Proposition 5.3. According to (1.2), the dual group )/(\f is given by )/(} =ZTI'/(f) and is,
in particular, a finitely generated left ZI'-module. By [4, Theorem 7.8], A'(X;) C IE(X}), the
closed subgroup of X s defined in [4, Definition 7.2], and hence IE(X y) = Xy by assumption. By
[4, Corollary 8.4 and Theorem 8.6], Ay is intrinsically ergodic. ([

5.2.1. Expansive principal algebraic actions. For every countably infinite discrete group I" and
every [ € ZI', the principal algebraic I'-action Ay on X in Definition 1.1 is expansive if and
only if the map p/ : £°(T', R) — £°°(T, R) in (2.3) is injective or, equivalently, if f is invertible
in /1(I",R) ([8, Theorem 3.2]). If this is the case, w> = (f*)~' € W; since p/ (w?) = 1r. By
[8, Proposition 4.2], the map ﬁwA : (T, Z) — ¢°(I',R) is continuous in the weak*-topology
on closed, bounded subsets of ¢*°(I",Z), and the map { = n o vt (®(T',Z) — TV satisfies
that {({v € £*(T,Z) | ||v]joo < || f]l1/2}) = X (cf. [3, Lemma 4.5]). Since £(ZT) C Al(Xy),
the continuity of ¢ implies that A'(X) is dense in Xy. If I' is amenable, we conclude from
Proposition 5.3 that every expansive principal algebraic I'-action is intrinsically ergodic.

If I' is amenable and )\ is expansive, the partitions B and Cy in the Corollaries 4.1 and 4.2 are
obviously generators (and not only generators (mod 4iy)) for Ay.

We mention two examples, taken from [9]. Let H C SL(3, Z) be the discrete Heisenberg group,
generated by
ulz[é‘f?], uzz[éég], and W:[é%ﬂ (5.1)
Example 5.4 ([9, Example 8.4]). Let f = |a1| + |az| + |as| + a1 - u1 + ag - ug + a3 - ug € ZH.
Then the principal algebraic H-action A is expansive if and only if ajas # 0 and a3 > 0. In these
cases the partitions B and C; in the Corollaries 4.1 — 4.2 are generators for ;.

Example 5.5. Let f = 1 — u; — up € ZH. The principal algebraic H-action A¢ on (X, s17) has
zero entropy by [7, Theorem 11] or [22, Theorem 9.2], so that the hypotheses of Theorem 3.18
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are not satisfied. We do not know whether the H-actions A ¢ on (X, us) and A ;on (Zy, u?) are
measurably conjugate and whether By = {B[—1], B[0]} is a generator (mod /i) for A;.

6. SUMMABLE HOMOCLINIC POINTS OF NONEXPANSIVE PRINCIPAL ALGEBRAIC ACTIONS

The existence of a nonzero summable homoclinic point for a nonexpansive principal algebraic
action in the second part of Example 5.5 is an interesting fact. For I' = Z this phenomenon is
well understood: for f = 3", ;4 fau™ € Z[Z] we denote by

U(f) ={z=(21,...,20) €S| f(z) = 0} (6.1)

the unitary variety of f, where S = {z € C | |z| = 1}. According to [29, Theorem 6.5], Ay is
expansive if and only if U(f) = @. If f is nonzero and irreducible, then [24, Theorem 3.2] shows
that A'(X ) # {0} if and only if the dimension of U(f) C S%is < d — 2. In this case A}(X}) is
dense in X, Ay is intrinsically ergodic, and the partitions B¢ and Cy are generators (mod f¢) for
For nonabelian groups I', examples of nonexpansive principal algebraic actions with summable

homoclinic points are much harder to come by. In order to present a class of such actions we
assume for the remainder of this section that I' is a countably infinite discrete group with center
H. Wesay f € RI is well-balanced ([1, Definition 1.2]) if

(1) EsEF fs =0,

(2) fs <Oforevery s € I' \ {1r},

@) f=r

(4) supp(f) generates I".

We shall prove the following theorem.

Theorem 6.1. Assume that for any finite ' C T there is some s in the center H of I such that
none of s, s%, s is in F (this happens for example when H® = {s% | s € H} is infinite). Also
assume that T is not virtually 7 or Z*. Let f € ZT be well-balanced. Then A'(Xy) is dense in
Xy.

Corollary 6.2. Assume that the group I in Theorem 6.1 is amenable. If f € ZI is well-balanced,

then the principal algebraic I'-action Ay on X is intrinsically ergodic.

Proof. The proof of Corollary 6.11 implies that f is not a left zero divisor in ZI', so that hyop(Af) <
oo by Lemma 3.1. Now apply Theorem 6.1 and Proposition 5.3. U

The proof of Theorem 6.1 requires a brief excursion into Banach algebras.

Lemma 6.3. Let A be a unital Banach algebra such that ||ab|| < ||al|| - ||b|| for all a,b € A. Let
0<c<landq,r € Asuchthat|r|| <1—cand|q| <c. Then

(e o]

> ke —g* (1 — g~ < oo,
k=0

The proof of Lemma 6.3 requires some auxiliary results.

Lemma 6.4. Let 0 < ¢ < 1. For any x,y > 0 one has
(1 —c)(z +y)**
xrryY

<1
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Proof. Fix y > 0 and put

(1= ) (a +y)™+
zryY

¢(x) = log

for z > 0. Then

=zlogc+ylog(l—c)+(z+y)log(x+y)—zlogx—ylogy
/ c(z +y)

¢'(z) =logc+ log(z +y) — logx = log —

Clearly ¢’ > 0 on the interval (0, <L), ¢’ = 0 at £, and ¢/ < 0 on (£, 00). Thus ¢ attains its

Y 1—c 1—c’ 1—c¢’

maximum value at 1. Since ¢(7%) = 0, one concludes that ¢(z) < 0 for all z > 0. O

Lemma 6.5. Let 0 < ¢ < 1 and k € N. Let gy, be the cubic polynomial given by
gp(z) =—(z+1)(z+2)(z+3) +3c(z+k+1)(z+ 2)(z + 3) (6.2)
-3F (@ +k+D)(@x+k+2)(x+3)+(@+k+D)(a+k+2)(x+k+3)
= (c—1)32% + (3c(c — 1)*k + 6(c — 1)) 2?
+ (3c*(c — 1)k + 3c(c — 1)(4c — Bk + 11(c — 1))z
+ k3 4 (6¢2 —9cH)k? + (11¢® — 27¢ + 18¢)k + 6(c — 1)°.
Forn > 0, put

1
Ykn+ = ?*2170 T]k“Fg(l*C)Q. (63)

() = (4 k= (3 — )k + 3o~ 17) ok + (1~ )2

Proof. This is a direct computation:

Then

Gerat) = (€ = 1Py, 1 + (Be(e = 1%k +6(c = 1)%)yily 4
+ (3c*(c — 1)k* + 3c(c — 1) (4e — 5)k + 11(c — 1)*)yp.p+
+ 3k 4 (6¢3 — 9cA)k? + (11¢® — 27¢ + 18¢)k + 6(c — 1)?
— (o= 1P = 2)((< — 22 + 3ty (nk + 3(1 = 0)2)
+(Bele = 1%k +6(c = 1°)((1%; = 2)* + gz (nk + 3(1 = ©)?))
+ (3c*(c — 1)k* + 3c(c — 1)(4c — 5)k + 11(c — 1)*)({£ - 2)
+ 3k + (663 — 9A)k? + (11¢® — 27¢2 + 18¢)k + 6(c — 1)°

£ (e— 13 —2)2 3 /nk + 1(1 - ¢)2
+ (¢ — 1)3ﬁ(nk + %(1 — 6)2) nk + %(1 —c)?

£2(3c(c— 1)%k + 6(c — 1)*) (£ — 2)7y/nk + 3 (1 — ¢)?

C

£ (3¢*(c — )k* + 3c(c — 1)(de — 5)k + 11(c — 1)*) 4 /nk + 3 (1 — ¢)?
= —(ck+2(c—1)((ck+2(c—1))*+ Bnk+ (1 —c)?)

+ (ck +2(c — 1))(3(ck +2(c — 1))* + (3nk + (1 — ¢)%))

— (3¢*k* + 3c(4c — 5)k + 11(c — 1)})(ck 4+ 2(c — 1))

+ 3k + (6¢3 — 9cA)k? + (11¢® — 27¢ + 18¢)k + 6(c — 1)°
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F 3(ck +2(c — 1)) /nk + 3(1 — )2
F (k + 5(1—¢))\/nk + 5(1 - ¢)?
£6(ck +2(c — 1)) /nk + (1 - ¢)?
F (3¢%k% + 3c(4e — 5)k + 11(c — 1)%)y/nk + (1 — ¢)?

= (P + )k £ (Bc—nk+ 2(c— 1))y /nk + (1 —c)2.

0

Lemma 6.6. Fix 0 < ¢ < 1. Then there is some k. € N such that for each k € N with k > k. the

following hold:
(1) the polynomial gy, given by (6.2) has 3 roots ty 1 < ty 2 < ty 3 such that

1 <ypae— <te1 <Yke— <th2 <Yker < k3 < Ykde+s

where yy. , + is given in (6.3);

(2) gr > 0o0n (—00,tp1) U (tg2,tr3) and g, < 0on (ty1,tk2) U (tk,3, 00).

Proof. Take k. € N such that for each k£ > k. one has

& ——\/4ck—|— (1—0¢)?>1,
and
(@ + Ok — (—ch + 3(c — 1))y /Ack + 1(1 - )2 > 0,
and
(& + o)k — (2ck + 2(c— 1)%)y/ck + $(1 — )2 <0,
and

(4 )k + (—ck+ 2 \/4ck+ 2 <0.

Then for each & € N with k& > k., one has yj, 4.~ > 1 and by Lemma 6.5 one has gy (yj 4c,—) > 0,
Ik Wre,—) <0, gk (Yr,er) > 0, and gr(Yr ac4+) < 0. Since Ype,— < Yke,— < Yhyert < Yk dets it

follows that (1) holds. As g, is a cubic polynomial, (2) must also hold.

Lemma 6.7. Fix0 < ¢ < 1. For k € N set
fulm) = 7 (75) = 2 () 4 i (e
and
hi(m) = (1= )" fu(m)
form € L. Let € : N — N such that £(k) = <& + O(kY/?) as k — oc. Then
hi(£(k)) = O(k™?)
as k — oo.

Proof. For k € N define ¢, : N — R by
pr(m) = (1 —c)fe™ (™)

and

_ (mAD) (m+2)—2c(mAk4+1) (mA42 +c2(m+k+1)(m+k:+2)
T/Jk(m)—( )( )—2¢( (m+)1()(m+)2)

0

(6.4)

(6.5)
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For each m € N, one has

fulm) = e ("R) (1 — 2ok 4 L)) _ (k) ),

whence
hie(m) = pr(m)ve(m).
Therefore it suffices to show that ¢, (£(k)) = O(k~/2) and ¢y (£(k)) = O(k™).
By Stirling’s approximation formula there are constants C7, Co > 0 such that
Crv2mn(2)" <n! < Cov2mn(%)"
for all n € N. Then
m(m m mtk m(m
or(m) = (1= e gl < (1 — o)bem AVZIUBILE < S

C22mv/mkm™kk - C22rvmk

where the 2nd inequality comes from taking x = m and y = k in Lemma 6.4. Thus

C2/2m(E(k)+k) —1/2

whence ¢ (&(k)) = O(k~1/2).
Write £(k) as f—_kc + M\k'/2 with A, = O(1) as k — oc. Then

(€(k) + 1)(E(k) +2) = 25 + 326432 1 O(k),
2e(&(k) + k + 1)(€(k) +2) = 22k + 2EDPRE2 4 O(k),

c

P(E(R) + k + 1)(E(R) + b +2) = (-5 4+ 22063/ 4 O(k),

whence
(&) + 1)(E(k) +2) — 2e(&(k) + k + 1)(E(k) +2) + 2 (E(k) + k + 1) (E(K) + &k +2) = O(k).
It follows that ¢ (£(k)) = O(k~1). O
For a power series ¢(z) = >~ amz™ € C[[z]], we set |¢| to be the power series
6l(@) = ) lam|z™
m=0

Lemma 6.8. Fix 0 < ¢ < 1. For each k € Z>q let ¢}, be the power series given by

op(r) = (c— 93)3 (m,:rk):cm (6.6)
m=0
Then (1 — ¢)F|p|(c) = O(k=3/2) as k — oco.
Proof. Let k € Zx>q. For each m € Zxg, put
b = = (") B — 3 (M) 4 ()

_ (m+k 3c(m+k+1)  3c2(m+k+1)(m+k+2) | A(m+k+1)(m+k+2)(m+k+3)

= (") (14 =T - eyt Do)

_ (m+k) gk (m)

k / (m4+1)(m+2)(m+3)°

where gy, is given by (6.2). Then

o(x) = S +a(cP(k+1) —3c?) +a? (A EED 3254 1) +3¢) + 3 2™ Pbp . (6.7)

m=0
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Let k. € N be given by Lemma 6.6. Let & € N with k& > k.. Then g, has the roots t;, ; for
i = 1,2,3 described in Lemma 6.6. Put my,; = [tg,;| fori = 1,3, and my o = [t;2]. Then
brm = 0 exactly when 0 < m < my, 1 or my 2 < m < my 3. Increasing k. if necessary, we may
assume that ¢3(k + 1) — 3¢?, C3W —3c%(k + 1) 4+ 3¢ > 0. Then

|orl(@) = ¥ + 2|3 (k + 1) = 3¢ + 22| EEUIEE — 3e2(k 1) 4 3| + D 2™ by

m=0
=S +a(Bk+1) - 33) + 22 (ng -3 (k+1)+ 3c)
+ Z l‘m+3bk,m — Z xm+3bk,m.

0<m<my, 1 or mg2<m<my 3 mp,1 <m<mp o Or m>my 3

Note that ¢y, converges absolutely on the open interval (—1,1). Taking = ¢ in (6.7) we get
0= ) 4 C(Cg(k + 1) - 362) _’_62(03% — 3¢ (k + 1 —|-3C Z cherkm

Thus

|| (c) = (c (P (k+1) —32) + A(AEUED 321 4 1) +3¢)  (6.8)
+ Z Cm+3bk,m> )
0<m<myg,1 or mg 2<m<myg 3
Similar to (6.7), we have

(c—z)? Z ™ (m,jk) =S+ 2B k+1) - 3c2) + 22 (C3W -3 (k+1)+ 3c)

0<m<my 1

+ Z ™3y — (¢ — 32w + 3ea?)g™ea T (m’“’ll':kﬂ)

0<m<my 1

_ (03 N 302$)xmk11+2 (mk,lz‘k+2) — Bymkat3 (mk,lz‘k"l‘?))

)

and

(c—x)? Z 2™ (™) = (3 — 3cPx + 3ea?)zm (mk,§+k)
my 2o<m<my 3

(P — Bca)ama L (MRt | Byt (Mt 2)

1
+ g xm+3bk,m — (& = 3c%x + 3ca?)gmrsT! (m’“’3zk+ )
myg o <m<my 3

— (3 = 3Px)xMk3T2 (m’“’?’ljkﬂ) — Bpmkst3 (m’“S;kH).

Taking x = c in the two identities above, we get
0=c+e(Pk+1) —3) + A (AELEE) _ 3.2k 1 1) 4 3¢)

+ > P — E fr(mia + 1),
0<m<myg
and

0= c?’fk(mm) -+ Z Cm+gbk7m — Cka(mk,g + 1),

my 2<m<my 3
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where f, is defined in (6.4). Then (6.8) becomes

|6r1(c) = 2 (flmua + 1) = falmu2) + fr(mrs + 1)),
whence
(1= )¥lorl(c) = 2¢° (hg(mp1 + 1) = hi(mi2) + hi(my 3 + 1)),
where hy, is defined in (6.5). Note that the two sequences {yy, 4c,— } and {y 4.+ } are both lc—_kc +
O(k'/2). 1t follows from Lemma 6.6.(1) that the three sequences {my, ; + 1}, {my o} and {my 3+

1} are all 1%]“6 +O(k'/?). Thus from Lemma 6.7 we conclude that the three sequences {hx(my 1+
D}, {hr(my.2)} and {hy(my 3+1)} are all O(k~3/2). Therefore (1—c)*|¢x|(c) = O(k=3/?). O

We are ready to prove Lemma 6.3.

Proof of Lemma 6.3. Let k € N. One has

k+1 >
R RALET 300 ISP DTS yPlC !
j=0 Jittjkp1=m m=0
J1seesJk+120

whence

(c—q)*(1— )~ " = gy(g),
where ¢y, is defined in (6.6). Write ¢ as Zfrj:o Amx™ with A, € C. Then

o0 o0
I e = 0*(1 = @) F ) = | 32 awrte™|| < 3 1wl Il
m=0 m=0

(e e}
< Pl = o)Fe™ = (1= o)F[el (o).
m=0
Now the assertion follows from Lemma 6.8. U

Lemma 6.3 implies the following proposition.

Proposition 6.9. Ler A be a unital Banach algebra such that ||ab|| < ||a| - ||b]| for all a,b € A.
Let 0 < ¢ < land q,v € A such that ||r|]| <1 —¢, ||q|| < ¢ and qr = rq. Then there is some
a € A such that

a(l—(g+7)=01—(g+n))a=(c—q). (6.9)
Proof. Formally, the element a in (6.9) is given by
a=(-q’1—(¢+r)" =(c-a(1-q)—n)"

=(c-a’l-¢'0-rl-q ) ' =(c-’UL-a) ") _r1-g~*
k=0

=Y e -g ¢,
k=0

By Lemma 6.3, the last series in this expression for a converges in norm, so that a € A is well

defined. Since qr = rq, one has qa = aq, ra = ar, and (1 — q¢)~'r = (1 — ¢)~*. Thus
a(l=(g+7)) =a(l—q)—ar

o0

Zrk 1 _ q Zrk-i—l o q)—(k-‘rl) _ (C - q)?)’

k=0
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and similarly (1 — (¢ +7))a = (c — ¢)>. O

Example 6.10. Let H be the discrete Heisenberg group with canonical generators w1, ug, us de-
fined in (5.1), and let f = 4 — uy; — ul_l — Uy — u2_1 € ZH. Then f = 4(1 — p), where
p = i(ul + ug + ul_l + Ugy 1) € QH can be viewed as a symmetric probability measure on H.
The polynomial p* € QH can again be viewed as a probability measure on H, and the coefficient
c = pﬁg of p* at uz is strictly positive. If we set ¢ = ¢ - u3 and r = p* — ¢, then gr = r¢ and
Proposition 6.9 yields an element a € ¢*(H, R) such that

a(l—pY) =a(l—(g+7)) =31 —uz)’.
Then b = a(1 + p + p? + p?) /4c® € £1(H, R) satisfies that

fo=bf =bf* =41 —p)b= (1 —uz)>. (6.10)
It follows that b € Wy and n(b) € A'(Xy) (cf. (2.4) and Proposition 5.3).

We remark in passing that the existence of such a homoclinic point b was conjectured in [12,
page 130]; in [ 12, Theorem 4.1.2] it was shown that there is some b’ € ¢} (H, R) satisfying & f* =
(1 —ug)?.

Having found a nonzero element of A'(X ) we claim that A'(X) is actually dense in X . To
verify this we give an ad-hoc proof based on [13, Theorem 5.1]: for every x € X there exists
ay € Yy with n(y) = « (for notation we refer to (2.1)). Then v = ply € {=3,...,3}H C
(> (H, Z) (cf. (2.4)) and (5 0 p)(v) = p/Pv = p1=48)*y € £°°(H, Z). It follows that v € W
and (10 p")(v) = (0 /) (y) = p" (n(y)) = p' =2 by (6.10). We set V = {-3,..., 3} C
¢>°(H, Z) and conclude thi(lo ) (V) 2 plt-us)’ (Xy).

We recall that X; = ZH/(f) = (f)* C ZH (cf. (1.2)). If p'7u3(X ) C X there exists an
element b € ZH such that h ¢ (f) and (h, p'~“32) = (h(1 — u3),z) = 1 for every x € X;.
Hence h(1 — u3) = (1 —uz)h € (f),i.e. (1 —us)h = gf for some g € ZH.

We denote by (u3) the subgroup of H generated by ug, set H' = H/{u3) = Z?2, and denote by
7m: ZH — ZH' = ZH/(z3 — 1)ZH the group ring homomorphism corresponding to the quotient
map H — H'. As f is not divisible by 1 — ug, w(f) # 0, but 7(gf) = w(g)w(f) = 0. Since
ZH' = ZZ? is an integral domain we obtain that 7(g) = 0, i.e. that g = (1 — u3)g’ for some
¢’ € ZH. Since ZH has no nontrivial zero divisors (cf. e.g. [27, Theorem 13.1.11]) we obtain that
h = ¢'f, contrary to our hypothesis that h ¢ ZHf.

This contradiction implies that X; = p!7%3(Xy) = p(l_“3)3(Xf) = (n o p*)(V). Since n o
Py — X ¢ is continuous and ZH NV is dense in V' (both in the product topology on V) we
conclude that (1) o p°)(ZH) is dense in X ;. Finally we note that () o p°)(ZH) C A'(X}), so that
A(Xy) is dense in X, as promised.

According to Proposition 5.3 this shows that A is intrinsically ergodic.

The following corollary of Proposition 6.9 will allow us to extend the argument in Example
6.10 to the much more general setting of Theorem 6.1.

Corollary 6.11. Assume that T is infinite and not virtually Z. or Z2. Let p be a finitely supported
symmetric probability measure on I such that supp(p) generates . By a result of Varopoulos (cf.
[33], [11, Theorem 2.1], [37, Theorem 3.24]), Z;’iopj converges in || - || oo to some w in Co(T", R).
Then (1 — s)3w € (1(T,R) for every s in the center of T.
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Proof. 1t is easily checked that
w(l—p)=1.

Let s # 11 be a central element of T. Then s € supp(p*) \. {1r} for some k € N. As in Example
6.10 there is some a in ¢*(T', R) such that

a(l—pF) =1 —-s)
Then b =a Y%~} p/ is in /}(I', R) and
b(1—p)=(1-1s)
Note that (1 — s5)3w € Cp(T,R) and
(1= wl—p)=(1-s°=b1-p).
It is well known that if x € Cy(I", R) satisfies z(1 — p) = 0, then = 0. Thus

(1—s)w=">0c (T,R). O

Proof of Theorem 6.1. Since f is well-balanced, one has f = fi.(1 — p) for some symmetric
probability measure p on I" such that supp(p) generates I
Since T is not virtually Z or Z2, w = >0 p’ isin Cy(T',R). Then

(filw)f=1

By [I, Theorem 4.1 and Lemma 4.10], the group A(X¢) of homoclinic points of A¢ is dense in
Xy and is the I'-invariant subgroup of X generated by n(f;,. 1w). Thus it suffices to show that
n(f1;!w) is in the closure of A!(Xy).

By assumption we can find a sequence (sy),>1 in the center H of I' such that for any finite
subset F' of T one has s,,, 52, s> ¢ F for all large enough n. Then n((1 — sn)?’ffrlw) converges
to n(fl_rlw) as n — 00. By Corollary 6.11 one has (1 — sn)3fl_rlw € (1(I',R) and hence n((1 —
sn) f1;!w) € Al(Xy) for each n. Therefore n( f,'w) lies in the closure of A'(Xy), as desired.

O

Remarks 6.12. (1) For I' = Z¢ with d > 1, [24, Corollary 3.4] shows that any atoral polynomial
f € Z|Z% which is not a unit in Z[Z%] satisfies that A'(X) is dense in X (for the definition
of atorality we refer to [24, Definition 2.1 and Proposition 2.2]). In particular, Theorem 6.1 also
holds for I' = Z2. Does Theorem 6.1 hold for virtually Z2?

(2) For the polynomial h = 2 — u; — up € ZH there exists a nonzero element w € ¢! (H, R)
such that wh = hw = (1 — ug)? (cf. [13, Theorem 4.2]). As in Subsection 5.2.1, the map
pv: 4>*(H,Z) — ¢>°(H,R) is continuous in the weak*-topology on closed, bounded subsets
of £>°(H, Z), and the map & := 7o p*: ¢ (H, Z) — TH satisfies that £({—1,0,1}7) = X, (cf.
[13, Theorem 5.1]). It follows that £(ZH) C A!'(X},). Hence A(X},) is dense in X, and Ay, is
intrinsically ergodic.

Is there any way to use an argument similar to Proposition 6.9 to prove the existence of sum-
mable homoclinic points for this and other ‘asymmetric’ elements of h € ZH ?
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