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The author and Nakano recently proved that multiplicities in a Specht filtration of a
symmetric group module are well-defined precisely when the characteristic is at least
five. This result suggested the possibility of a symmetric group theory analogous to that
of good filtrations and tilting modules for GL, (k). This article is an initial attempt at
such a theory. We obtain two sufficient conditions that ensure a module has a Specht
filtration, and a formula for the filtration multiplicities. We then study the categories
of modules that satisfy the conditions, in the process obtaining a new result on Specht
module cohomology.

Next we consider symmetric group modules that have both Specht and dual Specht
filtrations. Unlike tilting modules for GL,(k), these modules need not be self-dual,
and there is no nice tensor product theorem. We prove a correspondence between
indecomposable self-dual modules with Specht filtrations and a collection of GL, (k)-
modules which behave like tilting modules under the tilting functor. We give some
evidence that indecomposable self-dual symmetric group modules with Specht filtrations
may be indecomposable self dual trivial source modules.

Cohomology; Specht filtration; Symmetric group; Tilting module.
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1. INTRODUCTION

Let k be an algebraically closed field and let G be a reductive algebraic
group over k. A rational G-module is said to have a good filtration if it has a
filtration with successive quotients isomorphic to induced modules V(4). There is a
simple cohomological criterion for having a good filtration, and a formula for the
multiplicities, which are independent of the choice of filtration. The indecomposable
modules which have both a good and a Weyl filtration are called tilting modules,
and are labelled by dominant weights.
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Until recently it was thought no such theory could exist for Specht and
dual Specht filtrations of symmetric group modules, since well-known examples
in characteristic two and three demonstrated that filtration multiplicities are not
even well-defined. Nevertheless, in Hemmer and Nakano (2004) it was shown that
the multiplicities are well-defined as long as chark > 3. Necessary and sufficient
conditions for determining if a module has a Specht and/or dual Specht filtration
were obtained. However the conditions are not in terms of symmetric group
cohomology, but rather are stated in terms of GL, cohomology and the adjoint
Schur functor.

This article is a first attempt at a theory of Specht filtrations. We give two
different sufficient conditions for a k%, module to have a Specht (or dual Specht)
filtration. Although the conditions are not necessary, they have the advantage of
being stated entirely in terms of the symmetric group theory. For modules satisfying
the conditions, we obtain a formula for the filtration multiplicities which generalizes
a known formula for Young modules. The collection of modules satisfying the
condition gives an interesting subcategory of mod-k3,,, which we study.

We then consider modules which have both Specht and dual-Specht filtrations.
We demonstrate that they are not as well-behaved as tilting modules. Unlike tilting
modules, they need not be self-dual. The tensor product of two modules which
have both Specht and dual Specht filtrations may have neither! We believe however
that a classification of the indecomposable self-dual modules with both filtrations
is possible. We show they are in correspondence with GL,(k) modules satisfying a
certain natural property under the tilting functor. We give some evidence, inspired
by recent work of Paget and Wildon, to suggest these modules may be self-dual
trivial-source modules.

2. NOTATION AND PRELIMINARIES

We assume char k > 3 throughout, and emphasize that many of the results do
not otherwise hold. Let G = GL,(k) and V = k" be the natural G-module. Let

S := S(n, d) = End,s (V®)

be the Schur algebra. Modules for S correspond to polynomial G modules of
homogeneous degree d. Our basic references for representation theory of k%, and
of S(n, d) are James (1978) and Martin (1993b).

Write 2+ d for 2 = (4, ..., 4,) a partition of d and let A*(d) be all partitions
of d. Let A*(n,d) denote the partitions of d with at most n parts. Let A(n, d)
denote the compositions of d with at most n parts and let 2’ denote the transpose
of A. Simple S-modules are indexed by A*t(n,d) and denoted L(Z1). Let V(1)
and A(A) denote the induced and Weyl modules, and P(1), I(4), and T(1) the
projective, injective, and tilting modules for S. The tensor products of symmetric
(resp., exterior) powers of V are denoted S*(V) (resp., A*(V)). Descriptions of these
modules can be found in Martin (1993b). Let F(V) (resp., #(A)) be the set of
S-modules having good (resp., Weyl) filtrations.

A partition 4 is called p-restricted if 1, — 4, < p for all i. It is p-regular if
/' is p-restricted. The simple k3, modules are indexed by p-restricted partitions
and denoted D,. They can also be indexed by p-regular partitions and denoted D*.
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The Specht, Young and permutation modules for k¥, are indexed by A*(d) and
denoted S%, Y* and M*. Let S, = (§*)*. Recall that

S*®sgn =S, @
D'*®sgn = D,,. '

2.1. Schur and Adjoint Schur Functors

For n>d let e € S(n,d) denote the idempotent described in Green (1980,
(6.1)). Then eSe = k3, and the Schur functor ¥ : mod-S — mod-k3,, is defined by
F(U) := eU. Let t denote the usual contravariant duality on mod-S. Then ¥ is
compatible with 7 and the usual duality on mod-k3,,, i.e., 7 (U") = (7 (U))*.

The Schur functor is an exact, covariant functor with

FVO) =S F(AQ) =S, F(L()) =D, or0

A q : , 2.2)
FPR)) =Y  FUX)) =Y  F(I() =Y" @sgn.

The Schur functor admits a right adjoint functor 6 : mod-k3, — mod-§ defined by

(N) = Homys, V", N)
= Hom,g,(eS, N).

The functor 4 is a one-sided inverse to 7, i.e., 7(4(M)) = M. The functor G is only
left exact, and so has higher right derived functors

R'6(N) = Extis (V®), N).

We now collect some known results about 6 and R'6. In Doty et al. (2004)
a Grothendieck spectral sequence is constructed to relate the cohomology of S
and kX, using ¥ and 6. We will only use the related five-term exact sequence
which begins

0 — Extg(U, 6(N)) - Exty (F(U), N) - Hom,(U, R'G(N)) — -+ . (2.3)

Recall that we are assuming p > 3 throughout, indeed most of the results below fail
for p < 3.

Proposition 2.1.

(1) (Kleshchev and Nakano, 2001, 3.2). 6(S,) = A(4).
(ii) (Cline et al., 1996, 5.2.4). G(Y* ® sgn) = T('), G(M* ® sgn) = A*(V).
(iii) (Hemmer and Nakano, 2004, 3.8.2). G(Y*) = P(}), G(M*) = S*(V).
(iv) (Hemmer and Nakano, 2004, 3.5.1). M € mod-k2., has a dual Specht filtration if
and only if (M) has a Weyl filtration.
(v) (Doty et al, 2004, 2.1.2). Homg(L(4), 6(M)) =0 unless L is p-restricted.
In particular if L(u) lies in soc(A(A)), then u must be p-restricted.
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We will also need some information about R!'€.

Proposition 2.2,

(i) (Kleshchev and Nakano, 2001, 6.4). R'6(S,) = 0.
(ii) If M has dual Specht filtration, then Exté(U, G(M)) = Ext}(zd(g(U), M).

Proof. Notice that (ii) follows from (i) and (2.3). O

3. A FILTRATION CRITERION AND MULTIPLICITY FORMULA

There is a well-known necessary and sufficient condition for an S module to
have a good filtration and a formula for the filtration multiplicities.

Proposition 3.1 (Donkin, 1998, Proposition A2.2). Let V € mod-S(n, d). Then:

(1) Ve F(A) if and only if Ext;(V, V(7)) =0 for all 2 € AT (n, d). If so, then the
multiplicity of A(A) is independent of the choice of Weyl filtration and given by

[V:A(A)] = dim,Hom(V, V(1));

(i) V € F(V) if and only if Exty(A(2), V) =0 for all J. € A*(n, d). If so, then the
multiplicity of V(X) is independent of the choice of good filtration and given by

[V:V(4)] = dim,Homg(A(4), V).

Propositions 2.1(iv) and 3.1 immediately imply that a k%, module M has a
dual Specht filtration if and only if Exty(6(M), V(1)) = 0 for all 2 € A*(d). It seems
unsatisfying to have a condition stated in terms of the S-cohomology of G(M)
instead of the X ,-cohomology of M. The corresponding multiplicity formula is also
in terms of S, namely,

[M: S,] = dimHomg(G(M), V()).

Given a k3, module with a Specht filtration, it is natural to ask if the filtration
multiplicities are given by the dimension of some space of k3 ,-homomorphisms.
There is one situation where this is known to be the case, namely, for Young
modules in characteristic p > 3. It is well-known that Y* is self-dual with both a
Specht and dual Specht filtration. The filtration multiplicities are well-defined in
characteristic p > 3 by the main result of Hemmer and Nakano (2004), and they are
given by the following proposition.

Proposition 3.2. Let [V : S, denote the multiplicity of S, in a dual Specht filtration
of Y*. Then

[Y*: S,]= dimkHomkzd(Yi, S.)
= dim,Hom,y (S", Y. (3.1)
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Proof. We show both sides of (3.1) are given by the decomposition number [A(y) :
L(4)]. First observe that

[A(w) : L(A)] = dimHomg(P(4), A(w))
= dimHomg(P(4), 6(S,))
= dim, Hom,y (Y *,8) by adjointness.

But the decomposition number is also a filtration multiplicity in a tilting module:

[A(w) : L(A)] =[T(X) : V(i')] by Donkin (1993, Lemma 3.1)
=[Y*®sgn : 5] since 7 is exact

=[Y*: S, by (2.1). O
More generally we can ask the following question.

Problem 3.3. Can one classify which k%, modules with Specht or dual Specht
filtrations have multiplicities given by a formula like that in Proposition 3.2?

In Section 3.1 we give a large class of modules for which Problem 3.3 has an
affirmative answer.

3.1. A Symmetric Group Filtration Criterion

We now prove that the symmetric group conditions corresponding to
Proposition 3.1 under the Schur functor are sufficient to guarantee existence of
filtrations. We obtain a pair of conditions which guarantee a Specht filtration
and a pair which guarantee a dual Specht filtration. These are the first known
conditions stated in terms of symmetric group cohomology that guarantee modules
have certain filtrations. We also obtain a formula for the filtration multiplicities
which generalizes Proposition 3.2. Notice that (i) and (iv) below correspond to
Proposition 3.1 under 7.

Theorem 3.4. Ler M € mod-3,,.

W I Ext,lczd (M,S*)=0 Vie A*(d), then M has a dual Specht filtration.
The multiplicity of S, in any such filtration is given by dimHom,y (M, S*)
() If Extlldd (S, M) =0 Vie A*(d), then M has a dual Specht filtration.
The multiplicity of S, in any such filtration is given by dim;Homyy (S*, M)
(1i1) If Ext,l(zd (M, S;) =0 VAie AT (d), then M has a Specht filtration. The multiplicity
of $" in any such filtration is given by dimHom,y (M, S,)
(iv) IfExt,lczd (S;, M) =0VAle AT(d), then M has a Specht filtration. The multiplicity
of S in any such filtration is given by dim;Homyy (S,, M).

Proof. We first prove (iv), so assume Ext}{Ed(S,, M) =0VAe AT(d). Then by (2.3)
we get that Ext(A(1), 6(M)) =0 V. € A(d). By Proposition 3.1, (M) has a good
filtration, and the multiplicity of V(u) in 6(M) is given by Hom(A(w), 6(M)).
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So M = F(%4(M)) has a Specht filtration and the multiplicity formula follows from
the adjointness of & and 6. Now (i) follows immediately. To obtain (ii) and (iii) use
(2.2) and Proposition 3.1. O

We remark that the two criteria in each pair detect different modules.
For instance a Young module Y* has both a Specht and dual Specht filtration.
It is known that Ext}&d (S#, Y*) is always zero but Ext}(zd(Y“, $*) may be nonzero
(Hemmer and Nakano, 2004, 4.1), so the dual Specht filtration of Y* is detected by
Theorem 3.4(ii) but not (i). Note that the multiplicity formula in Theorem 3.4(ii) is
a significant generalization of Proposition 3.2.

The criteria in Theorem 3.4 are sufficient but not necessary; it is possible for
a module to have a Specht filtration but not satisfy either Theorem 3.4(iii) or (iv).
The structure of the Young and Specht modules for X, is well understood (see for
example Martin, 1993a). From this one can easily calculate the following.

Example 3.5. Let p =5 and d = 10. Then
’ o~ oo 2
EthE'“ (5531 ’ S515) =k= Ethzlo (555, s> )

so the Specht filtration of %! is not detected by either Theorem 3.4(iii) or (iv).

3.2. A Covariantly Finite Subcategory of mod-kZ

The categories of k%, modules which satisfy the various conditions in
Theorem 3.4 should be interesting to study. Let ® = {$* | 1 € AT(d)} and let F(O)
denote the full subcategory of mod k3, having Specht filtrations. 7 (0) is obviously
closed under extensions and it follows from Hemmer and Nakano (2004, 3.6.2) that
it is closed under direct summands.

Lemma 3.6 (Hemmer and Nakano, 2004, 4.2.1). Let p >3 and suppose up A
Then Extys (S*, 5%) = 0.

Lemma 3.6 together with the main result of Ringel (1991) imply that F(0) is
functorially finite and has almost split sequences.

Observe that duality interchanges modules satisfying condition (i) with
condition (iv) and (ii) with (iii) in Theorem 3.4. Tensoring with sgn interchanges
those satisfying (i) with (iii) and (ii) with (iv). Thus if we want to study the module
categories which arise from Theorem 3.4, we may without loss of generality consider
Theorem 3.4(ii) and study the following category:

Y(©) := {M € mod-kX, | Extyy (8", M) =0 Vi€ A*(d)}.

Notice that Theorem 3.4(ii) guarantees all modules in %(®) have dual Specht
filtrations. Categories such as % (0®) are studied in Ringel (1991) where, for example,
it is shown that they are covariantly finite, i.e., every k3 ,-module has a left %(0®)-
approximation. These approximations are constructed explicitly in Ringel (1991,
Sect. 2). For another example see Hemmer and Nakano (2004, Sect. 4), where the
Young module Y* is constructed. The construction there actually builds Y* as the
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left % (®)-approximation of S$* and can be applied for any M € mod-k3, in a
similar fashion.

By definition the Ext-injectives in the category 7 (®) are modules F(0) N
% (0). We next show the indecomposable objects in this set are exactly the Young
modules.

Proposition 3.7. The collection of indecomposable modules in F ()N Y(O) is
exactly {Y* | A € A*(d)}.

Proof. Let M € F(0) N %(O) be indecomposable, so M has a Specht filtration and
Vie At(d):

0 = Exty (5%, M)
= Ext,l(z.d (S, M ® sgn)
> Exty(A(2), 6(M ® sgn)) by Proposition 2.2(ii).

Thus 6(M ® sgn) is indecomposable and has a good filtration by Proposition 3.1.
But M ® sgn has a dual Specht filtration so 6(M ® sgn) has a Weyl filtration by
Proposition 2.1. So 6(M ® sgn) has both a good and Weyl filtration and hence
is isomorphic to a tilting module. So M ® sgn = F(T(1)) for some A, so M = Y*
by (2.2). O

A similar argument shows the indecomposable Ext-projectives in the category
7 (O) are the twisted Young modules {Y* ® sgn}. We remark that the set {(S*, Y*)}
has recently been shown to be a stratifying system, see Erdmann (2005). This result
together with Theorem 2.4 of Marcos et al. (2004) could also be used to prove
Proposition 3.7.

It would be nice to understand exactly which modules with dual Specht
filtrations are in %(0). Of course the simplest module with a dual Specht filtration
is just a dual Specht module, and in this case we can give a necessary and sufficient
condition for S, € %(®).

Proposition 3.8. S, € %(0) if and only if:

() (5" = V(i) and
(b) R'G(S") = 0.

Proof. Suppose S, € %(0),500 = Ext;s (57, S,) = Extyy (S,, §*) forallt e A (d).
From (2.3) we get that Ext'(A(z), 6(5*)) = 0 V7. Thus () has a good filtration
and maps to S* under . Since the multiplicities in a Specht filtration are well-
defined we must have 6(S*) = V(u'). Furthermore, V®¢ has a dual Specht filtration,
s0 Exty (V®4, §1) = R'G(S") = 0.

Conversely, assume G(S*) = V(i) and R'6(S*) =0. Plugging into (2.3)
immediately implies Ext}(Ed (S,,8") =0Vt e A*(d), so S, € Y(0). O

It seems a difficult question to determine for which p will the conditions of
Proposition 3.8 hold.
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Since soc(V(u')) = L(u'), Propositions 2.1(iv), (v) imply the conditions of
Proposition 3.8 hold only if u' is p-restricted, i.e., if u is p-regular. A similar
argument shows that S, is detected by Theorem 3.4(i) only if u is p-restricted.
Thus we have obtained some new information about extensions between Specht and
dual Specht modules.

Corollary 3.9.

(1) If p is not p-regular, then Ext,](E (8%, 8,) # 0 for some /. € A*(d).
(i) If p is not p-restricted, then Ext;s (S,, §*) £ 0 for some i € AT(d).
(iii) If w is neither p-regular nor p-restricted, then the obvious dual Specht filtration of
S, is not detected by Theorem 3.4(i) or (ii).

Setting 1 = (d) in Corollary 3.9(ii)) gives new information about Specht
module cohomology.

Corollary 3.10. Let d > p. Then there exists some A € A*(d) with H'(Z,, S*) # 0.

The previous corollary is in stark contrast to the situation for dual Specht
modules where in char p > 3, it is known (Burichenko et al., 1996) that H'(2,, S;) =
0 for all 1.

4. A REVEALING EXAMPLE

The modules in F(A) N F (V) are called tilting modules. For each dominant
weight A there is a unique indecomposable tilting module 7(4) with highest weight
A. These modules are self-dual and an arbitrary tilting module is a direct sum
of them. Since (V) and thus F(A) are closed under tensor products (Jantzen,
2003, 11.4.21), then so is the collection of tilting modules (as G modules not §
modules). Tilting modules also have nice cohomological properties. For example
Ext(T(4), T(p)) =0 Vi > 0.

In this section we give an example which shows how these properties fail for
symmetric group modules with both Specht and dual Specht filtrations. Later, we
conjecture that a nice theory may be salvaged if one assumes additionally that the
modules are self-dual.

Let p = d = 5. The module category for k3, in characteristic p is completely
understood, indeed has only finitely many indecomposable modules.

Example 4.1. Let U = Q%*(D,:) where Q is the Heller translate. Then U has the
following structure:

Dy Dy;s
vz N\ / \

D312 D15 N

The Specht modules in the principal block have the following Loewy
structures:

~ D2 S312 ~ D, Szl3 ~

: = 0 =" §P=p, (41
Dy Ds; Dy : @1

S5 o~ D41; S41
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so U has a Specht filtration with subquotients S", $*”*, and $° and a dual Specht
filtration with subquotients S,; and S,;s.

Proposition 4.2. Let U = Q*(D,;3). Then:

(1) U ® U has neither a Specht nor dual Specht filtration;
- 1 *) ~ I.
(11) Ext; (U, U*) = k;
(ii1) U does not lift to characteristic zero;
(iv) U has vertex P € Syls(35). It has source isomorphic to the unique indecomposable
kP module of Loewy length three, i.e., rad”(kP).

Proof. We have

U®U = Q(Dyn) ® OF(Dyys)
= 04Dy ® Dyys) ® P
= 0Dy ® Dy ® Dy) ® P
=D, 0D P

where P, P’ are projective modules. We used the fact that D5, is projective and that
the projective resolutions of the simple modules are easy to write down. Also the
structure D,;s ® D,;s can be easily computed by hand or computer, as D,;; is only
three dimensional, the details are left to the reader. Since projectives have both
filtrations and D52 @ D5 has neither, we conclude that U ® U has neither.

To prove (ii) observe that U* = Q?(Ds,.) so Ext! (U, U*) = Ext' (D,s, Dy2) = k.
Next notice that if U could be lifted to characteristic zero then so could D,;s, which
from (4.1) is not the case. The last part can also be computed by hand. In particular,

Ind}*rad>(kP) = U ® U* & D, @ Dy O

This example easily generalizes to %, for any p > 5. None of the similar
“pathological” examples which we have constructed have been indecomposable and
self-dual. Thus in the next section we consider these modules.

5. “TILTING” MODULES FOR SYMMETRIC GROUPS?

Despite the example in the previous section, we believe that assuming an
indecomposable module with both Specht and dual Specht filtrations is also
self-dual might allow a complete classification, and we further believe that the
geometric tools available in the algebraic group theory could be useful. To further
this goal, we prove that these modules correspond bijectively with a nice class
of G-modules. Roughly speaking these modules behave like tilting modules under
the tilting functor in a way we make precise below. If our conjecture in the next
section is correct, then these modules will be indecomposable self-dual trivial source
modules.
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5.1. Ringel Duals and Tilting Functors
Let T = D, cr(n.a)(A*(V)). Then T = T7 is a full tilting module and the Ringel
dual of S(n, d) is defined as
§'(n, d) = Endg, 4)(T).
The tilting functor 7 : mod-S(n, d) — mod-S’(n, d) is given by

T (U) = Homy(T, U).

This setup is more thoroughly described in Donkin (1993). When n > d, then
Donkin (1993, Sect. 3) proved that

S(n, d)’EEndkzd< fasy M) S’(n,d)%Endkzd< sy M°‘®sgn). (5.1)

oeA(n,d) aeA(n,d)

In particular S(n, d) = S'(n, d). We let g mod-S(n, d) - mod-S(n, d) denote
the composition of I with the functor mod-§'(n, d) — mod-S(n, d) arising from the
isomorphism. This is the functor denoted 7 in Donkin (1993). It is well-known that
7, and thus 7, takes modules with good filtrations to modules with Weyl filtrations
and interchanges projective and tilting modules.

Lemma 5.1 (Donkin, 1993, Section 3).

(i) T(V(2) = AW, T(F(V)) € F(A).
(i) T (T(2) = P(2).
(iii) T (P(2)) = T(2).
(iv) T(I(2)) = T(X).

In order to relate I to modules for k3, we need to express J in terms of the F
and €.

Proposition 5.2. Ler U € mod-S(n, d). Then J(:(U) = G(eU ® sgn).
Proof.

T) = HomS(n,d)(T’ )
= Homy, ,(U*, T)
= Homyy ((eU)", ®(M* ® sgn))  since G(M* ® sgn) = A*(V)
= Homyy (®(M” ® sgn), el).

Now T (U) is_a module for S(n,d)" via its right action on @(M” ® sgn).
To determine J(U) we need to compose with the isomorphism from (5.1), which
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simply takes a map ¢ to ¢ ® id. Thus we obtain

g(U) = Hom,y (&M, eU ® sgn)
= Homys, (V®/, eU ® sgn)
= G(eU ® sgn)

as desired. O

This alternate description of 7 is all we need to prove.

Theorem 5.3. Let M € mod-k%.,; be indecomposable and let U = G(M).

(1) M has both a Specht and dual Specht filtration if and only if both U and T (U) have
Weyl filtrations.

(ii) M is self dual with a Specht (and hence dual Specht) filtration if and only if U has
a Weyl filtration and T (U) = T (U").

Proof. Notice that U € 7(A) implies U’ € F(V) which implies T (U") € F(A) by
Lemma 5.1. Thus the condition T (U) = 7 (U") from part (ii) implies (as expected)
the condition from part (i) that 7 (U) have a Weyl filtration.

We use Proposition 5.2 repeatedly. First suppose U and 7 (U) both have Weyl
filtrations. Then M = eU has a dual Specht filtration as does ¢ (U) = M & sgn. Thus
by (2.2), M has both filtrations. Conversely, if M € mod-k3, is indecomposable with
both filtrations then so is M ® sgn and setting U = 6(M) we immediately get that
both U and 7 (U) have Weyl filtrations by Proposition 2.1(iv).

Now further suppose that M = M* is indecomposable with both filtrations
and let U = 4(M). Then T (U) = G(M ® sgn). Similarly, T(U") = G(eU" ® sgn) =
G(M* ® sgn) so T (U) =T (U"). The same argument shows that T (U) = T (U")
implies M is self-dual. O

Remark 5.4. Observe from Lemma 5.1 that the tilting modules U = T(/) and the
projective modules U = P(4) both have Weyl filtrations and satisfy 7 (U) = T (U"),
so the modules described in Theorem 5.3 are a simultaneous generalization of tilting
modules and projective modules.

When n < d, then S(n, d) and S(n, d)’ are usually not isomorphic and so the
functor I does not exist, but the tilting functor J does. So one can ask more
generally the following question.

Problem 5.5. Which S(n, d) modules U (or which U € F(A)) have the property
that T (U) = J(U")?

In Hemmer (2006) we conjectured that indecomposable self-dual k3, ,-modules
with Specht filtrations would be exactly signed Young modules. Equivalently,
this conjecture says the modules in Theorem 5.3 would be the listing modules
recently defined by Donkin. A counterexample has recently been found (Paget, 2007;
Wildon, 2004).
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Example 5.6 (Paget, 2007; Wildon, 2004). Let H = Cj x 3, < 3,, be the norma-

lizer of a fixed-point-free involution in X,, and let M = Ind,zj”k. Then each
indecomposable summand of M is self-dual with a Specht filtration. One of these is
not a signed Young module.

Specifically, Paget (2007) proved that the indecomposable summands of M
have Specht filtrations, but Wildon (2004) had already verified that each summand
of M is self-dual. It follows by general theory that one of the summands must have
vertex a Sylow subgroup P < H. However P is not conjugate to the Sylow subgroup
of any Young subgroup of X,,, so Paget concluded this summand is not a signed
Young module. We will discuss this situation further in Section 7.

6. IRREDUCIBLE SPECHT MODULES

Since the irreducible modules for k3, are self-dual, the irreducible Specht
modules give an immediate source of modules with both Specht and dual Specht
filtrations. For A p-regular or p-restricted the criterion for S* to be irreducible has
long been known. Only recently Fayers (2005) has verified a conjecture of James and
Mathas which settles the problem completely. In this section we determine which of
these modules are detected by the criteria from Section 3.

Lemma 6.1. Suppose u is p-regular and S" is irreducible. Then.:

(i) s* =y
(ii) Exty, (5%, 5,) =0 Vi€ A*(d);
(iii) Extsy,(S,,S;) =0 Vi e A*(d).

Proof. Since u is p-regular, then S* = D¥. Also [Y*: D*] = 1. But Y* is self-dual
and indecomposable so Y* = D* = §* Parts (ii) and (iii) follow from the fact that
Ext' (8%, Y*) = 0 for p > 3 and S* is self-dual (Hemmer and Nakano, 2004, 4.1.1).

O

Notice parts (ii) and (iii) are saying that both the Specht and dual Specht
filtrations of §* are detected by Theorem 3.4. Similarly we have the following lemma.

Lemma 6.2. Suppose p is p-restricted and S* is irreducible. Then:

(i) $* = Y* ® sgn;
(i) Extes, (S,, S,) = 0 Vi € A*(d);
(ifi) Extes (S, 5") =0 Vi € A*(d).

Proof. This follows from Lemma 6.1 immediately since $* ® sgn = §,, = S* and
W' is p-regular. |

In stark contrast to the previous two lemmas, the next result shows that
irreducible Specht modules which are neither p-restricted nor p-regular are never
detected by Theorem 3.4.
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Proposition 6.3. Suppose p is neither p-regular nor p-restricted and suppose S" is
irreducible. Then S" does not satisfy any of the criteria in Theorem 3.4.

Proof. Suppose S$* satisfies the criterion in Theorem 3.4(ii), so EXtizd (84, 8") =
0 VA. Then S* = Y* by Proposition 3.7. So 6(S*) = A(u) = P(p). Thus A(u) = L(p)
is an irreducible projective module and p must be p-restricted, contradicting our
assumption. Thus $# cannot satisfy criterion (ii). Similar arguments handle the other
three criteria. d

7. TRIVIAL SOURCE MODULES

Recall that the Young modules Y* are zprecisely the indecomposable
summands of the permutation modules M* = Ind;’k. For /it a and put b with
a+ b = d define the signed permutation module '

MU = Indéfxz“k X sgn.

Indecomposable summands of signed permutation modules are called signed Young
modules. Notice the class of signed Young modules includes all ordinary Young
modules Y* and twisted Young modules Y* ® sgn but, when d > 2p, includes other
modules as well. Signed Young modules give a large class of self-dual modules with
both Specht and dual Specht filtrations. We once believed this was exactly the class
of indecomposable self-dual modules with Specht filtrations. However, Example 5.6
shows there are more.

The signed Young modules have trivial source and vertex isomorphic to a
Sylow subgroup of some Young subgroup of 3,. However, in general there are
many conjugacy classes of p-subgroups of 3, which are not of this form, and
many more trivial source modules, for example the module M in Example 5.6.
On the other hand the module U from Proposition 4.2 has both Specht and dual
Specht filtrations, and is not a trivial-source module. But it is not self-dual either!
Undaunted, we dare to hazard another conjecture.

Conjecture 7.1. Indecomposable, self-dual k3, modules with Specht filtrations are
trivial source modules.

If this conjecture were true it would have the nice consequence that there are
only finitely many indecomposable self-dual £3,, modules with Specht filtrations.
As evidence for this we showed the following theorem.

Theorem 7.2 (Hemmer, 2006, Theorem 4.2). Suppose S* be irreducible. Then S* is
a signed Young module, and hence has trivial source.

8. FINAL REMARKS AND PROBLEMS

Even though many of the results and the machinery of this article depend
on the characteristic being at least five, it is possible that Conjecture 7.1 holds in
characteristics two and three. For example in characteristic two, d = 4, there are
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two irreducible 3,-modules and both of them are isomorphic to Specht modules and

both have trivial source. Thus every 3, module has both a Specht and dual Specht

filtration. For Conjecture 7.1 to hold here, it would require k3, to have only finitely

many indecomposable self-dual modules, even though the algebra has wild type!
We close with a list of problems for further study.

Problem 8.1. Suppose M and N are indecomposable self-dual modules with
Specht filtrations. Is M ® N a direct sum of such modules?

We have been unable to answer this even for M ® M where M is from
Example 5.6.

Problem 8.2. Must indecomposable, trivial source modules have either Specht or
dual Specht filtrations? More generally, must k2, modules which are p-modular
reductions of some indecomposable @3 ,-lattice have Specht or dual Specht
filtrations?

For X, this is known, the trivial source modules are exactly the Young and
twisted Young modules, together with the Specht modules S¢~*!") and their duals
S(p—a.10) for a even (Erdmann, 2001, 4.3).

Problem 8.3. Suppose M and N are indecomposable self-dual modules with
Specht filtrations and suppose p > 3. Is EXtizd (M,N)y=0forl <i<p-—3?

This is known to be the case for signed Young modules (Hemmer, 2006,
Lemma 2.2(iii)).

Notice that U in Example 4.1 does not lift to characteristic zero, by
Proposition 4.2(iii). This is true of other indecomposable modules we have found
which have both Specht and dual Specht filtrations but are not self dual. The signed
Young modules do, however, lift to characteristic zero, as does any trivial source
module.

Problem 8.4. Suppose M and N are indecomposable self-dual modules with
Specht filtrations and suppose p > 3. Do M and N lift to characteristic zero?

If, for example, Problem 8.3 were answered affirmatively, it would in particular
show that Extizd (M, M) = 0. This Ext’-vanishing would imply that M lifts to
characteristic zero (Benson, 1991, 3.7.7). We remark that the module itself lifting to
an integral representation is a weaker condition than the entire filtration lifting.

Notice that U from Example 4.1 does not self-extend, i.e., Ext,lczd(U, U)=0.
We know of no examples of indecomposable modules with Specht and dual Specht
filtrations that self-extend.

Problem 8.5. Suppose U € mod-k%,, is indecomposable with both Specht and
dual Specht filtrations. Must Ext,l(z.d(U, U)=0?
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