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Math 464/564 Fall 2017 Midterm Exam- 10/17/17

1. Below is the character table for a finite group:
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a) Find the order of G.

b) Find the size of each conjugacy class C1 — C'7. Write your answers above the table.
c) Is each element g € G conjugate to its inverse? Explain.

d) Write x7 ® x7 as a sum of irreducible characters.

e) Prove G is simple.
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2. Let G be a finite group acting on a set X and let z € X. Prove the size of the orbit of z is equal
to the index in G of the stabilizer of X. What does this theorem say about conjugacy class sizes?
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3.

a) Write down a basis {v;} for the Specht module 5% and calculate the matrix of & = (1,2,3) in
this basis.

b) Recall the Sy, invariant bilinear form we defined on M*. Calculate the Gram matrix of this form
on SG32), The Gram matrix is simply the matrix with Gyj = (v, v;).
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4. Use Young's rule to decompose the permutation module M321) into irreducible S modules.
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5. Let o = (1,2,3,4)(5,6,7)(8,9,10)(11,12)(13, 14)(15,16). Calculate the size of the centralizer of &
in SlG-
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6. For which n does S,, have a nonlinear irreducible character which remains irreducible upon restriction
of 5,-17 Explain your answer.
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7. Construct the character table of S5 in the following way:

a) Start with the trivial and sign character.

b) Ss acts doubly transitively on {1,2,3,4,5}, which gives an irreducible character of degree 4.
Tensoring with the sign gives another.

c) Ss acts transitively on the 10 unordered 2 element subsets of {1,2,3,4,5} giving a degree 10
permutation character. Use this and the characters already constructed to extract a 5-dimensional
irreducible character. Tensoring with the sign gives another.

d) Complete the character table by any method you like.
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