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1. Introduction

Everyone is familiar with the power of mathematics to solve problems in physics. Though Galileo is recognized more as a physicist than a mathematician, he was a professor of mathematics at the University of Pisa (1589-1591) and the University of Padua (1592-1610). Isaac Newton (1642-1727) makes any short list of both the greatest physicists and mathematicians of all time. Other mathematicians who made significant contributions to mathematics and physics include Leonard Euler (1707-1783), Laplace (1749-1827), and Gauss (1777-1855). 

Mathematics has also had an important role to play in chemistry, geology and biology but what about mathematics and political science? Has mathematics had significant applications in political science? I believe so and in my discussion here I will deal with mathematical approaches to voting and elections. Contributions of mathematics to voting began earlier than many people realize. During the period of the French Revolution, two fascinating people with talent in mathematics, the Marquis de Condorcet (1743-1794) and Jean de Charles Borda (1733-1799), raised important ideas related to voting systems. Others who made contributions to mathematical ideas that involve elections include Charles Dodgson (1832-1898), Duncan Black (1908-1991), Kenneth Arrow, and John Kemeny (1926-1992), and Steven Brams. Dodgson was a professional mathematician at Oxford, in addition to being the author of Alice in Wonderland. Duncan Black was an economist who revived interest in using mathematical tools to study voting systems. Black's book The Theory of Committees and Elections revived significant interest in using mathematical tools to study election questions. Arrow, though he taught in economics departments, began his academic career as a mathematics major. Kenneth Arrow won the Nobel Memorial Prize in Economics in 1972 in part for the insight he obtained into group decision making processes in his 1951 doctoral dissertation. 

	

Marquis de Condorcet
	

Jean Borda
	

Charles Dodgson
	

John Kemeny


The images above are available with permission from the The MacTutor History of Mathematics archive at the University of St Andrews, Scotland 


If one is to do a mathematical analysis of any subject, one has to carefully examine phenomena related to what one is investigating and make simplifying assumptions, to construct what today are called mathematical models. Voting is carried out in a surprisingly large array of situations: selection of candidates for municipal, state, and national elections; votes that legislators make when choosing among alternative courses of action; decisions by economic planners about what course of action to take; selection by judges of the winner for a skating competition; selection of a movie for best film of the year; or selection of what should be served at the company picnic. What are the salient phenomena involved in elections and voting? Elections require voters and alternatives to choose from (typically people, but there are many other possibilities). To express voter opinions about the alternatives requires a ballot of some kind. After the voters make their judgments on the alternatives (candidates), it is required that some decision method be used to arrive at the winning candidate, winning candidates, or a collection of selected alternatives. 

There are many interesting aspects of elections that probably will not play a part in a first pass at using mathematics to study elections. Should felons be restricted from voting? Should people who can not be present when the voting is to take place have a way to cast a ballot in some other way? Are the machines (or physical mechanism) currently used for voting the best choice possible? (Best choice from what point of view?) 

2. Ballots

Perhaps the first, and rather surprising, insight that mathematical approaches have yielded is the complexity of the ballot/decision method choice. Most elections that we participate in involve the election of a single candidate (alternative) from a slate of two candidates. In this case if one votes for one's favorite candidate, one of the candidates must get a majority (except in the unlikely case of a tie when an even number of votes are recorded) and there is little quibble about the result. The importance of ties or near ties has recently made the news. The probability is not so high that an exact tie will occur but when an election is truly close, there will enough noise in how the votes are counted that there will be considerable controversy concerning the winner. (An interesting topic for mathematical investigation has been to estimate how likely it is, depending on the closeness of a vote, that additional information in the form of recounts, etc. will affect the results of the election.)

When there are three or more candidates (alternatives) and a single choice must be made, then the ballot form becomes rather important. Among the types of ballots that one might use are:

a. Choose one (so-called standard ballot).

b. Rank the candidates favorite to least favorite; indifference is not permitted.

As an example of such a ballot, consider how one voter might rank the three major candidates in the last Presidential election:
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This clever symbolism means that Gore is preferred to either Nader or Bush and that Nader is preferred to Bush. My first introduction to this notation was in Duncan Black's book. This ballot is called an ordinal ballet or a preferential ballot.

c. Rank the candidates favorite to least favorite; indifference is permitted.

d. Choose all candidates one is willing to have serve.

This ballot is known as an approval voting ballot.

e. For each candidate vote yes or no.

f. Give a list of candidates one is not willing to have serve and a ranking of the remaining ones, with or without indifference.

g. Distribute 100 points among the candidates as one sees fit.

h. Distribute 100 points among the candidates that one is willing to have serve, as one sees fit.

Until recently, only types a. - c. were studied, and many new ideas have emerged from the observation that there are a wide variety of other ways that information about voter preferences can be obtained. However, the discussion of exotic ballets must proceed in the context of theoretical studies and political realities. There may be nice decision methods that arise if voters are willing or able to rank all 12 candidates running in a certain way, yet it may not be realistic to assume that such a system of voting can actually be adopted, given the political realities of the world.

Here, I will concentrate on the type of ballot that requires each voter to rank all the candidates and does not allow the voters to be indifferent between candidates. Of course, this is a very artificial type of requirement but it does raise an interesting question of voter behavior. No matter how simple the rules are for completing a ballot there will always be voters who get it wrong. If one is instructed to put an X next to the candidate whom one wants to vote for and instead the voter puts a circle around the person's name, should the vote not be counted? The ballot we are describing is not that simple, especially when there are lots of candidates. The voter may not know a lot of the names on the ballot and may prefer not to list all the candidates. If, however, the law is that a valid ballot requires certain actions, then presumably ballots that do not meet the required conditions will not be counted.

From a mathematical point of view there are a variety of reasons to make certain assumptions about a type of ballot. One reason to make these assumptions might be that one is trying to describe what is actually done in practice and selects a mathematical environment that closely resembles what is done. The other reason might be to study something that might be done instead of what is currently done and deduce some consequences. Another reason might be that using these particular assumptions one can prove facts about a voting system that are interesting. Using different assumptions perhaps the problem becomes to hard to solve. 

Assuming that voters are required to use a ballot where they rank all the candidates, without being indifferent between any candidates, what can one now do with these ballots to decide a winner?

3. Election Decision Methods

Consider the election below:
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Here are five different procedures for selecting a winner for the election shown.

1. Plurality 

Count how many first place votes each candidate receives. The winner is the candidate with the largest number of first place votes.

2. Run-off election

Count how many first place votes each candidate receives. If no candidate receives a majority, declare all candidates except those two who have gotten the largest number of first place votes as losers. Now, conduct a new election based on the preferences of the voters for these top two vote getters at this stage.

Note that since we have preference ballots, this procedure does not require voters to go to the polls again. It is true that voter preferences might be changing with time (which happens due to actions that candidates are regularly taking that change the views of the electorate), so if voters provide preference ballots at a later time they may be different from those collected originally. In our discussion here, the run-off method is based on the use of the original preference schedules with out asking for a new set of preferences as a result of the first stage of the process. This method is sometimes called an instant run-off. 

3. Sequential run-off election

If no candidate gets a majority based on first place votes, eliminate the candidate with the fewest first place votes and hold a new election based on voting only for the smaller collection of candidates. Repeat the process until some candidate receives a majority of the first place votes.

This procedure is related to a method of selecting a group of candidates for office using preference ballots which is known as the single transferable vote, or Hare's method. This method has been used in Australia and Ireland.

4. Borda count

Given a preferential ballot and a candidate on the ballot, assign candidate X a number of points equal to the number of candidates below candidate X on the preference ballot. The Borda count procedure assigns as the winner of an election the candidate with the highest Borda count.

For example, the Borda count applied to the ballot below would yield 2 points for Gore, 1 point for Nader and 0 points for Bush.
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5. Condorcet 

Consider all possible two-way races between candidates. The Condorcet winner, if there is one, is the one candidate who can beat each other candidate in a two-way race with that candidate.


If you carry out these 5 election methods on the 55 voter election above, something remarkable happens. There are 5 different winners! Each of the candidates will be the winner depending on what election decision method is used. 

The way that voting and elections are often described in democratic societies is that the results are somehow the inevitable consequences of the input of the voters. The winner of the election is in some sense the people's choice, growing in an organic way out of the desires the electorate has for which person should lead it. However, the result of the election above calls this into question. The results of this election depend on the choice of system used to carry out the election: the ballots are the same in each case, only the result in each case is different. Each of these election methods can be accompanied by an appealing explanation to support it. Furthermore, human ingenuity offers other methods as well. Here are two additional methods. For each ballot, give a candidate one point if the voter ranks this candidate at the median level or above. This might be considered a form of approval voting where it is reasoned that a voter approves any candidate who the voter ranks above the middle. However, remember here we are assuming one must rank all candidates. Thus, one might not really be able to conclude that voters approve of any but a top choice. Another fascinating method was developed by the American psychologist Clyde Coombs (1912-1988). Coombs' method is based on avoiding electing candidates who are ranked low on preferential ballots. The method works as follows: If no candidate gets a majority based on first place votes, then eliminate the candidate who at this stage has the largest number of last place votes. A new election is made with this candidate deleted from the original preference ballots and the procedure described is repeated until a single candidate gets a majority. You can verify that for the election above, E is the Coombs winner.

Many people, when they see the Condorcet method for the first time, find it very appealing. If a candidate can beat every other candidate in a two way contest, why should that person not be the winner of the election? Whether or not you find this point of view convincing, there is a difficulty with the Condorcet method, as was first demonstrated by Condorcet himself.

Consider the set of ballots below, and compute the results of the two-way races:
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A beats B by 25 to 14, B beats C by 27 to 12, while, surprisingly, C beats A by 26 to 13. Thus, there is no candidate who can beat all the other candidates in a two-way race. This example which was constructed by taking the ordering of the candidates in the first preference schedule and moving the bottom candidate to the top, keeping the other candidates in the same order to get the second preference schedule, and so on, can be generalized to achieve a similar example with any number of candidates.

This situation shows that Condorcet's method can not serve as described as an election decision method because for some elections it will decide no winner, which is not acceptable. Many methods have been devised to complete the Condorcet method by choosing a winner in some manner when there is no Condorcet winner. Two such methods are one due to Duncan Black which, if there is no Condorcet winner, uses the Borda count to decide a winner. Another proposal is due to Edward John Nanson. (Nanson lived from 1850 to 1936. Born in England, he taught mathematics for many years at the University of Melbourne.) Nanson's method is an elimination method based on the Borda count. The Borda count is computed for each candidate and the person with the lowest Borda count is eliminated and a new election held using the Borda count until a single winner emerges. An interesting theorem is that if there is a Condorcet winner, this method chooses that person. If there is no Condorcet winner then some candidate, not necessarily the same as the Borda count winner, is chosen. 

The paradoxical fact, until one's intuition has been trained, that deciding elections by two-way races does not guarantee that if A beats B in a two way race, and B beats C in a two-way race, that A will be able to beat C in a two-way race is but one of many paradoxical results in the theory of elections. Many of these paradoxes take the form that otherwise appealing election methods do not obey some intuitively attractive fairness rule (axiom). Though a system of run off elections is appealing to many people, there are numerous examples to show that there are elections where, if voters modify their preference schedules to raise an otherwise winning candidate's position on some ballots the result is the defeat of this candidate. Examples of this kind pepper the literature of elections and social choice theory, and Kenneth Arrow's work helps put some perspective on them.

4. Enter Kenneth Arrow

The fact that different seemingly appealing methods can elect different winners suggests a change in perspective, from that of an election system delivering the will of the people to one in which the results are as consistent, fair, or equitable over a range of possible election patterns that the voters might provide to the system. What rules should an election system obey so that we will think it is a good system? What rules should an election system obey so that we will think it is better than some other system?

Insight using this approach was provided by Kenneth Arrow, who developed a collection of fairness, consistency or reasonability conditions (axioms) that any fair election method was to obey. What is an example of such a fairness axiom? Suppose that one has an election decision procedure based on preference ballots. Suppose a particular election where candidate A is ranked at the top of 9 schedules, as shown below:
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Suppose the decision method assigns A as victor in the election. Now imagine an election in which all the ballots are the same except that instead of having 9 votes for the schedule shown above, one has 10 votes for this schedule. Would it make any sense that the decision procedure applied to these ballots now elect someone other than A? If it seems unreasonable, we might state that we require any fair election method to obey this rule. Arrow developed a variety of fairness conditions that he thought any reasonable election method should obey. He then proceeded to show that for elections where there were more than 2 candidates no election decision method obeyed all of the rules! Since Arrow's original work many investigators have developed a wide array of desirable fairness rules and showed results similar to Arrow's Theorem. 

Kenneth Arrow's work is important for many of reasons, some of which go well beyond the actual theorem itself. In particular, it is very valuable to notice the axiomatic framework he was working in was in an applied area (e.g. economics, political science) rather than mathematics itself. Certainly, the most famous example within mathematics of the use of axiomatic ideas has been in geometry. Euclid's work in codifying Greek knowledge of geometry is a great landmark in intellectual history. However, it is still debated whether or not what Euclid was doing was developing a way of deducing the properties of the physical space we live in from some simple principles (axioms) or whether he realized that he was just developing an abstract mathematical system. In any case, the famous 5th postulate of Euclid seemed to many ancient writers more complex than the other assumptions he worked with. As a result many attempts were made to prove this axiom from Euclid's other axioms but without success. Eventually, this work culminated in the landmark discovery that from the mathematical point of view Euclidean geometry is but one of many geometries, and that there is a geometry where one accepts all the other axioms of Euclid except that one uses the negation of the Euclidean 5th postulate as an axiom, which is no better or worse than Euclid's geometry. This discovery has a complex history but the resulting geometry is known as Bolyai-Lobachevsky geometry or hyperbolic geometry. Although there are ways in which the work of Euclid, Bolyai, and Lobachevsky had to be improved on in modern times (notably in the work of David Hilbert), the power of the use of axiomatic thinking is a large part of this success. 

When Arrow developed a series of axioms that a group decision method should obey, he was proceeding in a way that was analogous to the route that Euclid had pioneered. He had to address questions such as the independence of the axioms he had chosen in just the same way that people checked to make sure that none of the axioms of Euclid followed from some of the other axioms. Arrow chose the axioms he did because he deemed that they made sense as a list of desirable properties for a decision procedure. When Arrow showed that there was no election system that obeyed all of the axioms he proposed when there were at least 3 candidates, some people have misinterpreted the meaning of his results. Although it is true that no election method can obey all his fairness axioms, this does not mean that one can not argue that some particular method of election is not better than some other method from some point of view. As soon as one writes down an axiom, say A, one can determine which methods obey axiom A and which do not. The consequence of the mathematical analysis is in seeing that if one really cares about property A, then one should rule out those decision methods that do not obey this axiom. In some cases scholars have been able to characterize particular election decision methods. Finding a characterization of a method means finding a collection of axioms that this method obeys and no other obeys. For example, H. Peyton Young found a set of axioms that characterizes point count methods such as the Borda count.

5. Evaluating Election Systems

There are many scales on which to evaluate voting and election methods. One can deal with questions of the following types: Given a ballot type, is it reasonable to assume that the average voter can complete the ballot properly? In the recent 2000 Presidential election most people were aware that George Bush, Albert Gore, and Ralph Nader were candidates and if you asked most voters to rank these three people without ties, they probably could do so. However, in some states such as New York, there were many other candidates on the Presidential ballot who certainly would not be recognized by people from Idaho; even many people from New York were not familiar with these candidates. If you forced people to use a ballot where all candidates are ranked, many voters would have to resort to listing names beyond those of Bush, Gore and Nader at random. This is not ideal. On the other hand, if a voter who is given a preferential ballot is allowed to rank a subset of the candidates rather than ranking them all, then one is in essence dealing with a very different problem in designing a system to use these ballots as inputs to an election system. Using mathematics in the real world is often very complex because one can not assume away unpleasant aspects of the problem. (For example, another problem that mathematicians have looked at is that of determining as fair a way as possible to use census data to determine how many seats each state should get in the United States House of Representatives. Some aspects of this problem might be easier but for the Constitutional requirement that each state must have at least one seat, even though one might in some solutions be tempted to argue that some states with a very small population do not deserve even a single seat. However, no matter how elegant an answer we might find to this problem where one need not give each state one seat, this solution is irrelevant to the problem that the constitution poses for us.)


In investigating voting procedures and elections mathematical researchers have different goals. They strive to understand how to formulate ideas about fairness that translate into finding which methods obey or do not obey these fairness axioms that they devise. Another very practical aspect of elections is the issue of having the voters be straightforward in their expression of preferences for candidates. When there are three major candidates running for office, as in the election of 2000 (i.e. George Bush, Albert Gore, and Ralph Nader), some voters may face the dilemma of voting for their second choice over their first choice rather than throw their votes away. Thus, voters who are given a preference ballet would have voted: Nader preferred to Gore preferred to Bush, chose on a ballot where they were asked for only a single name to vote for Gore. Similarly, someone who with a preference ballot of Nader preferred to Bush preferred to Gore, and who had reason to believe that Bush was the candidate to beat, would vote for Nader, Gore, Bush under some systems so as to promote the interests of their top ranked candidate rather than give an additional assist to their second ranked candidate.

The question that mathematical thinking can raise is whether or not this type of reasoning can be avoided by a suitable choice of method. More specifically, is there a method of conducting elections in which it never pays for a voter to vote for anything other than the ballot that most represents his or her preferences?

It turns out that two researchers into decision procedure methods showed that there is no strategy-proof election method other than dictatorship when there are three or more candidates. This result is due to Mark Satterthwaite and independently to Allan Gibbard.

The theoreticians of democracy base their support for this system on many grounds. One argument is that if voters are sufficiently educated, having many independent individuals reach conclusions about candidates and then holding free elections will lead to a stable effective society. However, as democracies have evolved it has become possible to obtain reliable information about other citizens' opinions. Taking surveys and polls makes it possible to attempt to put information about other citizens' opinions to use to achieve one's own goals more effectively. Thus, rather than being straightforward (sincere) in expressing one's opinions, one tries to use the information gotten strategically. Though it may be difficult to prevent polls and the information from them from being distributed, there are indications that this information may have a destabilizing effect on a democratic society. In choosing ballots and election decision systems one criterion one might pick is making it difficult for people with information about other citizens' preferences to take advantage of this information in a way that helps them at the expense of others.

Another thread of interest in studying elections is to see the consequences to different countries in using different election methods. For example, it has been proposed that one reason that countries which use plurality voting tend to have two-party systems is that the very choice of the plurality voting system has made it hard for more than two significant parties to develop. Some people believe this is a good thing since many such countries have very stable societies. Some consider this unfortunate, because it means that the voters are not given as rich a range of options for getting done what they would like to see done. One of the people to make the connection between two-party countries and the use of plurality voting was the French sociologist Maurice Duverger. Many statistical and mathematical arguments have been given to study the empirical relation between party structure and the choice of electoral system.

There is also the perspective of computational complexity to take into account. There are methods that one can propose to conduct elections which are computationally very difficult to carry out. Thus, it might be that one would feel that some particular method was truly the best but be faced with the prospect that in a large sized election one could not compute the winner with this system! Some have suggested the use of the internet to conduct elections. Such proposals raise important questions about running secure and honest elections over a computer network. 

The work that has been done by mathematicians and workers in other fields using mathematical methods in the area of elections and voting clearly indicates the tension that exists between pursuing mathematics for its own sake versus using mathematical methods to get insight into practical problems. One may get a nice theorem from the analysis of election systems where voters are forced to rank strictly all alternatives from most preferred to least preferred, but psychologists may advise one that voters will be unable to carry out this task, perhaps for even as many as 5 candidates in a consistent manner, and political scientists will point out that in a typical election at least 2 of the 5 candidates may be totally unknown to the voters. 
Those who examine the behavior of voters with actual ballots see that many ballots are not filled out as required.

Mathematics continues to grow because its practitioners attempt to get insights into problems that initially arise from real world situations. Even in cases where these initially formulated problems move in directions where the mathematical results are no longer of interest or importance in the settings from which they arose, mathematics can continue to benefit from the ideas and tools that studying such problems provides for solving problems in other domains. 

As far as making democracy work better, we are still seeking additional insights.

